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Pokbl csLM ØsfMV flLVe Ldhe ds vUrZxr ;g dkslZ ch + dkWe dk;ZØe dk ,d 
vfuok;Z dkslZ gSA bl dkslZ dk eq[; mÌs”; fo/kkfFkZ;ksa dks xf.krh; ,oa lakf[;dh 
rduhdksa ls voxr djkuk gS] ftlls mUgas O;olk; esa fd;s tkus okys fu.kZ;u esa 
lqfo/kk gksA bl dkslZ ¼ikB~;Øe½ esa nks izeq[k Hkkx gSaA 

 bl Hkkx esa dqy 11 bdkb;k¡ gSaA 

 bl Hkkx esa dqy 7 ¼bdkbZ 12 & 18½ bdkb;k¡ 
gSaA   

ikB;Øe ds bl Hkkx O;kolkf;d xf.kr] esa fo/kkfFkZ;ksa dks O;kolf;d xf.kr ds 
dqN ekSfyd xf.krh; lafØ;kvksa tSls vkO;wg] vody dSydqyl vkSj jktLo xf.kr 
ls ifjfpr djkuk gSA blds Kku ls fo/kkFkhZ O;olk; esa iz;ksx vkus okys dqN 
leL;kvksa ds lnaHkZ esa fu.kZ;  ysus esa l{ke gks ldsaxsA  

 

 esa vkO;wg vkSj mlds izdkjksa] vkO;wg ds ;ksx 
O;odyu rFkk xq.ku( lekfer vkO;wgksa ij lafØ;kvksa rFkk ,d vkO;wg ds ifjorZ dh 
ppkZ dh xbZ gSA ,d lkjf.kd ds eku dk vfHkdyu rFkk ØSej&fu;e dh lgk;rk 
ls jSf[kd lehdj.kksa dks gy djuk Hkh fl[kk;k x;k gSA 

 esa lkjf.kd dh ppkZ dh xbZ gS blesa mlds eku dk vfHkdyu] 
lkjf.kd xq.kksa] milkjf.kd rFkk lg&[kaM dh ppkZ dh xbZ gSA 

 eas vkO;wgksa ds izfrykseksa dks Kkr djus dh fof/k;ksa 
ij rFkk jSf[kd lehdj.kksa ds fudk;ksa dks gy djus esa muds mi;ksx ij /;ku 
fn;k x;k gSA bl izfØ;k esa] ;g bdkbZ fdlh vkO;wg dh tkfr dh ladYiuk dk 
ifjp; djkrh gS rFkk mlds fu/kkZfjr djus dh fof/k crkrh gSA bl [akM dh vafre 

] O;kikj vkSj vkfFkZd 
leL;kvksa esa vkO;wgksa ds vuqiz;ksxksa ds dk;Z ij /;ku nsrh gSA bu vuqiz;ksxksa dh 
ppkZ djrs le;] ;g bdkbZ ekax&vkiwfrZ larqyu] jk’Vªh; vk; fu/kkZj.k rFkk 
fuos”k&cfgosZ”k fo”ys’k.k tSls egRoiw.kZ izdj.kksa dk o.kZu djrh gSA 

 

 ds ek/;e ls xf.krh; Qyuksa ij ppkZ izkjaHk djrk gSA 
Qyu dh ladYiuk ij ,d laf{kIr ppkZ djus ds ckn] ;g bdkbZ Qyuksa ds rhu 
lewgksa chth;] vchth; rFkk izfrykse dks muds vFkkZsa dks Li’V djus ds fy, izLrqr 
djrh gSA bl bdkbZ esa lfEefyr fd, x, egRoiw.kZ Qyu cgqin] y?kqx.kdh; vkSj 
pj?kkrkadh Qyu gaS] ftuds v/;;uksa esa c`gr vuqiz;ksx gSaA dqN Qyuksa dk vkys[kh 
izLrqfrdj.k bl bdkbZ dk nwljk dsUnz&fcUnq {ks= gSA O;kikj vkSj vkfFkZd fo”ys’k.kksa 
esa QYkuksa dk mi;ksx vfHk:fp dk rhljk {ks= gS] ftls ppkZvks esa varfoZ’V fd;k 
x;k gSA  

]  vodyu dh i`’BHkwfe vkOk”;drkvksa dks] lhek vkSj 
lkaRkR; dh ladYiukvksa dks lfEefyr djds foLr`r djrh gSA fiNyh nks bdkb;ksa esa 
nh xbZ rS;kjh lkexzh ds ckn] vodyu dh rduhdksa dks  



] esa fy;k x;k gSA izFke fl)kar }kjk vodyu 
izkjaHk djrs gq,] ;g bdkbZ ekud vodyuksa dks Li’V djrh gS] ftuesa vLi’V] 
y?kqx.kdh; vkSj izfrykse Qyu tSls egRoiw.kZ QYku Hkh lfEefyr gaSA  

 esa fdlh Qyu ds vf/kdre vkSj U;wure 
ekuksa dks Kkr djus ds fy,] vodyu ds vuqiz;ksx ds izdj.k dk o.kZu fd;k x;k 
gSSA bl [kaM dh vafre bdkbZ] vFkkZr~  

 esa vodyu ds vuqiz;ksxksa dks vkSj vkxs foLr`r 
fd;k x;k gSA bl izfØ;k esa] ;g bdkbZ vodyu dh lgk;rk ls dqN egRoiw.kZ 
ladYiukvksa tSls izo.krk] ekax dh izR;kLFkrk] vkiwfrZ dh izR;kLFkrk( vkSlr vkSj 
lhekar jktLo tSls ykxr vkSj ykHk vf/kdrehdj.k ds O;qqRiUu djus dks lfEefyr 
djrh gSA 

fo/kkfFkZ;kas dks C;kt dh ladYiuk vkSj mlds ifjdyu ls voxr djus ds mÌs”; 
ls] jkTkLo lacaf/kr ekSfyd xf.kr dks lfEefyr fd;k x;k gSA  

 

 nj esa lk/kkj.k vkSj pØo`f) C;ktksa ij ppkZ dh xbZ gSA blesa 
muds vfHkdyu Hkh lfEefyr gaSA  

 eas vafdr vkSj izHkkoh C;kt dh njksa esa lac) 
vfHkdyu izfØ;k( orZeku ewY; vkSj cV~Vksa dh ppkZ dks tkjh j[kk x;k gSA ;g 
bdkbZ le; ds vuqlkj /kujkf”k ds eku dh /kkj.kk dk cks/k djkus dk iz;kl djrh 
gSA 
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1-0 mÌs”; 

1-1 izLrkouk 

1-2 vkO;wg 

1-2-1 vkO;wgksa ds izdkj 

1-3 vkO;wg chtxf.kr 

1-3-1 vkO;wgksa dh lekurk 

1-3-2 nks vkO;wgksa dk tksM+uk vkSj ?kVkuk 

1-3-3 ,d vfn”k jkf”k }kjk vkO;wg dk xq.ku 

1-3-4 nks vkO;wgksa dk xq.ku 

1-4 ,d vkO;wg dk ifjorZ 

1-4-1 lefer vkO;wg 

1-4-2 fo’ke lefer vkO;wg 

1-4-3 ykfEcd vkO;wg 

1-5 lkjka”k 

1-6 “kCnkoyh 

1-7 cks/k iz”uksa ds mÙkj 

1-8 Loij[k iz”u@vH;kl  

1-9 lanHkZ iqLrdsa 

bl bdkbZ dk v/;;u djus ds ckn] vki fuEufyf[kr dks le> ik,¡xs% 

• vkO;wg dh ekSfyd ladYiuk( 

• vkO;wgksa ds izdkj( 

• vkO;wg chtxf.kr dh ewyHkwr lafØ;k,¡( rFkk 

• fdlh vkO;wg dk ifjorZ 

vkO;wg ¼matrix;  cgqopu esa matrices) la[;kvksa dks iafDr;ksa vkSj LrHkksa esa j[kus dh 
,d O;oLFkk gksrh gSA ¼i½ vk¡dM+ksa ds leqPp;ksa ds fy, ,d laf{kIr ladsru rFkk ¼ii½ 
vk¡dM+ks ds leqPp;ksa ds lkFk dk;Z djus ds fy, izHkkoh fof/k;ksa ds blds vfHky{k.kksa 
ds dkj.k] ;g mu leL;kvksa ds gy Kkr djus esa ,d lgk;d lk/ku cu tkrk gS] 
ftUgsa jSf[kd lehdj.k ds ,d fudk; ds :Ik esa fu:fir fd;k tk ldrk gSA ;g 
dgus dh vko”;drk ugha gS fd vkO;wg chtxf.kr ds vusd {ks=ksa tSls vfHk;kaf=dh] 
vFkZ”kkL= vkSj O;kikj] lekt”kkL=] lkaf[;dh] HkkSfrdh] vkS’kf/k foKku rFkk lwpuk 
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izkS|fxdh esa c`gr vuqiz;ksx ik, tkrs gSaA bu vuqiz;ksxksa dh csgrj le> ds fy, 
fuEufyf[kr mnkgj.kksa ij fopkj dhft,%lekt”kkL=h ,d lewg ds gh vanj 
izHkko”khyrk ds v/;;u ds fy, vkO;wgksa dk mi;ksx djrs gaS( tux.kuk djus okys 
tUEk ysus okyksa vkSj mÙkjthfo;ksa ds v/;;u esa budk mi;ksx djrs gS( m|ksx vkSj 
O;kikj mRiknu vkSj fcØh ds fy, xzkgdksa dh izkFkfedrkvksa ds ewY;kadu tSls {ks=ksa 
esa rhoz vkSj lgh fu.kZ; ysus esa vkO;wgksa dh lgk;rk ysrs gSaA dqN O;fDr jSf[kd 
izksxzkeu ¼Linear Programming) rduhdksa dk mi;ksx djrs gaS( tks ykHk dks 
vf/kdre djus ds fy, vk¡dM+ksa dss vkO;wg lw=.kksa ij vk/kkfjr gaS rFkk blls og 
dPps eky ds mRiknu ;k miyC/krk dh ;kstuk cukrs gSaA vkO;wgksa dk mi;ksx 
O;kikj ds LFkku] mRiknksa dh ekfdZfVax ¼[kjhn&fcØh½ ;k foÙkh; lalk/kuksa dh 
O;oLFkk djus bR;kfn ij fu.kZ; ij igq¡pus ds fy, Hkh fd;k tkrk gSA vFkZ”kkL=h 
vkO;wgksa dk mi;ksx varjm|ksx izokgksa dh tk¡p djus ds fy,] [ksy fl)kar dk 
v/;;u djus ds fy, rFkk lkekftd mÙkjnkf;Ro ¼fglkc&fdrkc½ ds fudk; dh 
jpuk djus esa djrs gSaA 

blds vfrfjDr] fpfdRlk laca/kh v/;;uksa essaa] oSKkfud vLirkyksa vkSj vkS’k/kky;ksa esa 
fdlh nokbZ dk mi;ksx djus dh lykg nsus ls igys ml nokbZ dh izHkkodkfjrk 
dh lkaf[;dh ds :Ik esa ekU;rk nj fu/kkZfjr djus esa vk¡dM+ks dk mi;ksx vkO;wg 
:Ik esa djrs gSaA vusd vkbZ Vh daifu;k¡ iz;ksDrk dh lwpuk Kku djus] iz”uksa dh 
tk¡p djus rFkk MsVkcslksa (databases) ds izca/ku esa vk¡dM+ksa dh lajpukvksa ds :Ik esa 
vkO;wgksa dk iz;ksx Hkh djrs gaSA 

1½  ,d vkO;wg D;k gksrk gS ? 

2½ m|ksx vkSj O;kikj vkO;wgksa dk mi;ksx D;ksa djsaxs ? 

3½ vk¡dM+kas dk vkO;wg lw=.k] tks jSf[kd izksxzkeu esa iz;qDr fd;k tkrk gS] fdu 
mÌs”;ksa ds fy, mi;ksx fd;k tkrk gS ? 

 vkO;wg dks iafDr;ksa vkSj LraHkkas esa O;ofLFkr la[;kvksa ds ,d vk;krkdkj 
O;wg (array) ds :Ik esa ifjHkkf’kr fd;k tkrk gS] ftls dks’Bdksa [ ] ;k ( ) ds ,d 
;qXe }kjk fd;k x;k gksrk gSA mnkgj.kkFkZ] la[;kvksa dk fuEufyf[kr O;wg ,d 
vkO;wg n”kkZrk gSA 

 

11 42 22 84 

 10 15 60 25 

41 28 45 51 

fdlh vkO;wg eas fufgr iafDr;ksa vkSj LrHkksa dh la[;k ds vk/kkj ij] ge mldh 
foek,¡] vFkkZr~~ mldh  (order) dk fu/kkZj.k djrs gSaA ifjikVh vuqlkj] ,d 
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vkO;wg dh dksfV esa iafDr;ksa dks igys rFkk LrHkksa dks ckn esa O;Dr fd;k tkrk gSA 
D;ksafd mijksDr vkO;wg esa 3 iafDr;k¡ vkSj 4 LraHk gSa( blfy, ge dgrs gSa fd 
bldh foek,¡ ¼;k dksfV½ 3 × 4 gSA 

iafDr;ksa vkSj LrHkksa esa izdV gksus okyh la[;k,¡ ml vkO;wg ds  (elements)  
dgykrs gSaA mijksDr vkO;wg esa( izFke iafDr ds izFke LraHk esa vo;o 11 gS( izFke 
iafDr ds nwljs LraHk esa vo;o 42 gSA ,sls gh rdZ dk vuqlj.k djrs gq,] ge vU; 
vo;oksa dh igpku dj ldrs gSaA 

,d vkO;wg dks lkekU;r% vaxzsth ds cM+s v{kjksa }kjk rFkk mlds vo;oksa dks laxr 
NksVs v{kjksa }kjk] ftuds uhps iafDr vkSj LraHk lwfpr djus okyh nks la[;k,¡ fy[kh 
tkrh gS% O;Dr fd;k tkrk gSA mnkgj.kkFkZ] fdlh vkO;wg esa a23 ds :Ik esa fu:fir 
,d vo;o dks nwljh iafDr vkSj rhljs LraHk esa fLFkr vo;o ds :Ik esa Ik<+k tkrk 
gSA bl izdkj m iafDr;ksa vkSj n LraHkksa okys ,d vkO;wg dks fuEufyf[kr :Ik esa 
fy[kk tk ldrk gS% 

� =  

�
�
�
�
�

��� ��� ��� . ���
��� ��� ��� . ���
��� ��� ��� . ���

. . . . .
��� ��� ��� . ����

�
�
�
�
 

mijksDr vkO;wg dks A = [aij]mxn ds :Ik esa fy[kk tk ldrk gS] tgk¡ i = 
1,2,3,…,m  vkSj j=1,2,3,…..,n  gSA ;g m x n dksfV dk ,d vkO;wg 
iznf”kZr djrk gSA 

ge lkekU;r% vf/kdka”k :Ik ls iz;qDr fd, tkus okys vkO;wgksa dh ppkZ djsaxs] 
ftlls ge budk O;kikj ls lacaf/kr leL;kvksa esa mi;ksx djus esa leFkZ gks ldsaA 
,d ckj tc ge vkO;wg ds ifjorZ ls ifjfpr gks tk,¡xs] rc ge vU; izdkj ds 
vkO;wgksa dks ysaxsA 

1½ % og vkO;wg ftldh dsoy ,d iafDr gksrh gS ;k dksfV 1× � 
dk vkO;wg iafDr vkO;wg ¼row matrix) dgykrk gSA 

�−3 0 1� 

2½  og vkO;wg ftlesa dosy ,d LraHk gksrk gS ;k dksfV m× 1 
dk vkO;wg  ¼column matrix) dgykrk gSA 

�

−2
0
2
1

� 
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3½  ,d vkO;wg vk;rkdkj dgk tkrk gS] ;fn mlesa 
ifDr;ksa dh la[;k LraHkksa dh la[;k ds cjkcj ugha gksA 

�3 7 9
4 6 9� 

4½  og vkO;wg ftlesa iafDr;ksa dh la[;k LraHkksa dh la[;k ds cjkcj 
gksrh gS oxZ vkO;wg dgykrk gS] vFkkZr~~ dksfV m × � dk vkO;wg ,d oxZ 
vkO;wg gksrk gS]  ;fn m = �   gksA 

�

1 −2 1 −3
−3 0 5 1
2 2 1 −2
1 1 −1 2

� 

5½  ,d oxZ vkO;wg ftlesa fod.kZ vo;okas ds vfrfjDr lHkh 
vo;o “kwU; gksa fod.kZ vkO;wg (diagonal matrix) dgykrk gSA 

 oxZ vkO;wg A = [aij],d fod.kZ vkO;wg gksrk gS];fn lHkh i≠j ds fy;s aij 
= 0 gksA 

�

1 0 0 0
0 −3 0 0
0 0 1 0
0 0 0 2

� 

6½  ,d fod.kZ vkO;wg ftlesa lHkh fod.kZ vo;o ,d gh gks 
vfn”k vkO;wg (scalar matrix)  dgykrk gSA 

�

−3 0 0 0
0 −3 0 0
0 0 −3 0
0 0 0 −3

� 

7½  ,d vfn”k vkO;wg ftlesa lHkh fod.kZ 
vo;o ,d ds cjkcj gks bdkbZ vkO;wg (unit matrix) ;k rRled vkO;wg 
(identity matrix) dgykrk gSA ,d rRled vkO;wg dks vaxzth ds cM+s v{kj 
I ls O;Dr fd;k tkrk gSA 

�

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

� 

8½  ,d oxZ vkO;wg f=Hkqtkdkj vkO;wg dgykrk gS] ;fn 
eq[; fod.kZ ds Åij ds lHkh vo;o “kwU; gksa [  
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(lower triangular matrix)]  ;k eq[; fod.kZ ds uhps ds lHkh vo;o “kwU; 
gksa [  (upper triangular matrix)]   

i) fuEu f=Hkqtkdkj vkO;wg 

�

1 0 0 0
3 2 0 0
5 −1 −1 0

−2 3 2 1

� 

ii) mifj f=Hkqtkdkj vkO;wg 

�

1 3 1 −2
0 2 1 5
0 0 −1 3
0 0 0 1

� 

9½  ,d oxZ vkO;wg ftlesa lHkh vo;o “kwU; gksa “kwU; vkO;wg 
¼zero ;k null matrix) dgykrk gSA bls vaxzsth ds cM+s v{kj O  }kjk O;Dr 
fd;k tkrk gSA 

�

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

� 

10½  oxZ vkO;wg A = [aij],d lefer vkO;wg (symmetric 
matrix) gksrk gS] ;fn lHkh i vkSj j ds fy, aij = aji gksA ge bl bdkbZ esa 
vkO;wg ds ifjorZ (transpose) ds ckjs esa i<+us ds ckn bl vkO;wg ij iqu% 
ppkZ djsaxsA 

�
1 3 5
3 2 −1
5 −1 −1

� 

11½  ,d fn, gq, vkO;wg dh dqN iafDr;ksa ;k dqN LraHkksa ;k nksuksa 
dks gVk nsus ds ckn izkIr vkO;wg ml fn, gq, vkO;wg dk mi vkO;wg (sub 
matrix) dgykrk gSA 

mnkgj.k 11% 

vkO;wg �
1 3
3 2
5 −1

�   vkSj �−1 5
5 −1�   vkO;wg �

1 3 5
3 2 −1
5 −1 −1

� ds mi vkO;wg gSaA 

1½ fdlh vkO;wg ds fod.kZ vo;o D;k gSa ? 

2½ fuEufyf[kr vkO;wg esa vo;o a21, a34, a24 vkSj  a11 Kkr dhft,% 
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�

−5 12 5 9
7 6 3 1
3 2 0 5
8 7 −4 2

� 

blds fod.kZ vo;o Hkh Kkr dhft,A 

3½ x  vkSj  y  Kkr dhft,] ;fn 

�� + � 2
1 � − ��  = �3 2

1 7� gSA 

4½ fuEufyf[kr vkO;wgksa dk oxhZdj.k dhft,% 

(i)�
1 0 0
0 1 0
0 0 1

�  (ii) �
1 0 0
3 2 0
5 −1 −1

� (iii)   �

−5
7
3
8

�  

(iv)�7 6 3 1�   (v)�
0 0 0
0 0 0
0 0 0

� (vi)   �
1 3 5
0 2 −1
0 0 −1

� 

(vii)�

8 0 0 0
0 8 0 0
0 0 8 0
0 0 0 8

�  (viii)�1 3 5
5 −1 −1�  (ix)  �

1 3 5
3 2 −1
5 −1 −1
2 1 3

� 

bl vuqPNsn esa] ge vkO;wgksa ij ewyHkwr lafØ;kvksa dh ppkZ djsaxsA ge ;ksx vkSj 
xq.ku dh lafØ;kvksa dks ysus ls igys vkO;wg dh lekurk dh /kkj.kk ls izkjaHk djrs 
gSaA vkO;wg chtxf.kr esa vo;o Øfer la[;k,¡ gksrs gSa rFkk blhfy, mu ij 
lafØ;k,¡ Øfer fof/k esa dh tkuh gksrh gSaA bl vksj /;ku nsuk mi;ksxh gksxk fd 
tc ge ;ksx vkSj xq.ku tSlh eq[; lafØ;k,a dj jgs gksrs gaS] rc O;odyu vkSj 
foHkktu tSlh vU; lafØ;k,¡ bUgha ls O;qRiUu gksrh gSaA 

nks vkO;wg cjkcj ¼leku½ gksrs gSa ;fn fuEufyf[kr rhu izfrca/k iwjs gksrs gSa% 

i½ izR;sd vkO;wg esa iafDr;ksa dh la[;k leku gksaA 

ii½ izR;sd vkO;wg esa LraHkksa dh la[;k leku gksaaa A 

iii½ izR;sd vkO;wg esa laxr vo;o cjkcj gksaA 

mijksDr izfrca/kksa ls dsoy ;g okafNr gS fd fopkjk/khu vkO;wg ;FkkFkZ :Ik ls ,d 
gh gSaA 

 uhps fn, nksuksa vkO;wgkas ij fopkj dhft, %   

� =  �2 �
� 3� vkSj B =�2 3

4 3� 
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;fn A = B gS]  rks  x = 3 vkSj y = 4 gS D;ksafd leku vkO;wgksa ds laxr 
vo;oksa dks cjkcj gksuk iM+sxkA 

vkxs] eku yhft, fd gesa ,d vkO;wg uhps fn, vuqlkj fn;k gS% 

� = �
� � �
� � ��A rc] C u rks A ds cjkcj gS vkSj u gh B ds cjkcj gS] D;ksafd 

C  esa rhu LraHk gSaA blds QyLo:i] C vkO;wg A ;k  B  ds cjkcj ugha 
gSA 

• vkO;wgkas dks rHkh vkSj dsoy rHkh tksM+k ;k ?kVk;k tk ldrk gS] tc os leku 
dksfV ds gksaA 

• nks (m x n) vkO;wgksa dk ;ksx ;k varj ,d vU; (m x n)  vkO;wg gksrk gS] 
ftlds vo;o fn, gq, vkO;wgksa ds laxr vo;oksa dk ;ksx ;k varj gksrs gSaA 

nks vkO;wgksa  

A = [aij]m x n  vkSj B = [bij]m x n   ds fy,] A ± B = C gS] 

tgk¡ C = [cij]m x n   rFkk lHkh i vkSj j  ds fy,] cij = aij ± bij gSA 

A = �0 2 3
2 1 4�      vkSj      B = �7 3 5

5 −1 −1� ds fy,% 

;gk¡ 

A + B  �0 2 3
2 1 4�   +     �7 3 5

5 −1 −3� 

           =�0 + 7 2 + 3 3 + 5
2 + 5 1 + (−1) 4 + (−3)�    =  �7 5 8

7 0 1� 

rFkk   

A - B =�0 2 3
2 1 4�    −    �7 3 5

5 −1 −3� 

           =�0 − 7 2 − 3 3 − 5
2 − 5 1 − (−1) 4 − (−3)�    =  �−7 −1 −2

−3 2 7 � 

,d vkO;wg dk fu’ks/ku% fdlh vkO;wg A  ds fu’ks/ku (negation) dks & A ls O;Dr 
fd;k tkrk gS] ftls A ds lHkh vo;oksa dks muds fu’k/kuksa ¼_.kkRedksa½ }kjk 
izfrLFkkfir djds izkIr fd;k tkrk gSA 

mnkgj.kkFkZ] ;fn  

A = �1 3 5
5 −1 −1�        gS] rks –A = �−1 −3 −5

−5 1 1 �  gksrk gSA 

vr%] nks vkO;wgksa A vkSj B ds O;odyu ¼?kVkus½ dks vkO;wg  A RkFkk vkO;wg B ds 
fu’ks/ku ds ;ksx ds :Ik esa O;Dr fd;k tk ldrk gSA  
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A – B = A + (−B) 

;fn fdlh vkO;wg dks ,d vfn”k jkf”k }kjk xq.kk fd;k tkrk gS] rks mlds lHkh 
vo;oksa dks ml jkf”k ls xq.kk fd;k tkrk gSA ;fn vkO;wg  A = [aij]m x n    dks 
fdlh vfn”k jkf”k ls xq.kk fd;k tkrk gS rks λA = λ[aij]m x n   = [λa]ijm x n 

gksrk gSA 

mnkgj.kkFkZ] ;fn  

A = �7 3 5
5 −1 −1� gS] rks  3A = 3�7 3 5

5 −1 −1�    = �21 9 15
15 −3 −3�  

gSA  

1-  (cummutative)  ;fn A vkSj  B 
,d gh dksfV ds nks vkO;wg gSa] rks  A + B = B + A  gksrk gSA 

2-  (associative)  ;fn A, B vkSj C ,d 
gh dksfV ds rhu vkO;wg gS]  rks (A + B) + C = A + ( B + C)  gksrk gSA  

3-  (additive identity)  ;fn A dksbZ vkO;wg gS 
rFkk O vkO;wg A tSlh dksfV dk gh “kwU; vkO;wg gS] rks  

(A + O)  =  O + A = A gksrk gSA 

4-  (additive inverse)  fdlh Hkh vkO;wg A ds fy,  

A + (−A)  =  (−A) + A = O gksrk gSA 

fuEufyf[kr mnkgj.k bu xq.kksa dks Li’V djrk gS%  

eku fyft, fd  

A = �1 3 5
5 −1 −1� ,  B = �5 1 3

6 −1 2�,  C = � 6 1 −7
−2 0 5 �    

vkSj O = �0 0 0
0 0 0�, gSA rc] 

A + B = �1 3 5
5 −1 −1� + �5 1 3

6 −1 2�  = � 6 4 8
11 −2 1�; 

B + A = �5 1 3
6 −1 2�  + �1 3 5

5 −1 −1� = � 6 4 8
11 −2 1�  = A + B; 

(A +B) + C = � 6 4 8
11 −2 1� + � 6 1 −7

−2 0 5 � = �12 5 1
9 −2 6�; 

B + C = �5 1 3
6 −1 2� +   � 6 1 −7

−2 0 5 � = �11 2 −4
4 −1 7 �; 

A + (B+C) = �1 3 5
5 −1 −1� + �11 2 −4

4 −1 7 � = �12 5 1
9 −2 6� = (A + B) 

+C; 
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A + O = �1 3 5
5 −1 −1� + �0 0 0

0 0 0�  = �1 3 5
5 −1 −1� = A rFkk 

A + (−A) = �1 3 5
5 −1 −1� + �−1 −3 −5

−5 1 1 �  = �0 0 0
0 0 0�  = O gSA 

nks vkO;wg xq.ku dh vko”;drk dks rHkh larq’V djrs gSa] tc igys vkO;wg ds LraHkksa 
dh la[;k nwljs vkO;wg dh iafDr;ksa dh la[;k ds cjkcj gksA ;fn vkO;wg A dksfV 
m × � dk ,d vkO;wg gS] vFkkZr~~ blesa m iafDr;k¡ vkSj  � LraHk gSa] rks vkO;wg B 
dks dksfV n × �  dk vo”; gksuk pkfg,] tgk¡ n iafDr;ksa dh la[;k gS rFkk p LraHkksa 
dh la[;k gS] ftldk m ds cjkcj gksuk vko”;d ugha gSA rc] xq.kuQy AB dksfV 
m × �  ¼A dh iafDr;ksa dh la[;k vkSj B ds LarHkksa dh la[;k½ dk ,d vU; vkO;wg 
C = A  × �  gksrk gSA 

eku yhft, fd  A = [aij]mxn vkSj B = [bij]nxp nks vkO;wg gSaA rc] xq.kuQy 
AB, ,d vU; vkO;wg C gS] tgk¡ 

C = [cij]mxp,  cij =∑
=

=

nk

1k
bkjaik

 gS] i =1,2,3,….,m vkSj j=1,2,3,……,p ds 

fy;s 

 

 

tgk¡ 

    

    

   

    

    

   

   

   

   

    

 vkO;wg xq.kuQy  AB esa] vkO;wg A iwoZ &xq.kd (pre-factor) rFkk vkO;wg  
B   vuq&xq.kd (post-factor)  dgykrk gSA 

 eku yhft, fd A = �1 3 5
5 −1 −1�   vkSj B = �

0 1 2
5 2 1

−1 2 1
� gSA 
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;gk¡ vkO;wg A dh dksfV 2 x 3   gS rFkk vkO;wg B dh dksfV 3 x 3 gSA  

vr%] xq.kuQYk AB ifjHkkf’kr gSA 

AB = �
��� ��� ���
��� ��� ���

�, 

Tkgk¡  c11 = (1x0) + (3x5) + 5x(–1) = 0 + 15 – 5 = 10 

        c12 = (1x1) + (3x2) + (5x2) = 1 + 6 + 10 = 17 

 c13 = (1x2) + (3x1) + (5x1) = 2 + 3 + 5 = 10  

 c21 = (5x0) + (–1)x5 + (–1)x(–1) = 0 – 5 + 1 = –4 

 c22 = (5x1) + (–1)x2 + (–1) x 2 = 5 – 2 – 2 = 1 

 c23 = (5x2) + (–1)x1 + (–1)x1 = 10 – 1 – 1 = 8 

bl izdkj]  AB = �10 17 10
−4 1 8 � gSA 

vc bu vkO;wgksa A vkSj B ij fopkj djrs gq, nsf[k, fd D;k xq.kuQy  BA 
ifjHkkf’kr gSA vki ik,¡xsa fd ;g ifjHkkf’kr ugha gSA D;ksa\ D;ksafd  B esa LraHkksa dh 
la[;k A dh iafDr;ksa dh la[;k ds ckjcj ugha gSA blls iznf”kZr gksrk gS fd 
vkO;wg xq.ku Øefofues; ugha gksrk gSA 

nks vkO;wgksa  A vkSj B  ds fy,] ;fn AB  vkSj BA nksuksa ifjHkkf’kr gkas] rks ;g 
vko”;d ugha gS fd os cjkcj gksaA 

mnkj.kkFkZ] ;fn A = �1 3
2 −1�   vkSj  B = �1 2

3 4�  gS]  rks 

AB = �10 14
−1 0 �   vkSj BA = � 5 1

11 5� gSA   

;gk¡ AB ≠ BA gSA 

nks vkO;qgksa  A  vkSj B ds fy,] ;fn AB = O   gS] rks ;g vko”;d ugha gS fd A 
vkSj B  esa ls dksbZ “kwU; vkO;wg gksA 

 eku yhft, fd   A = �1 0
0 0� vkSj B = �0 0

0 1�  gSA 

;gk¡ AB = �0 0
0 0� = O gS ijarq u rks  A = O gS vkSj u gh  B = O gSA 

1½   vkO;wg xq.ku lkgp;Z gksrk gSA Øe”k% dksfV;ks m × �, � × �  
vkSj � × � ds rhu vkO;wgksa A, B  vkSj C ds fy,] (A B) C = A(BC) gksrk 
gSA 

2½   vkO;wg xq.ku vkO;wg ;ksx ij forfjr gksrk gSA Øe”k% 
dksfV;ksa m × �, � × �  vkSj � × � ds rhu vkO;wgksa A, B  vkSj C ds fy,] 
A ( B + C) = AB + AC  gksrk gSA 
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3½  dksfV  m × � ds fdlh vkO;wg A ds fy,] dksfV n × � dk ,d 
rRled vkO;wg In rFkk dksfV m × � dk ,d rRled vkO;wg ,slk gksrk gS 
fd dksfV n × � ds ,d oXkZ vkO;wg ds fy,] In A = A In = A gksrk gSA 

 ;fn A = �1 2
3 4�,   B = �1 0

2 −3�   vkSj C = �1 −1
0 1 �, gS] rks 

n”kkZb, fd 

i) (AB) C= A (BC) 

ii) A (B+C) = AB + AC 

iii) AI = IA = A 

i) AB = �1 2
3 4� �1 0

2 −3� = � 5 −6
11 −12� 

(AB) C = � 5 −6
11 −12� �1 −1

0 1 � = � 5 −11
11 −23� 

BC = �1 0
2 −3� �1 −1

0 1 � = �1 −1
2 −5� 

A (BC) = �1 2
3 4� �1 −1

2 −5� = � 5 −11
11 −23� 

vr%]  (AB) C= A (BC) gSA 

ii) B + C =  �1 0
2 −3�  + �1 −1

0 1 �= �2 −1
2 −2� 

A (B+C) = �1 2
3 4� �2 −1

2 −2�= � 6 −5
14 −11� 

AB = �1 2
3 4� �1 0

2 −3� = � 5 −6
11 −12� 

AC = �1 2
3 4� �1 −1

0 1 �  = �1 1
3 1� 

AB + AC = � 5 −6
11 −12� + �1 1

3 1� = � 6 −5
14 −11� 

vr%]   A (B+C) = AB + AC gSA 

iii) I A =  �1 0
0 1� �1 2

3 4�= �1 2
3 4�  = A 

A I =  �1 2
3 4� �1 0

0 1�   =   �1 2
3 4�  = A 

vr%]   AI = IA = A gSA 

1- fuEufyf[kr nksuksa vkO;wgksa dh tk¡p dhft,A crkb,] D;k ;s cjkcj gSaA vius 
mÙkj ds leFkZu esa dkj.k nhft,A 

�1 3
5 4� vkSj �1 3 6

5 4 8� 
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2- eku yhft, fd uhps fn, nksuksa vkO;wg cjkcj gSaA  x  vksj  y ds eku D;k gS 
? 

 � =  �1 3
5 4� ,  B = �� 3

5 �� 

3- vki dc dgrs gSa fd vkO;wg xq.ku ifjHkkf’kr gS ? 

4- mnkgj.kksa dh lgk;rk ls vkO;wg xq.ku ds xq.kksa dks Li’V dhft,A 

5 vki dc dgsxs fd dksbZ vkO;wg lafØ;k Øefofues; ugha gS ? 

� =  �1 3
5 4� , B = �� 3

5 �� 

6- vki D;ksa dgsaxs fd vkO;wg ;ksx lkgp;Z gS  ?  

izkjafHkd vkO;wg dh iafDr;ksa vkSj LraHkksa dks ijLij cnyus ls izkIr u;k vkO;wg 
mldk ifjorZ (transpose) dgykrk gSA eku yhft, fd gekjs ikl dksfV m × �  
dk ,d vkO;wg A =[���] gSA ge bldh iafDr;ksa vkSj LraHkks dks ijLij cnyrs gSaA 

bl izdkj izkIr fd;k x;k vkO;wg A dk ifjorZ gS rFkk bls AT ;k A’ ls O;Dr 
fd;k tkrk gS A bl izdkj] ;fn  

A= �1 3
5 4� gS] rks A’ = �1 3 6

5 4 8� gS A 

fdlh Hkh vkO;wg A  ds fy,] A A’ vkSj A’A lnSo ifjHkkf’kr gksrs gS( budk cjkcj 
gksuk vko”;d ugha gSA Åij fn, vkO;wgksa ds fy, A A’ vkSj A’A  ifjHkkf’kr gSa] 
ijarq ;s cjkcj ugha gS] D;ksafd A A’dh dksfV 3 × 3  rFkk A A’ dh 2 × 2  
dksfV gSA 

,d vkO;wg ds ifjorZ ds xq.k 

i) (A’)’ = A 

ii) (kA)’ = k A’  , tgk¡ k dksbZ vfn”k jkf”k gSA 

iii) (A + B)’ = A’ + B’ 

iv) I’ = I 

v) (AB)’ = B’ A’ 

 eku yhft, fd A = �2 3
0 1�,  B = �3 4

2 1� vkSj   I = �1 0
0 1� 

gSA 

A’ = �2 0
3 1�   rFkk  (A’)’ = �2 3

0 1� = A gSA 

3A =   3 �2 3
0 1� = �6 9

0 3� gSA 

(3A)’ = �6 0
9 3�      and   3A’=3�2 0

3 1� = �6 9
0 3� = (3A)’ gSA 
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A + B = �2 3
0 1�+�3 4

2 1�  =  �5 7
2 2� 

(A + B)’ =�5 2
7 2� 

A’ = �2 0
3 1�  vkSj B’ = �3 2

4 1�  gSA 

vr%] A’ + B’ =�2 0
3 1� +  �3 2

4 1�  = �5 2
7 2�  = (A + B)’  gSA 

AB = �2 3
0 1� �3 4

2 1�  = �12 11
2 1 �   vkSj (AB)’ = �12 2

11 1� gSA 

B’A’ = �3 2
4 1� �2 0

3 1�  = �12 2
11 1�   = (AB)’ gSA 

 

vkO;wg  A lefer vkO;wg dgykrk gS] ;fn A’ = A  gksA  mnkgj.kkFkZ] 

A = �
1 5 4
5 2 −1
4 −1 3

� gS]  rks  

 A’ = �
1 5 4
5 2 −1
4 −1 3

� = A  gS] vr%] A ,d  

lefer vkO;wg gSA 

vkO;wg A  fo’ke lefer vkO;wg (Skew symmetric matrix) dgykrk gS ;fn  A’ 
= −A gksA mnkgj.kkFkZ] ;fn  

A = �
0 5 4

−5 0 −1
−4 1 0

� gS] rks 

A’ = �
0 −5 −4
5 0 1
4 −1 0

�  =  − �
0 5 4

−5 0 −1
−4 1 0

� = −A, gSA 

vr%] A ,d fo’ke lefer vkO;wg gSA 

vkO;wg A ykfEcd vkO;wg (orthogonal matrix) dgykrk gS] ;fn AA’ = A’A = 
I gksA mngkj.kkFkZ] ;fn  

A = �
�

�
1 2 2
2 1 −2

−2 2 −1
� gS] rks 

A’ = �
�

�
1 2 −2
2 1 2
2 −2 −1

� gSA 
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vc] AA’ = �
�

�
1 2 2
2 1 −2

−2 2 −1
� �

�
�
1 2 −2
2 1 2
2 −2 −1

� gSA 

   = �
�

�
9 0 0
0 9 0
0 0 9

� = �
1 0 0
0 1 0
0 0 1

� = I gSA 

blh izdkj] fl) fd;k tk ldrk gS fd A’A = I  gSA  

1- vki fdlh vkO;wg ds ifjorZ ls D;k le>rs gSa ? 

2- vkidks ,d vkO;wg A=�2 3 4
1 −5 9� fn;k gqvk gSA bldk lR;kiu dhft, 

fd         ����� = A gSA 

3- ifjorZ fu;e ds mi;ksx ls vki ,d ykfEcd vkO;wg fdl izdkj izkIr djrs 
gSa? 

bl bdkbZ esa] geus vkO;wgksa dk v/;;u fd;k gS] tks jSf[kd lehdj.kksa ds :Ik esa 
O;Dr dh tk ldus okyh leL;kvksa ds vf}rh; gy Kkr djus esa lgk;d gksrs gSaA 
vkO;wg dh ladYiuk dk ifjp; nsus rFkk vkO;wgksa ds izdkjksa ds ckjs esa crkus ds 
ckn] ewyHkwr lafØ;kvksa ;ksx vkSj xq.ku dks fy;k x;k gSA ge ns[k pqds gSa fd 
vkO;wg dks iafDr;ksa vkSj LraHkkas esa O;ofLFkr la[;kvksa ds ,d vk;krdkj O;wg ds :Ik 
esa ifjHkkf’kr fd;k tkrk gSA vkO;wg iafDr vkSj LraHk] rRled] fod.kZ] “kwU;] 
lefer] vk;krdkj] f=Hkqtkdkj rFkk yfEcd izdkjksa ds gksrs gSaA ;g bdkbZ vkO;wg 
ds ifjorZ ij ,d laf{kIr ppkZ ds lkFk lekIr gksrh gS tks izkjafHkd vkO;wg dh 
iafDr;ksa vkSj LraHkks dks ijLij cnyus ij ,d Uk;k vkO;wg izkIr gksrk gS bl Hkkx 
esa] ykfEcd vkSj fo’ke lefer tSls dqN fof”k’V vkO;wgksa dh ppkZ dh xbZ gSA 

  mifj ck,¡ ds fuEu nk,¡ dh vksj tkus okys dsoy fod.kZ esa 
“kwU;srj vo;oA 

 nks vkO;wg cjkcj ¼leku½ gksrs gSa] ;fn izR;sd vkO;wg esa 
iafDr;ksa dh la[;k] LraHkks dh la[;k ,d gh gks rFkk izR;sd esa laxr vo;o cjkcj 
Hkh gksA 

  ,d vkO;wg ftls izk;% I ds :Ik esa fy[kk tkrk gS rFkk ftleas 
eq[; fod.kZ ij 1 vo;o gksrk gS vkSj vU; LFkkuksa ij “kwU; ¼0½ gksrk gSA 

  ,d fo”ks’k izdkj dk oxZ vkO;wg] ftlesa eq[; fod.kZ 
ds Åij dh lHkh izfof’V;k¡ “kwU; gksrh gaSA 

 ,d lqlaxr lafØ;k] tc igys vkO;wg esa LraHkks dh la[;k nwljs 
vkO;wg dh iafDr;ksa dh la[;k ds cjkcj gksA 
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 vk¡dM+ksa dks ,d vk;krdkj O;wg esa fu:fir djus dh fof/kA 

 vkO;wg ds vo;oksa dks muds fu’k/kuksa ¼_.kkRedksa½ }kjk 
izfrLFkkfir djus ij izkIr vkO;wgA 

  vkO;wg A  ykafCkd vkO;wg dgykrk gS] ;fn  

   A A’ = A’ A = I gksA 

 ,slk vkO;wg ftlesa iafDr;ksa dh la[;k LraHkksa dh la[;k ds 
cjkcj ugha gksaA 

 ,d ,slk fod.kZ vkO;wg ftlesa lHkh fod.kZ vo;o ,d gh gksaaA 

 ,d vdsyk vpj] pj ;k O;atd 

  vkO;wg  A fo’ke lefer vkO;wg dgykrk gS]  

;fn A’ = &A gksA 

 ,d vkO;wg ftlesa iafDr;ksa dh la[;k LraHkksa dh la[;k ds cjkcj gksA 

 ,d fn, gq, vkO;wg esa ls dqN iafDr;ksa ;k LraHkkas ;k nksuksa ds gVkus 
ls izkIr vkO;wg fn, gq, vkO;wg dk mi vkO;wg dgykrk gSA 

 ,d vkO;wg lefer gksrk gS] ;fn og vius ifjorZ ds cjkcj gksA 

 fdlh vkO;wg esa ifDr;ksa dh la[;k rFkk LrHkksa dh la[;kA 

 izkjafHkd vkO;wg dh iafDr;ksa vkSj LraHkksa dks ijLij cnyus ls 
izkIr u;k vkO;wgA 

 ,d fo”ks’k izdkj dk oxZ vkO;wg] ftlesa eq[; fod.kZ 
ds uhps dh lHkh izfof’V;k¡ “kwU; gksaA  

 ,slk vkO;wg ftlds lHkh vo;o “kwU; gksaA 

 1- vkO;wg iafDr;ksa vkSj LraHkksa esa la[;kvksa dks j[kus dh ,d O;oLFkk gSA 

2- m|ksx vkSj O;kikj esa vkO;wg dk mi;ksx O;kikj ds LFkku] mRiknksa dh 
ekfdZfVax ;k foÙkh; lalk/kuksa dh O;oLFkk ls lacaf/kr fo’k;ksa ij fu.kZ; 
ij igq¡pus ds fy, fd;k tkrk gSA 

3- dPps eky ds mRiknu ;k miyC/krk ds fy, ;kstuk cukus ds fy,A 

[k½ 1- fod.kZ vo;o% lHkh vo;o aij fod.kZ vo;o dgykrs gS( ;fn i=j  
vo;o a11, a22, a33, …,ann fod.kZ vo;o gSaA mijksDr vkO;wgksa esa] 
vkO;wg A esa 1, 4 fod.kZ vo;o gaS rFkk vkO;wg B  esa 2, 0, -2 
fod.kZ vo;o gS vkSj C esa 1, 0, fod.kZ vo;o gSA 

2.  a21 = 7, a34 = 5, a24 = 1 vkSj a11 = -5 gSA -5, 6, 0, 2 
fod.kZ vo;o gaS   
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3.  x = 5, y = -2 

2 x = 5;  y = -2 

4. (i)  rRled vkO;wg  (ii)  fuEu f=Hkqtkdkj vkO;wg (iii)   LraHk vkO;wg   

(iv)  iafDr vkO;wg  (v)  “kwU; vkO;wg (vi)  mifj f=Hkqtkdkj vkO;wg  

(vii)   vfn”k vkO;wg (viii)   2 × 3 vkO;wg  (ix)  4 × 3 vkO;wg  

 1- ;s nksuksa vkO;wg cjkcj ugha gS] D;ksafd ;s ,d gh foekavksa ds ugha gSaA 

2- x =1 vkSj  y = 4 

3- vkO;wg xq.ku AB rHkh ifjHkkf’kr gksrk gS] tc A esa LraHkks dh B la[;k 
dh iafDr;ksa dh la[;k ds cjkcj gksrh gSA 

4- lkgp;Zrk] forj.k vkSj rRled xq.kksa dks Li’V dhft,A 

5- ;g ns[kus ds fy, fd xq.kuQy BA ifjHkkf’kr gS ;k ugha] vkO;wgksa A 
vkSj B ij fopkj dhft,A ;fn ugha gS] rks ;g bl dkj.k gks ldrk 
gS fd B esa LraHkksa dh la[;k A dh iafDr;ksa dh la[;k ds cjkcj ugha 
gSA ,slk gh ifj.kke ;g bafxr djrk gS fd vkO;wg xq.ku Øefofues; 
ugha gSA 

6- D;ksafd (A+B) +C = A= (B+C) gSA 

 1- izkjfHkd vkO;wg dh iafDr;ksa vkSj LraHkksa dks ijLij cnyus ls izkIr u;k 
vkO;wg mldk ifjorZ dgykrk gSA 

2- ����=�
2 1
3 −5
4 9

�,  izkIr dhft, rFkk fQj bldk ifjorZ Kkr djds  

����� = �2 3 4
1 −5 9� izkIr dhft,A 

3- ,d ,slk mnkgj.k yhft, rkfd ���= ���=I gksA 

1 vkidks crk;k x;k gS fd uhsp fn, nksuksa vkO;wg cjkcj gaSA  x, y vkSj z ds 
eku D;k gS ? 

� = �
4 0
6 −2
3 1

� ,     � = �
� 0
6 � + 4
�
�

1
� 

 A = B fn;k gqvk gSA blfy, budh lHkh laxr izof’V;k¡ cjkcj 
gksuh pkfg,A vr%] gesa Kkr gS fd  

 a11 = b11, a1,2 = b12, a21 = b21, bR;kfnA bl izdkj]  

4 = x, –2 = y + 4 vkSj 3 = z/3 gSA 
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vkO;wgks dks   �
4 0
6 −2
3 1

� = �
� 0
6 � + 4
�
�

1
�, ds :Ik esa iqu% fy[kdj 

  ge  x= 4, y = –6 vkSj z = 9 izkIr djrs gSaA 

2- vkO;wg xq.ku] Øefofues; D;ksa ugha gS ? 

 tc ge oxZ vkO;wgksa dk mi;ksx ugha djrs gS] rc ge Øe cny dj 
vkO;wgksa  dk xq.kk djus dk iz;kl Hkh ugha dj ldrs] D;kasfd mudh foek,¡ 
lqesfYkr ugha gks ldsaxhA ijarq oxZ vkO;wgksa ds gkus ij Hkh Øefofues; okyh 
fo”k’krk lnSo ugha gksrhA mnkgj.kkFkZ] 2 × 2 vkO;wgksa A vkSj B dh bl 
fLFkfr ij fopkj dhft,% 

eku yhft,  

 � = �
��� ���
��� ���

� vkSj  � = ���� ���
��� ���

�, gSA 

rc,    AB = ������� + ������ ������ + ������ 
������ + ������ ������ + ������ 

� gSA 

BA= ������� + ������ ������ + ������ 
������ + ������ ������ + ������ 

� 

bl vksj /;ku fn;k tk ldrk gS fd ;s nksuksa vkO;wg leku ¼cjkcj½ ugha gaS] 
tc rd fd ge  A vkSj B ds fy, ekuksa ij dqN izfrca/k u yxka,¡A D;ksafd 
ge igys vkO;wg dh iafDr;ksa dks ysdj nwljs vkO;wg ds LraHkksa ls xq.kk djrs gSa( 
blfy, ,slh izfØ;k ls tks Øe iyV nsrh gS] ekuksa esa ifjorZu gks tkrk gSaA 

3- ;fn A = � 2 −5 1
−2 −1 4�,  B  = �3 4 0

5 −2 3�   vkSj   C 

=�7 −6 2
1 −4 11�,   

 gS] rks eku fudkfy,% 

(i) A + B 

(ii) B – C 

(iii) 2A + B – C  

 (i)�5 −1 1
3 −3 7� (ii)�−4 10 −2

4 2 −8� (iii)�0 0 0
0 0 0� 

4- fuEufyf[kr laca/kks ls vkO;wgksa A vkSj B dks Kkr dhft,% 

2A – B = � 6 −6 0
−4 2 1�   vkSj  2B + A = � 3 2 5

−2 1 −7� 

 A = � 3 −2 1
−2 1 −1�      B = �0 2 2

0 0 −3� 

5- ;fn A =�9 1
4 3� vkSj B =�1 5

7 12�  gS] rks ,slk vkO;wg X Kkr dhft, fd     

  3A + 5B + 2X = O gksA 
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    � −16 −14
−47/2 −69/2� 

6- ;fn  A =�1 2
3 4�  , B =�1 0

2 −3�  vkSj C =�1 −1
0 1 � rks n”kkZb, fd 

i)  A (B + C) = AB + AC   

ii) (AB)C = A(BC) 

7-   ;fn    A   =  � 4 2
−1 1�, gS] rks Kkr dhft, (A – 2I) (A – 3I). 

8-  ;fn A = �1 2
3 4� gS] rks n”kkZb, fd xq.kuQy ���   vkSj ��� lefer gSa] 

ijarq  cjkcj ugha gSaA 

  bu ç'uksa }kjk vkidks bl bdkbZ dh iBu lkexzh dks le>us esa lgk;rk 
feysxhA bu ç'uksa ds mÙkjksa dks ewY;kadu ds fy, fo'ofo|ky; Hkstus dh 
vko';drk ugha gS D;ksafd ;s dsoy vkids vH;kl ,oa iqujko`fÙk ds fy, fn, 
x, gSA 
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bdkbZ dh :ijs[kk 

2-0 mÌs”; 

2-1 izLrkouk 

2-2 ,d lkjaf.kd ds eku dk vfHkdyu 

2-3 lkjf.kdks ds xq.k 

2-4 milkjf.kd vkSj lg[kaM 

2-5 jSf[kd lehdj.kksa ds fudk; dks gy djus ds fy, lkjf.kdksa eas ØSej&fu;e 
dk mi;ksx 

2-6 lkjka”k 

2-7 “kCnkoyh 

2-8 cks/k iz”uksa ds mÙkj 

2-9 Loij[k iz”u 

2-10 lanHkZ iqLrdsa 

bl bdkbZ dk v/;;u djus ds ckn] vki fuEufy[kr dks le> ik,¡xs% 

• lkjf.kd dh ekSfyd ladYiuk 

• vkO;wg vkSj lkjf.kd ds chp varj 

• fdlh lkjf.kd ds lg[kaM vkSj milkjf.kd 

• jSf[kd lehdj.kksa ds fudk; ds gy izkIr djus ds fy, lkjf.kd dk vuqiz;ksx 
¼ØSej&fu;e½ 

fiNyh bdkbZ esa] geus vkO;wgksa ij ljy lafØ;k,¡ ns[kh gSa(  ftudk mi;ksx] jSf[kd 
lehdj.kksa ds :Ik esa nh leL;kvks ds gy izkIr djus ds fy,] ,d i`’BHkwfe lkexzh 
ds :Ik esa fd;k tk ldrk gSA izLrqr bdkbZ esa] ge bl ppkZ dks lkjf.kd 
(determinant) rd foLrr̀ djsaxs] ftldh [kkst ØSej (Cramer) }kjk jSf[kd 
lehdj.kksa ds fudk; dks gy djrs le; dh xbZ FkhA /;ku nhft, fd lkjf.kd 
,d la[;kRed eku gS] ftldk vfHkdyu fdlh oxZ vkO;wg ds vo;o;kas ls fd;k 
tk ldrk gSA 

vk;wOg A ds lkjf.kd dks det(A), det A, ;k |A|.  }kjk O;Dr fd;k tkrk gSA 
T;kfHkrh; :Ik ls ns[kus ij] bls vkO;wg }kjk of.kZr jSf[kd :ikarj.k ds vk;ru 
Ldsfyax xq.kd ¼volume scaling factor) ds :Ik esa ns[kk tk ldrk gSA gesa ,d 
lkjf.kd /kUkkRed ;k _.kkRed eku ds :Ik esa izkIr gksrk gSA 
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1- vkO;wg vkSj lkjf.kd ds chp Hksn crkb,A 

2- ØSej us lkjf.kd dh [kkst fdl izdkj dh ? 

3- dsoy fdl izdkj ds vkO;wg ls lkjf.kd dks vfHkdfyr fd;k tk ldrk gS? 

lkjf.kd ds eku dk ifjdyu fuEufyf[kr izfØ;k dk ikyu djds fd;k tk 
ldrk gS% ,d oxZ vkO;wg ij fopkj dhft,A  bldh izFke iafDr ;k izFke LraHk ds 
fy,] mldk mivkO;wg izkIr dhft,A vkxs] pqus gq, vo;oksa eas ls izR;sd vo;o dks 
mlds mivkO;wg ds laxr lkjf.kd ls xq.kk dhft,A var esa] ,dkarj fpàksa ds lkFk 
¼ckjh&ckjh ls fpà cnyrs gq,½ mUgsa tksM+ nhft,A 

 (n=1)  

,d vk/kkj fLFkfr ds :Ik esa fdlh |1 × 1|  vkO;wg ds lkjf.kd dk eku Lo;a og 
vdsyk eku gksrk gSA  blds dgus dk vFkZ gS fd ;fn fdlh vkO;wg  

esa ,d gh vo;o gS] rks Lo;a og vo;o gh vkO;wg A dk lkjf.kd gksrk gS] vFkkZr~ 
;fn  A= [a] gS] rks |�|  = a gSA  

mnkgj.kkFkZ ;fn A = [2] gS] rks  |A| = 2 gSA 

 (n=2)  

;fn fdlh oxZ vkO;wg A dh dksfV 2 gS] rks |A| = ¼fod.kZ vo;oksa dk xq.ku & 
vfod.kZ vo;oksa dk xq.ku½ gksrk gS] vFkkZr~ 

;fn A = �
��� ���
��� ���

�,  gS] rks  |A| = �
��� ���
��� ���

� = (a11 x a22) – (a21 x a12) gSA 

 mnkgj.kkFkZ, ;fn A = �2 3
1 2� gS] rks  |A| = (2 x 2) – (1 x 3) = 4 – 3 = 1 gSA 

(n=3)  

eku yhft, fd 

� =  �
� � �
� � �
� ℎ �

� gS 

rc] ��� (�) = ��� �
� � �
� � �
� ℎ �

� = � �� �
ℎ �

� − � �� �
� �� + � �� �

� ℎ� gSA 

nwljs “kCnksa esa] vkO;wg  dh izFke iafDr (� � �) ij tkb,A izR;sd izfof’V dks 
ml  2 ×  2 vkO;wg ds lkjf.kd ls xq.kk dhft,] tks � esa ls ml izfof’V dks 
varfoZf’V djus okyh iafDr vkSj LraHk dks dkVus ls izkIr gksrk gSA fQj ge ifj.kkeh 
inksa dks tksM+rs vkSj ?kVkrs gSa] vFkkZRk~ ckjh&ckjh ls fpà cnyrs gq, tksM+rs vkSj 
?kVkrs gSa ¼� – in dks tksfM+,] b– in dks ?kVkb,] c– in dks tksfM+,½A 
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mnkgj.kkFkZ] ;fn = �
2 1 −1
1 1 1
1 −2 −3

�    gS] rks 

|A| = +2�  1 1
−2 −3� – 1 � 1 1

1 −3� + (– 1) � 1 1
1 −2� 

        = 2(−3 +  2)  − 1(−3 −  1) –  1(– 2 –  1)  =  −2 + 4 + 3 = 5 gSA 

ge ;gh fof/k 4 × 4  vkO;wg ds lkjf.kd dks vfHkdfyr djus esa dj ldrs gSaA 
oLrqr%] ;g fof/k fdlh Hkh foekvksa okys fdlh Hkh oxZ vkO;wg ds fy, vuqiz;ksx dh 
tk ldrh gSA /;ku nhft, fd vkidks dsoy izFke iafDr ds mi;ksx dh gh 
vko”;drk ugha gS( vki fdlh Hkh iafDr ;k fdlh Hkh LraHk dk mi;ksx dj ldrs 
gSa( tc rd ;g tkudkjh j[ksa fd dgk¡ /ku ¼+½ fpà yxkuk gS vkSj dgk¡ _.k (–) 
fpà yxkuk gSA bl izdkj]  

;fn  � =  

�
�
�
�
�
��� ��� ��� . ���
��� ��� ��� . ���
��� ��� ��� . ���

. . . . .
��� ��� ��� . ����

�
�
�
�

  gS] rks |A| = ∑  �
���  (–1)i+j aij |Mij|, gS] 

tgk¡   

Mij vkO;wg  eas ls i oha iafDr vkSj f oas LraHk dks dkVus ls izkIr mldk mi 
vkO;wg gSA 

1- vdsys vo;o okys vkO;wg ds lkjf.kd dk D;k eku gS \ 

2- vkidks vkO;wg �� �
� �� fn;k gqvk gSA blds lkjf.kd dk eku Kkr 

dhft,A 

3- fdlh Hkh foekvksa okys ,d oxZ vkO;wg ds lkjf.kd dks Kkr djus ds 
fy,] vki fdl lw= dk mi;ksx djsaxs ? 

I. ;fn fdlh lkjf.kd dh lHkh iafDr;ksa vkSj LraHkkas dks ijLij cny fn;k tk,] 
rks lkjf.kd ds eku esa dksbZ ifjorZu ugha gksrk gS] vFkkZr~  |A| = |At| gksrk 
gSA 

mnkgj.kkFkZ] 

�
 1 6 5
3 2 1

−2 0 −3
�  =  �

 1 3 −2
6 2 0
5 1 −3

� gSA 

II. ;fn fdlh lkjf.kd dh fdUgh nks iafDr;ksa@LraHkks dks ijLij cny fn;k 
tkrk gS] rks lkjf.kd ds eku esa dksbZ ifjorZUk ugha gksrk gS] ijarq fpà cny 
tkrk gSA 

mnkgj.kkFkZ] 
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�

 1 6 5
3 2 1

−2 0 −3
�  =  −  �

−2 0 −3
3 2 1
1 6 5

� gSA 

III.  (identical) 
 

mnkgj.kkFkZ] 

�
 1 6 5
3 2 1
3 2 1

� = 0 gSA 

IV. 
 k 

mnkgj.kkFkZ] 

 �
 1 6 5
3 2 1

−2 0 −3
�= 56 gSA vkSj �

 2�1 2�6 2�5
3 2 1

−2 0 −3
�  = 2x �

 1 6 5
3 2 1

−2 0 −3
� =2x56 =112 gSA 

V. ;fn fdlh lkjf.kd dh ,d iafDr@LraHk ds lHkh vo;oksa esa@esa ls ,d vU; 
iafDr @LraHk ds laxr vo;oks a ds k xqus dks tksM+k@?kVk;k tk,] rks ml 
lkjf.kd dk eku ogh jgrk gSA  

mnkgj.kkFkZ] 

 �
 1 6 5
3 2 1

−2 0 −3
� = 56 gS] vkSj �

 1 + (2 × 6) 6 5
3 + (2 × 2) 2 1

−2 + (2 × 0) 0 −3
�  =  �

 13 6 5
7 2 1

−2 0 −3
� = 56 

gSA 

VI. ;fn fdlh lkjf.kd dh ,d iafDr@LraHk ds lHkh vo;o nks ;k vf/kd 
vo;oksa ds ;ksx@varj gkas( rks ml lkjf.kd dks nks ;k vf/kd lkfj.kdksa ds 
;ksx@varj ds :Ik esa O;Dr fd;k tk ldrk gSA 

mnkgj.kkFkZ] 

 �
 1 6 5
3 2 1

−2 0 −3
�  =  �

 1 6 2 + 3
3 2 0 + 1

−2 0 2 + (−5)
�  =  �

 1 6 2
3 2 0

−2 0 2
� +

�
 1 6 3
3 2 1

−2 0 −5
�=  − 24 + 80 = 56 gSA 

1- vkius ,d lkjf.kd dh nks iafDr;ksa@LraHkksa dks ijLij cny fn;k gSA 
mlds eku dk D;k gksxk \ 

2- tkWu ,d lkjf.kd dh iafDr;ksa vkSj LrHkksa ds lkFk dqN gLrdkS”ky dj 
jgk gS] ijarq mldk ,d gh eku izkIr dj jgk gSA og D;k dj jgk gS ds 
ckjs esa vki D;k lksprs gSa\ 
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3- lhrk us ,d oxZ vkO;wg A dh vafre iafDr ds lHkh vo;oksa dks ,d 
vpj k ls xq.kk dj fn;k gSA mldh bl fØ;k ds dkj.k laxr lkjf.kd 
dk mls D;k eku izkIr gksuk pkfg, \ 

4- fLeFk us ,d lkjf.kd esa bl izdkj ifjorZu fd, fd mls nks loZle 
LraHk izkIr gks tk,¡A ,sls lkjf.kd dk mls D;k eku izkIr gksxk\ 

eku yhft, fd |A| = |���|  dksfV n dk ,d lkjf.kd gSA vo;o ��� , tks 
lkjf.kd |A|  dh i oh iafDr vkSj j  osa LraHk esa fo|eku gS] dk milkjf.kd og 
lkjf.kd gS tks |A|dh i oha iafDr vkSj j osa  LraHk dks dkVus ij “ks’k jg tkrk gSA 

dksfV 3 ds lkjf.kd �
��� ��� ���
��� ��� ���
��� ��� ���

�ds fy,] 

���dk milkjf.kd (minor) �
��� ���
��� ���

� gS] tks  

�
��� ��� ���
��� ��� ���
��� ��� ���

�  dh 

igyh iafDr vkSj igys LraHk dks gVkus ls izkIr gksrk gSA 

bl izdkj]  ��� dk milkjf.kd   �
��� ���
��� ���

� gS] tks �
��� ��� ���
��� ��� ���
��� ��� ���

�   dh  

nwljh iafDr vkSj nwljss LraHk dks gVkus ls izkIr gksrk gSA 

vkO;wg �
7 5 9
3 8 4
6 2 1

� fn;k gSA ��� vkSj ��� ds milkjf.kd Kkr dhft,A 

���  dk milkjf.kd �7 9
3 4� = (7x4) – (9x3) = 28 – 27 = 1 gSA 

���dk milkjf.kd�7 5
6 2� = (7x2) – (5x6) = 14 – 30 = –16  gSA 

,d lkjf.kd ds fdlh vo;o dk lg[kaM (cofactor) ml vo;o dk fpfàr 
milkjf.kd gksrk gSA bl milkjf.kd dk fpà i vkSj j ds ekuksa }kjk fu/kkZfjr 
gksrk gS] vFkkZr~ ml iafDr vkSj LraHk ds vuqlkj ftlesa og vo;o fo|eku gSA 
vo;o  

��� ds lg[kaM dks  ��� }kjk O;Dr fd;k tkrk gSA 

��� dk lg[kaM = (−1)��� ��� dk milkjf.kd gSA 
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dksfV 3 ds ,d lkjf.kd �

��� ��� ���
��� ��� ���
��� ��� ���

�   ds fy,] 

��� dk lg[kaM A11 = (–1)1+1 �
��� ���
��� ���

�  =  (– 1)2   �
��� ���
��� ���

�  =

   �
��� ���
��� ���

�gSA 

 blh izdkj] a32 dk lg[kaM a32 = (–1)3+2 �
��� ���
��� ���

� =  (– 1)5   �
��� ���
��� ���

� =

 − �
��� ���
��� ���

�gSA  

miljf.kd dk fpà $ gS] ;fn i + j le gS rFkk milkjf.kd dk fpà & gS] ;fn i 
+ j  fo’ke gSA 

vkO;wg � = �
1 6 5
3 2 1

−2 0 −3
� ds fy,] vkb, bl vkO;wg ds laxr lkjf.kd ds lHkh 

vo;oksa ds lg[kaMksa dks Kkr djsaA 

lHkh vo;oksa ds lg[kaMksa dks Kkr djsa 

A11 = (–1)1+1�2 1
0 −3� = (–1)1+1(2x(–3) – 0x1) = –6 – 0 = –6 gSA 

A12 = (–1)1+2� 3 1
−2 −3� = (–1)1+2(3x(–3) – 1x(–2) = –(–9 + 2) = 7 gSA 

A13 = (–1)1+3� 3 2
−2 0� = (–1)1+3(3x0 – 2x(–2)) = (0 + 4) = 4 gSA 

A21 = (–1)2+1�6 5
0 −3� = (–1)2+1(6x(–3) – 5x0) = –(–18 – 0) = 18 gSA 

A22 = (–1)2+2� 1 5
−2 −3� = (–1)2+2(1x(–3) – 5x(–2)) = (–3 +10 = 7 gSA 

A23 = (–1)2+3� 1 6
−2 0� = (–1)2+3(1x0 – 6x(–2)) = –(0 + 12) = –12 gSA 

A31 = (–1)3+1�6 5
2 1� = (–1)3+1(6x1 – 2x5) = 6 – 10 = –4 gSA 

A32 = (–1)3+2�1 5
3 1� = (–1)3+2(1x1 – 5x3) = –(1 – 15) = 14 gSA 

A33 = (–1)3+3�1 6
3 2� = (–1)3+3(1x2 – 6x3) = 2 – 18 = –16 gSA 

 ;fn : A = �

1 2 0 −1
3 −1 4 1

−2 0 −3 3
4 3 1 2

�  gS] rks |A| Kkr dhft,A 
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� = �

1 2 0 −1
3 −1 4 1

−2 0 −3 3
4 3 1 2

� gSA 

|A| = 

1 �
−1 4 1
0 −3 3
3 1 2

� –  2 �
3 4 1

−2 −3 3
4 1 2

�  +  0 �
3 −1 1

−2 0 3
4 3 2

� – (– 1) �
3 −1 4

−2 0 −3
4 3 1

� 

|A| = 1M11 – 2M12 + 0M13 +1M14 

M11 = �
−1 4 1
0 −3 3
3 1 2

�= (–1)(–6 – 3) –4(0 – 9) + 1(0 +9) = 9 + 36 + 9 = 54 

M12 =  �
3 4 1

−2 −3 3
4 1 2

� = 3(–6 – 3) – 4(–4 – 12) + 1(–2 + 12) = –27 +64 +10 =47 

M13 =  �
3 −1 1

−2 0 3
4 3 2

� = 3(0 – 9) +1(–4 – 12) + 1(–6 – 0) = –27 –16 – 6 = –49 

M14 =  �
3 −1 4

−2 0 −3
4 3 1

� = 3(0 + 9) +1(–2 + 12) + 4(–6 – 0)  

= 27 + 10 – 24 = 13. 

|A| = 1M11 – 2M12 + 0M13 +1M14 

|A| =1x54 – 2x47 + 0x(–49) + 1x13 

     = 54 – 94 + 0 + 13 = –27 gSaA 

  �
0 ��� ���

��� 0 ���

��� ��� 0
� dk eku fudkfy,A 

izFke iafDr esa ls a, nwljh iafDr esa ls b rFkk rhljh iafDr esa ls c lkoZ xq.ku[kaM 
ckgj fudkyus ij] ge izkIr djrs gaS% 

�
0 ��� ���

��� 0 ���

��� ��� 0
�  =  abc �

0 �� ��

�� 0 ��

�� �� 0
� 

vc] IkzFke LraHk esa ls  a2 , nwljs LraHk esa ls b2  rFkk rhljs LarHk es ls c2  lkoZ 
xq.ku[kaM ckgj fudkfy,A ftlls izkIr gksrk gS% 

a3b3c3 �
0 1 1
1 0 1
1 1 0

� = a3b3c3 [0(0 – 1) – 1(0 – 1) + 1(1 –0)] = a3b3c3[0+1+1) = 2 

a3b3c3. 
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1- fdlh oxZ vkO;wg ds milkjf.kd ls vki D;k le>rs gSa ? 

2- fdlh oxZ vkO;wg dk lg[kaM D;k gksrk gS ? 

3- ,d oxZ vkO;wg esa vki dksbZ lag[kaM dSls izkIr djsaxs ? 

4 vkidks fuEufyf[kr lkjf.kd fn;k gqvk gS% 

�1 −2
4 3 � 

blds lHkh vo;oksa ds fy,] milkjf.kd vkSj lg[kaM Kkr dhft,A 

;g fof/k] lkjf.kdksa dk mi;ksx djrs gq, n pjksa esa n jSf[kd lehdj.kska ds fudk; 
dks gy djus ds fy,] ,d fLol xf.krK xsczsy ØSej (Gabriel Cramer) }kjk 
iznku dh xbZ FkhA eku yhft, fd n  pjksa x1, x2, x3, x4,……, xn okyh n jSf[kd  

lehdj.kkas dk fudk; fuEufyf[kr gS% 

a11x1 + a12x2 + a13x3 + …………..+ a1nxn = b1 

a21x1 + a22x2 + a23x3 + …………..+ a2nxn = b2 

. 

. 

. 

an1x1 + an2x2 + an3x3 + …………..+ annxn = bn 

mijksDr fudk; dks vkO;wg :Ik esa] AX = B fy[kk tk ldrk gS] tgk¡ 

A =  

�
�
�
�
�
��� ��� ��� . ���
��� ��� ��� . ���
��� ��� ��� . ���

. . . . .
��� ��� ��� . ����

�
�
�
�
 , X =   

�
�
�
�
�
��
��
��
.

���
�
�
�
�
  vkSj B =  

�
�
�
�
�
��
��
��
.

���
�
�
�
�

 gSA 

eku yhft, fd 

 D = |A| = �
�

��� ��� ��� . ���
��� ��� ��� . ���
��� ��� ��� . ���

. . . . .
��� ��� ��� . ���

�
� gSA 

lkjf.kd ds xq.k  C1→x1 C1 dk vuqiz;ksx dhft,A   
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x1 D =    �
�

����� ��� ��� . ���
����� ��� ��� . ���
����� ��� ��� . ���

. . . . .
����� ��� ��� . ���

�
� 

 lkjf.kd ds xq.k  C1→C1 + x2C2 + x3C3 +……..+xnCn 

dk vuqiz;ksx djus ij] ge izkIr djrs gSa %    

x1D =  �
�

����� + ����� + ⋯ . . ����� ��� ��� . ���
����� + ����� + ⋯ . . ����� ��� ��� . ���
����� + ����� + ⋯ . . ����� ��� ��� . ���

. . . . .
����� + ����� + ⋯ . . ����� ��� ��� . ���

�
�  =   �

�

�� ��� ��� . ���
�� ��� ��� . ���
�� ��� ��� . ���
. . . . .

�� ��� ��� . ���

�
� = D1 gS] tgk¡ 

D1 vkO;wg  A dk lkjf.kd gS] tcfd mlds izFke LraHk dks  

�
�
�
�
�
��
��
��
.

���
�
�
�
�

 

}kjk izfrLFkkfir dj fy;k x;k gSA 

vr%] x1 D =  D1 gS] ftlls x 1 = ��
�
 izkIr gksrk gSA 

blh izdkj] ;g n”kkZrk tk ldrk gS fd  x 2 D =  D2 gS] tgk¡ D2 vkO;wg A dks 

lkjf.kd] gS] tcfd mlds nwljs LraHk dks 

�
�
�
�
�
��
��
��
.

���
�
�
�
�

 }kjk izfrLFkfir dj fy;k x;k gSA 

blls gesa x2 = ��
�

  izkIr gskrk gSA blh izdkj] xn = ��
�

 gS] tgk¡  Dn A vkO;wg dk 

lkjf.kd gS] tcfd mlds nosa LraHk dks   

�
�
�
�
�
��
��
��
.

���
�
�
�
�

 }kjk izfrLFkkfir dj fy;k x;k gSA 

 

  jSf[kd lehdj.kksa ds fdlh fudk; ds fy,  

;fn D ≠ 0 gS rks fudk; dk ,d vf}rh; gy gS rFkk ;g fudk; laxr 
¼Consistent) gS A 

;fn  D = 0   gS rFkk D1, D2, D3, D4…… Dn lHkh Hkh “kwU; gS( 

rks bl fudk; ds vaur ¼infinite) gy gksrs gSa rFkk fudk; laxr gSA 

;g D = 0  gS  rFkk D1, D2, D3, D4…… Dn   esa ls U;wure ,d “kw U; ds 
cjkcj ugha gS] rks bl fudk; dk dksbZ gy ugha gksrk gS] rFkk ;g fudk; 
vlaxr ¼inconsistent )gksrk gSA  
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I.  fudk; dks ØSej & fu;e }kjk gy dhft,% 

 x – 4y –z = 11 

2x – 5y +2z = 39 

–3x + 2y + z = 1 

gesa D =  �
1 −4 −1
2 −5 2

−3 2 1
� = 1(–5 –4) + 4(2 + 6) –1(4 – 15)  

= –9 +32 + 11 = 34 izkIr gSA 

;gk¡ D ≠ 0, gSA blfy,] ,d vf)rh; gy gS] ftls 

x = ��
�

, y =  ��
�

, z =  ��
�
 ds :i esa izkIr fd;k tk ldrk gSA 

D1 =  �
11 −4 −1
39 −5 2
1 2 1

� = 11(–5 – 4) + 4(39 – 2) – 1(78 + 5)  

= –99 + 148 – 83 = –34 gSA 

D2 =  �
1 11 −1
2 39 2

−3 1 1
� = 1(39 –2) – 11(2 + 6) – 1(2 + 117)  

= 37 – 88 –119 = –170 gSA 

D3 =  �
1 −4 11
2 −5 39

−3 2 1
� = 1(–5 –78) + 4(2 + 117) +11(4 –15)  

= –83 + 476 –121 = 272 gSA 

vr% x = ��
�

 =  ���
��

 = – 1, y =  ��
�

=   ����
��

 = –5 vkSj z = ��
�

=   ���
��

 = 8 

II.  fuEufyf[kr lehdj.k fudk; dks ØSej &fu;e }kjk gy dhft,% 

x – 3y –8z = –10 

3x + y – 4z = 0 

2x + 5y + 6z = 13 

gesa D =  �
1 −3 −8
3 1 −4
2 5 6

� = 1(6 + 20) + 3(18 + 8) –8(15 – 2)  

= 26 +78 – 104 = 0 izkIr gSA  

lkFk gh] 
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D1 = �
−10 −3 −8

0 1 −4
13 5 6

� = –10(6 +20) +3(0 + 52) – 8(0 – 13)  

=–260 + 156 + 104 = 0, 

D2 = �
1 −10 −8
3 0 −4
2 13 6

� = 1(0 + 52) +10(18 + 8) –8(39 –0)  

= 52 + 260 – 312 = 0 rFkk 

D3 = �
1 −3 −10
3 1 0
2 5 13

� = 1(13 –0) + 3(39 – 0) – 10(15 – 2)  

= 13 + 117 – 130 =0 gSA 

;gk¡  

D = D1 = D2 = D3 = 0 gS vr% ;g fudk; laxr gS] ftlds vuar gy gSaA 

III. fuEufyf[kr lehdj.k & fudk; dks ØSej &fu;e }kjk gy dhft,% 

x – 3y + 4z = 3 

2x – 5y + 7z = 6 

3x – 8y + 11z = 11 

 gesa D =  �
1 −3 4
2 −5 7
3 −8 11

� = 1(–55 + 56) + 3(22 – 21) + 4(–16 + 15)  

= 1 +3 – 4 =0 izkIr gSA 

lkFk gh]  

D1 =  �
3 −3 4
6 −5 7

11 −8 11
� =3(–55 + 56) +3(66–77) + 4(–48 + 55)  

= 3 – 33 + 28 = –2 ≠0 

D;ksafd  D = 0  gS vkSj D1 ≠ 0 gS, blfy, bl fudk; dk dksbZ gy ugha gSA ;g 
fudk; vlaxr gSA 

1½ ØSej&fu;e D;k gS ? 

2½ ØSej&fu;e dk mi;ksx djrs le;] vki dc ;g dgsaxs fd jSf[kd lehdj.kksa 
dk ;g fudk; vlaxr gS ? 

3½ jSf[kd lehdj.kksa ds fudkl dk ,d mnkgj.k nhft,A 

4½ jSf[kd lehdj.kksa ds vlaxr fudk; D;k vFkZ gS ? 
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bl bdkbZ esa] geus ,d lkjf.kd esa lac) lhedj.k & gy ;kaf=dh dh ppkZ dh 
gSA ;g ns[kk x;k gS fd lkjf.kd ,d la[;kRed eku gS rFkk bls ,d oxZ vkO;wg 
ds vo;oksa ls vfHkdfyr fd;k tk ldrk gSA  geus lkjf.kd dk eku vfHkdfyr 
djuk lh[kk gS] ftls fuEufyf[kr fof/k viukrs gq, ifjdfyr fd;k tk ldrk gS% 

,d oxZ vkO;wg yhft,A bldh igyh iafDr ;k igys LraHk ds izR;sd vo;o ds 
fy,] be mldk mivkO;wg izkIr djrs gSA blds vkxs] pqus gq, vo;oks esa ls izR;sd 
vo;o dks bl mivkO;wg ds laxr lkjf.kd ls xq.kk dhft,A var esa] ,dkarj fpàksa 
ds lkFk mUgsa tksM+ nhft,A geus |1 × 1| vkO;wg ds lkjf.kd ds eku ls izkjaHk 
fd;k Fkk] tks Lo;a og vdsyk eku gh gksrk gSA ;fn oxZ vkO;wg A dh dksfV 2 gS] 
rks |A|= ¼fod.kZ vo;oksa dk xq.ku½ & ¼vfod.kZ vo;oksa dk xq.ku½ gksrk gSA dksfV 
3 × 3 ds ,d oxZ vkO;wg dh fLFkfr esa] geas ml vkO;wg dh izFke iafDr ij tkus 
dh vko”;drk gksrh ysa gSA izR;sd izfof’V dks ml 2 × 2 vkO;wg ds lkjf.kd ls 
xq.kk dhft,] tks izkajfHkd vkO;wg esa ls ml izfof’V dks varfoZf’V djus okyh iafDr 
vkSj LraHk dks dkVus ls izkIr gksrk gSA fQj ge ifj.kkeh inksa dks tksM+rs vkSj ?kVkrs 
gS% vFkkZr~ ckjh&ckjh ls fpà cnyrs gq, tksM+rs vkSj ?kVkrs gSa ¼� &in dks tksfM+,] 
� &in dks ?kVkb,] � & in dks tksfM+,½A dksfV 3 × 3  esa viukbZ xbZ fof/k dks 
fdlh Hkh foekvksa okys oxZ vkO;wg ds fy, foLr`r fd;k tk ldrk gSA geusa bl 
vksj Hkh /;ku fn;k gS fd gesa dsoy izFke iafDr ;k LraHk ds mi;ksx rd gh lhfer 
jgus dh dksbZ vko”;drk ugha gSA fdlh lkjf.kd dk eku vfHkdfyr djrs le;] 
fdlh Hkh iafDr ;k LraHk dk mi;ksx dj ldrs gaS % tc rd vki ;g lqfuf”pr 
dj ysrs gSa fd dgk¡ /ku (+)fpà yxkuk gS vkSj dgk¡ _.k (−)fpà yxkuk gSA 

lkjf.kd ds xq.kksa dh ppkZ djrs le;] geus ns[kk Fkk fd nks iafDr;ksa @ LraHkksa dks 
ijLij cnyus ij] mldk eku ogh jgrk gS ijarq fpà cny tkrk gSA lkjf.kd dk 
eku “kwU; gksrk gS] ;fn mldh nks iafDr;k¡ ;k LraHk loZle gksaA lkFk gh] lkjf.kd 
dh lHkh iafDr;ksa vkSj LraHkkas dks ijLij cnyus ij mldk eku ogh jgrk gSA ;gh 
ifj.kke rc Hkh izkIr gksrk gS tc ge lkjf.kd dh ,d iafDr@LraHk ds lHkh 
vo;oksa esa@esa ls ,d vU; iafDr@LRakHk ds laxr vo;oksa ds � xqus dks 
tksM+rs@?kVkrs gSaA ;fn ge fdlh lkjf.kd dh ,d iafDr ;k LraHk ds lHkh vo;oksa 
dks ,d vpj � ls xq.kk djsa] rks ml lkjf.kd dk eku � xquk gks tkrk gSA 

fdlh oxZ vkO;wg ds laxr lkjf.kd dk eku vfHkdfyr djus ds fy,] ge mlds 
milkjf.kd vkSj lg[kaM dh ladYiukvksa dk ifjp; nsrs gSaaaA Tkgk¡ ,d oxZ vkO;wg 
ds lkjf.kd esa ls ml vkO;wg ds ,d vo;o ds laxr iafDr vkSj LraHk dks gVk ysus 
ij izkIr lkjf.kd mldk milkjf.kd dgykrk gS] tcfd fpfàr milkjf.kd 
lg[kaM dgykrk gSA bl bdkbZ ds vafre Hkkx esa] ge jsf[kd lehdj.kksa ds fudk; 
dks gy djus esa lkjf.kdksa ds mi;ksx dks mtkxj djrs gSa rFkk bl lanHkZ esa 
ØSej&fu;e dk v/;;u djrs gSaA 

  fpfàr milkjf.kdA 
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lkjf.kdks dk mi;kxs djrs gq, n pjksa okyh n jSf[kd lehdj.kksa 
ds fudk; dks gy djus dh fof/kA 

 ,d oxZ vkO;wg ds vo;oksa ls vfHkdfyr ,d la[;kRed ekuA 

 nks ;k vf/kd jSf[kd lehdj.kksa dk ,d laxzg ftlesa 
pjksa dh la[;k Hkh ogh gksrh gSA 

 ,d oxZ vkO;wg ds ,d vo;o ds laxr iafDr vkSj LraHk dks gVkus 
ij izkIr vkO;wg dk lkjf.kdA 

d½ 
1- ,d vkO;wg lkj.kh :Ik esa vo;oksa dh dsoy ,d Øfer O;oLFkk gS] 

tcfd lkjf.kd ,d oxZ vkO;wg ls TkqM+k ¼lgpj½ dsoy ,d 
la[;kRed eku gSA 

2- mÙkj % jSf[kd lehdj.kksa ds fudk; dks gy djrs le; 

3- mÙkj % oxZ vkO;wg 

[k½ 
1- mÙkj %  1×1  vkO;wg dk lkjf.kd Lo;a og la[;k gh gksrk gSA 

2- mÙkj % izFke iafDr ds vuqfn”k] mifj ck,¡ ?kVd a  ls izkajHk djrs gq,] 
pfy,A ge ?kVd ¼vo;o½ a dks a dh iafDr vkSj LraHk dks gVkus ij 
cus mivkO;wg dks ds lkjf.kd ls xq.kk djrs gSaA bl fLFkfr esa] ;g 
mivkO;wg 1×1 vkO;wg gS vkSj ftldk vo;o d gS blfy, bldk 
lkjf.kd dsoy d  gSA vr%] lkjf.kd dk izFke in ad gSA 

vc izFke iafDr ds nwljs ?kVd dh vksj pfy,] ftldk mifj nk;k¡ 
?kVd b gSA b dks b dh iafDr vkSj LraHk dks gVkus ij cus mivkO;g 
ds lkjf.kd ls xq.kk dhft,] tks c gSA vr%] lkjf.kd dk vxyk in 
bc gaSA laiw.kZ lkjf.kd dsoy izFke in ad  _.k (minus) nwljk in 
bc gSA 

3- mÙkj % eku yhft, fd vkO;wg ��×�  gSA rc] |A| = ∑  �
���  (–1)i+j aij 

|Mij| gS]  tgk¡ |Mij| vkO;wg A dk mivkO;wg gS] tks ioha iafDr vkSj josa 
LraHk dks dkVus ls izkIr gksrk gSA 

x½ 

1- mÙkj % lkjf.kd dk eku ogh jgrk gS] ijarq fpà cny tkrk gSA 

2- mÙkj ¼i½ og lkjf.kd dh lHkh iafDr;ksa vkSj LraHkks dks ijLij cny 
jgk gS rFkk ¼ii½  lkjf.kd dh ,d iafDr@ LraHk ds lHkh vo;oksa 
esa@esa ls ,d vU; iafDr @LraHk ds laxr vo;oksa ds � xqus dks 
tksM+@?kVk jgk gSA 
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 3- mÙkj % mls lkjf.kd dk eku izkajfHkd eku dk � xquk izkIr gksuk 
pkfg,A 

4- mls lkjf.kd dk eku “kwU; izkIr gksxkA 

?k½ 

1- mÙkj % fdlh oxZ vkO;wg ds ,d vo;o ds laxr iafDr vkSj LRkaHk dks 
gVkus ds ckn izkIr vkO;wg dss lkjf.kd dk ekuA 

2- mÙkj % lg[kaM dks fpfàr milkjf.kd ds :Ik esa ifjHkkf’kr fd;k tkrk 
gSA ,d vo;o aij ds lg[kaM dks Aij }kjk O;Dr fd;k tkrk gS rFkk 
Aij = (–1)i+j Mij }kjk ifjHkkf’kr fd;k tkrk gS] tgk¡ Mij vo;o  aij 
dk milkjf.kd gSA 

3- mÙkj % fdlh vkO;wg esa ls ,d fufnZ’V vo;o ds laxr iafDr vkSj 
LraHk dks gVkus ij izkIr lkjf.kd dk ,d la[;kRed eku gS] ftlds 
vkxs /kUkkRed (+) ;k _.kkRed(–) fpà yxk gksrk gS] tks bl ij 
fuHkZj djrk gS fd og vo;o ,d + fLFkfr esa gS ;k & fLFkfr esa gSA 

4- mÙkj %  v;o;  aij dk milkjf.kd Mij gSA 

   ;gk¡  

��� = 1 gSA blfy, M�� =  ��� dk milkjf.kd  = 3 

M�� vo;o dk ���   milkjf.kd = 4 

M�� vo;o dk ���   milkjf.kd = –2 

M�� vo;o dk ���   milkjf.kd = 1 

vkxs] ds  aij lg[kaM ij tkb,] ftls Aij  fy[kk tkrk gSA 

vr% 

A11 = (–1)1+1, M11 = (–1)2 (3) = 3 
A12 = (–1)1+2, M12 = (–1)3 (4) = –4 
A21 = (–1)2+1, M21 = (–1)3 (–2) = 2 
A22 = (–1)2+2, M22 = (–1)4 (1) = 1 

³+½ 

1- mÙkj � pjksa esa jSf[kd lehdj.kksa ds fudk; dks lkjf.kdksa dh lgk;rk 
ls gy djus dh fof/k  

2- mÙkj % tc lkjf.kd � = 0 gks rFkk D1, D2, D3, D4…… Dn esa ls 
U;wure ,d “kwU; ds cjkcj ugha gksA 

3- mÙkj % 2� + � = 5 and − � + � = 2 dks yhft,A bu ij ,d lkFk 
dk;Z djus ij fudk; cu tkrk gSA 

4- mÙkj % jSf[kd lehdj.kksa dk fudk; vlaxr dgykrk gS] tc bldk 
dksbZ gy ugha gksrkA 
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lehdj.kksa ds fuEufyf[kr fudk;ksa dks] ØSej&fu;e dk mi;ksx djrs gq,] gy 
dhft,% 

i) 5x – 7y + z = 11; 6x – 8y – z = 15;   3x + 2y – 6z = 7; 

ii) x + 2y – 2z = –7; 2x – y + z = 6;   x – y – 3z = –3; 

iii) 6x + y – 3z = 5; x + 3y – 2z = 5;   2x + y + 4z = 8 

iv) 2x – 3y – 4z = 29; –2x + 5y – z = –15; 3x – y + 5z = –11 

v) 2x – y + z = 4; x +3y + 2z = 12; 3x + 2y + 3z = 10; 

mÙkj%  (i) x = 1; y = –1; z = –1; (ii) x = 1; y = –2; z = 2; 
    (iii) x = 1; y = 2; z = 1;    (iv) x = 2; y = –3; z = –4;  

    (v) dksbZ gy ugha 

  bu ç'uksa }kjk vkidks bl bdkbZ dh iBu lkexzh dks le>us esa lgk;rk 
feysxhA bu ç'uksa ds mÙkjksa dks ewY;kadu ds fy, fo'ofo|ky; Hkstus dh 
vko';drk ugha gS D;ksafd ;s dsoy vkids vH;kl ,oa iqujkof̀Ùk ds fy, 
fn, x, gSA 

• Allen, R.G.D., “Mathematical Analysis for Economists”, London: 
English Language Book Society and Macmillan, 1974. 

• Archibald, G.C., Richard G.Lipsey. “An Introduction to a Mathematical 
Treatment of Economics”, Delhi: All India Traveller Bookseller, 1984 

• Chiang, A. and  Kalvin Wainwright,  Fundamental Methods of 
Mathematical Economics (Paperback),  Mac Grow Hill, 2017. 

• Dowling, Edward,T. “Schaum’s Outline Series: Theory and Problems of 
Mathematics for Economists”, New York: McGraw Hill Book Company, 
1986.  

• K. Sydsaeter and P. Hammond, Mathematics for Economic Analysis, 
Pearson Educational Asia, Delhi, 2002.  

• Yamane, Taro, “Mathematics for Economists: An Elementary Survey”, 
New Delhi: Prentice Hall of India Private Limited, 1970.  
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3-0  mÌs”; 

3-1 izLrkouk 

3-2 izfrykse vkO;wg 

3-2-1 izfrykse vkO;wg dh ifjHkk’kk 

3-2-2 izfrykse vkO;wg ds xq.k 

3-2-3 ,d 2 × 2 vkO;wg dk izfrykse Kkr djuk 

3-2-4   cM+s vkO;wgksa ds izfrykse vfHkdfyr djuk  

3-3 vkO;wg izfrykse fof/k% lkjf.kd vkSj lg[akMt ekxZ 

3-3-1 ,d vkO;wg dk lg[kaMt  

3-3-2  ,d vkO;wg ds lg[kaMt ds mi;ksx ls izfrykse dk vfHkdyu 

3-4 vkO;wg izfrykse fof/k % izkjafHkd lafØ;k,¡ ekxZ 

3-4-1 izkjafHkd vkO;wg lafØ;k,¡ 

3-4-2 izkajfHkd iafDr lafØ;kvksa ds mi;ksx ls izfrykse dk vfHkdyu 

3-5 ,d vkO;wg ds izfrykse vkSj tkfr 

3-5-1 ,d vkO;wg dh tkfr 

3-5-2 jSf[kdr % Lora= 

3-5-3 ,d vkO;wg dh O;qRØerk vkSj tkfr 

3-6 vkO;wg izfrykse }kjk jSf[kd lehdj.kksa ds fudk; dks gy djuk 

3-6-1 lehdj.kkas dk fudk; 

3-7 lkjka”k 

3-8 “kCnkoyh 

3-9 cks/k iz”uksa ds mÙkj 

3-10 Loij[k iz”u 

3-11 lanHkZ iqLrdsa 

bl bdkbZ dk v/;;u djus ds ckn] vki fuEufyf[kr dks le> ik,¡xs% 

• ,d vkO;wg ds izfrykse dh ladYiuk( 

• lg[kaMt ds mi;ksx ls ,d vkO;wg dk izfrykse Kkr djuk( 

• izkjafHkd lafØ;k,¡( 

• izkjafHkd lafØ;kvksa ds mi;ksx ls ,d vkO;wg dk izfrykse Kkr djuk( vkSj 

• ,d vkO;wg dh tkfr 
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bl [kaM dh izFke bdkbZ “kh’kZd *vkO;wgksa dk ifjp;* esa] ge vkO;wgksa ij ;ksx] 
O;odyu vkSj xq.ku dh lafØ;kvksa dks ns[k pqds gSaA ijarq tSLkk fd vki Lej.k dj 
ldrs gaS] vkO;wgksa ds foHkktu ij dksbZ ppkZ ugha gqbZ FkhA bldk eq[; dkj.k ;g 
Fkk fd ,d vkO;wg dks nwljs vkO;wg ls foHkkftr ugha fd;k tk ldrkA ;|fi ge 
,slk ugha dj ldrs] fQj Hkh bl mÌs”; ds fy, ,d lacaf/kr ladYiuk gS] ftl ij 
dk;Z fd;k tk ldrk gSA ;g ,d vkO;wg dk *O;qRØe ;k izfrykse* ¼inverse ;k 
inversion) dgykrh gSA 

izfrykse dh lgt /kkj.kk izkIr djus ds fy,] ;g Lej.k djuk mi;ksxh gS fd 4x 
= 8 tSlh ,d ljy lehdj.k gy gks tkrh gS] ;fn blds nksuksa i{kksa dks 4 }kjk 
foHkkftr dj fn;k tkrk gSA bl fØ;k dk ifj.kke x = 2  gy ds :Ik esa izkIr 
gksuk gSA Bhd bl ij /;ku nhft, fd ge 4 }kjk Hkkx nsus ds LFkku ij] bl 
leL;k dks gy djus ds fy,] ge nksuksa i{kks dks 1@4 ls xq.kk dj ldrs FksA 

bl fLFkfr esa Hkh mÙkj 2 izkIr gksrkA ;gk¡ tks Hkh fd;k x;k gSS og ;g gS fd xq.ku 
esa 4@1 ds O;qRØe (reciprocal) dh lgk;rk yh xbZ gSA bl izdkj] O;qRØe  1@4 
la[;k 4@1  dk izfrykse gSA 4@1 dks mlds O;qRØe 1@4 ls xq.kk djus ij] ges 
1 izkIr gksrk gSA vkO;wg ds izfrykse dks Hkh ge O;qRØe la[;kvksa ds lkFk ,slh gh 
lafØ;k ds :Ik esa lksp ldrs gSaA 

eku yhft, fd � dksbZ vkO;wg gSA rc] � ds izfrykse (inverse)  dks ��� ds :Ik 
esa fy[kk tk ldrk gSA D;ksafd ge vkO;wg ls Hkkx ugha ns ldrs] blfy, bls ge 
1/� ds O;RØqe ds :Ik esa ugha fy[krs gSaA vfn”k la[;k i)fr ds lkFk izfrykse 
vkO;wg (inverse matrix) dh lekurk ds fy, gekjh [kkst ;g n”kkZ,xh fd ftl 
izdkj 4 vkSj mlds O;qRØe 1@4 dks xq.kk djus ij 1 izkIr gksrk gS] mlh izdkj 
fdlh vkO;wg dk mlds izfrykse ls xq.kk djus ij  (Identity 
matrix) izkIr gksrk gSA vFkkZr~ � × ��� = � gS] tks ,d oxZ vkO;wg gksxk] ftlds 
fod.kZ esa 1 fy[kk gksxkA 

fdlh � × � oxZ vkO;wg � dk izfrykse ,d vU; � × � vkO;wg gksrk gS] ftls 
���  ls O;Dr fd;k tkrk gS] rkfd 

���� =  ���� =  �, 

tgk¡ � ,d � × � rRled vkO;wg gSA vFkkZr~ fdlh vkO;wg dks mlds izfrykse ls 
xq.kk djus ij ,d rRled vkO;wg izkIr gksrk gSA iajrq /;ku nhft, fd lHkh oxZ 
vkO;wgksa ds izfrykse vkO;wg ugha gksrs gSaA ;fn vkO;wg dk lkjf.kd “kwU; gks] rks 
mldk izfrykse ugha gksxkA D;ksafd og vkO;wg ftlds lkjf.kd “kwU; gks  
(��������) dgykrk gS] blfy, ge ;g izfrca/k fufnZ’V djrs gSa fd dsoy ,d 

 (��� − ��������)  dk gh izfrykse gksrk gSA ,slk gh vkO;wg 
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 (���������� ������)  dgykrk gSA blh dkj.k] fofp= 
vkO;wg vO;qRØe.kh; vkO;wg Hkh dgykrk gSA 

1- ,d oxZ vkO;wg O;qRØe.kh; rHkh vkSj dsoy rHkh gksrk gS] tc og 
vfofp= gksA 

2- fdlh vkO;wg ds izfrykse dk izfrykse Lo;a og vkO;wg gh gksrk gS] vFkkZr~ 
(A–1)–1 = A gksrk  gSA 

3- fdlh vkO;wg ds ifjorZ dk izfrykse mlds izfrykse ds ifjorZ ds cjkcj 
gksrk gS]  vFkkZr~  (A’)–1 = (A–1)’  gksrk gSA 

4- ;fn A vkSj B ,d gh dksfV ds nks O;qRØe.kh; vkO;wg gSa] rks AB Hkh 
O;qRØe.kh; gksrk gS] ftlds fy, dFku (��)��  =  ������ lR; gSA 

×

Lo;a dks izfrykse ds vfHkdyu dh /kkj.kk ls ifjfpr djkus ds n`f’Vdks.k ds lkFk] 
ge ,d 

mnkgj.k ds :Ik esa uhps ,d 2 × 2 vkO;wg ij ppkZ dj jgs gSaA 

eku yhft, fd � = �� �
� ��gS] tgk¡ a, b, c vkSj d la[;k,¡ gSaA blds izfrykse dks 

fuEufyf[kr :Ik esa fy[kk tkrk gS% 

��� = �� �
� ��

��
= �

�����
� � −�

−� � � , tgk¡ (�� −  ��) bl vkO;wg  ds 

lkjf.kd dk eku gSA izfrykse Kkr djus dh izfØ;k vkxs tkjh j[kus ds fy,] 
bldks “kwU; ds cjkcj ugha gksuk pkfg,A 

bl izdkj] ge vfHkdyu rHkh dj ik,¡xs tc gekjs ikl ,d oxZ vkO;wg gks rFkk 
,d “kwU;srj (non–zero) lkjf.kd gksA 

 vkO;wg � = �4 5
2 3� dk izfrykse Kkr dhft,A 

���=�4 5
2 3�

��
= �

�×���×�
� 3 −5

−2 4 � = �
�

� 3 −5
−2 4 � = �1.5 −2.5

−1 2 � gSA 

4x=8,tSlh vdsyh lehdj.k dks gy djus dh fof/k dh rjg] ge izfrykse rduhd 
dk mi;ksx djrs gq,] fdlh vkO;wg × ds vKkr eku ds fy, gy dj ldrs gSaA 
mnkgj.kkFkZ] ;fn gesa �� = � fn;k gS] tgk¡ � vkSj � Kkr gaS( rks ge vkO;wg × 
Kkr djus ds fy, izfrykse dh fof/k dk mi;ksx dj ldrs gSaA ,slk djus ds fy, 
ge fy[krs gSa% 
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����� = ����  gSaA  D;ksafd  ���� = �, blfy, ge izkIr djrs gS% 

�� = ����, vFkkZr~, � = ���� (× ds rRled vkO;wg ls xq.kk ds dkj.k½ 

;kn jf[k, fd izfrykse Kkr djus ds lHkh izfrca/k tSls fd � ,d oxZ vkO;wg gS 
vkSj O;qRØe.kh; gS rFkk � dh dksfV xq.ku fu;e ds vuq:Ik gS] ok¡fNr gy izkIr 
djus ds fy, larq’V gks jgs gSaA 

Åij ge ,d 2 × 2 vkO;wg ds izfrykse dks ns[k pqds gSaA cM+s vkO;wgksa 3x3, 4x4, 
…  dh rqyuk esa blds izfrykse dk vfHkdyu ljy gSA ijarq cM+s vkO;wgksa ds 
izfrykse Kkr djus ds fy,] gesa nks eq[; fof/k;ksa dk mi;ksx djuk iM+sxkA ;s 
fof/k;k¡ gaS% 

¼i½ milkjf.kdksa] lg[kaMks vkSj lg[kaMt ds mi;ksx ls fdlh vkO;wg dk izfrykse 
rFkk ¼ii) izkjafHkd iafDr lafØ;kvksa ds mi;ksx ls fdlh vkO;wg dk izfrykseA geus 
vkO;wg dSydqysDVj tSls dEI;wVj (Computer) ds mi;ksx dks bl orZeku bdkbZ 
esa lfEEkfyr ugha fd;k gS] ftldk mi;ksx fdlh vkO;wg dk izfrykse Kkr djus esa 
fd;k tk ldrk gSA 

  ,d fod.kZ vkO;wg dk izfrykse mlds fod.kZ ds izR;sd vo;o dks mlds 
O;qRØe ls izfrLFkkfir djds izkIr fd;k tkrk gSA mnkg.kkFkZ] ,d fod.kZ 

vkO;wg  � = �3 0
0 4� dks yhft,A rc] 

��� = �
�
�

0

0 �
�

� gSA lR;kiu dhft, fd ���� = I gS] tgk¡ I rRled 

vkO;wg gSA 

1- vki ,d vkO;wg ds izfrykse dh /kkj.kk dks fdl izdkj Li’V djsaxs \ 

2- fdlh oxZ vkO;wg dks mlds izfrykes ls xq.kk djus ij D;k ifj.kke izkIr 
gksrk gS \ 

3- vki izfrykse dh lafØ;k fdl izdkj ds vkO;wg ij ykxw dj ldrs gSa \ 

4- ,d vkO;wg ds izfrykse dh ifjHkk’kk fyf[k,A 

5- ,d fofp= vkO;wg D;k gksrk gS \ 

6- vki ,d O;qÙØe.kh; vkO;wg dh igpku fdl izdkj djsaxs \ 

7- vki bldk lR;kiu fdl izdkj djsaxs fd vkius ,d vkO;wg dk izfryke 
lgh ifjdfyr fd;k gS \ 

8- D;k vki vkO;wg ij foHkktu dh lafØ;k dj ldrs gaS \ 
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vkxs vkus okyh iafDr;ksa esa] ge ,d vkO;wg dk izfrykse Kkr djus dh Åij crkbZ 
xbZ nks fof/k;ksa esa ls ,d dh ppkZ djsaxsA bldh i’̀BHkwfe rS;kj djus ds fy,] ge 
igys ,d vkO;wg ds lg[kaMt (adjoint) dh ladYiuk dh ppkZ djsaxs] tks ,d oxZ 
vkO;wg esa lg[kaM dk ifjorZ gksrk gSA izfrykse] tks lg[kaMt dks lkjf.kd ls Hkkx 
nsus ij izkIr gksrk gS dks nwljs pj.k ds :Ik esa ,d i`Fkd mivuqPNsn ds varxZr 
fn;k x;k gSA 

Åij crkbZ xbZ vkO;wg dk izfrykse Kkr djus dh nksuks fof/k;ksa esa ls igyh fof/k 
ds mi;ksx djus esa ,d vkO;wg ds lg[akMt dh ladYiuk dks le>us dh 
vko”;drk gSA 

;fn � = [aij] dksfV n dk ,d oxZ vkO;wg gS] rks � ds lg[kaMt dks dksfV n ds 
vkO;wg [Aij]  ds ifjorZ ds :Ik esa ifjHkkf’kr fd;k tkrk gS] tgk¡ |A| esa Aij 
vo;o aij dk lga[kM gSA nwljs “kCnks esa] eku yhft, fd  

� =  

�
�
�
�
�
��� ��� ��� . ���
��� ��� ��� . ���
��� ��� ��� . ���

. . . . .
��� ��� ��� . ����

�
�
�
�
 gSA 

rc] ���(�)         =     

�
�
�
�
�
��� ��� ��� . ���
��� ��� ��� . ���
��� ��� ��� . ���

. . . . .
��� ��� ��� . ����

�
�
�
�

  dk ifjorZ 

=   

�
�
�
�
�
��� ��� ��� . ���
��� ��� ��� . ���
��� ��� ��� . ���

. . . . .
��� ��� ��� . ����

�
�
�
�

 gSA 

;gk¡ |A| esa A11  vo;o a11  dk lg[kaM gS]  

|A| esa A12 vo;o a12 dk lg[kaM gS] bR;kfnA  

1- ;fn � dksfV � dk ,d oxZ vkO;wg gS] rks �. ���(�)  =  ���(�). � =
 |�|. ��    gksrk gS] tgk¡  ��  dksfV � dk ,d RkRled vkO;wg gSA  

2- ���(��)  =  ���(�). ���(�) gSA 

3- ���(�’)  =  (���(�))’ gSA 
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 vkO;wg � =  �
1 6 5
3 2 1

−2 0 −3
�  dk lag[kaMt Kkr dhft, rFkk  

  

izes; �. ���(�)  =  ���(�). � =  |�|. ��  dk lR;kiu dhft,A 

���(�)  =  �
��� ��� ���
��� ��� ���
��� ��� ���

� dk ifjorZ 

� =  �
1 6 5
3 2 1

−2 0 −3
� fn;k gqvk gSA vkb, bl vkO;wg ds lHkh vo;oksa ds lg[kM 

Kkr djsaA 

 A11 = (–1)1+1�2 1
0 −3� = (–1)1+1(2x(–3) – 0x1) = –6 – 0 = –6 gSA 

A12 = (–1)1+2� 3 1
−2 −3� = (–1)1+2(3x(–3) – 1x(–2) = –(–9 + 2) = 7 gSA 

A13 = (–1)1+3� 3 2
−2 0� = (–1)1+3(3x0 – 2x(–2)) = (0 + 4) = 4 gSA 

A21 = (–1)2+1�6 5
0 −3� = (–1)2+1(6x(–3) – 5x0) = –(–18 – 0) = 18 gSA 

A22 = (–1)2+2� 1 5
−2 −3� = (–1)2+2(1x(–3) – 5x(–2)) = (–3 +10) = 7 gSA 

A23 = (–1)2+3� 1 6
−2 0� = (–1)2+3(1x0 – 6x(–2) = –(0 + 12) = –12 gSA 

A31 = (–1)3+1�6 5
2 1� = (–1)3+1(6x1 – 2x5) = 6 – 10 = –4 gSA 

A32 = (–1)3+2�1 5
3 1� = (–1)3+2(1x1 – 5x3) = –(1 – 15) = 14 gSA 

A33 = (–1)3+3�1 6
3 2� = (–1)3+3(1x2 – 6x3) = 2 – 18 = –16 gSA 

vr%] 

���(�)  =  �
−6 7 4
18 7 −12
−4 14 −16

� dk ifjorZ 

⇒ ���(�)    =  �
−6 18 −4
7 7 14
4 −12 −16

� gSA 

lkFk gh]  |�| = 1(–6 – 0) – 6(–9 + 2)+5(0 + 4) 

             = –6 + 42 + 20 = 56 gSA 
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vc] 

�. ���(�)  =  �
1 6 5
3 2 1

−2 0 −3
� �

−6 18 −4
7 7 14
4 −12 −16

� 

= �
−6 + 42 + 20 18 + 42 − 60 −4 + 84 − 80
−18 + 14 + 4 54 + 14 − 12 −12 + 28 − 16
12 + 0 − 12 −36 + 0 + 36 8 + 0 + 48

� 

 

= �
56 0 0
0 56 0
0 0 56

�……………………………………………. (I) 

bl izdkj]  

���(�). � =  �
−6 18 −4
7 7 14
4 −12 −12

� �
1 6 5
3 2 1

−2 0 −3
� 

= �
−6 + 54 + 8 −36 + 36 − 0 −30 + 18 + 12
7 + 21 − 28 42 + 14 + 0 −12 + 28 − 16
12 + 0 − 12 −36 + 0 + 36 8 + 0 + 48

� 

=�
56 0 0
0 56 0
0 0 56

� ……………………………….….. (II) 

�
56 0 0
0 56 0
0 0 56

�  =  56 �
1 0 0
0 1 0
0 0 1

�  =  |�|. ��………………………(III) 

(I) ,(II) vkSj  (III) ls] 

���(�). � =  �. ���(�)  =  |�|. ��  gSA 

eku yhft, fd � dksfV � dk ,d oxZ vkO;wg gSA dksfV � dk oxZ vkO;wg  � 
vkO;wg � dk izfrykse vkO;wg dgykrk gS] ;fn  

� × � =  � × � =  ��  gksA 

� ds izfrykse dks ��� }kjk O;Dr fd;k tkrk gS] vFkkZr~ � =  �−1  gS rkfd  

� × ���  =  ��� ×  � = ��  gksA 

fiNys mivuqPNsn esa] ge ns[k pqds gSa fd �. ���(�)  =  |�|. �� 

gksrk gS] ftlls �. ���(�)
|�|.

 =  �� 

izkIr gksrk gSA bl izdkj] � O;qRØe.kh; gS rFkk ��� = ���(�)
|�|.

, tgk¡ |�| ≠  0 gSA  
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vr%] dsoy vfofp= vkO;wg ghs O;qRØe.kh; gksrs gSaA 

 vkO;wg  � = �
1 −2 3
3 −1 4
2 1 −2

� dk izfrykse Kkr dhft, rFkk fQj 

n”kkZb, fd  

� × ���  = ��� × � =  ��  gSA 

                     � = �
1 −2 3
3 −1 4
2 1 −2

� gSA 

|A|= 1(2 – 4) +2(–6 –8) +3(3 +2) = –2 – 28 +15 = –15 gSA 

vkO;wg � ds vo;oksa ds lg[kaM gSa% 

A11 = (2 – 4) =–2 

A12 = –(–6 – 8) =14 

A13 = (3+2) =5 

A21 = –(4 – 3) = –1 

A22= (–2 – 6) =–8 

A23 = –(1 + 4) =–5 

A31 = (–8 + 3) =–5 

A32 = –(4 – 9) = 5 

A33 = (–1 + 6) = 5 

���(�)  =  �
��� ��� ���
��� ��� ���
��� ��� ���

� dk ifjorZ 

          = �
−2 14 5
−1 −8 −5
−5 5 5

� dk ifjorZ 

        =�
−2 −1 −5
14 −8 5
5 −5 5

� gSA 

D;ksafd ��� = ���(�)
|�|.

  gS] blfy, 

��� =  −
�

��
�
−2 −1 −5
14 −8 5
5 −5 5

� 

vr%] 
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� × ���  =  �
1 −2 3
3 −1 4
2 1 −2

� ( −
�

��
) �

−2 −1 −5
14 −8 5
5 −5 5

� 

 

                   =− �
��

�
−2 − 28 + 15 −1 + 16 − 15 −5 − 10 + 15
−6 − 14 + 20 −3 + 8 − 20 −15 − 5 + 20
−4 + 14 − 10 −2 − 8 + 10 −10 + 5 − 10

� 

 

                 =− �
��

�
−15 0 0

0 −15 0
0 0 −15

�  =  �
1 0 0
0 1 0
0 0 1

� = I3 gSA 

blh izdkj] ��� ×  � = �� gSA 

 ,slk vkO;wg � Kkr dhft, rkfd � 2 3
−1 4� � =  �10 4

−5 9� gksA  

 eku yhft, fd  

A = � 2 3
−1 4� gS rFkk B = �10 4

−5 9� gSA 

vr%] mijksDr laca/k dks  �� =  �  ds :i esa fy[kk tk ldrk gSA 

blds QyLOk:i � =  ����  gSA 

;gk¡ |�|= (2x4 – ((–1) x 3) = 8+3 = 11  gSA 

���. (�)  =  ���� ���
��� ���

� dk ifjorZ 

          = � 4 1
−3 2� dk ifjorZ 

         = �4 −3
1 2 � gSA 

��� =  ���(�)
|�|.

, gSA vr%] A–1= �
��

�4 −3
1 2 � 

vr%] 

� =  ���� 

  = �
��

�4 −3
1 2 � �10 4

−5 9� 

 = �
��

�40 + 15 16 − 27
10 − 10 4 + 18 � 

= �
��

�55 −11
0 22 � 

=�5 −1
0 2 � gSA 
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 ;fn A dksfV 3 dk ,d oxZ vkO;wg gS rFkk ���� = 5  gS] rks 
��� [(2�)��] D;k gksxk \ 

 ;fn A dksfV 3 dk vkO;wg gS] rks ��� Hkh dksfV 3 dk gksxkA iqu% 
��� (��) = ��(det �), tgk¡ � ml vkO;wg dh dksfV gSA lkjf.kd ds ,d vfn”k 
la[;k gksus ds dkj.k] bl izdkj] ��� � = �

��� ��� .  ��� [(2�)��]  =  2����[�] rFkk  

��� [(2�)��]  =  2����[�] rFkk �[���] = �
�.�

= �
��

 gSA 

1- ;fn A dksfV � dk ,d oxZ vkO;wg gS] rks �. adj(�) D;k gksxk ? 

2- vkids ikl nks lg[kaMt vkO;wg  ���(�)  vkSj ���(�)  gSaA crkb, fd 
vki fdl izdkj ���(��)  Kkr djsaxsA 

3 vki fdl izdkj n”kkZ ldrs gSa fd ���(�’)  =  (���(�))’ gksrk gS ? 

izfrykse Kkr djus esa] izkjafHkd lafØ;k,¡ ,d Økafrd Hkwfedk vnk djrh gSaA ,d 
,slk vkO;wg A yhft,] ftlds izfrykse (���) dk vkfLrRo gksA bl vkO;wg dk 
izkjafHkd iafDr ;k LraHk lafØ;kvksa ls izfrykse Kkr djus ds fy,] � = �� fyf[k, 
rFkk � = �� ij iafDr ;k LraHk lafØ;kvksa dk ,d vuqØe rc rd yxkrs jfg,] 
tc rd fd geas � = �� u izkIr gks tk,A vkO;wg � vkO;wg � dk izfrykse 
vkO;wg gksxkA 

,d izkjafHkd (����������) vkO;wg ,d oxZ vkO;wg gksrk gaS tks ,d rRled 
vkO;wg ij ,d izkjafHkd iafDr;k LraHk lafØ;k djus ij izkIr gksrk gSA nwljs “kCnksa 
esa] tc rRled vkO;wgksa ij ikjafHkd lafØ;k,¡ dh tkrh gS] rc muls izkjafHkd 
vkO;wg izkIr gksrs gSaA 

  ;fn ge ,d rRled vkO;wg ysa vkSj mldh izFke iafDr dks mls 3 
ls xq.kk djsa] rks ge izkjafHkd vkO;wg  

 � = �
3 0 0
0 1 0
0 0 1

� 

izkIr djrs gSaA 

bl izdkj] fuEufyf[kr nks vkO;wg Hkh izkjafHkd vkO;wg le>s tkrs gSa% 

(�)   �� = �0 1
1 0� vkSj (��) �� = �

1 0 0
2 1 0
0 0 1

� 

bu vkO;wgksa dks izkIr djus dh fof/k dks ns[kus ds fy,] vkidks  

i½   vkO;wg   �1 0
0 1�  dh nks iafDr;ksa dks ijLij cnyus dh vko”;rk gS] 

rkfd   �� izkIr gks tk, rFkk  
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ii½   rRlHkd vkO;wg �
1 0 0
0 1 0
0 0 1

� dh nwljh iafDr dks ysdj mlesa izFke iafDr 

dk nqxquk tksM+us dh vko”;drk gS] rkfd   �� izkIr gks tk,A 

izkjafHkd vkO;wg lafØ;k,¡ rhu izdkj dh gksrh gSa% 

1- nks iafDr;ksa ;k ¼LraHkksa½ dks ijLij cnyukA 

2- ,d iafDr ¼;k LraHk½ ds izR;sd vo;o dks ,d “kwU;srj la[;k ls xq.kk 
djukA 

3- ,d iafDr ¼;k LraHk½ dks ,d “kwU;srj la[;k ls xq.kk djuk rFkk ifj.kke 
,d vU; iafDr ¼;k LraHk½ esa tksM+ nsukA 

tc bu lafØ;kvksa dks iafDr;ksa ij fd;k tkrk gS] rks ;s izkjafHkd iafDr lafØ;k,¡  
(elementrary row operations) dgykrh gSa rFkk tc bUgsa LraHkks ij fd;k 
tkrk gS] rks ;s izkjafHkd LraHk lafØ;k¡, (elementrary column operations)  
dgykrh gSaA 

,d fn, gq, vkO;wg ij mijksDr lafØ;k,¡ djus ls izkIr :ikarj.kksa 
¼trnasformations)  dks bl izdkj fy[kk tkrk gS% 

1- fdUgha nks iafDr;ksa ¼LraHkks½ dks ijLij cnyuk 

Ri↔Rj / Ci↔Cj 

2- fdlh iafDr ¼LraHkks½ dks ,d “kwU;srj vfn”k ls xq.kk djuk 

Ri→kRi / Ci→kCi 

3- fdlh iafDr ¼LraHk½ esa vU; iafDr ¼LraHk½ dks ,d “kwU;srj vfn”k ls xq.kk 
djds tksM+uk 

Ri→ Ri + kRj / Ci→ Ci + kCj 

;fn vkO;wg � ij  ,d ;k vf/kd izkjafHkd lafØ;k,¡ djus ds ckn ,d oxZ vkO;wg 
� izkIr gksrk gS] rks � vkSj � rqY; (����������) vkO;wg dgykrs gSa rFkk bUgsa 
A  ͠   B }kjk O;Dr fd;k tkrk gSA 

eku yhft, fd � ,d vfofp= oxZ vkO;wg gSA vr%] gesa izkIr gS% 

� =  � × � 

 ;fn � ij ckb vksj ls rFkk � ij nkb vksj ls izkjafHkd iafDr lafØ;k,¡  dh tkrh 
gaS] rks ges � =  � × �  tSlk ,d u;k :Ik izkIr gksrk gSA rc] vkO;wg � vkO;wg � 
dk izfrykse gksrk gSA 
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 izkjafHkd lafØ;kvksa dk mi;ksx djrs gq,] vkO;wg �
1 2 −2

−1 3 0
0 −2 1

�dk 

izfrykse Kkr dhft,A 

� =  �
1 2 −2

−1 3 0
0 −2 1

�  gSA 

 

vr%] �
1 2 −2

−1 3 0
0 −2 1

�   =  �
1 0 0
0 1 0
0 0 1

� � gSA 

R2→ R2 + R1 ds mi;ksx ls]  

�
1 2 −2
0 5 −2
0 −2 1

�   =  �
1 0 0
1 1 0
0 0 1

� � 

R2→
�
�
R2 ds mi;ksx ls] 

�
1 2 −2

0 1 −
2
5

0 −2 1

�   =  �

1 0 0
1
5

1
5

0

0 0 1

� � 

R1→�1 – 2R2 ds mi;ksx ls] 

�
�
�
�
�1 0 −

6
5

0 1 −
2
5

0 −2 1 �
�
�
�
�

  =  

�
�
�
�
�
3
5

−
2
5

0
1
5

1
5

0

0 0 1�
�
�
�
�

� 

R3→�3 + 2R2 ds mi;ksx ls] 

�
�
�
�
�
�1 0 −

6
5

0 1 −
2
5

0 0
1
5 �

�
�
�
�
�

  =  

�
�
�
�
�
�
3
5

−
2
5

0

1
5

1
5

0

2
5

2
5

1�
�
�
�
�
�

� 

R3→5R3  vkSj  

�
�
�
�
�1 0 −

6
5

0 1 −
2
5

0 0 1 �
�
�
�
�

  =  

�
�
�
�
�
3
5

−
2
5

0
1
5

1
5

0

2 2 5�
�
�
�
�

� 

R1→�1 + �
�
 R3  vkSj 
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R2→�2 – + �
�
 R3 ds mi;ksx ls 

�
1 0 0
0 1 0
0 0 1

�   =  �
3 2 6
1 1 2
2 2 5

� � 

 

vr%] A–1 = �
3 2 6
1 1 2
2 2 5

� gSA 

1- ,d izkjafHkd vkO;wg D;k gksrk gS ? 

2- vkidks izkjafHkd vkO;wg dc izkIr gksaxs ? 

3- izkjafHkd vkO;wg lafØ;kvksa ds rhuksa izdkjksa dks fyf[k,A 

4- tsEl us izkjafHkd lafØ;k,¡ djds ,d vkO;wg ls ,d oxZ vkO;wg izkIr fd;kA 
rc mlus dgk fd bu lafØ;kvksa ds dkj.k mlus ,d vk;krdkj vkO;wg 
O;qfRir fd;k gSA D;k vki dgsaxs fd tsEl lgh gS \ vius mÙkj ds leFkZu esa 
dkj.k nhft,A 

5- izkjafHkd ladkjdksa (operators) ds vFkZ crkb,A 

fdlh oxZ vkO;wg ds izfrykse ds vfLrRo ds fu/kkZj.k djus dh nks fof/k;k¡ gaS( vFkkZr~  

(i) mldk lkjf.kd vfHkdfyr dhft, rFkk Kkr dhft, fd ;g “kwU; ds cjkcj 
ugha gS] rFkk 

(ii) mldh tkfr (rank) fu/kkZfjr djsa vkSj ns[kas fd og O;qRØe.kh; gSA  

ge mijksDr nks fof/k;ksa esa ls igyh fof/k dks igys gh ns[k pqds gSaA vkb, nwljh 
fof/k] vFkkZr~ fdlh vkO;wg dh tkfr ij nf̀’V MkyasA /;ku nhft, fd ,d vkO;wg 
dh tkfr ,d oxZ vkO;wg ls tqM+h ,d vf}rh; la[;k gksrh gSA ;fn fdlh n × n    
vkO;wg dh tkfr ¼;k Øe½ n  ls NksVh gS] rks ml vkO;wg dk dksbZ izfrykse ugha 
gksrk gSA 

 Lora= (linerarly independent )  iafDr;ksa dh 
vf/kdre la[;k iafDr tkfr (row rank ) dgykrh gSA blh izdkj] fdlh vkO;wg esa 
jSf[kdr % Lora= LrHkksa dh la[;k LraHk tkfr (column rank ) dgykrh gSA 

;fn A ,d m × n  vkO;wg gS] vFkkZr~ A esa m  iafDr;k¡ gSa vkSj n LraHk gSa] rks 

A dh iafDr tkfr � ≤ � vkSj � ≤ � dh LraHk tkfr ≤ � gSa--------------------------------¼1½ 

;|fi ;g bruh Li’V ugha gS] ijarq fdlh vkO;wg A ds fy,]  

A dh iafDr tkfr = A dh LraHk tkfr gS -----------------------------------------   ¼2½ 
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bl dkj.k] iafDr tkfr vkSj LraHk tkfr ds chp Hksn djus dh dksbZ vko”;drk ugha 
gSA 

vr%] ;fn A dh dksfV m × n gS] rks ¼1½ esa nh vlfedkvksa ls ;g fu’d’kZ fudyrk 
gS fd tkfr (��×�) ≤ min(�, �),  tgk¡ ���( �, �) nksuksa la[;kvksa � vkSj � 
esa ls NksVh la[;k dks O;Dr djrk gS ¼;k mudh mHk;fu’B eku] ;fn � =  � gS½ 
¼1½ mnkgj.kkFkZ] ,d 3 x 5 vkO;wg dh tkfr 3 ls vf/kd ugha gks ldrh rFkk ,d 4 
x 2  vkO;wg dh tkfr 2 ls vf/kd ugha gks ldrhA /;ku nhft, fd vkO;wg A dh 
tkfr dks P(A)  }kjk O;Dr fd;k tkrk gSA 

• ,d “kwU; vkO;wg dh tkfr “kwU; dgh tkrh gSA 

• izkajfHkd :ikarj.kks ls fdlh vkO;wg dh tkfr esa dksbZ cnyko ugha gksrkA 

D;ksafd fdlh vkO;wg dh tkfr dh igpku jSf[kd Lora=rk ls tqMh gqbZ gS] blfy, 
;g  U;k;laxr izrhr gksrk gS fd bl ladYiuk dks Li’V :Ik ls le> fy;k 
tk,A 

,d lkfn”k ¼vector) ¼vFkkZr~ ,d ifjek.k vkSj fn”kk nksuks fu:fir djuk okyk 
pj½ vU; lafn”kksa ij vkfJr ¼dependent)  jgrk gS]  ;fn og vU; lfn”kksa dk 
,d jSf[kd la;kstu ¼scalar multiples)  gksrk gSA vFkkZr~ ;fn ge dqN lkfn”kksa ds 
vkfn”k xq.kt ¼linear combination)  ysa vkSj bUgsa tksM+ dj ,d u;k lfn”k izkIr 
dj ysa] rks u;k lkfn”k vU; lfn”k dk ,d jSf[kd la;kstu dgk tkrk gSA 

 eku yhft, fd � = �37
26� , � = �5

7�   vkSj  � = �9
4� ds lkFk 2y $ 

3 z fn;k gqvk gSA 

vc y vkSj z ij lafØ;k djds izkIr dhft,% 

2 �5
7� + 3 �9

4� = �2 × 5 + 3 × 9
2 × 7 + 3 × 4� 

vc] bl vksj /;ku fn;k tk ldrk gS fd 2y vkSj 2z vfn”k xq.kt gSaA vr%] y 
vkSj z dk x ,d jSf[kd la;kstu gSA 

bl izdkj] lfn”kksa dk ,d leqPp; jSf[kdr % Lora= gksrk gS] ;fn fopkjk/khu 
leqPp; esa dksbZ Hkh lfn”k 

i½ ml leqPPk; ds vU; lfn”k dk ,d vfn”k xq.kt ugha gks] ;k ¼ii½ ml 
leqPp; ds vU; lfn”kksa dk ,d jSf[kd la;kstu ugha gksA 

foykser% lfn”kksa dk ,d leqPp; jSf[kdr % vkfJr (linerarly dependent) 
gksrk gS] ;fn ml leqPp; esa dksbZ Hkh lfn”k ¼i½  ml leqPp; ds vU; lfn”k 
dk ,d vfn”k xq.kt gks] ;k 

ii½  ml leqPp; ds vU; lfn”kksa dk ,d jSf[kd la;kstu gksA 

iafDr lfn”kksa 
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� = [1 2 3],   � = [5 6 7], � = [6 8 10], 

� = [2 4 6], � = [0 0 1], � = [0 1 0] ij 

fopkj dhft,A 

ge fuEufyf[kr izs{k.k dj ldrs gSa% 

¼i½ � vkSj � jSf[kdr % Lora= gSaA dksbZ Hkh vU; dk vkns”k xq.kt ugha gSA 

¼ii½ � vkSj � jSf[kdr % vkfJr 
gSaA 

2� = � gSA 

¼iii½ � ]� vkSj  �  jSf[kdr vkSj% 
vkfJr gSaA 

�, �  vkSj  �  jSf[kd la;kstu gS] D;ksafd 
� +]�  �   gSA 

¼iv½ � ] � %vkSj  z Lora= gSaA dksbZ Hkh vU; dk u rks vfn”k xq.kt gS 
vkSj u gh vU; dk ,d jSf[kd  la;kstu 
gSA 

,d ckj ;fn ge iafDr;ksa ;k LraHkksa dh jSf[kdr% Lora=rk fu/kkZfjr dj ysa] rks ml 
vkO;wg dh tkfr Kkr gks tkrh gSA D;ksafd izLrqr bdkbZ esa gekjs ljksdkjksa esa ls 
,d tkfr ds vk/kkj ij fdlh vkO;wg dh O;qRØerk ds ckjs esa fu’d’kZ fudkyuk gS] 
blfy, ge ,d oxZ vkO;wg dh jSf[kdr% Lora= iafDr;ksa ;k LraHkkas ds lkFk dk;Z 
djrs gSa rFkk mldh tkfr lqfuf”pr djrs gSaA ,slk ifj.kke fopkj/khu vkO;wg dh 
O;qRØerk bafxr djsxkA 

mnkgj.kkFkZ] vkO;wg � = �1 2
2 −1� dks yhft,A 

;g ns[kk tk ldrk gS fd bl 2 x 2 vkO;wg ds u rks LraHk vkSj u gh iafDr;k¡ 
jSf[kd vkfJrrk ds izfrca/kksa ds vuq:Ik gSaA vr%] bl vkO;wg dh tkfr 2 ds cjkcj 
gS vkSj ;g iw.kZ tkfr dk gSA bl ifj.kke ds vk/kkj ij] ge dg ldrs gSa fd ;g 
,d O;qRØe.kh; vkO;wg gSA 

bldh tk¡p djus ds fy, fd bl vkO;wg dk okLro esa ,d izfrykse gS] bl ij 
izkjafHkd iafDr lafØ;kvksa dk mi;ksx dhft,A izkjafHkd iafDr lafØ;kvksa dk mi;ksx 
djus ds fy,] ge A = IA, vFkkZr~ 

�1 2
2 −1� = �1 0

1 1� � fy[k ldrs gSaA 

�� → �� − 2��    mi;ksx dhft,] ftlls 

�1 2
0 −5� = � 1 0

−2 1� �  gSaA 

iqu% �� → − �
�

��
 mi;ksx dhft,] ftlls 

�1 2
0 1� = �

1 0
�
�

− �
�
� �

  ysus ij] ge izkIr djrs gSa% 

vkxs] �� → �� − 2��   
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�1 0
0 1� = �1/5 2/5

2/5 −1/5� �,  ftlls 

 

��� = �1/5 2/5
2/5 −1/5� izkIr gksrk gSA 

lkFk gh] ge bldk fu/kkZj.k Hkh dj ldrs gSa fd iw.kZ tkfr oxZ vkO;wg ls NksVh 
tkfr dk vkO;wg O;qRØe.kh; ugha gksrk gSA 

 eku yhft, fd  

�
  1 −2 0    4
   3    1 1     0
−1
   3

−5
   8

−1
     2

8
−12

�

 ,d  4 x 4 ,d vkO;wg gSA  

blds pkj iafDr lfn”k gS% 

�� = ( 1, −2, 0, 4)  

�� = ( 3, 1, 1 ,0)  

�� = (−1, −5, −1,8) vkSj  

�� = (3, 8,2, −12) 

;g ns[kk tk ldrk gS fd  

          �� = 2�� − �� gS 

rFkk  �� = 3�� + 2�� gSA 

bl izdkj] lfn”kksa ��vkSj �� dks ��vkSj �� ds jSf[kd la;kstuksa ds :Ik esa fy[kk tk 
ldrk gSA bldk vFkZ gS fd Lora= iafDr;ksa dh vf/kdre la[;k 2 gS rFkk bl 
vkO;wg dh tkfr 2 gSA vr%] ;g vkO;wg O;qRØe.kh; ugha gSA 

 fuEufyf[kr 4 × 4 vkO;wg dh tkfr fu/kkZfjr dhft, rFkk nsf[k, 
fd D;k bldk ,d izfrykse gS% 

� = �
  1 −1   1 −1
−1    1 −1   1
  1
−1

−1
   1

   1
−1

−1
   1

� 

D;ksafd  �� = �� = −�� vkSj �� =  ��  gS] blfy, igyh iafDr ds vfrfjDr 
lHkh iafDr;k¡ yqIr gks tk,¡xhA vc] D;ksafd dsoy 1 “kwU;rj iafDr “ks’k jg tkrh gS] 
blfy, C dh tkfr =1 gSA vr%] ;g vkO;wg O;qRØe.kh; gSA 

 

1- fdlh vkO;wg ds milkjf.kdksa ds vk/kkj ij vki mldh tkfr fdl izdkj 
fu/kkZfjr djsaxs ? 
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2- LVksVZ ds ikl ,d 3 × 3 vkO;wg gS] ftldh tkfr 2 gSA D;k og bldk 
izfrykse Kkr dj ldrk gS ? 

3- ,d lfn”k D;k gksrk gS ? 
4- Lkafn”kksa ds jSf[kd  la;kstu dk vFkZ Li’V dhft,A 

5- vki dc ;g dgsaxs fd lfn”kksa dk ,d leqPp; jSf[kdr% vkfJr gS ? 

;g vuqPNsn Li’V djsxk fd izfrykse vkO;wgksa ds mi;ksx }kjk jSf[kd lehdj.kksa ds 
fudk; dks fdl izdkj gy fd;k tkrk gSA bl fof/k dks le>us ds fy,] ge 
eq[;r% mnkgj.kksa ij fuHkZj djsaxsA 

eku yhft, fd vkidk ifjokj jk’Vªh; twyksftdy ikdZ (National Zoological 
Park) ubZ fnYyh tk jgk gSA ifjokj ds lnL;ksa eas ,d o;Ld vkSj nks cPps gSa] 
ftuds fy, izos”k “kqYd dh dqy ykxr 50 #i;s gSA vkids fe= dk ifjokj bl 
;k=k esa vkids lkFk lfEefyr gks tkrk gSA vc vki rhu O;oLd vkSj ik¡p cPps 
gks tkrs gSa rFkk muds izos”k “kqYd dh dqy ykxr 140 #i;s gSA vkidk dk;Z gS 
fd izfr cPpk vkSj o;Ld fVdV dh ykxr Kkr djuk gSA bl leL;k dks gy 
djus ds fy,] vkidks nks vKkrksa dks Kkr djus ds fy,] nks lehdj.kksa dh 
vko”;drk gSA blh izdkj] vkidksa lehdj.kksa dk ,d fudk; izkIr gks tk,xkA bl 
mÌs”; ds fy,] vkidks ,d O;Ld fVdV dh ykxr x vkSj ,d cPps dh fVdV dh 
ykxr y ysrs gq,] lehdj.kksa dk fudk; LFkkfir djuk iM+sxkA lehdj.kksa dk 
fudk;% 

� + 2� = 50 

3� + 5� = 140 

;|fi jSf[kd lehdj.kksa ds fudk;ksa tSlk fd ,d Åij fn;k gS] dks gy djus dh 
gekjs ikl vusd fof/k;k¡ miyC/k gSa( ijarq ge lehdj.kksa ds bl fudk; dks 
izfrykse vkO;wgkas ds mi;ksx }kjk gy djsaxsA /;ku nhft, fd gy djus dh izLrqr 
fof/k ds fy,] gesa nks pj.kksa dk vuqlj.k djuk gksxk tks ;s gaS% 

i½ xq.kkad (Coefficient) vkO;wg vkSj mldk izfrykse vkO;wg Kkr djuk rFkk 

ii½ bl izfrykse vkO;wg dk lehdj.kksa ds gy djus eas mi;ksx djukA 

xq.kakd vkO;wg esa] lehdj.kksa ds fudk; ds pjksa ds vkxs fy[ks xq.kkad] vFkkZr~ la[;k,¡ 
fufgr gksrh gSaA mijksDr mnkgj.k ds inksa esa ns[kus ij] igyh lehdj.k esa] x dk 
xq.kkad 1 vkSj y dk xq.kkad 2 gSA nwljh lehdj.k esa] x dk xq.kkad 3 vkSj y dk 
xq.kkad 5 gSA vkO;wg :Ik esa budksa O;ofLFkr djus ij] ,d 2 × 2 vkO;wg tfur 
gksxkA vkb, bls vkO;wg A dgsaA bl izdkj] ge xq.kkad vkO;wg izkIr djrs gSaA 

� = �1 2
3 5� 
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bl xq.kkad vkO;wg esa] izFke iafDr ds vo;o izFke lehdj.k ds xq.kkad gaS( tcfd 
nwljh iafDr ds vo;o nwljh lehdj.k ds xq.kkad gaSA iqu% vkO;wg dk izFke LraHk x 
ds xq.kkadksa ls cuk gS rFkk nwljk LraHk y ds xq.kkadksa ls cuk gS D;ksafd gekjs ikl nks 
pj gaS] blfy, gesa ,d 2 × 1  vkO;wg izkIr gksrk gS] tks pj vkO;wg dgykrk gSA 

 

vr% ;gk¡ pj vkO;wg  

 
� = �

�
��  gSA 

,d rhljs vkO;wg] tks vpj vkO;wg dgykrk gS] lehdj.kksa ds fudk; ds vpjksa dks 
varfuZfgr djrk gSA vkb, bl vkO;wg dks B  dgsa] tks ,d 2 × 1  vkO;wg gS] 
D;ksafd blesa nks iafDr;k¡ vkSj ,d LraHk gSA 

bls  

� = � 50
140� fyf[k,A 

bl O;oLFkk ls] gesa vkO;wg esa lehdj.kksa dk ,d fudk; izkIr gks tkrk gS] ftldk 
fudk; dk gy Kkr djus vkSj mÙkj Kkr djus esa mi;ksx fd;k tk ldrk gSA 

vc] tc ge ok¡fNr vkO;wgksa dks tku x, gSa( budks ,d lkFk j[k dj ,d vkO;wg 
lehdj.k izkIr gks tkrh gSA ,slh lehdj.k esa ,d xq.kkad vkO;wg] ,d pj vkO;wg 
vkSj ,d vpj vkO;wg lfEefyr gksrs gSa] ftudk mi;ksx djds fudk; gy fd;k 
tkrk gSA vko”;d :i ls] ge tkurs gSa fd ;fn vkO;wg A dks vkO;wg X ls xq.kk 
djrs gSa] rks ;g vkO;wg B  ds cjkcj gksxkA 

vr% ge bl vkO;wg lehdj.k dks �� = � :Ik esa fy[krs gSaA vFkkZr~] 

�1 2
3 5� �

�
�� = � 50

140� 

;k, �
�
�� = �1 2

3 5�
��

� 50
140� 

;k, �
�
�� = �−5 2

3 −1� � 50
140� (Ikzfrykse dh lg[kaMt fof/k }kjk ) 

;k, �
�
�� = �30

10� gSA 

vr% gy gS fd izfr cPpk fVdV dh ykxr #-10 gS rFkk izfr O;Ld fVdV dh 
ykxr #- 30 gSA 

mijksDr ppkZ dks vius /;ku esa j[krs gq,] ge n pjksa okyh n jSf[kd lehdj.kksa ds 
fudk; dks gy djus dh fof/k dks uhsps O;kihd`r dj jgs gSa% 

eku yhft, fd n pjksa x1, x2, x3, x4,……,xn okyh  n jSf[kd lehdj.kksa dk fudk; 
gS% 
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a11x1 + a12x2 + a13x3 + …………..+ a1nxn = b1 

a21x1 + a22x2 + a23x3 + …………..+ a2nxn = b2 

. 

. 

. 
an1x1 + an2x2 + an3x3 + …………..+ annxn= bn 

mijksDr fudk; dks vkO;wg :Ik esa 

�� =  � 

fy[kk tk ldrk gS] tgk¡ � =  

�
�
�
�
�
��� ��� ��� . ���
��� ��� ��� . ���
��� ��� ��� . ���

. . . . .
��� ��� ��� . ����

�
�
�
�
 , � =  

�
�
�
�
�
��
��
��
.

���
�
�
�
�
  vkSj  � =  

�
�
�
�
�
��
��
��
.

���
�
�
�
�

 

gSA 

�� =  � ls] 

� =  ���� gSA 

vr%] vkO;wg  ��� dk � ls xq.kk djus ij fudk; dk gy izkIr gks tkrk gSA ��� 
dks fdlh Hkh fof/k }kjk izkIr fd;k tk ldrk gS ¼;k rks lg[kaMt fof/k ;k fQj 
izkjafHkd iafDr lafØ;k,¡ fof/k½A 

 fuEufyf[kr lehdj.kksa dks gy dhft,% 

x + 2y – 2z = –7 

2x – y + z = 6 

x – y – 3z = –3 

;gk¡  � = �
1 2 −2
2 −1 1
1 −1 −3

� , � = �
�
�
�

�  vkSj  � =  �
−7
6

−3
� gSA 

vc] ge �
1 2 −2
2 −1 1
1 −1 −3

�  =  �
1 0 0
0 1 0
0 0 1

� � ysrs gq,  ��� Kkr djrs gSaA 

R2→ R2 – 2 R1 vkSj  R3→ R3 – R1   ls] 

�
1 2 −2
0 −5 5
0 −3 −1

�  =  �
1 0 0

−2 1 0
−1 0 1

� � 

R2  →  ��
�

R2 ls] 

�
1 2 −2
0 1 −1
0 −3 −1

�  =  �

1 0 0
2
5

−
1
5

0

−1 0 1

� � 
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R1→ R1 – 2 R2  vkSj R3→ R3 + 3 R2 ls] 

�
1 0 0
0 1 −1
0 0 −4

�  =  

�
�
�
�
�
�
1
5

2
5

0

2
5

−
1
5

0

1
5

−
3
5

1�
�
�
�
�
�

� 

R3→
��
�

R3 ls] 

�
1 0 0
0 1 −1
0 0 1

�  =  

�
�
�
�
�
�

1
5

2
5

0

7
20

−
1

20
−

1
4

−
1

20
3

20
−

1
4�

�
�
�
�
�

� 

R2→ R2 + R3 ls] 

�
1 0 0
0 1 0
0 0 1

�  =  

�
�
�
�
�
�

1
5

2
5

0

7
20

−
1

20
−

1
4

−
1

20
3

20
−

1
4�

�
�
�
�
�

� 

 

vr%, ���  =  

�
�
�
�
�

�
�

�
�

0
�

��
− �

��
− �

�

− �
��

�
��

− �
��
�
�
�
�
 gSA 

� =  ���� ysus ij] ge izkIr djrs gaS% 

�
�
�
�

�  =  

�
�
�
�
�
�

1
5

2
5

0

7
20

−
1

20
−

1
4

−
1

20
3

20
−

1
4�

�
�
�
�
�

�
−7
6

−3
� 

       =

�
�
�
�
�

�� 
�

+ ��
�

+ 0

− ��
��

− �
��

+ �
�

�
��

+ ��
��

+ �
� �

�
�
�
�
 

 

     =

�
�
�
�
�

�
�

− ��
��

��
�� �

�
�
�
�
 



 

 

 

58 

 

⇒ �
�
�
�

� = �
1

−2
2

�  

vr%, x= 1; y= –2; vkSj  z=2 gSA 

1- lehdj.kksa ds fudk; ls vki D;k le>rs gSa ? 

2- ,d xq.kkad vkO;wg D;k gksrk gS ? 

3- vpj vkO;wg dk vFkZ Li’V dhft,A 

4- vki lehdj.kksa ds fudk; dks fdl izdkj gy djrs gaS ? 

bl bdkbZ esa] geus ,d vkO;wg ds izfrykse dh ppkZ dh gSA ;gk dgk tkrk gS fd 
bl ladYiuk ds ihNs lgt /kkj.kk vfn”k la[;k i)fr esa foHkktu lafØ;k ls 
lacaf/kr gS] tgk¡  la[;k a ds Hkkx nsus ij ogh ifj.kke gksrk gS] tks 1/� ls xq.kk 
djus ij izkIr gksrk gSA ,d vkO;wg] ftleas foHkktu lafØ;k ugha gksrh gS] esa la[;k 
i)fr ds O;qRØeksa ds xq.kk ds rjg dqN lkspk tk ldrk gS rFkk vkO;wg A ds fy,] 
1/�  ds LFkku ij  ���  fy[kk tk ldrk gSA ge ns[k pqds gaS fd vkO;wg A ds 
izfrykse] ftls  ��� fy[kk tkrk gS] dks ,d vU; vkO;wg A ls O;qRiUu fd;k 
tkrk gS] rkfd  ���� = I gks] tgk¡ I rRled vkO;wg gSA ijarq ;g izfrykse dsoy 
oxZ vkO;wgksa rd gh lhfer jgrk gSA D;ksafd dqN oxZ vkO;wgks ds “kwU;srj lkjf.kd 
ugha gksrs gSa blfy, dsoy vfofp= vkO;wgksa ds gh izfrykse gksrs gSa rFkk ,sls vkO;wg 
dks O;qRØe.kh; vkO;wg dgk tkrk gSA vkO;wg ds izfrykse Kkr djus dh nks fof/k;ksa 
dks izLrqr fd;k x;k gSA ;s gSa% ¼i½ milkfj.kdksa lg[kaMks vkSj lg[kaMt }kjk 
izfrykse Kkr djuk rFkk ¼ii½ izkajfHkd iafDr lafØ;kvksa }kjk izfrykse Kkr djukA 
tgk¡ bu nksuks esa ls igyh fof/k esa vkO;wg ds lg[kaMt dks vfHkdkfyr djus dh 
vko”;drk gksrh gS] tks lg[kaMks ds vkO;wg dk ifjorZ gksrk gS]  ogha nwljh fof/k 
,d oxZ vkO;wg ds :ikarj.kks dh lgk;rk ysrh gS] tks ,d rRled vkO;wg ij 
izkjafHkd iafDr ;k LraHk lafØ;kvksa dks djus ij izkIr gksrs gSaA 

gesa ,d vkO;wg dh tkfr Kkr djus dh fof/k Hkh mtkxj gqbZ gSA bl tkfr ds 
mi;ksx ls] ge ,d oxZ vkO;wg ds izfrykse dks fu/kkZfjr dj ldrs gSaA blh izfØ;k 
esa] ;g Li’V fd;k x;k gS fd ,d vkO;wg dh tkfr ,d la[;k gksrh gS] tks ml 
vkO;wg esa jSf[kdr% Lora= iafDr;ksa@LraHkksa dh vf/kdre la[;k ij fuHkZj djrh gSA 
;fn fdlh oxZ vkO;wg dh tkfr iw.kZ ls de gS] rks blls iznf”kZr gksrk gS fd 
vkO;wg O;RØe.kh; ugha gSA 

bl bdkbZ ds vafre Hkkx esa] geus izfrykse fof/k ds mi;ksx ls] lehdj.kksa ds 
fudk; dk gy djuk lh[kk gSA blh izfØ;k esa] geus jSf[kd lehdj.kksa ds fudk; 
dks vkO;wg :Ik esa cnyus dh ppkZ dh gS rFkk vKkr pjksa ds eku fudkys gSaA 
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,d oxZ vkO;wg] tks fn, gq, vkO;wg ds lg[kaM vkO;wg dk 
ifjorZ gksrk gSA 

 jSf[kd lehdj.kksa ds ,d leqPp; esa pjksa ds xq.kkad  

 lehdj.kksa ds fudk; ds vpj 

 ,d oxZ vkO;wg tks fdlh rRled vkO;wg ij ,d 

 lafØ;k djus ij izkIr gksrk gSA 

 oxZ vkO;wgksa ds mi;ksx ls] vkO;wg xq.ku }kjk dh xbZ izR;sd 
izkjafHkd lafØ;kA 

 fdlh oxZ vkO;wg �  ls O;qfRir fd;k x;k ,d vU; oxZ 
vkO;wg ���  rkfd  ���� = I] tgk¡ I rRled vkO;wg gSAA 

 dqN lfn”kksa ds vfn”k xq.kt ftudks tksM+ dj ,d u;k lfn”k 
izkIr gks tk,A 

 lafn”kksa dk ,d ,slk leqPp; rkfd buesa ls U;wure ,d dks 
vU; ds jSf[kd la;kstu ds :Ik esa fy[kk tk ldsA 

 lfn”kksa dk ,d ,slk leqPp; ftlesa fdlh Hkh lfn”k dks vU; 
lfn”kksa ds jSf[kd la;kstu ds :Ik esa u fy[kk tk ldsaaA 

 ,d oxZ vkO;wg ftldk lkjf.kd “kwU;srj gksA 

 fdlh vkO;wg esa jSf[kdr% Lora= iafDr;ksa @ LraHkksa dh 
vf/kdre la[;kA 

 ,d oxZ vkO;wg ftldk lkjf.kd “kwU; gksA 

 ml lehdj.kksa dk laxzg ftu ij ,d lkFk dk;Z fd;k 
tkrk gSA 

 

1- vkO;wgksa esa oSlh foHkktu lafØ;k ugha gksrh tks vfn”kksa dh fLFkfr esa gksrh gSA  
foHkktu dh vko”;drk dks iwjk djus ds fy,] ls la[;k i)fr esa O;qRØeksa ds 
xq.ku ds :Ik esa le>k tk ldrk gS] ftlls ogh ifj.kke 1 izkIr gksrk gSA 
vr%] ;fn dksbZ vkO;wg � fn;k gS] rks �

�
 ds LFkku ij ���  fy[kk tk ldrk 

gSA 

2- ,d rRled vkO;wg 
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3- oxZ vkO;wg 

4- ,d oxZ vkO;wg ��×� dk izfrykse ,d vU; vkO;wg  gS ftls ���  }kjk 
O;Dr fd;k tkrk gS] rkfd ���� =  ���� =  � gks] tgk¡  I ,d � × � 
rReld vkO;wg gSA 

5- og vkO;wg ftldk lkjf.kd “kwU; gSA 

6- og oxZ vkO;wg ftldk ”kwU;rj lkjf.kd gS ¼vFkkZr~ ,d vfofp= vkO;wg½ A 

7- bls izkjafHkd vkO;wg ls xq.kk dhft,] ftlls rRled vkO;wg izkIr gksxkA 

8- ughaA foHkktu ds rqY; dksbZ vkO;wg lafØ;k ugha gSA foHkktu ds fudVre 
ig¡qpus ds fy,] ge ,d vkO;wg dks mlds izfrykse ls xq.kk dj ldrs gaSA 

1.    |�|. ��,tgk¡ �n dksfV n dk ,d rRled vkO;wg gSA 

2.    ���(�) dks ���(�) ls xq.kk djdsA 

3- ,d vkO;wg � yhft, rFkk � dk lg[kaMt vkSj �’ Kkr dhft,A 

crkbZ xbZ lfedk dks LFkkfir djus ds fy,] vius ifj.kkeksa dk mi;ksx 
dhft,A 

1- ,d vkO;wg tks ,d rRled vkO;wg ls dsoy ,d vdsyh izkjafHkd iafDr 
lafØ;k dk varj j[krk gSA 

2- Tkc rRled vkO;wg ij izkjafHkd lafØ;k,¡ dh tkrh gaSA 

3- ¼i½ nks iafDr;ksa ¼;k LraHkksa½ dks ijLij cnfy,]  ¼ii½ fdlh iafDr ¼;k LraHk½ ds 
izR;sd vo;o dks ,d “kwU;srj la[;k ls xq.kk dhft, rFkk ¼iii½ fdlh iafDr 
¼;k LraHk½ dks ,d “kwU;srj la[;k ls xq.kk dhft, rFkk ifj.kke dks vU; iafDr 
¼;k LraHk½ esa tksM+ nhft,A 

4- tsEl xyr gSA mls rqY; vkO;wg izkIr gksaxsA 

5- oxZ vkO;wgksa ds mi;ksx ls] vkO;wg xq.ku }kjk izR;sd izdkj dh izkjafHkd 
lafØ;k,¡ dh tk ldrh gaS( tks izkjafHkd ladkjd dgykrh gaSA 

1- fdlh “kwU;srj vkO;wg dh tkfr dks r ds :Ik esa ifjHkkf’kr fd;k tkrk gS] ;fn 
U;wure bldk r iafDr dk ,d milkjf.kd “kwU; ds cjkcj ugha gks] tc fd 
izR;sd ¼ r $ 1½ iafDr dk milkfj.kd] ;fn dksbZ gS rks] “kwU; gksA 

2- ughaA ,d oxZ vkO;wg] tks iw.kZ tkfr okyk ugha gS] fofp= gksrk gSA 
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3- pj tks ifjek.k vkSj fn”kk nksuksa dks fu:fir djrs gSaaaA 

4- dqN lfn”kksa ds vfn”k xq.ktkas dks yhft, rFkk budks tks+M dj ,d u;k 
lfn”k izkIr dhft,A 

5- ;fn leqPp; dk dksbZ lfn”k 

¼i½ ml leqPp; ds vU; lfn”k dk ,d vfn”k xq.kt gS] ;k  

¼ii½ ml leqPp; ds vU; lfn”kksa dk ,d jSf[kd la;kstu gSA 

1- nks ;k vf/kd lehdj.kksa dk ,d laxzg ftlesa vKkrksa dh la[;k lehdj.kksa dh 
la[;k ds cjkcj gksA 

2- jSf[kd lehdj.kksa ds fudk; esa xq.kkadksa ls cuk vkO;wgA 

3- og vkO;wg ftlesa lehdj.kksa ds fudk; ds vpj varfoZ’V gkasA 

4- izR;sd vKkr jkf”k ds eku Kkr dhft,] tks fudk; dh izR;sd lehdj.k dks 
larq’V djrs gSaA 

 

1  ;fn A = �
1 1 1
1 2 −3
2 −1 3

�  gS] rks Kkr dhft, adj(A) A 

2  ;fn A = �
1 4 5
3 2 6
0 1 −3

� gS, rks A.adj(A) = adj(A).A = |A|.I dks lR;kiu 

dhft,A 

3  A = �4 1
7 2�  gS] vkO;wg B Kkr dhft,] ;fn AB cjkcj  

(I)�22 6
11 3�  (II) �1 0

0 1�  (III) �−2 0
0 −2� 

4 B = �−1 2
1 −1� vkSj  C = �3

1� gSA 

X Kkr dhft,] ;fn  BX = C gSA 

5 A = �
1 −2 3
3 −1 4
2 1 −2

�  gS] rks  A–1 Kkr dhft,A 

 6 vkO;wg ds izfrykse ds mi;ksx ls] fuEufyf[kr lehdj.kksa dks gy 
dhft,% 
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5x – 6y + 4z = 15 

7x + 4y – 3z = 19  

2x + y + 6z = 46 

7 fuEufyf[kr lehdj.kksa dks gy dhft,% 

2x + 6y + 11 = 0 

6x + 20y –6z – 3 = 0 

6y – 18z +1 = 0 

8. fdlh vkO;wg dh tkfr ls vkidk D;k rkRi;Z gksrk gS ? fuEufyf[kr 
vkO;wg dh tkfr Kkr dhft,% 

A = �
7 −1 0
1 1 4

13 −3 −4
� 

9- x dk eku Kkr dhft, rkfd fuEufyf[kr vkO;wg dh tkfr 3 ls NksVh 
gks% 

�
3 5 0
3 x 2
9 −1 8

� 

10- fuEufyf[kr vkO;wg dks ysrs gq,] vki bldh O;RØe.kh;rk ij D;k 
fVIi.kh djsaxs  vius mÙkj ds leFkZu esa dkj.k nhft,A 

A = �
1 2 3
3 4 5
4 6 8

� 

11- fuEufy[kr vkO;wg fn;k gSA bldh tkfr dh tk¡p dhft, rFkk 
lag[kaMt dh fof/k }kjk bldk izfrykse Kkr dhft,A bldh 
O;qRØe.kh;rk ij fVIi.kh dhft,A 

lehdj.kksa dk dkbZ gy ugha gSA 

 �
2 2 −1
4 0 2
0 6 −3

� 

1.        �
3 −4 −5

−9 1 4
−5 3 1

� 

3. (I) � 32 9
−110 −30� (II) � 2 −1

−7 4 � (III) �−4 2
14 −8� 
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   4. �
�
�
�
�

� 

5.   

�
�
�
�
�

�
��

�
��

�
�

− ��
��

�
��

− �
�

− �
�

�
�

− �
��
�
�
�
�
 

6. x = 3; y = 4; z = 6 

7-   lehdj.kksa dk dksbZ gy ugha gSA 

8. 2 

9.   x = 1 

10-  D;ksfd A dksfV 3 dk ,d oxZ vkO;wg gS] blfy, ρ(A)≤ 3  gS vc]  

        |A|= 1(32 – 30) – 2(24 – 20) + 3(18–16) = 2 – 8 + 6 =0 gSA 

 |A|  dksfV 3 dk dsoy ,d gh milkjf.kd gS] tks “kwU; ds cjkcj gSA 

ijarq dksfV 2 dks ,d milkjf.kd “kwU; ds cjkcj ugha gS] vFkkZRk~ �1 2
3 4� 

= 4 – 6 = –2 ≠ 0 gSA  vr%] iw.kZ tkfr ls de tkfr dk ,d oxZ vkO;wg 
O;qRØe.kh; ugha gksrk gSA 

11- ;g vkO;wg jSf[kdr% Lora= gS rFkk bldh tkfr 3 gSA lkjf.kd &24 gS 
rFkk bl vkO;wg dk izfrykse 

�
0.5 0 −0.17

−0.5 0.25 0.33
−1 0.5 0.33

� gSA 

 

  bu ç'uksa }kjk vkidks bl bdkbZ dh iBu lkexzh dks le>us esa lgk;rk 
feysxhA bu ç'uksa ds mÙkjksa dks ewY;kadu ds fy, fo'ofo|ky; Hkstus dh 
vko';drk ugha gS D;ksafd ;s dsoy vkids vH;kl ,oa iqujkòfÙk ds fy, 
fn, x, gSA 
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4-0  mÌs”; 

4-1 izLrkouk 

4-2 vk¡dM+kas dk vkO;wgh fu:i.k 

4-3 cktkj ekax vkSj vkifrZ larqyu 

4-4 jk’Vªh; vk; ekWMy 

4-5 fuos”k&cfgosZ”k fo”ys’k.k 

4-5-1 vfHk/kkj.kk,¡ 

4-5-2 fuos”k&cfgosZ”k lkj.kh 

4-5-3 rduhdh xq.kkad vkO;wg 

4-5-4 gkWfdUl&lkbeu izfrca/k 

4-5-5 lao`r vkSj foo`r fuos”k & cfgosZ”k ekWMy 

4-6 lkjka”k 

4-7 “kCnkoyh 

4-8 cks/k iz”uksa ds mÙkj 

4-9 Loij[k iz”u 

4-10 lanHkZ iqLrdsa 

bl bdkbZ dk v/;;u djus ds ckn] vki fuEufyf[kr dks le> ik,¡xs% 

• vk¡dM+ksa dk vkO;wgh fu:i.k( 

• cktkj ekax vkSj vkiwfrZ larqyu( 

• jk’Vªh; vk; ekWM~y] rFkk 

• fuos”k&cfgosZ”k fo”ys’k.k 

fiNyh bdkbZ esa] geus vkO;wg chtxf.kr }kjk jSf[kd lehdj.kksa ds fudk; dks gy 
djuk lh[kk FkkA orZeku bdkbZ esa] O;kikj vkSj vFkZ”kkL= ds dqN izdj.kksa ds bl 
lk/ku ds vuqiz;ksxkas dh ppkZ dh tk,xhA bl vksj /;ku nsuk mi;ksxh gksxk fd 
vkO;wg chtxf.kr dk vusd {ks=ksa esa c`gr :Ik ls mi;ksx fd;k tkrk gS] ftuesa  
ekax&vkiwfrZ larqyu] jk’Vªh; vk; fu/kkZj.k rFkk fuos”k&cfgosZ”k fo”ys’k.k Hkh 
lfEefyr gSaA ge vkxs vkus okyh ppkZvks esa ,sls vuqiz;ksxksa dks ns[ksaxsA  
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vk¡dM+ksa dks laf{kIr :Ik ls fu:fir djus dh lcls vf/kd lqfo/kktud fof/k 
vkO;gksa dh gSA vkb, fuEufyf[kr mnkgj.kksa dks ysa% 

 fdlh QeZ dh rhu QsfDVª;k¡ (F1, F2 and F3) rFkk pkj xksnke (W1, 
W2, W3, W4) gSaA og izR;sd QsDVªh ls izR;sd xksnke dh U;wUkre izfr bdkbZ 
ifjogu ykxr Kkr djuk pkgrh gSA ykxr vkWdM+s uhps vkO;wg :Ik esa fn, gq, 
gSaA izR;sd QsDVªh ds fy,] vius mRikn ¼eky½ dks xksnkeksa rd igq¡pkus dh U;wure 
rFkk lkFk gh vf/kdre izfr bdkbZ ykxr Kkr dhft,A 

 xksnke 

  �� �� �� �� 

 F1 15 17 20 12 

QSfDVª;k¡ F2 21 10 17 19 

 F2 10 27 18 16 

i) F1, F2 vkSj F3 ls Øe”k% (W4, W2, vkSj W1) rd ys tkus dh izfr bdkbZ 
U;wUkre ykxr gSA  

ii) F1, F2 vkSj F3 ls Øe”k% (W3, W1, vkSj W2) rd ys tkus dh izfr bdkbZ 
vf/kdre ykxr gSA  

 fdlh O;k[;ku izfr;ksfxrk esa] ,d izfrHkkxh ik¡p Hkk’kkvksa fgUnh] 
vaxzsth] iatkch[ xqtjkrh vkSj rfey esa ls fdlh Hkh Hkk’kk ij cksy ldrk gSA ,d 
dkWyst ¼eku yhft, la +1½ us izfr;ksfxrk esa Hkkx ysus ds fy, 30 fo/kkFkhZ Hksts] 
ftuesa ls 10 us fgUnh esa] 9 us vaxzsth esa]  6 us iatkch esa] 3 us xqtjkrh esa rFkk “ks’k 
us rfey esa cksyus dk izLrko fn;kA vU; dkWyst ¼eku yhft, la 2½ us 25 fo/kkFkhZ 
Hksts] ftuesa ls 7 us fgUnh esa] 8 us vaxzth esa( 10 us iatkch esa cksyus dk izLrko 
fn;kA rhljs dkWyst ¼eku yhft, la 3½ ds 22 fo|kfFkZ;ks esa ls 12 us fgUnh esa] 5 us 
vaxzsth esa vkSj 5 us xqtjkrh  esa cksyus dk izLrko fn;kA mijksDr nh gqbZ lwpuk dks 
vkO;wg :Ik esa fyf[k,A 

10 9 6 3 1 

7 8 10 0 0 

12 5 0 5 0 

 fdlh foÙkh; daiuh ds Hkkjr ds ,d fo”ks’k jkT; esa izR;sd fMohtu] 
izR;sd ftys vkSj izR;sd rkyqdk (Takula) esa dk;kZy; vofLFkr gSaA dYiuk dhft, 
fd ml jkT; esa ik¡p fMohtu] 30 ftYks  vkSj 200 rkyqdk gSaA izR;sd dk;kZy; esa 
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1 gsM+ DydZ] 1 dsf”k;j] 1 DydZ vkSj 1 pijklh gSA ,d fMohtuy dk;kZy; esa( 
buds vfrfjDr] ,d dk;kZy; v/kh{kd] 2 DydZ] 1 VkbfiLV vkSj 1 pijklh gSA 
,d ftyk dk;kZy; esa] buds vfrfjDr 1 DydZ vkSj 1 pijklh gSA ewy ekfld 
osru ¼#- esa½ bl izdkj gS% 

dk;kZy; v/kh{kd 15000 

gsM DydZ 12000 

dsf”k;j 11750 

DydZ vkSj VkbfiLV 11500 

pijklh 7500 

vkO;wg ladsru dk mi;ksx djrs gq,] Kkr dhft,% 

i) lHkh dk;kZy;ksa esa feykdj izR;sd izdkj ds inksa dh dqy la[;kA 

ii½ izR;sd izdkj ds dk;kZy;ksa dk dqy ewy ekfld osru fcy rFkk 

iii½ lHkh dk;kZy;ksa dks feykdj dqy ewy ekfld osru fcyA 

 dk;kZy;ksa dh la[;k dks ,d iafDr vkO;wg ds :Ik esa O;ofLFkr fd;k tk 
ldrk gS% 

 fMfotu ftYkk rkyqdk 

A = [5 30 200] 

deZpkjh & la;kstu dks 3 × 6 vkO;wg ds :Ik esa bl izdkj O;ofLFkr fd;k tk 
ldrk gS% 

           O   H   C  T  CL   P     

� = �
1 1 1 1 3 2
0 1 1 0 2 2
0 1 1 0 1 1

�, 

tgk¡  O = dk;kZy; v/kh{kd (Office Superintendent), 

H = gsM DydZ] 

C= ds”k;j] 
T = VkbfiLV 
CL = DydZ] vkSj  
P =  pijklh (peon) gSA 

LraHk vkO;wg D esa os vo;o gksaxs] tks ewy ekfld osru ds laxr gS% 

� =

�
�
�
�
��
� �

�
�
�
�
�
15000
12000
11750
11500
11500
7500 �

�
�
�
�
�
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I½ lHkh dk;kZy; esa feykdj] izR;sd izdkj ds inksa dh dqy la[;k vkO;wg AB   
ds LraHk gS% 

�, � = [5 30 200] �
1 1 1 1 3 2
0 1 1 0 2 2
0 1 1 0 1 1

�  =  [3 235 235 5 275 270] 

II½ izR;sd izdkj ds dk;kZy;ksa dk dqy ewy ekfld osru fcy vkO;wg BD ds 
vOk;o gSA 

�� =  �
1 1 1 1 3 2
0 1 1 0 2 2
0 1 1 0 1 1

�

�
�
�
�
�
�
15000
12000
11750
11500
11500
7500 �

�
�
�
�
�

 =  �
99750
61750
42750

� 

III½ lHkh dk;kZy;ksa dk dqy fcy vkO;wg 

 [5 30 200] �
99750
61750
42750

� = [10901250] dk vOk;o gSA 

1- vki O;kikj lafØ;k ds vk¡dM+kas dks ,d vkO;wg :Ik esa lafpr djus ds fy, 
izkFkfedrk D;kas nsaxs ? 

2- vki ?kj vkSj vius v/;;u dsUnz ds chp ;k=k djus ds fy, nks lk/kuksa cl 
vkSj jsyxkM+h dk mi;ksx djrs gSaA vafre nks fnuksa dh ;k=k dh ykxr uhps 
nh xbZ gS% 

fnu ,d % ` 20 ¼cl esa½ + ` 30  ¼jsyxkM+h esa½ = ` 50 ¼dqy½ 

fnu ,d % ` 0 ¼cl esa½ + ` 60 ¼jsyxkM+h esa½ = ` 60 ¼dqy½ 

mijksDr vk¡dM+ksa dks vkO;wg :Ik esa fyf[k,A 

3- rhu izdkj dh eksVj dkjksa dks fufeZr djus dh dqy ykxr fuEufyf[kr lkj.kh 
}kjk nh tkrh gS% 

dkj A 40 100 50 

dkj B 80 150 80 

dkj C 100 250 100 

Je ykxr ` 2  izfr ?kaVk] lkexzh dh ykxr ` izfr bdkbZ rFkk mi&Bsds ij fn, 
dk;Z dh ykxr ` 3  izfr bdkbZ gSA vkO;wgksa dk mi;ksx djrs gq,] Øe”k% izdkj 
A, izdkj B  vkSj izdkj C ds 3000] 2000 vkSj 1000 okguksa dks fufeZr djus dh 
dqy ykxr Kkr dhft,A 
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lw{evFkZ”kkL=  (microeconomics) ess ;g ns[kk tkrk gS fd fdlh oLrq ¼eky½ dh 
ekax vkSj mldh vkiwfrZ dks Lo;a ,d mlds ewY; ds Qyuksa ds :Ik esa O;Dr fd;k 
tkrk gSA ,sls laca/k dsa ifj.kkeh larqyu (equilibrium)  dks ekax vkSj vkiwfrZ 
QYkuksa ds chp lfedk }kjk fn;k tkrk gSA larqyu ewY; vkSj jkf”k ds fu/kkZj.k Hkh 
izfØ;k dks ns[kus ds fy,] vkb, dkj m|ksx ds ,d ifjdfYir mnkgj.k ij fopkj 
djsaA 

 ;fn dkj ds fy, ekax vkSj vkiwfrZ oØ 

  D = 100 – 6P   vkSj  � =  28 +  3� gaSA 

tgk¡ P dkjksa ds ewY; gSa( rks larqyu ij [kjhnh xbZa vkSj csph xbaZ dkj dh D;k 
jkf”k gS ?  

 ge tkurs gSa fd larqyu jkf”k ogk¡ gksxh tgk¡ vkiwfrZ ekax ds cjkcj gksxhA 
vr%] igys ge vkiwfrZ dks ekax ds cjkcj LFkkfir djrs gSa% 

100 - 6P = 28 + 3P  gSaA bUgsa iquO;ZofLFkr djus ij] gesa izkIr gksrk gS% 

72 =  9�      ⇒ � = 8  gSaA 

D;ksafd larqyu ewY; Kkr dj fy;k gS] blfy, ge vkiwfrZ ;k ekax lehdj.k esa] 
dsoy � = 8 izfrLFkkfir djds] larqyu jkf”k Kkr dj ldrs gSaA vFkkZRk~] ;fn � dks 
vkiwfrZ lehdj.k esa izfrLFkkfir djsa( rks ge izkIr djrs gS% 

S = 28 + 3 × 8 = 28 + 24 = 52 

bl izdkj] larqyu ewY; =  8 gS vkSj larqyu jkf”k = 52  gSA 

ijarq bl ljy cktkj lw=.k esa igys ls gh ;g eku fy;k x;k gS fd fdlh oLrq 
dh ekax vkSj vkiwfrZ izfrLFkkidksa vkSj iwjd ekyksa ds ewY;ksa tSls vU; dkj.kksa }kjk 
izHkkfor ugha gksrh gSA okLrfodrk esa] bl izdkj ds n`”;ksa dks lHkkosf”kr djus ds 
fy,] ,d csgrj fodYi ;g gksxk fd ekax vkSj vkiwfrZ dh lehdj.kksa esa vU; 
oLrqvksa ds ewY;ksa dks Hkh lfEefyr dj fy;k tk,A ;g crkuk ykHkizn gksxk fd 
Åij of.kZr dh xbZ ekax&vkiwfrZ larqyu dh fof/k dks lacaf/kr oLrqvksa ds 
varjlacaf/kr cktkjksa dh cM+h la[;k ds fy, foLr`r fd;k tk ldrk gSA bl izdkj 
dh :ijs[kk esa] ;qxir~ lehdj.kksa ds ,d fudk; dk mi;ksx djrs gq,] lekosf”kr 
oLrqvksa ds ftuesa ,d cM+h la[;k esa vkiwfrZ vkSj ekax lehdj.k varfoZ’V gksrs gSa( 
larqyu ewY; vkSj jkf”k;k¡ izkIr dh tk ldrh gSaA ge bl dk;Z dks vHkh ugha ys 
jgs gS ijUrq bl cy nh xbZ izfØ;k dks le>us ds fy,] vkb, ,d nks&oLrq cktkj 
ekWM~y ij fopkj djsa rFkk bls vkO;wg chtxf.kr dh rduhdksa dh lgk;rk ls 
larqyu ewY; jkf”k la;kstuksa ds fy, gy djsaA 

 fuEufyf[kr }kjk ns; ,d nks&oLrq ¼x vkSj y ½ cktkj ekWM~y ij 
fopkj dhft,% 

�� = 11 − 2�� + �� 
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�� = 8 + �� − �� 

 �� = 1 + 3�� 

�� = 6 + �� 

tgk¡ ��  vkSj �� →  x vkSj y ds fy, ekaxh xbZ jkf”k gS] 

��  vkSj ��  → x vkSj y dh vkiwfrZr jkf”k gS] rFkk  

��  vkSj ��  → x vkSj y  ds ewY; gSa 

larqyu ewY; vkSj jkf”k;k¡ Kkr dhft,A 

x  ds fy, larqyu izfrca/k%  

�� = �� = �� 

vr%] nks gqbZ lehdj.kksa ds inksa esa] ges izkIr gksrk gS% 

11 − 2�� + �� = 1 + 3�� 

;k  3�� + 2�� − �� = 11 − 1 

    ;k  5�� − �� = 10 ---    (1) 

iqu% y ds fy, larqyu izfrca/k LFkkfir dhft,] vFkkZr~ 

 �� = �� = �� 

;k 8 + �� − �� = 6 + �� 

or, �� − 2�� = 6 − 8 

;k −�� + 2�� = 2         ---    (2) 

lehdj.kksa ¼1½ vkSj ¼2½ dks ,d lkFk vkO;wg :Ik esa fy[kus ij] ge  

� 5 −1
−1 2 � �

��
��

� = �10
2 �   izkIr djrs gSaA 

ge vkxs] mijksDr lehdj.k & fudk; dks vkO;wg izfrykse fof/k }kjk nksuksa ewY;ksa 
ds fy, gy djrs gSaA 

vr%] �
��
��

� = � 5  −1
 −1 2 �

��
�10

2 � 

D;ksafd   � 5  −1
 −1 2 � dk lkjf.kd = 9  gS rFkk � 5  −1

 −1 2 � dk lg[kaMt 

� 2  1
 1 5�  gS] 

blfy, � 5  −1
 −1 2 �

��
= �0.22 0.11 

0.11 0.56� gSA 
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bl izdkj] � 5  −1
 −1 2 �

��
�10

2 � = �2.42
2.22� gSA 

vr%] �
��
��

� = �2.42
2.22� gSA 

ftlls larqyu ewY;  �� = 2.42  vkSj �� = 2.22 gSaA  

bu ewY;ksa dks ekax lehdj.kksa esa j[kus ij] ge x vkSj y dh larqyu jkf”k;k¡ izkIr 
djrs gaSA 

bl izdkj] �� = 8.38 vkSj   �� = 8.20 gSaA 

larqyu ewy jkf”k;ks ds fy, gy djus esa] ge vkO;wg izfrykse fof/k ds vfrfjDr 
ØSej&fu;e dk mi;ksx djds Hkh ;gh ifj.kke izkIr dj ldrs gSaA 

1- vkidks larqyu ekax vkSj vkiwfrZ ewY;&jkf”k la;kstu] vkO;wg ds izfrykse dk 
mi;ksx djrs gq,] vfHkdfyr djus dks dgk tkrk gSA vki ekax&vkiwfrZ 
lehdj.kksa dks fdl izdkj lwf=r djuk pkgsaxs ? 

2- vkO;wg chtxf.kr dk mi;ksx djrs gq, ekax& vkiwfrZ larqyu vfHkdfyr djrs 
le;] vki vkO;wg ds izfrykse ds vfrfjDr fdl vU; fof/k dk mi;ksx dj 
ldrs gaS ? 

3- ekax&vkiwfrZ fo”ys’k.k esa] larqyu LFkkfir djus ds fy, fdl izfrca/k dk 
larq’V gksuk vko”;d gS ? 

jk’Vªh; vk; ekWM~y vkO;wg chtxf.kr ds vuqiz;ksx dk ,d vU; {ks= gSA ge fdlh 
vFkZO;oLFkk ds fy, ,d ljy nks&lehdj.k jk’Vªh; vk; ekWM~y ¼National Income 
Model) ij fopkj djsaxsA bl izfriknu dks ljy j[kus ds fy,] geus orZeku 
fo”ys’k.k esa ckgjh ns”kkas ds lkFk ljdkjh vkSj O;kikfjd laca/kksa dks lfEefyr ugha 
fd;k gSA 

ekSfyd :Ik ls] gekjk mÌs”; larqyu jk’Vªh; vk; rFkk lkFk gh fdlh vFkZO;oLFkk 
dh [kir ds vfHkdyu dh vksj vkxs c<+uk gSA bl mÌs”; ds fy,] ge uhps nh 
gqbZ nks lehdj.kksa ls izkjaHk djrs gaS% 

  � =  � +  ��           (1) 

  � =  � +  ��           (2) 

tgk¡ Y jk’Vªh; vk; gS] C [kir gS]  Io Lok;Ùk fuos”k (autonomous 
investment) gS rFkk a vkSj b vpj gSaA  bu nks lehdj.kksa esa ls] igyh 
lehdj.k ;g n”kkZrh gS fd jk’Vªh; vk; ds dqy eku dks O;; vfHkxe 
(expenditure approach) ls ns[kk x;k gSA vFkkZr~] vFkZO;oLFkk dk eky vkSj 
lsokvksa ij gqvk dqy O;; [kir O;; vkSj fuos”k O;; ds cjkcj gSA nwljh 
lehdj.k ;g n”kkZrh gS fd vk; vkSj [kir ds chp esa ,d jSf[kd laca/k gSA orZeku 
lanHkZ esa] jSf[kd js[kkad ds var% [kaM in ‘a’ dks “kwU; ls vf/kd dfYir fd;k x;k 
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gS] D;ksafd ;g O;kid :Ik ls vfHkxg̀hr fd;k tkrk gS fd [kir /kUkkRed gh jgrh 
gS] pkgsa ogk¡ vk; dqN Hkh ugha gksA izo.krk xq.kkad b dks “kwU; ls cM+k ijarq ,d ls 
NksVk fy;k tkrk gS] D;ksafd ekuo dh O;kid euksoSKkfud izòfÙk ;g gS fd laiw.kZ 
vk; ls [kir de j[kksA larqyu ij vk; vkSj [kir ds ekuksa dks vfHkdfyr djus 
ds fy,] ge ¼1½ vkSj ¼2½ dks uhps n”kkZ, vuqlkj iquO;ZfLFkr djrs gSa% 

� −  � =  ��        (3) 

−�� + � =  �      (4) 

lehdj.kksa ¼3½ vkSj ¼4½ dks ,d lkFk vkO;wg :Ik esa fy[kus ij] ge izkIr djrs gSa% 

� 1  −1
 −� 1 � ��

�� = ���
� � 

;k,��
�� = � 1  −1

 −� 1 �
��

���
� �       (5) 

vc ge lqryu � rFkk lkFk gh � lehdj.k (5) ls ;k rks ØSej&fu;e }kjk ;k 
vkO;wg ds izfrykse fof/k }kjk izkIr dj ldrs gaSA 

 fuEufyf[kr jk’Vªh; vk; ekWMy fn;k gS% 

Y = C + I 

C=5 + �
�

� 

I= 10 

� vkSj � Kkr dhft,A 

rhljh lehdj.k esa ls � dk eku igyh lehdj.k esa j[kus ij] 

Y = C + 10 

 ;k,Y - C = 10 gSA       (6) 

Ikqu% nwljh lehdj.k C=5 + �
�

� 

dks fuEufyf[kr :Ik esa iquO;ZofLFkr fd;k tk ldrk gSs% 

��
�

� + � = 5      (7) 

lehdj.kksa ¼6½ vkSj ¼7½ dks vkO;wg lehdj.k ds :Ik esa bl izdkj fy[kk tk ldrk 
gS% 

                        �
1  −1

 − �
�

1 � ��
�� = �10

5 �   (8) 

ØSej&fu;e dk mi;ksx djus ij] ge izkIr djrs gSa% 

� =
�10  − 1

5      1 �

�
1 −1

− �
�

1 �
=

15
�
�

= 60 
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vkSj � =
�

� ��
��

� � �

�
� ��

��
�  � �

= ��.�
�
�

= 50, 

tks ok¡fNr larqyu eku gSA 

1- jk’Vªh; vk; ekWMy esa [kir lehdj.k � = � +  � ij D;k izfrca/k yxk, 
x, gaS ? 

2- vkids }kjk v/;;u fd, x, jk’Vªh; vk; ekWMy esa lrqyu fu/kkZfjr djrs 
le;] dkSu&dkSu ls pjksa dks vfHkdfyr fd;k x;k gS ? 

3- Åij vuqPNsn 4-4 ds mnkgj.k dks yhft, rFkk izfrykse vkO;wg fof/k }kjk] 
vk; vkSj [kir ds larqyu ekuksa ds fy, gy dhft,A 

fuos”k &cfgosZ”k ¼Input-Output) (I-O) fo”ys’k.kl ,d vU; {ks= gS tgk¡  ifj.kkeksa 
ds fuxeu esa vkO;wg chtxf.kr cgqr lgk;d jgrk gSA izkjaHk djus ds fy,] ge 
blesa lac) izfØ;k dh ppkZ djrs gSaA  I-O fo”ys’k.k varjm|ksx (inter-industry) 
fo”ys’k.k Hkh dgykrk gS] D;ksafd ;g fofHkUu m|ksxksa esa varjvkfJrrk vkSj 
varjlaca/krk dks Li’V djrk gSA mnkgj.kkFkZ] nks&m|ksx ekWM~y esa] bLikr m|ksx ds 
fy, dks;yk fuos”k gS rFkk dks;yk m|ksx ds fy, bLikr ,d fuos”k gS] ;|fi ;s 
nksuksa Øe”k% vius&vius m|ksxksa ds cfgZos”k gSaA 

vFkZO;OLFkk dks lsDVjksa ¼m|ksxksa½ dh ,d ifjfHkr la[;k esa fuEufyf[kr vfHk/kkj.kkvksa 
¼assumptions) ds vk/kkj ij foHkkftr fd;k tkrk gS% 

i½ izR;sd m|ksx dsoy ,d ltkrh; cfgosZ”k fufeZr ¼mRikfnr½ djrk gSA 

ii½ izR;sd lsDVj dk mRiknu Ldsy ¼iSekus½ ds vuqlkj fujarj dqN okfil nsrk 
jgsxk] vFkkZr~ izR;sd fuos”k esa nks xquk ifjorZu gksus ij cfgosZ”k esa Hkh Bhd 
nks xquk ifjorZu gksxkA 

iii½ izR;sd lsDVj esa] izfr bdkbZ cfgosZ”k ds fy, fuos”k vkOk”;drk fuf”pr vkSj 
vpj jgrh gSA izR;sd lsDVj ¼m|ksx½ esa cfgosZ”k dk Lrj vf}rh; :Ik ls 
izR;sd fuos”k dh jkf”k dks fu/kkZfjr djrk gS] ftls [kjhnk tkrk gSA blds 
lkFk gh] ;fn fdlh dk;Z Lrj ij ` 1]00]000  izfr fuos”k ds 5 O;fDr;ksa dh 
vko”;rk gS] rks ;g vfHk/kkj.kk ¼dYiuk½ dh tkrh gS fd ml QeZ ds fdlh 
Hkh eki esa izLkkfjr ;k ladqfpr gksus ij Hkh blh vuqikr dh vko”;drk 
jgsxhA 

iv½ oLrqvksa dh vafre ekax bl i)fr ds ckgj ls nh tkrh gSA izkFkfed xq.kd 
¼vFkkZr~ Je½ dh dqy jkf”k Hkh nh tkrh gSA bu nks vfHk/kkj.kkvksa dh 
mifLFkfr ls i)fr ¼;k ra=½ vareqDr cu tkrh gS rFkk blhfy, ;g ekWM~y 
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eqDr ekWM~y ;k foor̀ ekWM~y ¼Open Model) dgykrk gSa blds foijhr] laòr 
ekWM~y ¼Closed Model) esa lHkh pjksa dk fu/kkZj.k i)fr ds vanj gh gksrk gSA 

 
I-O lkj.kh fofHkUu m|ksxksa esa dqy mRikn vkSj dqy fuos”k dk caVokjk n”kkZrh gS 
vkb, dYiuk djsa fd fdlh vFkZO;oLFkk esa mRiknu djus okys dsoy 2 lsDVj gSaA 
lkFk gh] izR;sd lsDVj ds mRiknu dk mi;ksx fuos”k ds :Ik esa lHkh lsDVjksa esa 
fd;k tkrk gS rFkk vafre [kir ds fy, fd;k tkrk gSA eku yhft, fd  

i½ X1 vkSj X2 bu 2 lsDVjksa ds dqy cfgosZ”k gS( 

ii½ bu lsDVjksa ds cfgosZ”k ds fy, F1 vkSj F2 vafre ekax vkSj [kir dh dqy 
jkf”k;k¡ gSA 

iii½ i osa m|ksx ds cfgosZ”k dh jkf”k Xij gS] ftls j osa m|ksx }kjk ( i,j = 1,2) ,d 
e/;LFk fuos”k ds :Ik esa mi;ksx fd;k x;k gSA 

iv½ L  izkFkfed xq.ku ¼;gk¡ Je½ dh nh jkf”k dks fu:fir djrk gS Fkk i osa 
m|ksx }kjk mi;ksx dh xbZ izkFkfed xq.kd dh jkf”k Li gSA 

rc] fuEufyf[kr lkj.kh ljyhdr̀ vFkZO;oLFkk ds fy, I-O lkj.kh fu:fir djrh 
gS% 

  X1 X2  

1 X1 X11 X12 F1 

2 X2 X21 X22 F2 

izkFkfed 
fuos”k ¼Je½  

dqy izkFkfed 
fuos”k = L 

L1 L2  

bl vksj nsuk egRoiw.kZ gS fd mijksDr lkj.kh esa fn, x, en (items) HkkSfrd 
bdkb;k¡ izfr o’kZ gaSA D;ksafd fdlh Hkh iafDr esa] lHkh izfof’V;kas dks leku HkkSfrd 
bdkb;ksa esa ekik x;k gS blfy, iafDr;ksa ds vuqlkj ;ksx djus esa dksbZ dfBukbZ 
ugha gSA *dqy cfgosZ”k* LraHk izR;sd oLrq dk cfgosZ”k rFkk Je dk lexz fuos”k nsrk 
gSA ijarq ,d gh LraHk esa enksa dks leku bdkb;ksa esa ekik ugha x;k gSA blfy, 
LraHkks ds vuqlkj ;ksx djuk lgh ugha gksxkA 

bl lkj.kh ls ;g ns[kk tk ldrk gS fd igys m|ksx dh vko”;drkvksa dks rhljs 
LraHk esa fn;k x;k gS% igys m|ksx ds cfgosZ”k dh X1 bdkb;ksa dks igys eky dh 
X11 bdkb;ksa] nwLkjs eky dh X21 bdkb;ksa rFkk Je dh L1  bdkb;ksa ds mi;ksx ls 
mRikfnr fd;k x;k gSA blh izdkj dk vFkZ vU; LraHk] vFkkZr~ LraHkksa 2 vkSj 4 ds 
fy, Hkh fn;k tkrk gSA 
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*vfre ekax*] vFkkZr~ LraHk ¼5½ [kir ds fy, miyC/k oLrqvksa dks n”kkZrk gSA ;g 
dYiuk dh xbZ gS fd Je dh [kir izR;{k :Ik ls ugha gksrh gSA ;fn ge eku ysa 
fd izR;sd m|ksx ds cfgosZ”k dh izR;sd bdkbZ dk ewY; ` 1  gS rFkk Je dh izR;sd 
bdkbZ dks etnwjh `1 dh nj ls izkIr gksrh gS] rks mijksDr lkj.kh dh izR;sd 
izfof’V dks eqnzk ewY; ¼HkkSfrd bdkbZ ds LFkku ij½ ds inksa esa O;Dr fd;k tk 
ldrk gSA ,slh fLFkfr esa LraHkksa ds vuqlkj ;ksx djuk laHko gks tkrk gSA izR;sd 
LraHk dk ;skx laxr m|ksx dh dqy ykxr iznku djrk gSA bl  izdkj] m|ksx 1 
dk jkTkLo X1 bdkb;ksa (= X11 + X12+ F1)  dh fcØh ls c<+rk gS rFkk ml m|ksx 
dh ykxr (X11 + X21 + L1) bdkbZ gSA ;gh ckr vU; m|ksx ds fy, Hkh lR; gSA 

bu mRiknu lsDVjksa dks nf’Vxr j[krs gq,] izR;sd esa dqy cfgosZ”k dks bl :Ik esa 
fy[k ldrs gaS% 

��  =  X11 +  X12 + F1      (1) 

X2 = X21 + X22 + F2       (2) 

rFkk  

L = L1 + L2 

vFkkZRk~ ] 

�� = ∑ ���
�
��� + �� vkSj � = ∑ ��

�
���  gSA 

;gk¡ Xi = i osa lsDVj dk dqy cfgosZ”k] Xij = i osa lsDVj dk cfgosZ”k ftls j osa lsDVj 
esa fuos”k ds :Ik esa iz;qDr fd;k x;k gS rFkk Fi = i osa lsDVj ds fy, vafre ekax 
gSA 

mijksDr loZlfedk ;g crkrh gSS fd fdlh fo”ks’k lsDVj ds lHkh cfgosZ”kksa dks 
vFkZO;oLFkk ds mRiknu djus okys lsDVjksa esa ls ,d lsDVj esa fuos”k ds :Ik esa 
vkSj@;k ,d vafre ekax ds :Ik esa mi;ksx fd;k tk ldrk gSA vr% EkkSfyd :Ik 
ls] I-O fo”ys’k.k bu ;qxir lehdj.kksa ds gy Kkr djus ls vf/kd dqN ugha gSA 

 

fuf”pr fuos”k vko”;drkvksa dh vfHk/kkj.kk ls] ge ns[krs gS fd j oha oLrq ds 1 
bdkbZ mRiknu ds fy,] i oh oLrq dk iz;qDr fuos”k ,d fuf”pr jkf”k gksuk pkfg, 

ftls ge aij ls O;Dr djrs gSA bl izdkj] aij = 
ij

j

X
X

,  gSA ;fn Xj ] j oha oLrq ¼j osa 

mRiknu lsDVj½ ds dqy cfgosZ”k dks fu:fir djrk gS] rks i oha oLrq dh fuos”k 
vko”;drk,¡ aijXj ds cjkcj gkasxh] vFkkZr~ Xij= aijXj gksxkA 

ge aij dks ,d fuos”k xq.kkad (input coffeicient) dgrs gaSA 

vkb,  Xij vkSj Xj ij ewY; ds inks esa fopkj djsaA vr%]  aij fuos”k dk eku izfr 
bdkbZ cfgosZ”k ds :Ik esa nsrk gSA bl izdkj]  aij = 0.02 ;g lwfpr djrk gS fd 
,d #i, ewY; dh j oha oLrq dks mRikfnr ¼fufeZr½ djus ds fy, 20 iSls ewY; dh 
i oha oLrq dh vko”;drk gksxhA 
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bl vksj /;ku fn;k tk ldrk gS fd izR;sd LraHk esa vo;oksa dks ;ksx ml mRiknu 
lsDVj esa ,d #i, ewY; ds cfgosZ”k dks mRikfnr djus ds fy, vko”;d xkS.k 
(secondary) fuos”k iznku djrk gSA vr%] fuos”k xq.kkad vkO;wg ds izR;sd LraHk esa 
vo;oksa dk ;ksx 1 ls de gksuk pkfg,A ;g blfy, gS] D;ksafd blesa izkFkfed 
fuos”kksa dh ykxr lfEefyr ugha gSA mijksDr nks&lsDVj mnkgj.k esa] geus � = 1,2 
ds lkFk ∑ ���

�
���    ij fopkj fd;k gSA ;fn ge cfgosZ”k dk ewY; ₹ 1 ysrs gSa] rks 

mls mRiknu ds lHkh xq.kdksa ds Hkqxrku }kjk iw.kZr%lekIr gks tkuk pkfg,A 
izkFkfed fuos”k ¼;gk¡ Je½ dks Hkqxrku dh xbZ jkf”k dks lfEefyr fd, fcuk] LraHk 
dk ;ksx ₹ 1 ls de gksuk pkfg,A bl izdkj joha oLrq dh 1 bdkbZ dks fufeZr 
djus ds fy, vko”;d izkFkfed fuos”k   

1 − ∑ ���
�
���  gksuk pkfg,A 

Åij fopkj dh xbZ vFkZO;oLFkk ds fy,] ;fn nksukas mRiknu lsDVjksa ds fy, izfr 
#i, ewY; ds cfgosZ”k esa izkFkfed fuos”kksa dh ykxr �� vkSj �� gaS] rks ge fy[krs gaS% 

��  =  1 −  (���  +  ���) 

rFkk 

��  =  1 − (���  +  ���) 

izR;sd mRiknu lsDVj ds fy,] dqy cfgosZ”k dks lehdj.kksa ¼1½ vkSj ¼2½ esa 
��� = �������   ;k izfrLFkkfir djds fuos”k xq.kkadksa ds inksa esa O;Dr fd;k tk 
ldrk gSA bl izdkj] bl nks mRiknu lsDVj vFkZO;oLFkk ds fy,] 

                                                 ����� + ����� + �� 

;k, �� − ����� − ����� = �� 

            ;k, (1 − ���)�� − ����� = ��   (3) 

blh izdkj] 

�� = ����� + ����� + �� 

;k, −����� + �� − ����� = �� 

;k, −����� + (1 − ���)�� = ��      (4) 

lehdj.kksa ¼3½ vkSj ¼4½ dks vkO;wg :Ik esa fy[kus ij] ge izkIr djrs gaS% 

�1 − ��� −���
 −��� 1 − ���

� ���
��

� = ���
��

�     (5) 

nsf[k, fd vkO;wg �1 − ��� −���
 −��� 1 − ���

� dks ,d RkRled vkO;wg � = �1 0
0 1� esa ls  

,d fuos”k xq.kkad vkO;wg  �
��� ���
��� ���

�  dks ?kVkus ij izkIr fd;k tk ldrk gSA 

vFkkZr~] � − � = �1 0
0 1� − �

��� ���
��� ���

� ls izkIr fd;k tk ldrk gSA 

vr% lehdj.k ¼5½ dks bl :Ik esa fy[kk tk ldrk gS% 
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(I - A) X = F       (6) 

tgk¡ � = ���
��

� vkSj 

� = ���
��

� gSA 

/;ku nhft, fd vkO;wgksa A] X vkSj F esa ls izR;sd dh dksfV gekjs }kjk fy, x, 
lsDVjksa dh la[;k ds vuqlkj gSA  

vkO;wg  (I -A)  rduhdh (technology) vkO;wg dgykrk gSA 

;fn (I -A)  vfofp= gS] vFkkZr~ |� − �| ≠ 0 gS] rks lehdj.k ¼6½ dks X ds fy, 
gy fd;k tk ldrk gSA bl izdkj]  

X = (I – A)-1 F                             (7) 

;fn  D = | I-A | vkO;wg [ I-A ]  dk lkjf.kd gS vkSj D ≠ 0 gS]  rks izfrykse vkO;wg 
dks  

[� − �]��  = �

1 − ���

�
���

�
���

�
1 − ���

�

� =  1
D

�1 − ��� ���
��� 1 − ���

� 

ds :Ik esa fy[kk tk ldrk gSA 

vr%] 

���
��

� =  
1
� �1 − ��� ���

��� 1 − ���
� ���

��
� 

;k] ��  =  
(�����)��������

�
, ��  = ������(�����)��

�
   gS] tgk¡  

D =�1 − ��� −���
−��� 1 − ���

� =  (1 − ���) (1 − ���) – ������ gSA 

 
;fn I-O dk gy _.kkRed cfgosZ”k iznku djrk gS] rks bldk vFkZ gS fd fdlh 
mRikn dh izR;sd bdkbZ ds mRiknu esa ml mRikn dh ,d bdkbZ ls vf/kd mRikn 
iz;qDr gqvk gSA ,slk gksuk okLrfod ugha gS rFkk ,slh i)fr Lohdk;Z ugha gksrhA 
gkWfdUl&lkbeu izfrca/k ,slh ?kVukvksa ls ges lpsr djrs gSaA blds fy, fd gekjh 
ewy lehdj.k � =  [� − �]���  gy ds :Ik esa _.kkRed la[;k,¡ ugha ns] gesa ,sls 
vkO;wg [� − �]  dh vko”;drk gS fd  

i½ vkO;wg dk lkjf.kd lnSo /kukRed gks] rFkk 

ii½ lHkh fod.kZ vo;oksa (1 − ���), (1 − ���)  dks /kukRed gksuk pkfg,A nwljs 
“kCnksa esa]  

lHkh vo;o ���, ��� ,d ls de gksus pkfg,A bldk vFkZ gS fd fdlh lsDVj ds 
cgqosZ”k dh ,d bdkbZ dks Lo;a vius cfgosZ”k dh ,d bdkbZ ls vf/kd mi;ksx ugh 



 

 

 

78 

djuk pkfg,A ;s gh gkWfdUl&lkbeu izfrca/k dgykrs gSaA blds lkFk gh] igys 
izfrca/k � >  0 dk ;g vFkZ gS fd ¼2 m|ksx fLFkfr ds fy,½] 

11 12

21 22

1
1

a a
a a
− −
− −

> 0, ;k (1 − ���)(1 − ���)– ������ > 0 gSA 

;g izfrca/k lqfuf”pr djrk gS fd fdlh OkLrq dh ,d bdkbZ ds mRiknu ds fy,] 
ml oLrq dh izR;{k vkSj vizR;{k :Ik ls vkOk”;drk dks Hkh ,d ls de gksuk 
pkfg,A 

 eku yhft, fd    

[I-A] =� 0.1 −0.1
−0.8 0.2 �    gSA rc] 

 [I-A] = � 0.1 −0.1
−0.8 0.2 �  

ls ge  lkjf.kd �1 − ��  dk eku =  &0-06 izkIr dj ldrs gSa] tks “kwU; ls 
NksVk gSA D;kasfd gkWfdUl&lkbeu izfrca/k larq’V ugha gksrs gSa] blfy, bl fLFkfr esa 
dksbZ Hkh gy laHko ugha gksxkA 

 

mijksDr mnkgj.k esa] nks m|ksxks ds vfrfjDr] gekjs ekWM~y esa vafre ekax dk ,d 
cfgtkZr (exogenous) lsDVj Hkh gS] tks izkFkfed fuos”k xq.kdksa ¼Je lsok,¡½] tks 
bu nksuks m|ksxksa }kjk mRikfnr ugha gS½ dh vkiwfrZ djrk gS rFkk nksuksa mRiknu 
m|ksxksa ds cfgosZ”k dh [kir djrk gS ¼fuos”k ds :Ik esa ugha½A ,slk gh ,d I-O  
ekWM~y ,d *foor̀ ekWM~y dgykrk gSA blesa *vafre ekax fcy* ds inksa eas cfgtkZr 
lsDVjksa ds lkFk gh (open model)  mRiknu lsDVjksa ds inksa esa vartkZr 
(endogenous) lsDVj Hkh lfEEkfyr gksrs gSaA I-O ekWM~y] ftlesa vartkZr vafre 
ekax lsDVj gksrs gaS( laor̀ ekWM~y (closed model) dgykrk gSA 

1- ,d fuos”k xq.kkad vkO;wg D;k gksrk gS ? 

2- ,d foor̀ fuos”k&cfgosZ”k ekWM~y D;k gksrk gS ? 

 A = �
��� ��� ���
��� ��� ���
��� ��� ���

� = �
0.2 0.3 0.2
0.4 0.1 0.2
0.1 0.4 0.2

� 

3- fuos”k xq.kkad vkO;wg ds :Ik esa fn;k gqvk gSA bldk rduhdh vkO;wg izkIr 
dhft,A 

4- fdlh fuos”k&cfgosZ”k ekWM~y esa gkWfdUl&lkbeu izfrca/kksa ds egRo dh ppkZ 
dhft,A 
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bl bdkbZ esa] geus O;kikj vkSj vFkZ”kkL= eas vkO;wg chtxf.kr ds dqN vuqiz;ksxksa 
dh ppkZ dh gSA mnkgj.kksa dh lgk;rk ls geus vk¡dM+ksa dks vkO;wg :Ik eas izLrqr 
djuk lh[kk gSA gekjh le> ds fy,] vkO;wgksa dk mi;ksx djds ;qxir lehdj.kksa 
ls ekax&vkiwfrZ larqyu dk vfHkdyu n”kkZ;k x;k gSaA vkO;wg fof/k;ksa ls jk’Vªh; 
vk; ekWM~y dks gy djus dh rduhd Li’V dh xbZ gSA 

bl bdkbZ ds vafre Hkkx esa] gesa fuos”k&cfgosZ”k fo”ys’k.k ls voxr djk;k x;k 
rFkk gy fuxfer djus esas vkO;wg chtxf.kr dh rduhd ds mi;ksx dks n”kkZ;k 
x;kA bl izfØ;k esa] geus ,d foo`r fuos”k&cfgosZ”k ekWM~y ds gy djus ds fy,] 
ok¡fNr pj.kksa ds izn”kZu ls iwoZ fuos”k&cfgosZ”k O;kikj ekWM~y vkSj rduhdh vkO;wg 
ds lw=.k dks lh[kk gSA 

 

 foo`r fuos”k&cfgosZ”k ekWM~y dks cfgtkZr lsDVj 
Bhd ,d m|ksx ds :Ik esa i)fr esa bl izdkj lfEefyr gks tkrk gS fd izR;sd 
mRiknu lsDVj dk leLr cfgosZ”k xkS.k fuos”k ;k e/;LFk mRiknksa ds :Ik esa vU; 
mRiknu lsDVjksa }kjk lekosf”kr dj fy;k tkrk gSA vko”;d :Ik ls] ?kjkas ds dk;kZsa 
okys lsDVj dks ,d m|ksx ds :Ik esa ekuk tkrk gS rFkk blds dksbZ Hkh cfgosZ”k 
vafre mRikn ds :Ik eas cktkj esa ugha cspk tkrk gSA 

 fdlh ekWM~y ds varj gh tfur vkfJr pj (dependent variable) 
rFkk blhfy, bldk eku ml ekWM~y esa fufgr Qyu ds laca/kkas esa ls fdlh ,d 
}kjk cnyk ¼fu/kkZfjr fd;k½ tkrk gSA 

  ,d pj ftldk eku ,d fn, ekWM~y ds ckgj ls fu/kkZfjr fd;k 
tkrk gSA 

 fdlh mRikn dh izR;sd bdkbZ ds mRiknu esa ml 
mRikn dh ,d bdkbZ ls vf/kd dk mi;ksx ugha fd;k tk ldr gSA bl izfrca/k esa 
ok¡Nuh; gS fd rduhdh ¼izkS|ksfxdh½ vkO;wg ds lHkh eq[; milkjf.kd /kUkkRed 
gksus pkfg,A  

 mRiknu lsDVjksa }kjk izfr bdkbZ cfgosZ”k ds fy, vko”; 
fofHkUu xkS.k fuos”kksa dk ,d vkO;wgA  

 ,d vkfFkZd ekWM~y tks fdlh jk’Vªh; vFkZO;oLFkk ds 
fofHkUUk lsDVjksa ¼m|ksxks½ dh chp varjvkfJrrk fu:fir djrk gSA 

 ,d vkO;wg tks ,d m|ksx ds dqy cfgosZ”k ds 
caVu dks fuo”kksa ds :Ik esa rFkk vafre ekax ds fy, vU; lHkh m|ksxksa esa n”kkZrk gSA 

  lehdj.kksa]  QYku laca/kksa rFkk loZxlfedkvksa dk ,d leqPp; tks dqN 
vkfFkZd ifj?kVukvksa dks Li’V djus dk iz;kl djrk gSA 
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 ,d ekWM~y ftlesa mRiknu lsDVj fdlh 
vFkZO;oLFkk ds ?kj ds dk;kasaZ ds lsDVj ls izkFkfed fuos”kksa dh [kjhn vkSj vafre 
mRiknksa dh fcØh ds ek/;e ls fopkj&foe”kZ djrs gSaA 

 mRiknu izfØ;k ds ewyHkwr fuos”k] tSls JeA 

 fdlh rRled vkO;wg esa ls ,d fuos”k&xq.kkad 
vkO;wg dks ?kVkus ls izkIr vkO;wgA 

 

1- blds laf{kIr vkSj lqfo/kktud fo”ks’krk ¼vfHky{k.k½ ds dkj.k 

fnu cl jsyxkM+h ;ksx 

1 20 30 50 

2 0 60 60 

2- dkjksa A, B vkSj C ds fy,( Je ?kaVs] iz;qDr lkexzh rFkk mi&Bsds ij fn, 
x, dk;Z% 

X =�
40 100 50
80 150 80

100 250 100
�, izfr bdkbZ Je ykxr] lkexzh dh ykxr rFkk 

mi&Bsds ij fn, dk;Z Y = �
2
1
3

� IkzR;sd dkj A, B vkSj C dh ykxr 

XY=�
330
550
750

�, rhuksa dkjksa  A, B vkSj C  ds fuekZ.k dh dqy ykxr vkO;wg 

XYZ = [3000 2000 1000] �
330
550
750

� = [990000 + 1100000 + 750000] = [2840000] 

}kjk tkrh gSA 

1- ekax vkSj vkiwfrZ dh mu lehdj.kksa ij fopkj dhft, ftuesa vkiwfrZ vkSj ekax 
dh jkf”k rFkk Lo;a ml oLrq ds ewY; dks izHkkfor djus okys xq.kd lfEefyr 
gksaA 

2- ØSej&fu;e dk mi;ksx dhft,A 

3- ek¡x vkiwfrZ ds cjkcj gksrh gSA 

1- � > 0 vkSj 0 < � < 1 

2- vk; vkSj [kir 

3- vuqPNsn 4-3 esa nh fof/k dks i<++us ds ckn Lo;a djsaA 
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1 mRiknu lsDVjksa }kjk izfr bdkbZ cfgosZ”k ds fy, vko”;d fofHkUUk xkS.k fuos”kksa 
dk ,d vkO;wgA 

2- bl ekWM~y esa vafre ekax dk cfgtkZr lsDVj varfoZ’V gksrk gS tks izkFkfed 
fuos”k xq.kdksa dh vkiwfrZ djrk gS ¼Je lsoka,¡½] tks bu nksuksa m|ksxksa }kjk 
mRikfnr ugha dh tkrh gSA½ rFkk nksuksa mRiknu m|ksxks ds cfgosZ”k dh [kir 
djrk gS ¼,d fuos”k ds :Ik esa ugha½ 

3- � = �
(1 − ���) −��� −���

−��� (1 − ���) −���
−��� −��� (1 − ���)

� = �
0.8 −0.3 −0.2

−0.4 0.9 −0.2
−0.1 −0.3 0.8

� 

4- fdlh mRikn dh izR;sd bdkbZ ds mRiknu esa ml mRikn dh ,d bdkbZ ls 
vf/kd dk mi;ksx ugha fd;k tk ldrkA 

 
1- cM+h mtkZ daiuh fo|qr] izkdf̀rd xSl vkSj rsy  mRikfnr djrh gSA ,d #i,  

ewY; dh fo|qr ds mRiknu ds fy,] fo|qr ls `0-30 izkd`frd xSl ls ` 0-10  
vkSj rsy ls `0-20 ds fuos”kksa dh vko”;drk gSA ,d #i, ewY; dh izkd̀frd 
xSl ds mRiknu ds fy,] fo|qr ls ` 0-30] izkd̀frd xSl ls `0-10 vkSj rsy ls 
`0-20 ds fuos”kksa dh vko”;drk gSA ,d #i, ewY; ds rsy ds mRiknu ds 
fy,]  izR;sd lsDVj ds fy, ` 0-10 ds fuos”kksa dh vko”;rk gSA izR;sd lsDVj 
ds fy, ml cfgosZ”k dks Kkr dhft,] ftldh vko”;drk fo|qr ds fy, 25 
djksM+ #i, izkd`frd xSl ds fy, 15 djksM+ # izkd`frd xSl ds fy, 15 
djksM+ #i, vkSj rsy ds fy, 20 djksM+ #i, dh vafre ekax dks larq’V djus 
ds fy, gaSA 

2- fdlh vLirky dks lapkfyr djus dh nSfud ykxr C  vkarfjd jksfx;ksa dh 
la[;k I vkSj ckgjh jksfx;ksa dh la[;k P dk ,d jSf[kd Qyu esa ,d fuf”fpr 
ykxr a tksM+ dj izkIr gksrh gSA vFkkZr~ 

� =  � +  �� +  �� gSA 

3- fnuksa ds fuEufyf[kr vk¡dMs fn, jgus ij] jSf[kd lehdj.kksa dk ,d fudk; 
LFkkfir djds rFkk vkO;wg ds izfrykse dk mi;ksx djrs gq,  a, b vkSj d ds 
eku Kkr dhft,% 

`

1 6950 40 10 

2 6725 35 9 

3 7100 40 12 
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4- fdlh VªLV ds ikl `10000 dk QaM gS] ftls nks izdkj ds ckWUMksa esa fuosf”kr 
fd;k tkuk gSA igyk ckWUM 5% okf’kZd C;kt nsrk gSA rFkk nwljk ckWUM 6% 
okf’kZd C;kt nsrk gSA vkO;wg chtxf.kr dk mi;ksx djrs gq,] fu/kkZfjr dhft, 
fd 10000 # dks nksuksa izdkj ds ckWUM+ks esa fdl izdkj foHkkftr fd;k tk, fd 
okf’kZd C;kt ` 550 izkIr gksA 

5- fdlh O;fDr us `30000 rhu fofHkUu fuos”kksa esa Øe”k% 2%] 3% vkSj 4% 
okf’kZd C;kt dh njksa ls fuos”k fd,A blls dqy okf’kZd vk; `1000 gSA ;fn 
igys vkSj nwljs fuos”kksa ls dqy] vk; rhljs fuos”k dh vk; ls ` 50 vf/kd gS] 
rks vkO;wg chtxf.kr dk mi;ksx djrs gq,] izR;sd fuos”k dh jkf”k Kkr 
dhft,A 

6- jk’Vªh; vk; ekWM~y fn;k gqvk gS% 

Y = C + I + G (G: ljdkjh vk;) 

C = 5 + �
�

Y 

I = 10 

G = 10 

 vkO;wg izfrykse fof/k dk mi;ksx djrs gq,] Y vkSj C Kkr dhft,A 

1- eku yhft, fd ��=  fo|qr daiuh dk dqy cfgosZ”k (�)  

               ��=  izkd̀frd xSl daiuh dk dqy cfgosZ”k (�) 

   ��= rsy daiuh dk dqy cfgosZ”k(�) 

vko”;d fo|qr dh dqy jkf”k fo|qr] izkd`frd xSl vkSj rsy ¼vkarfjd ekax½ dks 
mRikfnr djus ds fy, vko”;d fo|qr dh jkf”k;ksa dk ;ksx Iyl (plus) fo|qr dh 
vafre ¼ckgjh½ ekax gSA 

��  = 0.30��  +  0.30��  + 0.10�� + 25 

vko”;d izkd`frd xSl dh dqy jkf”k fo|qr] izkd`frd xSl vkSj rsy  ¼vakrfjd 
ekax½ dks mRikfnr djus ds fy, vko”;d izkd`frd xSl dh jkf”k;ksa dk ;ksx Iyl 
izkd̀frd XkSl dh vafre ¼ckgjh½ ekax gSA 

��  = 0.10��  +  0.10��  +  0.10�� + 15 

vko”;d rsy dh dqy jkf”k fo|qr] izkd`frd xSl vkSj rsy ¼vkrafjd ekax½ dks 
mRikfnr djus ds fy, vko”;d rsy dh jkf”k;ksa dk ;ksx Iyl rsy dh vafre 
¼ckgjh½ ekax gSA 

��  = 0.20��  +  0.20��  +  0.10�� + 20 

Rkduhdh vkO;wg M vafre ekax vkO;wg D rFkk dqy ekax vkO;wg X dk mi;ksx 
djrs gq, ge izkIr djrs gSa% 
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� =  �� +  �, ftldk gy � =  [� −  �]��D gSaA 

�
��
��
��

� = �
. 3 . 3 . 1
. 1 . 1 . 1
. 2 . 2 . 1

� �
��
��
��

� + �
25
15
20

� 

� − � = �
1 0 0
0 1 0
0 0 1

� − �
. 3 . 3 . 1
. 1 . 1 . 1
. 2 . 2 . 1

� = �−
. 7 −.3 −.1
. 1 . 9 −.1

−.2 −.2 −.9
� 

[� − �]�� = �0
1.58 0.58 0.24
. 22 1.22 1.16
0.4 0.4 1.2

� 

[� − �]��� = �0
1.58 0.58 0.24
. 22 1.22 1.16
0.4 0.4 1.2

� �
25
15
20

� = �
53
27
40

� gSaA 

vFkkZr~ fo|qr dk dqy cfgosZ”k 53 :i, djksM+ gS] izkd`fr xSl dk dqy cfgosZ”k 
27 djksM :i, gSA rFkk rsy dk dqy cfgosZ”k 40 djksM :i, gSaA 

2- lkj.kh esa fn, ekuksa dks C =  � +  bP +  dI esa izfrLFkkfir djus ij] gesa 
jSf[kd lehdj.kksa dk fuEufyf[kr leqPp; izkIr gksrk gS% 

 � +  10� +  40� =  6950 

 � +  9� +  35� =  6725 

 � +  12� +  40� =  7100 

mijksDr lehdj.k & fudk; vkO;wg :Ik esa gS% 

�
1 10 40
1 9 35
1 12 40

� �
�
�
�

�   =  �
6950
6725
7100

�  …………………….   (I) 

vc A-1 = ���(�)
|�|.

 tgk¡ |A| = �
1 10 40
1 9 35
1 12 40

� = -10 gS 

rFkk adj(A) =  �
60 −80 10
5 0 −5

−3 2 1
� 

vr%] laca/k (I) ls ge izkIr gksrs gaS% 

�
�
�
�

�   =  −
1

10
�

60 −80 10
5 0 −5

−3 2 1
� �

6950
6725
7100

�  =  
−1
10

�
−50000

−750
−300

�  =  �
5000

75
30

� 

vr%]  a = 5000, b = 75 vkSj   d = 30. 
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1- eku yhft, ds � and (10000 –  �)  dks Øe”k% igys vkSj nwljs izdkj ds 
ckWUMksa esa fuos”k fd;k tkrk gSA vr%] bu ckWUMkas ds ekuksa dks iafDr vkO;wg 
:Ik esa A = [�   (10000 −  �)] fy[kk tk ldrk gSA 

lkFk gh] bu ckWUMksa ls izkIr gksus okys C;kt dh jkf”k;ksa dks LraHk vkO;wg ds 
:Ik esa  

B = �5%
6%� = �0.05

0.06� fy[kk tk ldrk gSA 

vr% dqy C;kt = AB  =[ �  (10000 − �)] �0.05
0.06� = [600 – 0.01a] gSA 

ijarq dqy C;kt= `550 fn;k gSA 

vr% 600 – 0.01 � = 550 

        0.01 � = 50 

                            a = 5000 

igys ckWUM esa fuos”k = ` 5000 gSA 

vkSj nwljs ckWUM esa fuos”k = 10000 – 5000 = ` 5000 gSA 

4.  eku yhft, fd rhu fuos”kksa dh jkf”k;k¡ x, y vkSj z gSA fn, gq, vk¡dM+ksa dks 
fUkEufyf[kr jSf[kd lehdj.kksa ds fudk; ds :Ik esa O;Dr fd;k tk ldrk 
gS% 

x + y + z = 30000   ………………………..…   (i) 

0.02x + 0.03y + 0.04z = 1000 ………..   (ii) 

0.02x + 0.03y − 0.04z = 50 …………….   (iii) 

lehdj.kksa ¼ii½  vkSj ¼iii½ dks bl :Ik esa Hkh fy[kk tk ldrk gS% 

   2x +3y + 4z = 100000 ……………(ii) 

   2x + 3y – 4z = 5000 ……………(iii) 

bu lehdj.kksa dks vkO;wg :Ik AX = B esa O;Dr fd;k tk ldrk gS] 

tgk¡ A = �
1 1 1
2 3 4
2 3 −4

� , X =  �
�
�
�

� vkSj B = �
30000

100000
5000

� gSA 

;gk¡ |A| = �
1 1 1
2 3 4
2 3 −4

�  =  −8 gS] 

Adj(A) = �
−24 7 1
16 −6 −2
0 −1 1

� gSA 
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vc  A-1 = ���(�)
|�|.

 =  − �
�

�
−24 7 1
16 −6 −2
0 −1 1

� 

             X = A-1B 

               = - �
�

�
−24 7 1
16 −6 −2
0 −1 1

� �
30000

100000
5000

� 

               = �
1875

16250
11875

� gSA 

vr%] 2%, 3% vkSj 4% fuos”k Øe”k% ` 1875, ` 16250 vkSj ` 11875 gSA 

5- Y = 100 vkSj C = 80 gSA  

 

  bu ç'uksa }kjk vkidks bl bdkbZ dh iBu lkexzh dks le>us esa lgk;rk 
feysxhA bu ç'uksa ds mÙkjksa dks ewY;kadu ds fy, fo'ofo|ky; Hkstus dh 
vko';drk ugha gS D;ksafd ;s dsoy vkids vH;kl ,oa iqujko`fÙk ds fy, fn, 
x, gSA 

 

• Abraham, W.I., National Income and Economic Accounting: Prentice-
Hall Inc., New  Jersey, Chapter 7 (including the Appendix, 1968. 

• Chiang, A. and  Kalvin Wainwright,Fundamental Methods of 
Mathematical Economics (Paperback),  Mac Grow Hill, 2017. 

• Stafford, L.W.T., Mathematics for Economists: The English Language 
Book society and  Macdonald & Evans Ltd., London, Chapter 17, 1977. 

• Wisniewski, M., Introductory Mathematical Methods in Economics: 
McGraw-Hill Book Company, London, Chapter 7, 1991. 
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5-0  mÌs”; 

5-1 izLrkouk 

5-2 Qyu vkSj muds izdkj 

5-2-1 Qyu dh ifjHkk’kk  

5-2-1-1 izk¡r] lgizk¡r vkSj ifjlj  

5-2-2 Qyuksa ds izdkj % chth; 

5-2-2-1 cgqin Qyu 

5-2-2-2 ifjes; Qyu 

5-2-2-3 VqdM+ksa vuqlkj Qyu 

5-2-3 Qyuksa ds izdkj % vchth; 

5-2-3-1 pj?kkrkadh Qyu 

5-2-3-2 y?kqx.kdh; Qyu 

5-2-4 Qyuksa ds izdkj % izfrykse vkSj la;qDr 

5-2-4-1 izfrykse Qyu 

5-2-4-2 la;qDr Qyu 

5-3 Qyu vkSj dkrhZ; funsZ”kkad 

5-4 dqN QYkuksa ds vkys[k 

5-4-1 ljy js[kk ds izdkjksa ds Qyuksa dk vkys[ku 

5-4-1-1 jSf[kd Qyu 

5-4-1-2 fujis{k eku Qyu 

5-4-1-3 ix Qyu 

5-4-2 Qyuksa dk vkys[ku % oØksa ds izdkj ds 

5-4-2-1 f}?kkr Qyu 

5-4-2-2 f=?kkr Qyu 

5-4-3 Qyuksa dk vkys[ku % vuarLi”khZ izdkj ds 

5-4-3-1 oxZewy Qyu 

5-4-3-2 pj?kkrkadh Qyu 

5-4-3-3 y?kqx.kdh; Qyu 

5-5 O;kikj vkSj vFkZ”kkL= ls lacaf/kr Qyu 

5-5-1 ekax Qyu 

5-5-2 vkiwfrZ Qyu 

5-5-3 ykxr Qyu 

 



 

 
87

5-5-4 jkTkLo Qyu 

5-5-5 ykHk Qyu 

5-5-6 [kir Qyu 

5-6 lkjka”k 

5-7 “kCnkoyh 

5-8 cks/k iz”uksa ds mÙkj 

5-9 Loij[k iz”u 

5-10 lanHkZ iqLrdsa 

bl bdkbZ dk v/;;u djus ds ckn] vki fuEufyf[kr dks le> ik,¡xs% 

• ,d Qyu dk vFkZ( 

• fofHkUu izdkj eas Qyu( rFkk 

• O;kikj vkSj vFkZ”kkL= esas Qyuksa dk mi;kSx 

Qyu ,d fuos”k ¼;k rdZ½ dks ,d cfgosZ”k ls lacaf/kr djrk gSA fdlh Qyu dh 
O;k[;k djus esa izLrqr rhu eq[; ?kVdksa fuos”k] laca/k vkSj cfgosZ”k ij /;ku  
nhft,A mnkgj.kkFkZ] ,d cfgosZ”k ds mRiknu ds fy,] vkius ,d fuos”k dk mi;ksx 
fd;k gSA ,slk gks ldrk gS fd vkidks ,d cfgosZ”k izkIr gks] ftldk eku fuos”k ds 
eku dk nqxquk gksA bldk vFkZ gS fd fuos”k vkSj cfgosZ”k ds chp 2 ls xq.kk djus 
okyk ,d ljy Qyu gS] vFkkZr~   

fuos”k × 2 = cfgosZ”k gSA 

ge ,d Qyu dks ukekafdr djus ds fy,] *f* ;k dksbZ vU; g tSls v{kj dk 
iz;ksx djrs gSaA mnkgj.kkFkZ] fdlh Qyu dks i<+us ds fy,] ge dgrs gSa  “x dk f 
cjkcj gS x dk oxZ” vkSj bl �(�)  =  �� ds :Ik esa fy[krs gSaA ;gk¡ fuos”k dk 
eku ;fn 3  ysa] rks cfgosZ”k 9 gks tkrk gS rFkk ge bls �(3) =  9  fy[krsa gSaA 

fuos”k ij vkfJr cfgosZ”k ds :Ik esa Qyu dk vkdkj vusd laca/kksa dks vkys[kksa ds 
:Ik eas fu:fir djus esa mi;ksxh jgrk gSA bl bdkbZ esa] ge dqN xf.krh; Qyuksa 
ds vkys[kh; :iksa dh ppkZ djsaxsA 

Åij ns[kh xbZ ,d Qyu dh O;kid /kkj.kk ds vk/kkj ij] bls vkSipkfjd :Ik ls 
ifjHkkf’kr fd;k tk ldrk gSA] dqN egRoiw.kZ Qyu gaS( ftuds vFkZ”kkL= vkSj 
O;kikj esa vuqiz;ksx gSaA bl vuqPNsn esa ge bu ij fopkj djsaxsA 
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,d Qyu (function) fdlh leqPp; ds izR;sd vo;o dks ,d vU; leqPp; ds 
Bhd ,d vo;o ls lacaf/kr djrk gSA Åij fn, gq, izdkj ls fdlh Qyu dks 
ifjHkkf’kr djus esa] geas fuEufyf[kr ij /;ku nsus dh vko”;drk gS% 

i½ “izR;sd vo;o” dk vFkZ ,d leqPp;] eku yhft, X ds gj ,d vo;o ls 
gS] tks ,d vU; leqPp;] eku yhft, Y ds fdlh vo;o ls lacaf/kr gS( 

ii½ “Bhd ,d” dk vFkZ gS fd Qyu ,d vdsys eku (single value) okyk gSA 
vFkkZr~  �(3) = 8 ;k 9 lgh ugha gSA 

;fn dkbZ laca/k bu nksuksa fu;eksa dk ikyu ugha djrk gS] rks og ,d Qyu ugha gS] 
;|fi og laca/k vHkh Hkh gSA ,slh fLFkfr esa] nksuksa leqPp;ksa ds vo;o dsoy Øfer 
;qXe (ordered pairs)  gksrs gSaA ;s Øfer ;qXe blfy, dgykrs gS( D;ksafd fuos”k 
lnSo igys vkrk gS rFkk cfgosZ”k ckn esaA 

  eku yhft, laca/k � → �� uhps nh vkd`fr ds vuqlkj fn;k gqvk gS% 

 

x y 

  Math is Fun ¼baVjusV ls fy;k gS½ 

Åij fn, laca/ka esa] leqPp; X esa x ds vo;o varfoZ’V gSa rFkk leqPp; Y esa x2 
ds vo;o gSA ;g ,d Qyu gSa] D;ksafd 

• X dk izR;sd vo;o Y ds vo;o ls lacaf/kr gSA 

• X ds fdlh Hkh vo;o ds nks ;k vf/kd laca/k ugha gaSA 

mijksDr mnkgj.k esa] 

• leqPp; X izk¡r (domain) dgykrk gS( 

• LkeqpP; Y Lkgizk¡r (codomain) dgykrk gS( rFkk  

• Y ds mu vo;oksa dk leqPp; tks X ds vo;oksa ls tqM+rk gSA ,d Qyu dks 
mlds vkys[k }kjk vf}rh; :Ik ls fu:fir fd;k tkrk gSA 

¼Qyu }kjk fn, x, okLro ds eku½ ifjlj (range) dgykrk gSA tks Øfer ;qXeksa 
(x, f (x))  dk leqPPk; gksrk gSA tc izk¡r vkSj lgizk¡r la[;kvksa ds leqPp; gksa] rks 
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izR;sd ,sls ;qXe dks lery esa ,d facanq ds dkrhZ; funsZ”kkad le>k tk ldrk gSA 
O;kid :Ik esa] ;s fcanq ,d oØ cukrs gaS( tks ml Qyu dk vkys[k (graph) Hkh 
dgykrh gSA ;g Qyu dk ,d mi;ksxh fu:i.k gS] ftldk lkekU;r% izR;sd 
LFkku ij mi;ksx fd;k tkrk gSA mnkgj.kkFkZ] Qyuksa ds vkys[kksa dks lkekU;r% 
lekpkj i=ksa ds ewY; lwpdkadksa vkSj LVkWd cktkj lwpdkadkas dks n”kkZus ds fy, 
mi;ksx fd;k tkrk gSA dHkh&dHkh dksbZ laaca/k ;k Qyu Åij ppkZ fd, x, iSVuZ 
dh rjg izR;{k :Ik ls iznf”kZr ugha gksrs gSaA vLi’V Qyuks (implicit functions) 
bl Js.kh esas vkrs gSaA vkxs c<+us ls igys] ge bls ns[krs gSaA 

,d Qyu Li’V (explicit) dgykrk gS tc og n”kkZrk gS fd ,d Lora= fuos”k x 
ls ,d vkfJr cfgosZ”k y rd izR;{k :Ik ls fdl izdkj igq¡pk tkrk gSA 

mnkgj.kkFkZ] � =  �� –  5 dks yhft,A nsf[k, fd ;fn vkidksa � Kkr gS] rks vki 
� Kkr dj ldrs gSaA 

;gh dkj.k gS fd ge � =  �(�). fy[krs gSaA 

mnkgj.k 2%  �� −  5�� +  �� =  0 gSaA 

tSlk fd vki mijksDr lehdj.k dh fLFkfr esa ns[k ldrs gSa fd x ls izR;{k :Ik 
ls y ij tkuk ;gk¡ dfBu gSA 

vusd Qyuksa ds izdkjksa esa ls] ge fuEufyf[kr Qyuksa dh ppkZ djsaxs] ftudk 
lkekU;r% mi;ksx fd;k tkrk gS% 

 chth;  cgqin vpj 
Qyu    jSf[kd 
   f}?kkr 
  
   ?kkr    ifjes; VqdM+ksa vuqlkj 
   pj?kkrkad 
 vchth; y?kqxx.kdh; 

vkxs vkus okyh ppkZ egRoiw.kZ Qyuksa dk ifjp; djkrh gS] ftUgsa vf/kdrj 
leL;k,¡ gy djus esa mi;ksx fd;k tkrk gSA tSlk fd Åij la{ksi esa crk;k x;k 
gS] Qyuksa dks c`gr :Ik ls nks lewgksa esa ck¡Vk tkrk gSA ;s gaS% chth; 
(���������) vkSj vchth; (�������������)A 

vkb,] rnuqlkj budks le>us dk iz;kl djsaA 

Qyuksa dk ,d lewg gksrk gS tks chth; Qyu dgykrk gS] tgk¡ x vkSj y esa ,d 
cgqin ds :Ik esa ���, �(�)� = 0  dksbZ Qyu �(�) larq’V djrk gS] tc fd cgqin 
ds xq.kkad iw.kkad gksrs gSaA bl izdkj ds Qyu izkjafHkd lafØ;kvksa] tSls Iyl 
¼tksM+us½ (����)] ekbul ¼?kVkus½ (�����),  xq.ku vkSj foHkktu dh dsoy ,d 
ifjfHkr la[;k ds mi;ksx ls cuk, tk ldrs gSaA 
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pj � esa ,d cgqin (����������)  ,d Qyu gksrk gS] ftls  

�(�) = ���� + �������� + ⋯ + ���� + ��� + �� 

ds :Ik esa fy[kk tk ldrk gS] tgk¡  ��, ����, … , ��, ��, ��  vpj gSaA ge x dh 
lcls vf/kd ?kkr okys in dks ¼vFkkZr~ ����)  dks½ vxz ;k vxyk (leading) in 
dgrs gSa rFkk �� dks vxyk xq.kkad dgrs gSaA  cgqin dh ?kkr (degree) vxys in 
esa x dh ?kkr gksrh gSA 

vFkkZr~ bl fLFkfr  esa] cgqin dh ?kkr n gSA iqu% os cgqin ftudh ?kkr 0] 1 vkSj 
2 gSa Øe”k% vpj] jSf[kd vkSj f}?kkr Qyu gSaA lkFk gh 3] 4 vkSj 5 ?kkrksa okys 
cgqinksa ds fy, fo”ks’k uke f=?kkr (cubic),  prqFkZ?kkr (quartic)  vkSj iape?kkr 
(quintic)  Qyu gSaA 

?kkr � >  5 okys cgqin dsoy n oha ?kkr okys cgqin dgykrs gSaA 

uhps cgqinksa ds mnkgj.kksa dks nsf[k,% 

��(�) = 2� + 5 

��(�) = 2�� − � + 5 

��(�) = 2�� − 5�� + 5�� 

  ,d vpj Qyu ,d ,slk jSf[kd Qyu gS] ftlesa izk¡r dk dksbZ Hkh 
lnL; ysus ij ifjlj esa dksbZ Hkh ifjorZu ugha gksrk gSA vFkkZr~] izk¡r esa fdUgha Hkh 
�� vkSj �� ds fy, �(��) = �(��)  gksrk gSA 

 jSf[kd Qyu os Qyu gksrs gSa] ftuds vkys[k ljy js[kk,¡ gksrs gSaA 
,d jSf[kd Qyu dk :Ik bl izdkj dk gksrk gS%  

y = f(x) = a + bx ……………………    (1) 

  ,d f}?kkr QYku   �(�)  =  ��� +  �� +  � ds :Ik dk gksrk gS] 
tgk¡  �,  �   vkSj �  la[;k,¡ gSa rFkk  � ≠ 0. 

  ,d ?kkr QYku  (power function) ,slk Qyu gksrk gS] ftls  

�(�) = ���  ds :Ik esa fu:fir fd;k tk ldrk gS] tgk¡ k vkSj p okLrfod 
la[;k,¡ gS rFkk k dks xq.kkad dgk tkrk gSA nsf[k, fd ;g Qyu ,d pj vk/kkj 
ij ,d fuf”pr ?kkr yxk dj mlh izdkj cuk;k x;k gS] tSls vki fdlh cgqin 
Qyu dk ,d vdsyk in Kkr djrs gSaA 

uhps fn, x, lHkh QYku ?kkr Qyu gSa% 

vpj vkSj dsoy x okys rRled Qyu ?kkr Qyu gSa( D;ksafd bUgsa �(�) = ��  
vkSj �(�) = �� fy[kk tk ldrk gSA 

f}?kkr vkSj f=?kkr QYku iw.kZ la[;k ?kkrksa okys ?kkr Qyu gS( tSls �(�) = �� 
vkSj �(�) = ��gSaA 



 

 
91

O;qRØe vkSj O;qRØe oxZ Qyu _.kkRed iw.kkZadh; ?kkrkas okys ?kkr Qyu gaS] D;ksafd 
bUgsa  �(�) = ���   vkSj �(�) = ��� ds :Ik esa fy[kk tk ldrk gSA 

oxZewy okys ?kuewYk okys Qyu fHkUukRed ¼functional) ?kkrksa okys ?kkr Qyu gSa] 

D;kasfd bUgas �(�) = �
�
� vkSj �(�) = �

�
� ds :Ik esa fy[kk tk ldrk gSA 

,d ifjes; Qyu dks ,d ifjes; fHkUu] vFkkZRk~ ,d chth; fHkUu }kjk ifjHkkf’kr 
fd;k tkrk gS] ftlesa va”k vksj gj nksuksa cgqin gksrs gSaA 

 Qyu �(�)  =  (−2�� +  4��  −  1) / ��   ,d ifjes; (rational) 
Qyu gS] D;kasfd blds va”k vkSj gj cgqin gSA /;ku nhft, fd gj dk eku “kwU; 
ugha gksuk pkfg,A 

gesa ,sls Qyu Hkh izkIr gks ldrs gSa tks fuos”k eku ij vkfJr gksrs gq, fofHkUUk 
izdkj O;ogkj djrs gSaA vFkkZr~ ,sls Qyu varjkyksa ds ,d vuqØe eas ifjHkkf’kr gksrs 
gSaA uhps fn;k gqvk fujis{k eku (absolute value) Qyu VqdM+ksa vuqlkj Qyu 
(piecewise function) dk ,d mnkgj.k gSA 

|�| = �
−�,      � < 0
0  ,      � = 0
� ,      � > 0

     ds fy, 

gl izdkj ds Qyu dh ljkguk djus ds fy,] ge Hkkjrh; vk;dj dh nj lajpuk 
ij fopkj dj ldrs gSaaaA bls uhsps nh gqbZ 2019&20 ds fy, Hkkjrh; vk;dj njksa 
ls ns[kk tk ldrk gS% 

` 2-5 yk[k rd dh vk; dksbZ dj ugha 

` 2-5 yk[k ls Åij rFkk ` 5 
yk[k ls de vk; 

5% 

` 5 yk[k ls Åij rFkk `10 yk[k 
ls de 

` 12500  Iyl ml vk; dk 20% tks ` 5 
yk[k ls vf/kd gS 

` 10 yk[k ls Åij vk; ` 12500 Iyl ml vk; dk 30% tks ` 10 
yk[k vf/kd gS 

mijksDr lkj.kh esa nh dj njksa dks ge vk; Lrj dk ,d QYku ekurs gq,] ,d 
VqdM+ksa vuqlkj Qyu cuk ldrs gSaA 
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bl Js.kh ds Qyuksa dks ;ksx] O;odyu] xq.ku] foHkktu] fdlh ?kkr dks p<+kuk rFkk 
ewYk fudkyus tSlh chth; lafØ;kvksa ds ,d ifjfHkr la;kstu ds :Ik esa O;Dr ugha 
fd;k tk ldrk gSA bu izdkjksa ds QYkuks esa y?kqx.kdh; (logarithmic)  vkSj 
pj?kkrkadh (exponential)  Qyu lfEEkfyr gaSA  

;fn a dksbZ ,slh la[;k gS fd a>0 vkSj � ≠ 1 gS] rks ges ,d pj?kkrkadh Qyu 
�(�) = �� ds :Ik esa izkIr gksrk gS] tgk¡ a vk/kkj (base) dgykrk gS rFkk x 
dksbZ Hkh okLrfod la[;k gks ldrh gSA /;ku nhft, fd mijksDr  QYku esa x 
?kkrkad esa gS rFkk vk/kkj ,d fuf”pr la[;k gSA ;g Bhd mldk foijhr gS] tks 
geus chth; Qyuksa esa ns[kk gSA ogk¡ vk/kkj pj] vf/kdka”k fLFkfr;ksa esa x rFkk 
?kkrkad ,d fuf”pr la[;k FkhA ge dqN nsj ckn gh dqN pj?kkrkadh Qyuksa dks 
ns[kasxsA vkxs c<+us ls igys] gesa a ij dqN izfrca/k yxkus pkfg,A  ge ,d vkSj 
“kwU; dks ysus ls cpsaxs] D;ksafd rc QYku  

�(�) = 0� = 0 vkSj �(�) = 1�=1 gks tk,xkA 

,sls vpj QYkuksa eas] vusd ,sls xq.k ugha gksrs] tks O;kid pj?kkrkadh Qyuksa esa gksrs 
gaSA 

vkxs] ge _.kkRed la[;kvksa dks Hkh ugha ysrs gSaA ,slh la[;kvksa ds ysus ls ges 
Qyu dk eku lfEeJ (complex) la[;k ds :Ik esa Hkh izkIr gks ldrk gSA 

mnkgj.kkFkZ]  � = −4   ysus ij] Qyu �(�) = (−4)� ⇒ �(1/2) = (−4)
�
� =

√−4  

gks ldrk gS tks ,d lfEeJ la[;k gSaA D;ksafd ge pkgrs gSa fd Qyu dk eku 
fudkyus ij dsoy ,d okLrfod la[;k gh izkIr gks] blfy, ge � dks _.kkRed 
la[;k ugha ysaxsA 

/;ku nhft, fd ,d Qyu �(�) = �� ysus ij] tgk¡ e = 2.718281828459... 
"¼vkW;yj la[;k½ " gS] gesa pj?kkrkadh Qyu dk izkd`frd o.kZu izkIr gks tkrk gSA 

Qyu  � = �����, tgk¡ �, � > 0 vkSj � ≠ 1  gS  "ewYkHkwr y?kqx.kdh; Qyu 
iznku djrk gS] ftls "� cjkcj gS � dk ��� vk/kkj � ij � i<+k tkrk gS ;k 
"�  cjkcj gS log vk/kkj   �, � 00 dk i<+k tkrk gS] mijksDr Qyu � = �� ds 
rqY; gSA /;ku nhft, fd ;fn dksbZ vk/kkj ugha n”kkZ;k x;k gS] rks vk/kkj dks 10 
le>k tkrk gSA lkFk gh] bl vksj Hkh /;ku nhft, fd y?kqx.kdh; QYku dk Ikzk¡r 
lHkh /kukRed okLrfod la[;kvksa dk leqPPk; gksrk gS rFkk bldk ifjlj lHkh 
okLrfod la[;kvksa dk leqPp; gksrk gSA 

Yk?kqx.kdh; Qyuksa ds eku fudkyrs le;] iz;qDr gksus vk/kkj vf/kdka”kr% 10 vkSj 
e gksrs gSSaA log vk/kkj 10] vFkkZr~ log10 dks lk/kkj.k ¼common) y?kqx.kd ds :Ik esa 
tkuk tkrk gS rFkk bls log fy[kk tkrk gSA fdlh la[;k dk y?kqx.kd 
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¼logarithm) og ?kkrkad gS] tks vk/kkj ij yxkus ij og la[;k iznku djrk gSA 
mnkgj.kkFkZ]  

   log2 8 = 3 gS] D;ksafd 23 =8 gSA 

   log3 27 = 3 gS] D;ksafd 33 = 27 gSA 

   log10 100 = 2 gS] D;ksafd 102 = 100 gSA 

;fn log vk/kkj loge vFkkZr~ dk iz;ksx gksrk gS] rks ;g izkd`frd y?kqx.kd 
(natural logarithm) dgykrk gS rFkk bls ln fy[kk tkrk gSA pj?kkrkadh vkSj 
y?kqx.kdh; nksuksa Qyuksa dks Åij ns[kus ds ckn] buds chp esa fo|eku laca/k dh 
vksj /;ku nsuk mi;ksxh jgsxkA vFkkZr~ ,d y?kqx.kdh; QYku ,d pj?kkrkadh Qyu 
dk izfrykse gksrk gS rFkk bldk foykse Hkh lR; gSA bl izdkj �� ¼,d pj?kkrkadh 
Qyu½ Qyu ����(�)  ,d y?kqx.kdh; QYku½ dk izfrykse gSA 

;fn �, � vkSj � /kUkkRed la[;k,¡ gS] rks y?kqx.kdh; Qyuksa ds egRoiw.kZ xq.k ;s gaS% 

1. log (m.n) = log m + log n; xq.kuQy dk y?kqx.kd y?kqx.kdksa ds ;ksx ds 
cjkcj gksrk gSA 

2. log ( m/n) = log m ─ log n; HkkxQy dk y?kqx.kd y?kqx.kdksa ds varj ds 
cjkcj gksrk gSaA 

3. log (mn) = n log m; fdlh la[;k dh ?kkr dk y?kqx.kd ml la[;k ds 
y?kqx.kd dk ?kkrkad xquk gksrk gSA 

4. loge (ex) = x gksrk gSA 

5. loge = 1 gksrk gSA 

6. loga 1 = 0 gSA 

7. loga a = 1 gSA 

chth; vkSj vchth; Qyuksa ds vfrfjDr] nks vkSj izdkj ds Qyuksa] vFkkZr~ izfrykse 
vkSj l;qDr Qyuksa ds ckjs esa tkudkjh izkIr djuk Hkh mi;ksxh jgsxkA ;s QYku 
chth; vkSj vchth; nksuksa Qyuksa esa ns[kus dks fey tkrs gaSA 

izfrykse (inverse) Qyuksa dks �(�)  =  �  ds :Ik esa ifjHkkf’kr fd;k tkrk gS] 
;fn vkSj dsoy rHkh ;fn �(�)  =  � gksA nwljs “kCnksa esa] fdlh Qyu � dk 
izfrykse Qyu dsoy rHkh gksxk] tc mlds ifjlj esa izR;sd � ds fy,] mlds izk¡r 
esa � dk dsoy ,d gh eku gks] ftlls �(�) = � gksA  ;g izfrykse Qyu 
vf}rh; gksrk gS rFkk bls vf/kdrj ��� }kjk O;Dr djrs gSa rFkk "� izfrykse" � 
dgrs gaSA 

mnkgj.k 5% eku yhft, � ,d Qyu gS] ftldk izk¡r a, b vkSj c rFkk lgizk¡r 
1]2 vkSj 3 gS ¼uhps vkd`fr nsf[k,½A nsf[k, fd � dk izfrykse ���  gSA bldk 
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dkj.k ;g gS fd � eas vo;o � dk izfrfp=.k (���) 3 gS rFkk ��� esa 3 dk 
izfrfp=.k � gSA ,slk gh vU; vo;oksa ds fy, gSA 

 

 Qyu �(�)  =  5� −  7 ij fopkj dhft,A bldk foijhr djus dk 
vFkZ gS fd fdlh cfgosZ”k eku] eku yhft,]  � ls � ij okfil vkus dh 
vko”;drk gSA ;g Qyu �(�) = ���

�
  {\displaystyle g(y)={\frac 

{y+7}{5}}.}}kjk iznku fd;k tkrk gSA 

 f(x) = 3x – 7 ds fy, izfrykse Qyu Kkr dhft,A   

  y = 3x − 7  fyf[k, rFkk x ds fy, y ds QYku ds :Ik esa gy dhft,A 

vFkkZr~]  � = � � �
�

  gSA 

 �(�) =  �
���

 ds fy, izfrykse  Qyu Kkr dhft,A 

  eku yhft, fd � =  �/(� +  1) gSA � ds inksa esa � ds fy,  

gy dhft,A mijksDr ls] ge izkIr djrs gaS% 

�� +  � =  �,ftlls � =  �(1 −  �) 

;k, � = �
���

 gSA 

bl izdkj] ���(�)  =  �
���

 gSA 

  Qyu �(�)  =  ���� dk izfrykse Kkr dhft,A 

 y = ex-3  fn;k gS 

nksuks i{kkas dk �� ysus ij] geas izkIr gksrk gS% 

� − 3 = ln � 

;k � =  �� � +  3  

izfrykse Qyu Kkr djus ds fy,] � dks � esa rFkk � dks � esa cnfy,A 



 

 

rc  � 
��

(�)  =  � =  �� � +  3 gSA

  �(�) = 3 ��(4 � − 6
izfrykse Qyu Kkr dhft,A 

 � dks ,d lehdj.k ds :Ik esa fyf[k, rFkk fQj y?kqx.kdh; :Ik ls 
pj?kkarkdh :Ik esa cnfy,A bl izdkj] 

� =  3 ��( 4 � −  6)  −  2 , 

ftlls ��( 4 � −  6)  =  (� +  2) /

y?kqx.kdh; :Ik ls pj?kkarkdh :Ik esa cnyus ij] ge izkIr djrs gS%

4� −  6 = �����
� �  

� ds fy,] gy djus ij izkIr gksrk gS%

4� =  �����
� � + 6  

rFkk var esa] � =  (1/4)�����
� � +  3/

izfrykse Qyu izkIr djus ds fy,] � 
izkIr gksrk gS% 

���(�)  =  � =  (1/4)�����
� � +  3/

Lak;qDr Qyu  (composite function)
Qyu ds ifj.kkeksa ij vuqiz;ksx djukA  vFkkZr~  
ek/;e ls Hkstuk vkSj bls (g º f)(x),  
gS bl izdkj] ;fn gekjs ikl nks Qyu 
Qyu ℎ(�) =  �(�(�))     dks ifjHkkf’kr dj ldrs gSaA

mnkgj.kkFkZ] ;fn �(�) = �� vkSj �(�)

ℎ(�) = (2� − 1)� = 8�� − 12�� + 6�

nwljh vksj] ;fn ge la;qDr Qyu  
�(�) = 2(��) − 1 fy[krs gSaA /;ku nhft, fd 
gSaA 

izkd̀frd pj?kkrkadh vkSj y?kqx.kdh; Qyuksa dks /;ku esa j[krs gq,] ge uhps 
la;qDr Qyu ds lkFk budk laca/k ns[k jgs g

f(x) = ex fn;k gS rFkk g(x) = ln x, fn;k gS

 f(g(x)) = eln x = x gS rFkk  

g(f(x)) = ln (ex) = x gSA 

ijarq izk;% la;qDr Qyuksa esa Øe dk egRo gksrk gSA mnkgj.kkFkZ] Qyuksa 

2� + 3 vkSj �(�) = �� ij fopkj dhft,A eku

gSA 

6) −  2 }kjk fn, tkus okys Qyu dk 

dks ,d lehdj.k ds :Ik esa fyf[k, rFkk fQj y?kqx.kdh; :Ik ls 
izdkj]  

/ 3 izkIr gksrk gSA 

y?kqx.kdh; :Ik ls pj?kkarkdh :Ik esa cnyus ij] ge izkIr djrs gS% 

ds fy,] gy djus ij izkIr gksrk gS% 

/2  

 dks � es rFkk � dks � esa cnyus ij] geas 

/2  

(composite function) dk fufgrkFkZ gS fd ,d Qyu dk ,d vU; 
Qyu ds ifj.kkeksa ij vuqiz;ksx djukA  vFkkZr~  f( )  ds Ikfj.kke dks g( )  ds 

 ds :Ik esa fy[kuk] ftldk vFkZ g(f(x)) gksrk 
bl izdkj] ;fn gekjs ikl nks Qyu �(�)  vkSj �(�)  gaS] rks ge ,d la;qDr 

dks ifjHkkf’kr dj ldrs gSaA 

( ) = 2� − 1  gS] rks 

� − 1 gSA 

nwljh vksj] ;fn ge la;qDr Qyu  �(�) �(�(�)),  dks ifjHkkf’kr djsa] rks ge 
A /;ku nhft, fd ℎ(�) vkSj �(�) vyx&vyx Qyu 

izkd̀frd pj?kkrkadh vkSj y?kqx.kdh; Qyuksa dks /;ku esa j[krs gq,] ge uhps 
la;qDr Qyu ds lkFk budk laca/k ns[k jgs gaS% 

fn;k gSA rc]  

esa Øe dk egRo gksrk gSA mnkgj.kkFkZ] Qyuksa �(�) =

ij fopkj dhft,A eku yhft, fd  �g O f�(�) =
95
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���(�)�gSA bl izdkj �g O f�(�) = (2� + 3)� gSA vc f vkSj g dk Øe 

myVk dj nhft,A rc] 

(fog)(�) = ���(�)� = �(�2)  gSA 

D;ksafd �(�) = 2� + 3 gS] blfy, �(�2) = 2�2 + 3  gSA 

� vkSj � ds Øe cnyus ij] gesa vyx&vyx ifj.kke izkIr gksrs gSaA 

 f(x) = 2x + 3 vkSj g(x) = –x2 + 5 fn;k gSA (f o g)(x) 

Kkr dhft, 

  g(x)  ds lw= dks f(x) esa yxkus ij] ge izkIr djrs gaS% 

 (f o g)(x) = f (g(x))  
    = f (–x2 + 5)  
    = 2(–x2 + 5) + 3  
    = –2x2 + 10 + 3  
    = –2x2 + 13 

1- Qyu D;k gksrs gSa ? 
2- izk¡r vkSj ifjlj esa varj Li’V dhft,A 

3- ,d izfrykse Qyu dk vFkZ crkb,A 

4- ,d la;qDr Qyu dk D;k fufgrkFkZ gS? 
5- jSf[kd Qyuksa ls vki D;k le>rs gSa ? 
6- f}/kkr Qyuksa ls vki D;k le>rs gSa ? 
7- pj?kkrkadh vkSj y?kqx.kdh; Qyuksa esas varj Li’V dhft,A 

8- lk/kkj.k y?kqx.kdh; vkSj izkd̀frd y?kqx.kdh; Qyuksa esa D;k varj gS? 

ge igys gh ns[k pqds gaS fd Qyu ,d rduhdh “kCn gS tks pjksa ds chp laca/kksa 
dks ifjHkkf’kr djus esa iz;qDr gksrk gSA dksbZ pj y pj x dk Qyu dgykrk gS] 
;fn x ds izR;sd eku ds fy, y dk ,d fuf”pr eku gksA 

mnkgj.kkFkZ]  � =  2� +  3,  tgk¡ 

x Lora= pj gS vkSj y vkfJr pj gS] D;kasfd bldk eku x ds eku ij vkfJr 
jgrk gSA 

Pkjksa ds chp Qyud (functional) laca/k dks csgrj :Ik esa le>us ds fy,] vkb, 
dkrhZ; funsZ”kkad i)fr ij okfil vk tk,¡] tks ,d {kSfrt js[kk vkSj ,d Å/kkZ/kj 
js[kk ls fufEkZr gksrk gS rFkk ;s nksuks js[kk,¡ ijLij] yac gksrh gaS ¼vkd`fr 3 dks 
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nsf[k,½A ;kn dhft, fd ;s js[kk,¡  funsZ”kkad v{k dgykrh gSaA og fcUnq tgk¡ ;s 
ijLij izfrPNsn djrh gSa ewyfcanq (original)  dgykrk gSA {kSfrt v{k ;k x- v{k 
ls fdlh fcnqa dh nwjh y- funsZ”kkad ¼dksfV½ (orginate)  dgykrh gSA rFkk y-  v{k 
ls ml fcnq dh nwjh x-  funsZ”kd ¼Hkqt½ (obscissa)  dgykrh gSA y- v{k ds nkbZa 
vksj x-funsZ”kkad ?kUkkRed gksrs gS rFkk y v{k ds ckbZa vkSj x funsZ”kkad _+.kkRed 
gksrs gaSA x- v{k ds Åij y & funsZ”kkad /kUkkRed gksrs gSa rFkk mlds uhps dh vksj 
_.kkRed gksrs gSaA 

 

izR;sd prqFkZ”k (quadrant) esa funsZ”kkdksa ds fpà vkd`fr esa n”kkZ, x, gSaA /;ku 
nhft, fd prqFkkZa”kksa dks okekorZ (anticlockwise)  la[;k,¡ fufnZ’V dh xbZ gaSA 

funsZ”kkad i)fr esa izR;sd fcanq dks la[;kvksa ds ,d Øfer ;qXe ds lkFk tksM+k x;k 
gS] tks mlds funZs”kkad dgykrs gaSA ;s funsZ”kkad ewyfcnq ds lkis{k fcanq dh 
vofLFkfr n”kkZrs gSaA mnkgj.kkFkZ] fcanq ¼2]1½ x & v{k ij 2 bdkbZ vkSj y &  v{k 
ij 1 bdkbZ dh ewyfcnq ls ekih xbZ nwfj;ksa ds vuqlkj gSA 

1- dkrhZ; funsZ”kkad i)fr D;k gS ? 

2- funs”kkad i)fr esa vki izR;sd fcanq ds ckjs fdl izdkj o.kZu djsaxs ? 

3- fdlh fcanq dks {kSfrt v{k ij ysdj vki D;k eki ik,¡xs ? 

fdlh Qyu dks � = �(�)  ds :Ik esa fy[k dj] ge izk¡r ds vo;oksa  (��) dks 
Lora= pj rFkk ifjlj ds vo;oksa (�� ) dks vkfJr pj ds :Ik esa ysrs gSaA blls 

blds vkys[k dks [khaprs le; � vkSj � ds ekuksa ds fjdkMZ djus esa lgk;rk 
feyrh gSA 
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fdlh jSf[kd QYku ds vkys[k dks ns[kus ds fy,] ,d oLrq ds fy, mlds ewY; 
(�)   vkSj cktkj ekax (�) ds chp lac/k ij fopkj dhft,] ftls izk;% ,d ljy 
js[kk ls iznf”kZr fd;k tkrk gSA bl laca/k ds ewY;kadu gsrq vkys[k [khapus ds fy,] 
,d lkj.kh rS;kj djuk lqfo/kktud jgrk gS tks � −pkVZ dgykrh gS rFkk blesa 
izFke pj.k ds :Ik esa � vkSj � ds eku fy[ks gksrs gaSA ;fn dksbZ QYku � =
 7 –  5�  ds :Ik dk gS] rks � −pkVZ uhps n”kkZ, vuqlkj gksxk% 

            � =  � –  ��  � − 

x y = 7&5x 

&1 12 

0 7 

1 2 

2 &3 

3 &8 

pkVZ ds ekuksa ds vuqlkj fcanqvksa dks vkYksf[kr djus ij] geas fuEufyf[kr vkys[k 
izkIr gksrk gS% 

 

 y = 7&5x  

 baVjusV 

bl vkys[k dk x- var% [kaM  (intercept) ml fcanq ij gS] tgk¡ y “kwU; gS rFkk y-  
var% [kaM ml fcanq ij gS] tgk¡ x  “kwU; gSA mnkgj.kkFkZ] lehdj.k  3� +  4� =
 12  ds x vkSj y vr%  [kaM Kkr djus ds fy, bl izdkj vkxs cf<+,% 

x- var% [kM Kkr djus ds fy, y=0  jf[k, vkSj lehdj.k dks x ds fy, gy 
dhft,A vFkkZr~] 

3� +  4( 0 ) =  12 ;k  � = 12/3 = 4   

gSA blh izdkj] y- var% [kaM Kkr djus ds fy, x= 0 jf[k, vkSj lehdj.k dks y 
ds fy, gy dhft,A vFkkZr~ 
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3( 0 ) +  4� =  12 ;k   � =  12/4 = 3 gSA bl izdkj] x- var% [kaM ¼4]0½ gS 
rFkk y- var [kaM ¼0]3½ gSA 

fujis{k eku Qyu dks f(x) = |x| ds :Ik esa fn;k tkrk gS] tks ;g lwfpr djrk gS fd 
gesa fdlh okLrfod la[;k x ds ekikad (modules) |x| ij fopkj djus dh 
vko”;drk gSA blesa ;g /;ku j[kk tkrk gS fd blesa mlds fpà dks NksMrsa gq, 
_.ksrj eku (non-negative value) gh fy;k tkrk gSA vFkkZr~] ,d /kUkkRed x ds 
fy, |x| = x gksrk gS] ,d _.kkRed &x ds fy, |x| = &x gksrk gSa ¼bl fLFkfr esa &x 
/kUkkRed gksrk gSA½  rFkk |0| = 0 gksrk gSA bl izdkj] 2 dk fujis{k eku 2 gS rFkk 
&2 dk fujis{k eku Hkh 2 gSA ,sls Qyu dk vkys[k uhps n”kkZ, vuqlkj gksrk gS% 

 

 

 baVjusV 

mnkgj.kkFkZ] eku yhft, fd f(x) = |� − 2|  }kjk fn;k tkus okyh dksbZ Qyu f 
gSA bldk  � − var% [kaM �0 , �(0)� =  (0 , |−2|) =  (0 , 2)� }kjk fn;k tkrk 
gS rFkk � − var% [kaM fcanq ¼2]0½ gS] D;ksafd |� −  2| = 0 dks gy djus ij ge 
� = 2 izkIr djrs gaaaSaaA D;ksafd � = 2  ds fy, |� −  2|  ;k rks /kukRed gS ;k 
“kwU; gS] blfy, f dk izk¡r lHkh okLrfod la[;kvksa dk leqPp; gS rFkk f dk 
ifjlj varjky  [0 , +∞) }kjk fn;k tkrk gSA 

,d ix Qyu (step function) ¼;k lksiku Qyu½ ,d VqdM+ksa vuqlkj Qyu gksrk 
gS] ftlesa lHkh vpj VqdM+s (pieces) varfoZ’V gksrs gSaA ;s vpj VqdMs bl Qyu ds 
vklUu varjkyksa ij izsf{kr fd, tkrs gSa] tc os ,d varjky ls vxys varjky rd 
eku cnyrs gSaA ,d ix Qyu vlarr (discontinuous)  ¼larr ugha½ gksrk gSA 
vki ,d ix Qyu ds vkys[k dks vius dkxt ij ls isafly mBk, fcuk [khap ugh 
ldrs gaSA 

ix Qyuksa ds vfHkYk{k.k gSa% vkys[k ij foòr oÙ̀k vkSj@;k laor̀ òr ¼foor̀ = fcanq 
vkys[k ij ugha( lao`r = fcanqq vkys[k ij gS½( 

• {kSfrt VqdM+s 
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• vlarr ¼dkxt ls viuh isafly mBk, fcuk [khapk ugha tk ldrk gSA½ 

• ,d QYku gks Hkh ldrk gS vkSj ugha Hkh gks ldrk gSA 

• izk¡r % lHkh okLrfod la[;k,¡( ifjlj lHkh iw.kkZad( y& var% [kaM  = 0; x – 
var% [kaM = [0,1]  gSA  

Qyu 

�(�) = �
−3;          � < 2
0; −2 ≤ � ≤ 1
3;           � > 1

    gSA bldk vkys[k uhps fn;k gS% 

 

 baVjusV 

jSf[kd Qyuksa ds izdkjksa dh rqyuk esa] mu Qyuksa dh izd`fr fu/kkZfjr djus eas tks 
oØ cukrs gSa( vfrfjDr tkudkfj;ksa dh vko”;drk gaS] tc vki ljy js[kk [khprs 
ga( rc blds fy, dsoy nks fcnqvksa dh vkOk”;drk gksrh gSa ;|fi vki lkekU;r% 
lqjf{kr i{k ij jgus ds fy,] rhu ;k vf/kd fcanqvks dks vkysf[kr djrs gSaA ijarq 
f}?kkr ;k f=?kkr Qyuksa dh oØksa dks vkysf[kr djus ds fy, rhu fcanq fuf”pr 
:Ik ls Ik;kZIr ugha gkasxsA 

f}?kkr Qyu ekax] ykxr] jkTkLo vkSj ykHk ds o.kZu djus esa lgk;rk djrs gaS 
ftUgsa vki lw{kevkfFkZd fo”ys’k.k dk v/;;u djrs le; ns[ksaxsA f}?kkr Qyuksa ds 
vkys[ku dh O;kid rduhd ogh gS tks jSf[kd lehdj.kksa ds vkys[ku esa mi;ksx 
dh tkrh gSA ijarq D;ksafd f}?kkr Qyuksa ds vkys[k jSf[kd lehdj.kksa }kjk tfur 
ljy js[kkvksa ds LFkku ij oØ js[kk,¡ ¼ftUgsa ijoy; dgk tkrk gS½ gksrh gaS% 
blfy, buds fy, dqN vfrfjDr tkudkfj;ksa dh vko”;drk gksxhA 

lcls ewyre f}?kkr Qyu y = x2 gSA ge bldk vkys[k [khapus ds fy,] 
fUkEufyf[kr T& pkVZ dk mi;ksx djsaxs% 
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 � = ��  T& 

� � = �� 

0 0 

1 1 

2 4 

bl iz;ksx ij vk/kkfjr [khapk x;k vkys[k ,d ljy js[kk iznku djsxkA bl izdkj] 
;g vkys[k fn, gq, Qyu dk lgh izLrqfrdj.k ugha gSA gesa vkSj vf/kd fcanqvksa dk 
ysus dh vko”;drk gSA mijksDr lkj.kh vkSj vf/kd fcanqvksa ds lkFk foLr`r djus 
ij] ge fuEufyf[kr lkj.kh cukrs gSa% 

  � = ��  T&  

x &3 &2 &1 0 1 2 3 

y 9 4 1 0 1 4 9 

bl lkj.kh ls] ge fuEufyf[kr vkys[k [khaprs gSa% 

 

 y = x2  

 baVjusV 

nsf[k,] ;g vkys[k ,d ijoy; (parabola) gSA 

/;ku nhft, fd ijoy; dh ,d vpj izo.krk (slope) ugha gksrh gSA oLrqr%] tc  
x = 0 ls izkjaHk djrs gq,] x esa 1 dh o`f) gksrh tkrh gS] rc y  esa 1]3]5]7------- dh 
of) gksrh tkrh gSA tc x = 0 ls izkjaHk gq,] x esa 1 dh deh gksrh tkrh gS] rc y 
esa iqu% 1]3]5]7------------ dh o`f) gksrh tkrh gSA 

vc] �(�) = ��� + �� + �  ds :Ik ds f}?kkr Qyu ij fopkj dhft,] tgk¡  
� ≠  0.   ,sls Qyu dk vkys[k]  � ds fpà ij fuHkZj djrk gqvk] uhps vkd`fr esa 
n”kkZ, nksuksa O;kid :iksa esa ls ,d :Ik ys ysrk gS% 
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a > 0 a < 0  

 baVjusV 

mnkgj.k ds fy,] vkb, Qyu � = 2��  −  8� +  6 dk vkys[k [khapsA �� dk 
xq.kkad /kukRed gSA blfy, ;g vkys[k � − vkdkj dk gSA bl Qyu dk vkys[k 
vkd`fr esa [khapk x;k gS% 

 

 � = ��� + �� + �  

 baVjusV 

,d O;kid f}?kkr O;atd � = ��� + �� + � ij fopkj dhft,A bl lehdj.k esa 
oxZ iw.kZ djus dh izfØ;k ls izkjaHk dfj,] rkfd  

� = �[�� + ��/� + �/�]  or, � = �[(� + �/2�)� − (�/2�)� + �/�] 

;k gksA O;atd ;k − � �
��

�
�

+ �/�   ,d vpj gS rFkk ;g � ij fuHkZj ugha djrk 

gSA blfy, gesa bls � ls izfrLFkkfir dj ldrs gSaA bl izdkj] ge 

� = �[(� + �/2�)� + �] fy[krs gSaA 

vc] bl ij fuHkZj djrs gq, fd � /kUkkRed gS ;k _.kkRed] � }kjk fn, tkus 
okys ijoy; dk vf/kdre ;k U;wure gksxkA D;kasfd � vkSj � vpj gaS( blfy, 

;g rHkh gksuk pkfg,] tc �� + �
��

�
�

= 0 gks  vr%]  � = −�/2�  gSA 

ftldk rkRi;Z gS fd tc ;g lR; gksxk] rc QYku ,d U;wure ;k vf/kdre ij 
gksxkA 

D;ksafd ;s ijoy; ,d Å/okZ/kj ds lkis{k lefer gksrs gSa blfy, vkb, bl js[kk 
dks � = � dgsaA bldk vFkZ gS fd ;fn vkys[k � − v{k dks dkVrk gS] rks 
��� + �� + � = 0.  ds okLrfod ewy gksus ds fy,] ;s nksuksa � = � ls lenwjLFkk 
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gksus pkfg,A vr% � = 0 dks ml js[kk[kaM dk e/; fcnq gksuk pkfg,] ftlds var 
fcanq f}?kkr O;atd ds “kwU;dksa] (������)ij gSA vFkkZr~ � bu “kwU;dksa dk vkSlr 

gksxkA f}?kkr lw= ls] bl f}?kkr O;atd ds nksUkksa “kwU;d  ��±√�� ���� 
��

   gSaA vr%] 

budk ;ksx ��
�

  rFkk budk vkSlr � = − �
��

  gSA bldk vFkZ gS fd “kh’kZ 

(������)   dk � −funsZ”kkad − �
��

  gSA 

 ijoy; � =  3��  +  � –  2 dk “kh’kZ Kkr dhft, rFkk bldk 
vkys[k Hkh [khafp,A  

h= ��
��

=  − �(�)
� ×�

=  − �
�
 gSA 

 “kh’Zk Kkr djus ds fy,] xq.kkdksa �, �  vkSj C ij nf̀’V Mkfy,A 

“kh’kZ ds Lkw= ls izkIr gksrk gS% 

h= ��
��

=  − �(�)
� ×�

=  − �
�
 gSA 

fQj  ℎ = – 1/6 ij � dk eku fudkyus ls k izkIr gksrk gSA 
vr%] 

� =  3(– 1/6) � +  (– 1/6 ) –  2 =  3/36   –  1/6 –  2 =  1/12   –  2/12 –  24/12 =
 – 25/12  gSA 

D;kasfd “kh’kZ  (– �
�

, – ��
��

) ij gS] blfy, T- pkVZ dks bl izdkj rS;kj fd;k tk 

ldrk gS% 

� � = 3�� + � − 2 
−2 8 
−1 0 
0 -2 
1 2 
2 12 

fof”k’V “kh’kZ ds LkkFk vkys[k dks uhps n”kkZ, vuqlkj [khapk tk ldrk gS% 

 

 � = ��� + � − � 

baVjusV 
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f=?kkr Qyuksa (cubic functions) dk lkeuk] gesa lw{evkfFkZd fo”ys’k.k esa dqy 
ykxr dh ppkZ djrs le; djuk iM+rk gSA  

�(�)  =  ���  +  ���  +  �� +  � 

ds :Ik esa ,d f=?kkr Qyu ij fopkj dhft,A bldk vkys[k uhps fn, gq, 
vuqlkj gS% 

*ewyHkwr* f=?kkr Qyu  �(�)  =  ��  gksrk gSA bldk vkys[k gS% 

 

baVjusV 

Ekky yhft, fd dksbZ f=?kkr Qyu �(�)  =  ��  }kjk fn;k tkrk gSA 

d½ � ds vkys[k ds � vkSj � var% [kaM Kkr dhft,A 

[k½ � ds izk¡r vkSj ifjlj Kkr dhft,A 

x½ � dk vkys[k [khfp,A 

d½ � var% (0, f (0) = (0,0) [kaM }kjk fn;k tkrk gSA  � var% [kaMksa ds � 
funsZ”kkad   �� = 0 ds gy gSaA var% [kaM fcanq (0,0) ij gSA 

� (�) dk izk¡r lHkh okLrfod la[;kvksa dk leqPp; gSA  D;ksafd ��  dk vxz 
;k vxyk xq.kkad /kUkkRed gS] blfy, �   dk vkys[k nk,¡ i{k esa Åij dh 
vksj gS rFkk ck,¡ i{k esa uhps dh vksj gS rFkk blhfy, � dk ifjlj lHkh 
okLrfod la[;kvksa dk leqPp; gSA 

¼x½ ekuksa dh lkj.kh gS% 

x &2 &1 0 1 2 

f(x) = x3 &8 &1 0 1 8 

vc] bu ekuksa ls vkys[k [khapk tk ldrk gSA 

ge pj?kkrkadh o`f) ekWM~yksa] tSls tula[;k o`f) vkSj pØo`f) C;kt ls ifjfpr gSaA 
bl izdkj ds O;ogkj iznf”kZr djus okys Qyuksa dk mi;ksx bu vkys[kksa dks ns[kus 
esa fd;k tk,xkA 
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tSlk ds uke bafxr dj jgk gS] ge ,d pj � ysrs gSa rFkk bl QYku dks f (x) = 
√�  ds :Ik esa fy[krs gSaA 

D;kasfd f dk izk¡r lHkh /kukRed la[;kvksa vkSj “kwU; dk leqPp; gS *blfy, ge 
ekuksa dh lkj.kh uhps n”kkZ, vuqlkj cuk ldrs gS*% 

x 1 4 9 16 

√� 1 2 3 4 

budk vkys[k [khapus ij fuEufyf[kr vkd̀fr izkIr gksrh gS% 

 

 baVjusV 

� → �� ds :i ds izkd̀frd pj?kkrkadh ij fopkj dhft,] tgk¡ e vkW;yj la[;k 
(Euler number)  gS] tks yxHkx 2-718281828 ds cjkcj ,d vchth; la[;k gSA 
D;kasfd x ,d ?kkrkad gS vkSj ?kkrkad dksbZ Hkh okLrfod la[;k gks ldrk gS] blfy, 
bldk izk¡r lHkh okLrfod la[;kvksa dk leqPp; gSA ifjlj blds y - eku gSaA 
D;ksafd vkys[k x - v{k dks izfrPNsn ugha djrk gS vkSj x - v{k ds uhps Hkh ugha 
tkrk gS] blfy, blds y - eku u rks “kwU; gksaxs vkSj u gh _.kkRed gksaxsA bldk 
vkys[k uhps fn;k x;k gSA 

,d vkys[k bl izdkj [khfp, fd vkys[k ds fdlh Hkh fcanq (x,y)  ij izo.krk y, 
vFkkZr~ ml fcanq ds Å?okZ/kj funsZ”kkad ds cjkcj gksA /;ku nhft, fd vkys[k ij 
fcanq ftruk Åij gksrk tkrk gS ¼ftruk y dk eku cM+k gksrk tkrk gS½] mruh gh 
izo.krk yEcor~ gksrh tkrh gSA vr%] ge bl vkys[k dks fcanq (x, y) =(0, 1) ¼tgka 
vkys[k dh izo.krk 1 ds cjkcj gS½ ls cukuk izkjaHk djrs gSaA bl izdkj] tSls&tSls 
ge nkbaZ vksj dks pyrs gS( vkys[k Åij dh vksj pyuk izkjaHk dj nsrk gSA vki 
ns[ksaxs fd tSls&tSls vki ckbaZ ls nkbaZ vksj dks vkys[k [khaprs gaS( ;g rhozrk rFkk 
vkSj rhozrk ls Åij p<+rk jgrk gSA 
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 baVjusV 

tSls&tSls pj esa of̀) gksrh tkrh gS] y?kqx.kdh; Qyu /khjs&/khjs /kukRed vuar 
(infinity) dks vksj tkrk jgrk gS] rFkk pj ds 0 dh vksj vxzlj gksus ij ;g 
/khjs&/khjs _.kkRed vuar dh vksj tkrk jgrk gSA � = �����, tgka � dksbZ la[;k 
gS rkfd � > 0, � ≠ 1, vkSj 

 � > 0 }kjk fn, tkuk okyk Qyu y?kqx.kdh; Qyu dgykrk gSA bl QYku dks 
b of x vk/kkj � i<+k tkrk gSaA bldk vkys[k x, v{k dks (1,0) ij dkVrk gSa tc 
� > 0  gS] rc vkys[k esa of̀) gksrh gSA (o/kZeku gS) rFkk 0< b< 1 vkys[k esa deh 
gksrh ãleku gSA½ 

y?kqx.kdh; Qyu esa izk¡r lHkh okLrfod la[;kvksa dk leqPp; ¼”kwU; dHkh ugha½ gS] 
tcfd ifjlj lHkh okLrfod la[;kvksa dk leqPp; gSA bldk vkys[k � −v{k ds 
lkFk vuarLi”khZ; (asymptotic)  gksrk gS] vFkkZr~ � −v{k ds cgqr rFkk vkSj cgqr 
fudV gksrk tkrk gS] ijarq u rks bls Li”kZ djrk gS vkSj u gh bls dkVrk gSA vc]  

• izk¡r % (0, ∞) 
• ifjlj % (−∞ , ∞ ) 
• � var% [kaM % (1, 0) 
• o/kZeku (����������)  

ds lkFk  � =  ���� �, �> 1  ds vkys[k dks uhps ns[kk tk ldrk gS % 

 

 baVjusV 
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1.      � =  (– 5/3)� –  2 dk vkys[k [khafp,A 

2- ,sls nks vkys[kks dh lwph nhft,] tks oØ ds izdkj ds gSaA 

3- fdlh y?kqx.kdh; Qyu ds vkys[k }kjk fy, x, vkdkj dk vki fdl izdkj 
o.kZu djsaxs ? 

4- ,d “kh’kZ D;k gksrk gS ? 

gky ds o’kksZa esa] vkfFkZd fu.kZ; ysuk vf/kd rFkk vkSj vf/kd xf.krh; vk/kkfjr gksrk 
tk jgk gS lSdM+ksa ;k ;gk¡ rd fd gtkjksa fofHkUu pjksa ij vkfJr lk¡f[;dh vk¡dM+ksa 
ds cM+s lewgksa dk lkeuk djrs gq,] O;kikj fo”ys’kd vkSj vFkZ”kkL=h bu vk¡dM+kas dh 
O;k[;k djus fd D;k gks jgk gS] fofHkUUk uhfr fodYiksa dh izkxqfDr djus rFkk cM+h 
la[;k esa fo|eku laHkkoukvksa esa ls foosdiw.kZ dk;Z izfØ;k,¡ pquus esa lgk;rk ds 
fy, fujarj xf.krh; fof/k;ksa dh vksj ns[k jgs gSaA bl vuqPNsn esa] dqN Qyuksa dh 
ppkZ dh tk,xh tks O;kikj vkSj vFkZ”kkL= esa cgqr mi;ksxh gSaA 

ek¡x  ewY; dk ,d QYku gSA fdlh eky ds izR;sd ewY; Lrj ds fy,] ekaxh xbZ 
,d laxr jkf”k gS ftldh xzkgd ek¡x djsxkA ;fn p izfr bdkbZ ewY; gS rFkk ml 
eky ds fy, x ek¡x g]S rks ek¡x Qyu dks x= f(p) ds :Ik esa fy[kk tk ldrk gS] 
tgk¡ x vkfJr pj gS vkSj p Lora= pj gSA ;gk¡] x vkSj p /kUkkRed gSa( D;ksfd 
_.kkRed ewY; vkSj jkf”k vFkZghu gSaA lkekU;r% ewY; vkSj ek¡x ds chp ,d 
_.kkRed vkSj jSf[kd laca/k gksrk gSA 

vkiwfrZ ewY; dk ,d Qyu gSA fdlh eky ds izR;sd ewY; Lrj ds fy,] fuekZrk 
}kjk ,d laxr jkf”k vkiwfrZr dh tkrh gSA ;fn fdlh eky ds fy,] p izfr bdkbZ 
ewY; gS vkSj x vkiwfrZ gS] rks vkiwfrZ QYku x= g(p)  ds :Ik esa fy[kk tk ldrk gS] 
tgk¡ x vfJr pj gS vkSj p Lora= pj gSA ;gk¡  x vkSj p /kukRed gSa] D;ksafd 
_.kkRed EkwY; vkSj jkf”k vFkZghu gSaA lkekU;r% ewY; vkSj vkiwfrZ esa ,d /kukRed 
vkSj jSf[kd laca/k gksrk gSA 

dqy ykxr fuf”pr ykxr ¼FC) vkSj pj ykxr ¼VC) ds ;ksx ds cjkcj gksrh gS 
fuf”pr ykxr (fixed cost) lHkh ykxr dk ;ksx gksrh gS] tks cfgosZ”k ds Lrj ls 
Lorar= gksrh gS] tSls fdjk;k] LFkk;h deZpkfj;ska ds osru] bR;kfnA pj ykxr 
cfgosZ”k ij vkfJr gksrh gSA ;g cfgosZ”k esa o`f) ds lkFk c<+rh gS rFkk bldk 
foykse Hkh lgh gSA blds mnkgj.k dPpk eky] vLFkk;h deZpkfj;ksa ds osru bR;kfn 
gSA eky yhft, fd C dqy ykxr gSA rc dqy ykxr Qyu dks C= C(x) ds :Ik 
esa ifjHkkf’kr fd;k tkrk gaS tgk¡ x cfgosZ”k dh dqy bdkb;k¡ gSaA 
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jktLo Qyu (Revenue function) oLrq ds ewY; vkSj csps x, cfgosZ”k ds chp 
laca/k n”kkZrk gSA ;fn fdlh cfgosZ”k dh x  bdkb;ksa dks p izfr bdkbZ ds ewY; ij 
cspk tkrk gSA rks jktLo Qyu dks R(x) = x p }kjk fn;k tkrk gSa 

ykHk Qyu dks vftZr fd, x, ykHk rFkk fuos”k vkSj cfgosZ”k ds ewY;ksa }kjk 
fuxfer fd;k tkrk gSA ;fn R(x)  vkSj C(x) Øe”k% dqy jktLOk vkSj ykxr 
Qyu gaS] rks ykHk Qyu P(x) = R(x) – C(X) gksrk gS] tgk¡  P(x) = ykHk gS rFkk x 
cfgosZ”k dh bdkb;k¡ gaSA og fcanq tgk¡ fcØh ls jktLo mRiknu dh ykxr ds 
cjkcj gks] foPNsn&le fcanq (break-even point) dgykrk gSA vFkkZr~ u dksbZ ykHk 
vkSj u dksbZ gkfu fcanqA nwljs “kCnksa esa] ykHk “kwU; ds cjkcj gksrk gSA vFkkZr~ dqy 
jkTkLo dqy ykxr ds cjkcj gSA 

;g izLrkfor fd;k tkrk gS fd [kir jk’Vªh; vk; dk ,d Qyu gSA ;fn fdlh 
vFkZO;OkLFkk esa C dqy [kir dks O;Dr djrk gS rFkk fcanq dqy jk’Vªh; vk; dks 
O;Dr djrk gS] rks  C= f(Y) [kir QYku dgykrk gSA 

mnkgj.k 13%  dksbZ O;kikjh izfr ekl 2000 oLrq,¡ `10 izfr oLrq ds ewY; ij 
csprk gSa ;g vkdyu fd;k x;k gS fd ewY; esa ls izfr oLrq ` 0-25  ?kVkus ij 
ekfld fcØh esa 250 oLrqvksa dh of̀) gks tk,xhA bl vkdyu ds laxr ekax Qyu 
Kkr dhft,A 

mÙkj% vkdyus ls] izkjafHkd ewY; ` 10  esa ls izR;sd ` 0-25 deh ls 250 bdkb;ksa 
dh o`f) gksrh gSA blds fuEufyf[kr lehdj.k }kjk iznf”kZr fd;k tkrk gS% 

X= 2000 + (����
�.��

 ) 

    = 1200 – 1000p 

;k] p= 12 - �
����

 gSA 

1- ,d ekax QYku D;k gksrk gS ? 

2- vki ,d jkTkLo Qyu dk o.kZu fdl izdkj djsaxs ? 

3- vki ,d [kir Qyu dks lwf=r fdl izdkj djsaxs ? 

bl bdkbZ esa] geus vkfFkZd vkSj O;kikj izdj.kksa ds v/;;uksa esa iz;qDRk gksus okys 
xf.krh; Qyuksa dks ,d c`gr le> ds lkFk izkjaHk fd;k gS] tks pjksa ds chp laca/kksa 
dks ifjHkkf’kr djus esa iz;ksx dh tkrh gSA dksbZ pj y ,d vU; pj x dk Qyu 
dgykrk gS] ;fn x ds izR;sd eku ds fy, y dk ,d fuf”pr eku gksA Qyuksa ds 
izdkjksa ij vkdj] geus bUgsa chth; ¼ftuesa lk/kkj.k la[;k,¡] pj rFkk ;ksx] 
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O;odyu Xkq.ku vkSj foHkktu dh lafØ;k,¡ lEefyfr gSa½ rFkk vchth; ¼tks chth; 
lafØ;kvksa ds ijfer la;ktsu ds :Ik esa O;Dr ugha fd, tk ldrs½ izdkjksa esa 
oxhZdr̀ djus dk iz;kl fd;k gSA blds ckn] geus dqN egRoiw.kZ Qyuksa ds 
vkys[kksa ds ckjs tkudkjh izkIr dh gSA bl bdkbZ dsa var esa( ekax] vkiwfrZ] ykxr] 
jktLo] ykHk vkSj [kir ds izdj.kksa esa Qyuksa ds vuqiz;ksxksa dh ,d laf{kIr izkjafHkd 
ppkZ xbZ gSA 

 O;atd ;k lehdj.k ftuesa dsoy ;ksx] O;odyu] xq.ku foHkktu vksj 
vpj ifjes; ?kkradksa ds lkFk ?kkrkadhdj.k dk mi;ksx djrs gq,] ,d ifjfer 
la[;k okys izrhdksa ¼;k fpàksa½ dks l;ksftr fd;k tkrk gSA 

 ,d oØ ;k ,d js[kk tks fudVrj gksrh tkrh gS] ijarq izfrPNsn ugha 
djrh gSA 

 fdlh QYku ds lHkh laHko cfgosZ”k ekuA 

 Lora= pjksa dk leqPPk;] ftuds fy, dksbZ Qyu ;k laca/k ifjHkkf’kr gSA 

 nks vo;o] eku yhft,] fuos”k vkSj cfgosZ”k (a,b), ftUgsa ,d Øe dk 
ikyu djuk gS] rkfd fuos”k lnSo igys vk, rFkk cfgosZ”k ckn esa vk,A 

 ,d oØ ftl ij fLFkr izR;sd fcanq fdlh fuf”pr fcanq vkSj fdlh 
fuf”pr js[kk ls cjkcj nwjh ij jgrk gSA 

 fdlh Qyu ds lHkh cfgosZ”k ekuA 

 og la[;k ftls nks iw.kkZdksa ds vuqikr esa O;Dr fd;k tk ldsA 

 ,d eku tks fdlh la[;k js[kk ds vuqfn”k ,d jkf”k fu:fir 
djrk gSA 

 ,d QYku tks vchth; gS] vFkkZr~ ftls chtxf.kr ds inksa esa O;Dr ugha 
fd;k tk ldrkA 

 ,d dksuk ;k ,d fcanq tgk¡ js[kk,¡ feyrh gSaA 

 

1- Qyu ,d rduhdh “kCn gS] tks pjksa ds laca/kks dks ifjHkkf’kr djus esas iz;qDr 
fd;k tkrk gSA 

2- fdlh Qyu esa Lora= pj ds lHkh ekuksa dk leqPp; ml QYku dk izk¡r 
dgykrk gS rFkk vkfJr pj ds lHkh ekuksa dk leqPp; ml Qyu dk ifjlj 
dgykrk gSA 
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   bu ç'uksa }kjk vkidks bl bdkbZ dh iBu lkexzh dks le>us esa lgk;rk 
feysxhA bu ç'uksa ds mÙkjksa dks ewY;kadu ds fy, fo'ofo|ky; Hkstus dh 
vko';drk ugha gS D;ksafd ;s dsoy vkids vH;kl ,oa iqujko`fÙk ds fy, fn, 
x, gSA 
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6-0  mÌs”; 

6-1 izLrkouk 

6-2 fdlh Qyu dh lhek  

6-2-1 lhek ds xq.k 

6-2-2 dqN ekud lhek,¡ 

6-2-3 xq.ku[kaMu dh fof/k 

6-3 lkaRkR;  

6-3-1 lkaRkR; ds xq.k 

6-4 lkajk”k 

6-5 “kCnkoyh 

6-6 cks/k iz”uksa ds mÙkj 

6-7 Loij[k iz”u 

6-8 lanHkZ iqLrdsa 

bl bdkbZ dk v/;;u djus ds ckn% 

• fdlh Qyu dh lhek dh ladYiuk dks le> ik,¡xs rFkk   

• larr Qyu dh ladYiuk dks Li’V dj ik,¡xsA 

orZeku bdkbZ esa nks ewyHkwr ladYiukvksa lhek vkSj lkarR; dh ppkZ dh tk,xh] tks 
c`gr :i ls vody dSydqyl esa mi;ksx dh tkrh gSaA ge bu nksuksa izdj.kksa ij 
,d lkFk fopkj djsaxs] D;ksafd lhek dh ladYiuk lkarR; dh ladYiuk ls fudVre 
:Ik ls tqM+h gqbZ gSA ckn esa] ge ns[ksaxs fd dksbZ QYku ,d fcanq ij larr 
(continuous) gksrk gS] ;fn ml Qyu dh lhek dk ml fcanq ij vkfLrRo gks rFkk 
og QYku ds laxr eku ds cjkcj gksA 

tc geus fiNyh bdkbZ esa Qyuksa ds ckjs esa ppkZ dh Fkh] rc geus fof”k’V fcanqvksa 
Ikj Qyuksa ds ekukas dks ns[kus dk iz;kl fd;k FkkA mnkgj.kkFkZ] gekjk ljksdkj ;g 
Fkk fd f(x) dk eku x=1 ij ¼eku yhft,½ D;k gSA 

lhek (limit)  ds ihNs /kkj.kk ;g gS fd ml eku dk fo”ys’k.k djuk ftl vksj og 
QYku gS *vxzlj* dj jgk (approaching)  gS] tc fuos”k ,d fof”k’V eku dh vksj 
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 *vxzlj gksrk* gSA bl /kkj.kk dh ljkguk ds fy,] fUkEufyf[kr vkys[k 1 ij fopkj 
dhft,% 

 

 (approximation) 

;g ns[kk tk ldrk gS fd tc x- v{k esa x eku “a” dh vksj vxzlj gksrk gS] 
rc y- v{k esa QYku �(�) "�"  dh vksj vxzlj gksrk gSA vkb, fcanq (�, �)  ij 
fNnz (ℎ���)  dh vkSj /;ku nsa] tks ,d NksVs o`Ùk ds :Ik fn;k x;k gSA bl {ks= 
ds bnZfxnZ] geas vko”;d :Ik ls � = �  ij Qyu � dk eku Kkr ugha gSA vFkkZr~ 
ge Qyu dk ;FkkFkZ (�����) eku ugha fudky ldrs gaS( ijarq ;g ns[k ldrs gS 
fd tSls&tSls ge fudVrj rFkk vkSj fudVrj gksrs tkrs gSa] rc ;g D;k gksuk 
pkfg,A ,slh fLFkfr dks lim�→� �(�) = �  ds :Ik esa O;Dr fd;k tkrk gSA 

 vkb, ,d Qyu �(�) = ����
���

 dks ysa rFkk bls � = 1 ds fy, gy 

djuk dk iz;kl djsaA  ����
���

 esa eku � = 1  j[kus ij] gesa �
�
 izkIr gskrk gSA izkIr 

gy eas ,d dfBukbZ gSA gesa ;g eku Kkr ugha D;ksafd   0

0
 vfu/kkZ;Z 

(�������������) gSA vr%] geas mÙkj ij igq¡pus ds fy, fdlh vU; fof/k dh 
vko”;drk gSA � = 1 ij dk;Z djus ds LFkku ij] ge fuEufyf[kr fof/k ls 
fudVrj rFkk vkSj fudVj gksrs gq, 1 dh vksj vxzlj gksus dk iz;kl djrs gaS% 

� �� − 1
� − 1

 

0.5 1.50000 

0.9 1.90000 

0.99 1.99000 

0.999 1.99900 
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0.9999 1.99990 

0.99999 1.99999 

nsf[k, fd tSls&tSls 1 ds x fudVrj gksrk tkrk gS] oSls&oSls ����
���

  dk eku 2 ds 

fudVrj gksrk tkrk gSA ,sls ifj.kke ls ,d jkspd fLFkfr izkIr gks tkrh gSA tc 
x=1,  gS] rc gesa mÙkj irk ugha gS D;ksafd ;g vfu/kZk;Z gSA ijarq vU; fof/k esa ge 
ns[k ldsaxs fd ;g 2 gkuss tk jgk gSA bldk rkRi;Z ;g gS fd ge mÙkj *2* nsuk 
pkgrs gSa( ijarq ,slk dj ugha ldrs gSaA blds LFkku ij ge dgrs gSa fd tc 1 dh 

vksj x vxzlj djrk gS] rc (����)
���

dh lhek= 2  gSA vko”;d :Ik ls] ge tks dg 

jgs gaS  og bldh mis{kk djds dg jgs gaS fd tc ml LFkku ij igq¡psaxs rc D;k 
gksxkA ge ;g tkurs gSa fd 1 ds fudVrj rFkk vkSj fudVrj x ds gksus gksus ij 
Qyu 2 ds fudVrj rFkk vSkj fudVrj vkrk tkrk gSA 

ekSfyd :Ik ls ge dgrs gSa fd dksbZ Qyu larr (����������)  gksrk gS] ;fn 
ge mldk vkys[k dkxt ij fcuk isafly mBk, [khp ldsaA ;gk¡ ,d mnkgj.k gS 
tks ;g crkrk gS fd ,d larr Qyu fdl izdkj dk fn[krk gS] tks vkys[k 2 esa 
fn;k x;k gSA 

 

;fn vkys[k esa n”kkZbZ mijksDr oØ esa dksbZ foPNsn ;k Hkax (break) gks] rks ,slk 
Qyu larr ugha gksrk gSA lgtkRed :Ik esa] ,d larr QYku ;g iznf”kZr djrk 
gS fd QYku ds fuos”k esa NksVs ifjorZu gksus ij] ifj.kkeLo:Ik cgqosZ”k esa Hkh NksVs 
ifjorZu gksrs gSaA 

Åij ifjfpr djkbZ xbZ lhek vkSj lakrR; dh ladYiukvksa dh ifj”kq) ifjHkk’kkvksa 
dks ns[kus ds fy,] ge iqu% okfil vk,¡xsA 

1- fdlh Qyu dh lhek ds ihNs lgtkRed /kkj.kk D;k gS ? 

2- vki fdlh Qyu dh lhek vkSj larR; ds chp laca/k dks fdl izdkj Li’V 
djuk pkgsxs ? 
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ge Åij izLrkouk vuqPNsn esa] ns[k pqds gSa fd tc dksbZ Lora= ij ,d fo”ks’k 
okLrfod la[;k dh vksj vxzlj gksrk gS] rc ,d Qyu dk dksbZ lhekar eku gks 
ldrk gSA ;g lhekar eku ,d lhek ds :Ik esa tkuk tkrk gS] tcfd bldk 
vfLrRo gksA izfrdkRed :Ik esa]  bls lim�→� �(�) = � fy[krs gSaA 

mijksDr lehdj.k dk ;g rkRi;Z gS fd tc � dks vksj � vxzlj gksrk gS] rc 
�(�) dh lhek � ds cjkcj gSA ;gk¡ lfUudV :Ik ls � ds cjkcj gS ¼vFkkZr~  � ls 
� NksVk gks ldrk gS ;k � ls cM+k gks ldrk gS] ijarq  x≠ �  gS½ lhek Kkr djus 
ds fy,] geas � ds nks vyx&vyx ekuksa ds fy, Qyu ds eku ij dk;Z djus dh 
vko”;drk gSA ,d � ls vf/kd � ds fy, ¼nf{k.k&i{k lhek½ rFkk vU; �ls de 
� ds fy, ¼oke&i{k lhek½ rFkk LkR;fir djuk fd ;s nksuksa cjkcj gSa ;k ughaA 
fdlh Qyu dh lhek dk vkfLrRo rHkh vkSj dsoy rHkh gksxk] tc nksuksa oke&i{k  
(left-hand) vkSj nf{k.k&i{k  (Right-hand)  lhek,¡ cjkcj gksaxhA vFkkZr~ ;fn  

 lim�→�� �(�)  = � vkSj lim�→�� �(�) = � gS] rks  lim�→� �(�) = � gSA 

  �� dh lhek Kkr dhft,] tc � → 2 gSA  

 lhek Kkr djus ds fy,] � ds dfYir ekuksa rFkk �(�) ds laxr ekuksa ds 
lkFk fuEufyf[kr lkj.kh cukbZ xbZ gSa% 

tc � <  2, 

� 1 1.4 1.7 1.8 1.9 1.99 1.995 1.999 

f(�) 1 1.96 2.89 3.24 3.61 3.9601 3.98 3.996 

tc � > 2, 

� 3 2.6 2.4 2.2 2.1 2.01 2.005 2.001 

f(�) 9 6.76 5.76 4.84 4.41 4.0401 4.02 4.004 

mijksDr lkjf.k;ksa ls ;g Li’V gS fd tc � lfUudV :Ik ls 2 ds cjkcj gS] rc 
�(�)    lfUudV :Ik ls 4 ds cjkcj gSA vFkkZr~] 

lim�→�� �� = 4 vkSj  lim�→�� �� = 4 gSA 

vr% lim�→� �� = 4  gSA 

   f(�) =  ����
���

 dh lhek Kkr dhft,] tc �→2 gSA  

  tc �<2  gS] rc  �(�)   cjkcj gS% 

� 1 1.4 1.7 1.8 1.9 1.99 1.995 1.999 

f(�) 1 3.4 3.7 3.8 3.9 3.99 3.995 3.999 

 tc �>2, rc  �(�)   cjkcj gS% 



 

 
119 

� 3 2.6 2.4 2.2 2.1 2.01 2.005 2.001 

f(�) 5 4.6 4.4 4.2 2.1 4.01 4.005 4.001 

mijksDr lkjf.k;ksa ls ;g Li’V gS fd tc � lfUudV :Ik ls 2 ds cjkcj gS] rc 
�(�) lfUudV :Ik ls 4 ds cjkcj gSA vFkkZr~] 

lim�→�� �(�) = 4 vkSj lim�→�� �(�) = 4 gSA 

vr%] 

lim�→� �(�) = 4 gSA 

fdlh fn, fcanq ij] ,d Qyu ds lhekar eku Kkr djus esa] ml fcanq ds vfr 
fudV pj ds ekuksa dks j[kus okyh ;g fof/k gks ldrk gS fd lnSo lqfo/kktud 
ugha gksA 

vr%] gesa � ¼Lora= pj½ ds ,d ifjfer jkf”k eku yhft,]  � dh vksj izoÙ̀k 
(�����) gksus ij] fdlh Qyu dh lhekvksa dks ifjdfyr djus ds fy,] vU; 
fof/k;ksa dh vko”;drk gSA 

  lim�→� �(�)   Kkr dhft,] tgk¡    �(�) =  ����
���

 gSA 

 ge bls izfrLFkkiu dh fof/k }kjk gy dj ldrs gSaA blds fy,] pj.k bl 
izdkj gSa% 

1- ge � ds fudV ,d] eku yhft,] � = � + ℎ ysrs gSa] tgk¡ ℎ ,d cgqr NksVh 
/kUkkRed la[;k gSA 

Li’Vr%] tc � → 0 rc ℎ → 0  gSaA  �(�)  =  ����
���

, ds fy,] ge   

� =  3 + ℎ fy[krs gS] tc � → 3 rc ℎ → 0  gSA 

2- �(� )  =  �(� +  ℎ) dks  ljy dhft,A 

vc �(3 + ℎ)  =  (���)���
(���)��

 

   = ���������
�

 

   = �
����

�
 

  =  ℎ + 6 gSA 

3. ℎ = 0 j[kus ij] �(3 + 0) =  �(3)  =  6 gSA 

vr%] lim�→� �(�) =  lim�→�(ℎ + 6) = 6 gSA 

Åij lhek dks ifjHkkf’kr djrs le;] ge lhek ds vfLrRo ds fy, ,d izfrca/k dks 
ns[k pqds gSaA tc ge dgrs gS fd lhek dk vfLrRo ugha gS] rks bldk vFkZ gS fd 
lhek ;k rks vuar gSA ;k ifjHkkf’kr ugha gSA ml fLFkfr esa tc fdlh Qyu dh 
lhek vuar dh vksj izo`Ùk gksrh gSA( mldk eku LosfPNd :Ik ls cM+k gksrk gkrk 
gSA ;fn og fdlh eku ds fudVrj ugha igq¡prh] rks lhek dk vfLrRo ugha gksrkA 
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 ;fn pj ,d ifjfer eku dh vksj izoÙ̀k gksrk gS rc Qyu dks fdlh la[;k ds 
fudVrj gksrs tkuk pkfg,] tSLks&tSls og pj ml ifjfer la[;k ds fudVrj gksrk 
tkrk gSA iqu% ;fn og fdlh eku ds fudVrj ugha igq¡p ikrk gS] rks lhek dk 
vfLrRo ugha gksrkA ;g bl dkj.k Hkh gks ldrk gS fd oke vkSj nf{k.k&i{k lhek,¡ 
cjkcj ugha gksa ;k blfy, fd ;s vuar ds cjkcj gksaA 

;fn c dksbZ vpj gS rFkk lim�→� �(�) dk vfLrRo gS] rks fuEufyf[kr dFku lR; 
gSa% 

1- ,d vpj dh lhek og vpj gh gksrh gS] vFkkZr~   lim�→� � =  �, tgk¡ � 
dksbZ vpj gSA 

2-   lim�→� ��(�) = � lim
�→�

�(�) gksrh gSA 

3- lhekvksa ds ;ksx ;k varj dh lhek mu lhekvksa dk ;ksx ;k varj gksrh gSA 
vFkkZRk~ 

�lim
�→�

[ �(�)  ±   �(�)� =  lim
�→�

�(�) ±  lim
�→�

 �(�) gSA 

4- ,d xq.kuQy dh lhek mu lhekvksa dk xq.kuqqQYk gksrh gSA vFkkZr~ 

lim
�→�

[�(�). �(�)] =  lim
�→�

 �(�). lim
�→�

�(�) gSA 

5- lim
�→�

�(�)
�(�)

=  
���
�→�

 �(�)

���
�→�

 �(�)
 , Tkc fd, lim

�→�
 �(�) ≠ 0 gksA 

6- lim
�→�

��(�)� =  �lim
�→�

 �(�)�   gS n ds lHkh /kukRed Ikw.kkaZdh; ekuksa ds fy,A 

7.     lim
�→�

�� =  �� gS]  �  ds lHkh /kUkkRed iw.kkZadh; ekuksa ds fy,A 

8.     lim
�→�

log[�(�)] = log[ lim
�→�

 �(�)] gSA 

9.     lim
�→�

exp [�(�)] = exp[ lim
�→�

 �(�)] gSA 

1. lim�→�
�����

���
= �����, � /kUkkRed iw.kkZad gSA 

2. lim
�→�

(1 + �)�/� = � gSA 

3. lim
�→�

����
�

=  log� � gSA (tgk¡  a>0) 

4. lim
�→�

����
�

= 1 gSA 

5. lim
�→�

���(���)
�

= 1 gSA 

 fuEufyf[kr lhekvksa ds eku fudkfy,% 

1. lim
�→�

 9  
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2. lim
�→�

 3�� 

3. lim
�→�

( 5�� +  3� + 7) 

4. lim
�→� 

[(�� + 4)(3� − 2)] 

5. lim
�→�

���� ���
��� �

 

1. lim
�→�

 9 = 9 gSA 

2. lim
�→�

 3�� = 3, lim�→� �� = 3.  (2)� =  3 × 4 = 12 gSA 

3. lim
�→�

( 5�� +  3� + 7)  =  lim
�→�

5�� +  lim
�→�

 3� + lim
�→�

 7 = 5(2)2 + 3(2) + 7 = 33 gSA 

4. lim
�→� 

[(�� + 4)(3� − 2)]  =  lim
�→� 

(�� + 4). lim
�→� 

(3� − 2) 

 = [ lim
�→� 

�� +  lim
�→� 

4]. [ lim
�→� 

 3� − lim
�→� 

 2]= (1 + 4) (3 – 2) = 5 gSA 

5. lim
�→�

���� ���
��� �

=  
���
�→�

(���� ���)

���
�→�

(��� �)
=  �� ���

���
=  �

��
= 0 

1- oke&i{k vkSj nf{k.k&i{k lhekvksa dks Li’V dhft,A 

2- D;k fdlh QYku ds lhekar eku dk vfLrRo gS] ;fn oke&i{k lhek 
nf{k.k&i{k lhek ds cjkcj ugha gS ? 

3.        lim�→� ��(�) = � lim
�→�

�(�) D;k gS ? 

4-  lim
�→�

����
�

   dk eku D;k gS ? 

eku yhft, fd f(�) vkSj  g(�) nks Qyu bl izdkj gSa fd lim�→� �(�) =
 lim�→� �(�) = 0 gS rFkk gesa lim�→�

�(�)
�(�)

  Kkr djuk gSA rc ges ,d �
�
  :Ik 

izkIr gksrk gSa] tks vFkZghu gSA /;ku nhft, fd �
�
  dks vfu/kkZ;Z :Ik dgk tkrk gSA 

vU; vfu/kkZ;Z :Ik ±∞/±∞ gSaaaaA 

bl izdkj dh lhekvksa dks xq.ku[kaMu dh fof/k }kjk gy fd;k tkrk gSA 

,d mnkgj.k lim�→�
��������
�������

 ij fopkj dhft,A  ;gk¡ tc �→5  gS] rc va”k 

vkSj gj nksuksa gh “kwU; dh vksj vxzlj gksrs gSaA ;g ,d vfu/kkZ;Z :Ik gSA ,slh 
fLFkfr esa] ge fuEufyf[kr pj.kksa dk vuqlj.k djrs gaS% 

1. f(�) vkSj  g(�) ds xq.ku[kaM djds  

lim
�→�

�� − 3� − 10
�� − 6� + 5

=  lim
�→�

(� + 2)(� − 5)
(� − 1)(� − 5)

 

 izkIr dhft,A 
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 2- Lkehdj.k dks ljy dhft, A lim�→�
(���)(���)
(���)(���)

=  lim�→�
(���)
(���) gSA 

3. x ds eku jf[k,A blls izkIr gksrk gS%  

lim
�→�

(� + 2)
(� − 1) =

7
4
 

 lim�→�
√����√���

�
 dk eku fudkfy,A 

;gk¡ ge fuEufyf[kr pj.kksa dk vuqlj.k djrs gSa% 

 oxZewy okys O;t dk ifjes;hdj.k dhft,A 

 ljy dhft,A 

 x dk eku j[k dj ok¡fNr ifj.kke izkIr dhft,A 

  lim�→�
√����√���

�
 fn;k gSA  

ifjes;hdj.k djus ij] 

lim
�→�

√1 + � − √1 − �
�

=  lim
�→�

√1 + � − √1 − �
�

× √1 + � + √1 − �
√1 + � + √1 − �

 

     = lim�→�
√���

�
�√���

�

��√����√����
 

     =lim�→�
�������

��√����√����
 

     =lim�→�
��

��√����√����
 

     =lim�→�
�

�√����√����
 

blesa eku �=0,    j[kus ij] ge izkIr djrs gaS% 

lim�→�
�

�√����√����
= �

√����√���
= �

�
= 1 gSA 

      lim�→�
��������
��������

 

dk eku fudkfy,A 

 tc ∞ dh vksj � vxzlj gksrk gS] rc va”k vkSj gj nksukas ∞ dh vksj vxzlj 
gksrs gSaA vr%] fn;k gqvk Qyu vfu/kkZ;Z :Ik �

�
 ys ysrk gSA ijarq ge bl HkkxQy 

ds :Ik dks bl izdkj cny ldrs gaS] rkfd ;g fu’d’kZ fudky ldsa fd bl Qyu 
dh lhek gS ;k ughaA ;g dk;Z ge va”k vkSj gj nksukas dks gj esa izdV gksus okyh � 
dh mPpre ?kkr ls Hkkx nsdj dj ldrs gSaA 

bl izdkj] va”k vkSj gj nksuksa dks x3 ls Hkkx nsus ij] ge izkIr djrs gSa% 

lim
�→�

2�� + 5� + 1
3�� − 2� + 4

= lim
�→�

�
�

+ �
�� + �

��

3 − �
�� + �

��
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= 
����→�

�
�� ���

�→�
�

��� ���
�→�

�
��

���
�→�

�� ���
�→�

�
��� ���

�→�
�

��
  

= �����
�����

= �
�

= 0 gSA 

 ekax Qyu � = �
���

 ds fy, ¼tgk¡ p ewY; gS] x ekaxh xbZ jkf”k gS 
rFkk a vkSj b vpj gSa½] lhek dh ladYiuk dk mi;ksx djrs gq,] n”kkZb, fd tc 
ewY; esa fxjkoV vkrh gS] rc ekax vifjfer :Ik ls cM+h jkf”k rd c<+ tkrh gSA 
lkFk gh] ;g Hkh n”kkZb, fd tc jkf”h dh ekax esa o`f) gksrh gS] rc jktLo ,d 
lhekar eku rd igq¡p tkrk gSA 

   � = �
���

 fn;k gSA 

lehdj.k iquO;ZofLFkr djus ij] ge izkIr djrs gSa% 

� =
�
�

−  � 

lim � → 0 j[kus ij] 

lim�→� �  =  lim
�→�

[�
�

−  �]  =  ∞ gSA 

vr%] tc ewY; 0 dh vksj vxzlj gksrk gS] rc ekax ∞ dh vksj vxzlj gksrh gSA 

vc] �� =  �� =  �[ �
���

]  =  ��
���

 gSA 

lim�→� �� =  lim
�→�

��
���

=  lim
�→�

�

�� ��
= � gSA 

vr( tc jkf”k dh ekxa esa of̀) gksrh gS] TR ,d lhekar eku a ij igq¡prk gSA 

1- lhek ds vfu/kkZ;Z :iks dks Li’V dhft,A 

2- tc n dh vksj x vxzlj gksrk gS] rc ,d vpj dk lhekar eku D;k gksrk gS? 
3- vki fdlh Qyu dh lhek Kkr djus ds fy,] xq.ku[kaMu dh fof/k dk 

mi;ksx dc djuk ilan djsaxs ? 

Åij izLrkouk vuqPNsn esa] ge ns[k pqds gSa fd dksbZ QYku larr dgk tkrk gS] 
;fn ml Qyu ds vkys[k esa dksbZ foPNsn ugha gk]s vFkkZr~ ml vkys[k dks dkxt 
ij ls isafly mBk, fcuk [khapk tk ldrk gSA ,d larr QYku vkSj ,d valrr 
(discontinuous) QYku ds vkys[k uhps n”kkZ, x, gSa% 
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 nwljs “kCnksa esa] ,d QYku larr gksrk gS] ;fn Lora= pj esa y?kq (minor) ifjorZuksa 
ls ml QYku ds ekuksa es a Hkh y?kq ifjorZu gks tkrs gSaA xf.krh; :Ik ls] � = � ij 
dksbZ Qyu � larr dgk tkrk gS] ;fn  

i½ og Qyu � = � ij ifjHkkf’kr gks] rFkk 

ii½ lim�→� �(�) = �(�)   gks] vFkkZr~ lim�→�� �(�) =  lim�→�� �(�) gksA 

;fn �(�) vius izk¡r esa � ds IkzR;sd eku ds fy, larr gS] rks og ml iwjs varjky 
esa larr dgk tkrk gSA 

,d Qyu] tks fdlh ,d fcanq ij larr ugha gksrk] rc ;g dgk tkrk gS fd ml 
QYku dh ml fcanq ij vlarrrk (discontinuity) gSA  

dksbZ Qyu � fdlh varjky (�, �) ij larr gksrk gS] ;fn og ml varjky esa 
izR;sd facanq ij larr gksA 

 � = �  ij Qyu  �(�)  =  � − �  ds lkarR; dh tk¡p dhft,A 

� = � + ℎ,jf[k,] rkfd tc � → �, rc ℎ → 0  gSA vc] 

lim
�→�

�(�) =  lim
�→�

 �(� + ℎ) rFkk � = � ij] 

lim
�→�

 �(� + ℎ) =  lim
�→�

 ((� + ℎ) − �) 

                                              =  0 gSA 

lkFk gh] �(�)  =  � − � = 0 gSA 

vr%] �(�)  = ���
�→�

 �(� + ℎ) = 0 gSA 

bl izdkj] � =  �  ij �(�) larr gSA 

1. �(�)  =  � ¼vpj½ lHkh okLrfod la[;kvksa ds fy, larr gSA 

2. �(�)  =  ��, � ,d izkd̀r la[;k gS] lHkh okLrfod la[;kvksa � ds fy, 
larr gSA 

3. Ckgqin Qyu lHkh okLrfod la[;kvksa ds fy, larr gksrs gSaA 

4. ;fn  �(�)  vkSj �(�)  nks larr Qyu gSa] rks �(�)  ± �(�) Hkh larr gksrs 
gSaA vFkkZr~ nks larr Qyuksa ds ;ksx vkSj varj Hkh larr gksrs gSaA 

5. ;fn �(�) vkSj �(�) nks larr Qyu gSa] rks �(�)  × �(�)  Hkh larr gksrk 
gSaA vFkkZr~] nks larr QYkuksa dk xq.kuQYk Hkh larr gksrk gSA 
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6. ;fn �(�)   vkSj �(�)  nks larr  QYku gSa] rks �(�)/�(�)  Hkh larr gksrk 
gS ¼tcfd �(�) ≠ 0 gks½A vFkkZr~] nks larr Qyuksa dk HkkxQy Hkh larr 
gksrk gSA 

 ,d QYku �(�) fuEufyf[kr :Ik ls ifjHkkf’kr gS% 

 � + 1, ;fn −1 ≤ � < 0 

�(�) = �,        ;fn  0 ≤ � ≤ 1 

 2 − �  ;fn 1 ≤ � ≤ 2 

n”kkZb, fd og � = 0  ij vlarr gS rFkk � = 1 ij larr gSA 

 tc � = 0 gS] rc ge izkIr djrs gSa% 

�(0) = 0 

lim
�→��

�(�) =  lim
�→��

� = 0 

lim
�→��

�(�) =  lim
�→��

(� + 1) = 1 

D;ksafd  lim�→�� �(�) ≠ lim�→�� �(�) gS] blfy,  � = 0 ij � larr ugha gSA 

tc � = 1, rc] 

�(1) =  1 gSA 

lim
�→��

�(�) = lim�→�(2 − �) = 2 − 1 = 1 gS( 

lim
�→��

�(�) =  lim
�→��

� = 1.=1 gSA 

D;ksafd lim
�→��

�(�) = lim
�→��

�(�) gS] blfy, 

� = 1 ij f larr gSA 

 Qyu   ���� ����
����� ����

  dh vlarrrk ds fcanq Kkr dhft,A 

 fn;k gqvk Qyu ml fcanq ij vlarr gksxk] ftl ij gj “kwU; ds cjkcj 
gksxkA vFkkZr~ 

12x2 + x – 20 = 0 

;k, 12x2 + 16x -15x – 20 = 0 

;k, 4x (3x + 4) -5 (3x + 4) = 0 

;k, (4x – 5) (3x + 4) = 0 gksxkA vr(   

x = �
�
  ;k] − �

�
 

valrrrk ds fcanq gaSA 

 fUkEufyf[kr :Ik esa ifjHkkf’kr QYku f(x) ds lkarrR; dh x=0 ij 
tk¡p dhft,% 
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                �

�� �
�
�
  x≠0 ij 

�(�) = 0      x = 0 ij 
    =  0   

    R.H.L. lim�→�� �(�) =  lim�→�
���

�� �
�
�

=  lim� →�
�

�� �
�
�

= 0 

  L.H.L. lim�→�� �(�) =  lim�→�
���

�� ���
�

=  lim� →�
��

�� ���
�

= 0 

lkFk gh] �(�) = 0 gSA  

D;ksafd   R.H.L. = L.H.L = 0 = �(0) gS] blfy, fn;k gqvk Qyu � = 0  ij 
larr gSA 

  dksbZ Qyu    � = �(�) = ��� ����
���

  }kjk ifjHkkf’kr gSA 

i½ y dh lhek Kkr dhft,] tc � → 4  gSA 

ii½ D;k Qyu � =  4  ij larr gS ? D;ksa ? 

 fn;k gqvk Qyu  � = �(�) = ��� ����
���

 gSA 

i½  � → 4 ij lhek dk vuqiz;ksx  djus ij] ge izkIr djrs gaS% 

lim�→� � =  lim
�→�

 �(�) =  lim
�→�

��� ����
���

=  lim
�→�

(���)(���)
���

=  lim
�→�

(���)  

= 4 + 3 = 7 gSA 

ii½ � = 4 ij] bl QYku dk eku bl izdkj fudkyk tkrk gS% 

� = �(�) = ��� ����
���

= ��� ����
��� 

=  �
�
 (ifjHkkf’kr ugha) 

D;ksafd � = 4 Qyu ij ifjHkkf’kr ugha gS]  blfy, ;g Qyu � = 4  ij 
larr ugha gSA 

 dksbZ nqdkunkj 20 ;k de oLrq,¡ [kjhnus ij izR;sd oLrq ds fy, 
25 #i;s ysrk gSA ;fn oLrq,¡ vf/kd [kjhnh tkrh gSa] rks og dqN NwV nsrk gSA 
;fn 50 ;k de oLrq,¡ [kjhnh tkrh gaS( rks og izfr oLrq 1 #- dh NwV nsrk gSa rFkk 
50 ls vf/kd oLrq,¡ [kjhnus ij izfr oLrq 2 #- dh NwV nsrk gSA ykxr QYku Kkr 
dhft,A fdu fcnqvksa ij ;g QYku larr ugha gS ? 

 eku yhft, fd oLrqvksa dh la[;k �  gSA rc] ykxr Qyu �(�) bl izdkj 
n”kkZ;k tk,xk% 

C(x) = �
25� ,         1 ≤ � ≤ 20
24� ,      20 < � ≤ 50
23 �,               � > 50

  

x = 20,ij C(20) = 25 × 20 = 500  

L.H.L = lim�→��� �(�) =  lim�→��� �(20) = lim
�→���25� = 25 × 20 = 500 

¼oke&i{k lhek½  
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 djuk ftl vksj og QYku *vxzlj gks jgk* gS]  tc fuos”k ,d fof”k’V eku dh 
vksj *vxzlj gksrk* gSA nwljh vksj] ge ;g Hkh dgrs gSa fd Qyu larr gksrk gS] 
;fn ge mldk vkys[k dkxt ij fcuk isafly mBk, [khap ldsa] vFkkZr~ ,d larr 
Qyu gksus ds fy,] mlds vkys[k esa dksbZ foPNsn ugha gksuk pkfg,A bl vfHky{k.k 
ds lkFk ,d larr Qyu ;g iznf”kZr djrk gS fd Qyu ds fuos”k esa y?kq ifjorZuksa 
ds ifj.kkeLo:Ik cfgosZ”k esa Hkh y?kq ifjorZu gksrs gSaA buds lkFk gh] gesa fdlh 
QYku dh lhek ds xq.kksa ds ckjs eas Hkh crk;k x;k gSA  

fdlh QYku dh lhek dh vkSipkfjd ifjHkk’kk dh ppkZ djrs le;] geus lh[kk Fkk 
fd lhekar eku rHkh lhek dgykrk gS] tcfd mldk vfLrRo Hkh gksA gesa bl 
ladYiuk dks le>us ds fy, fdlh Qyu dh lhek dks nks fofHkUu i{kks als Kkr 
djus dh vko”;drk gqbZ ftUgsa nf{k.k&i{k lhek vkSj oke&i{k lhek dgrs gSaA 
budks vfHkdfyr djus ds ckn] gesa ;g lR;kiu Hkh djus dh vko”;drk gqbZ fd 
;s nksuksa lhek,¡ cjkcj gSa ;k ughaA D;ksafd fdlh QYku dh lhek ds vkfLro ds 
fy,] oke&i{k vkSj nf{k.k&i{k lhekvksa dk cjkcj gksuk vko”;d gSA geus ml 
fLFkfr esa] tc QYku vfu/kkZ;Z :Ik dk gks tkrk gS] xq.ku[kaMu dh fof/k ls lhek 
Kkr djuh lh[kh FkhA  lkaRkR; 

dh ladYiuk ij vkus ij] geus ns[kk Fkk fd x = c ij dkbZ QYku f larr dgk 
tkrk gS] ;fn izfrca/k  

i½  QYku x = c ij ifjHkkf’kr gks] rFkk 

ii½ lim�→� �(�) = �(�), gks] vFkkZr~ lim�→�� �(�) =  lim�→�� �(�) gksA 

larq’V gksrs gksaA geusa ,d larr Qyu ds xq.kksa dks Hkh n”kkZ;k gSA 

  ,d QYku �(�) larr gksrk gS] ;fn mldk vkys[k larr gksA vkSj 
vf/kd vkSipkfjd :Ik esa] � = � ij dkbZ QYku larr dgk tkrk gS] ;fn 
����→��(�) dk vfLrRo gks] og ifjfer gks rFkk �(�) ds cjkcj gksA 

 ftldh lhek dsoy O;fDrxr Qyuksa dh lhekvksa ls ugha fu/kkZfjr 
dh tk ldrhA 

 og eku ftl vksj dksbZ Qyu ¼vuqØe½ vxzlj gksrk gS] tc fuos”k fdlh 
eku dh vksj vxzlj gksrk gSA 

 ;g lhekvksa dks Kkr djus dh ,d rduhd gS] ftlesa lkoZ 
xq.ku[kaMksa dks dkV fn;k tkrk gSA ;g lkekU;r% vfu/kkZ;Z :iksa dks ,sls :iksa esa 
cnyus ds dk;Z vkrk gS] ftudk izR;{k :Ik ls ewY;kadu gks tkrk gSA 

 ;g lhekvksa dks fu/kkZfjr djus dh ,slh fof/k gS] ftlesa 
ml eku dks QYku esa izfrLFkkfir fd;k tkrk gS] ftl vksj Lora= pj vxzlj gksrk 
gS rFkk ifj.kke izkIr dj fy;k tkrk gSA 

 os la[;k,¡ tks fxuus esa iz;ksx gksrh gaSA 
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 ,d larr jkf”k tks ,d js[kk ds vuqfn”k ,d nwjh fu:fir dj 
ldrh gSA bl izdkj] okLrfod la[;kvksa esa] iw.kkaZd & 5 vkSj fHkUu 4@3 tSlh 

lHkh ifjes; la[;k,¡ lfEefyr gksrh gSa RkFkk √2 tSlh lHkh vifjes; la[;k,¡ 
lfEefyr gksrh gaSA 

 os Qyu ftuds eku okLrfod la[;k,¡ gSaA 

1- og eku ftl vksj dksbZ Qyu vxzlj gksrk gS] tc fuos”k fdlh eku dh 
vksj vxzlj gksrk gSA 

2- tc ge ml Qyu ds vkys[k dks dkxt ij ls isafly mBk, fcuk [khap 
ldsaA 

3- dksbZ QYku �(�)  fcanq ��  ij larr gksrk gS] ;fn �� ij lhek dk vfLrRo 
gks rFkk ;g �(��) ds cjkcj gksA 

1- ��� lhek ds fy,] Qyu dk eku lhek ls Bhd cM+k gksrk gS] tcfd ��� 
lhek ds fy,] QYku dk eku lhek ls Bhd NksVk gksrk gSA 

2- ugha 

3- ;g fdlh Qyu dh lhek dk ,d xq.k gSA 

4 1 

1- lehdj.k dk eku �
�
 vkSj �

�
 :Ik dk gksrk gSA 

2- vpj 

3- Qyuksa dh fLFkr;ksa eas] nks vfu/kkZ;Z :Ik �
�
 vkSj �

�
 gSaA 

1- ,d QYku � varjky (�, �) ij larr gksrk gS] ;fn og ml varjky ds 
izR;sd fcanq ij larr gks] vU;Fk% vlarr A 

2- gk¡ 

3- mi&vuqPNsn 6-3-1 esa nh ppkZ dks nsf[k, vkSj mÙkj nhft,A 

 
1- fuEufyf[kr Qyuksa dh lhek,¡ Kkr dhft,% 

d½ lim�→� 7 

[k½  lim
�→�

 �   
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x½  lim
�→�

(3� + 4)   

?k½  lim
�→�

(3�� − 2�� + 4�� + 5� − 7)  

M +½ lim [
�→�

(�� + 5)/(� − 1)]   

p½ lim [
�→�

���� ���
���� ����

]   

N½ lim [
�→�

���� ���� �
����� �����

] 

2- ppkZ dhft, fd fuEufyf[kr Qyu larr gSa ;k ugha % 

d½ lim
�→�

(2�� − 3� + 5) 

[k½ lim [
�→�

(�� − 7)/(� + 3)] 

3- ppkZ dhft, fd fuEufyf[kr ds lkarR; dh x = 0 ij tk¡p dhft,% 

  

f(x) = 

��
�
�

���
�
�
 , ;fn � ≠ 0 

 0 ,   ;fn  � = 0 

4- y = f(x) = �
�� ����

���
  fn;k gqvk gSA 

d½    � → 5  gksus ij � dh lhek Kkr dhft,A 

[k½ D;k ;g Qyu � = 5 ij larr gS ? D;kas ? 

5- Qyu � ds lkarR; dh ppkZ dhft,] tgk¡ 

 � + 2, ds fy,  � < 1 

f(x) = 4� − 1 , ds fy, 1 ≤ � ≤ 3 

 �� +  5, ds fy,   � > 3 

1- d½ 7 [k½ 0  x½ 13 ?k½ 3   M-½ 9   Pk½ 2@3    N½  &2@5 

2- d½ larr  [k½ larr 

3- larr 

4- d½  4  [k½  ugha] D;ksafd ;g � = 5  ij ifjHkkf’kr ugha gSA 

5-  � = 1 ij larr] � = 3  ij vlarr 

 

  bu ç'uksa }kjk vkidks bl bdkbZ dh iBu lkexzh dks le>us esa lgk;rk 
feysxhA bu ç'uksa ds mÙkjksa dks ewY;kadu ds fy, fo'ofo|ky; Hkstus dh 
vko';drk ugha gS D;ksafd ;s dsoy vkids vH;kl ,oa iqujko`fÙk ds fy, fn, 
x, gSA 
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7-0  mÌs”; 

7-1 izLrkouk 

7-2 izFke fl)kar }kjk vodyu 

7-3 vodyu ds fu;e 

7-4 ekud vodyu 

7-5 vLi’V Qyuksa dk vodyu 

7-6 y?kqxq.kdkas ds mi;ksx ls vodyu 

7-7 izfrykse Qyu dk vodyu 

7-8 izkpfyd Qyuksa dk vodyu 

7-9 lkjka”k 

7-10 “kCnkoyh 

7-11 cks/k iz”uksa ds mÙkj 

7-12 Loij[k iz”u 

7-13 lanHkZ iqLrdsa 

bl bdkbZ dk v/;;u djus ds ckn]  

• vodyt dh ladYiuk] mlds vFkZ vfHkdyu rFkk fuoZpu dks le> ik,¡xs(  

• vodytksa dks ifjdfyr djus ds fy, fofHkUu fu;eksa dks le> ik,¡xsa( rFkk 

• vodyu esa y?kqx.kdksa dk mi;ksx dj ik,¡xsaA 

fdlh Qyu ds ,d pj eas vU; pj ds lkis{k] ftl ij og vkfJr gS] ifjorZu dh 
nj] ml Qyu dk vodyt ¼derivative) dgykrh gSA vodyu ¼differentiation)   

og izfØ;k gS] ftlls ge fdlh larr Qyu dk vodyt Kkr djrs gSaA vodyt 
fdlh Qyu ds ,d pj esa vU; pj ¼rdZ½ esa gqbZ y?kq ¼small)  o`f) ds laxr gqbZ 
y?kq of̀) dk vuqikr gksrk gS] tc fd nwljk pj “kwU; dh vksj izor̀ gksrk gSA 

*izFke fl)kar* ls fdlh QYku ds vodyu ls rkRi;Z ;g gS fd ge ewy ifjHkk’kk 
ls izkjaHk djsa rFkk x ds fdlh eku ij fdlh oØ dh izo.krk ds fy, ,d O;kid 
O;atd Kkr djus esas chtxf.kr dk mi;ksx djsaA mijksDr /kkj.kk dh ljkguk ds 
fy,] ge bl ladYiuk dh dqN O;kid /kkj.kk ls izkjaHk djrs gSaA 
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Ekku yhft,  fd � =  �(�)  dksbZ QYku gS] tks varjky (�, �). esa ifjHkkf’kr gSA  
eku yhft, fd � = � bl varjky ds dksbZ fcanq gS] ftlls Qyu dk laxr eku 
�(�) gS eku yhft, fd blh varjky esa ( � + ℎ) ,d vU; fcanq gS tks � ds nkbZa 
;k ckbZa vksj blds vuqlkj fLFkr gS fd ℎ /kukRed gS ;k _.kkRed gSA rc Qyu 
dk laxr eku �(� + ℎ) gSA rc Lora= pj � esa ifjorZu ℎ ds laxr vkfJr pj � 
eas ifjorZu �(� + ℎ) − �(�) gSA bu nksuksa ifjorZuksa ds vuqikr �(���)��(�)

�
  ij 

fopkj dhft,] tks ℎ dk ,d QYku gS rFkk ℎ = 0 ds fy, ifjHkkf’kr ugha gS] 
tcfd � ,d fuf”pr (�����) fcanq gSA 

  � = �(�) ij ,d Qyu � = � vodyuh; gksrk gS] ;fn 

h
���
�� 0 

f(c + h) − f(c)
h

 

dk vfLrRo gks rFkk ;g lhek � = �  ij Qyu  �(�) dk vodyt dgykrh gSA 
bls �’(�) ;k ��(�)  }kjk O;Dr fd;k tkrk gSA 

1- fn, �(�)  dks �  ds cjkcj jf[k,] vFkkZRk~ 

 � =  �(�)           ---(1) 

2.        � Eksa ,d y?kq jkf”k ∆� dh of̀) dhft,] ftlls � esa laxr o`f) ∆� 
gksA 

� +  ∆� =  �(� +  ∆�)   ---(2) 

3-   vr% ¼1½  dks ¼2½ esa ls ?kVkus ij]  

� + ∆� − � =  �(� + ∆�) –  �(�) 

;k, ∆� =  �(� + ∆�) −  �(�) gSA 

4- nksuksa i{kksa dks ∆� ls Hkkx nsus ij] 

��
��

=  �(��∆�)� �(�)
∆�

  gSA 

5- nksuksa i{kks esa ∆x
���
�� 0   jf[k, rkfd 

∆x
���
�� 0 ��

��
= ∆ x

���
�� 0 �(��∆�)� �(�)

∆�
 

LHS dk O;atd vodyt dks fu:fir djrk gS] tks Lora= pj esa gq, fdlh 
ifjorZu ds laaxr vkfJr pj esa gqbZ rkR{kf.kd (Instantaneous) ifjorZu dh nj 
gSA Qyu vodyuh; rHkh gksxk] tc lhek dk vfLrRo gks RkFkk Qyu ml fcanq ij 
larr Hkh gksuk pkfg,A 

1- fdlh Qyu dk vodyt D;k gksrk gS ? 

2- vki dc dgsaxs fd ,d QYku vodyuh; gS ? 

3- izFke fLk)kar }kjk vodyu ls vkidk D;k rkRi;Z gS? 
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bl vuqPNsn eas] ge fofHkUu izdkj ds Qyuksa ds vodytksa dks Kkr djus ds fy,] 
fu;eksa rFkk muds xq.kksa dh ppkZ djsaxsA  vko”;d :Ik ls] ge xq.ku fu;e vkSj 
?kkr fu;e dk v/;;u djsaxs] tks vodyu esa laf{kIr fof/k;ksa ds :Ik esa dk;Z djrs 
gSaA egRoiw.kZ vodytksa ds vfHkdyu ds fy, uhps vkd`fr dks nsf[k,% 

 

fdlh vpj dk vodyt “kwU; gksrk gSA 

vFkkZr~];fn   � =  �(�)  = � gS] rks 

 ��
��

= 0 gksxkA 

;fn y = vpj gS rks fdlh Hkh x ds eku ds fy, y esa ifjorZu ugha gksxkA 

 fuEUfyf[kr Qyuksa ds vodyt Kkr dhft,% 

i) y = 8 

ii) y = 6000c 

iii) y = 5/6 

 i) y = 8 gSA 

      vr%,      ��

��
= 0 gSA 

ii) y = 6000c gSA 

     vr%, ��

��
= 0 gSA 

    iii) y = 5/6 

           vr% ��
��

= 0 gSA 

 

vpj QYku  
fu;e 

?kkr QYku  
fu;e 

jSf[kd QYku  
fu;e 

;ksx vkSj varj ds 
fy, fu;e  

Xkq.ku fu;e 
 

HkkxQy fu;e 
 

Ja[kyk fu;e 
 

vodytksa ds vfHkdyu ds 
fy, fu;e 
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;fn x dksbZ okLrfod la[;k gS vkSj � =  �(�)  =  �� gS] rks 

�
��

�� = � ���� gksrk gSA 

 =  ×  × 

 vodyt Kkr dhft,% 

i)  y= x3/2 

 ��
��

= �
�

�
�
���= �

�
 x1/2 gSA 

ii) y = x 

  ��
��

= 1. ����= 1 gSA 

iii) y = �
√�

 

   y = x-1/2 

 ��
��

=  − �
�

���
���= − �

�
���

� gSA 

iv) y = 2 x6 

  ��
��

= 2 × 6 x6-1 

    =12 x5 

v) y = �
�
.x 2/3 gSA 

   ��
��

  =  �
�

. �
�

�
�
���  = ��

�
. x -1/3  gSA 

vi) y = ���
√��  

   � = 100. ���/� 

��
��

     = 100x �− �
�
� ���

��� 

   = - ���
�

 x -4/3 gSA 

jSf[kd Qyu � =  �� +  � dk vodyt =  � ds x.kkad � ds cjkcj gksrk gSA 

;fn � =  �� +  �, gS] rks  ��
��

= � �� +  0 

vFkkZr~ ] ��
��

= � gSA 

 ;fn   � =  3� +  7, gS rks ��/�� =  3 +  0 

vFkkZr~  ,dy/dx = 3 gSA 

 � =  �� +  �    = �  
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;fn � vkSj � nks vodyuh; Qyu gSa] rFkk 

� (�)  =  � (�)  ±  � (�) gS] rks gesa izkIr gksrk gS% 

 �’(�)  =  �’(�)  ±  �’(�) 

i) y = x8 + x2/3 

��
��

=
�

��
(��) +

�
��

(�
�
�) 

;k, ��
��

= 8. ���� + �
�

. �
�
��� = 8. �� + �

�
. ���/� 

ii) y= 3x3 + 4x2 -5x + 5 

��
��

= �
��

(3 x3 )+ �
��

(4x2)- �
��

.5x+ �
��

(5) 

 = 3.3 x3-1 + 4.2 x2-1 + 5 x1-1 + 0 

 = 9x 2+8x –5 

iii) y = ��� �
�

 

��
��

= �
��

�����
�

�  

= �
��

. ���

�
� + �

��
. ��

�
� 

 = �
��

��+ �
��

. �
�
 

 = �
��

(��)+ �
��

(���) 

= 2x - x-2 

 = 2x - �
�� gSA 

 xq.kuQy fu;e 

,d xq.kuQy � =  �(�). �(�)  dk vodyt  igyk Qyu x nwljs QYku dk 
vodyt + nwljk Qyu × igys Qyu dk vodyt gksrk gSA vFkkZr~ 

�
��

[ �(�). �(�)] =  �(�).
�

��
[�(�)] +  �(�).

�
��

 [ �(�)] 
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;k, �
��

[ �(�). �(�)] =  �(�).  [�′(�)] +  �(�).  [ �′(�)] gksrk gSA 

i) y = 5x4(3x − 7) 

�
��

[5��(3� − 7)] =  5��.
�

��
[3� − 7] + (3� − 7).

�
��

[5��] 

;k, ��
��

=  5��. 3 + (3� − 7). 20�� 

 ;k, ��
��

  = 15x4+ 60x4− 140x3 gSA 

;k, ��
��

= 75�� −  140�� gSA 

ii) y= (4x3 – 5x +7)(3x4 -2x3+2) 

�
��

[(4�� –  5� + 7). (3��  − 2�� + 2)] 

=  (4�� –  5� + 7).
�

��
[(3��  − 2�� + 2)] +  (3��  − 2x�

+ 2) 
�

��
(4�� –  5x + 7) 

;k, ��
��

 = �4� –  5� + 7�( 12�� −  6 ��) +  (3��  − 2�� +

2)(12 �� − 5) 

    = 84 x6 -48 x 5 – 75 x 4 +120 x 3 -18 x 2 -10 gSA 

fn, gq, O;atd y= �(�)
�(�)

 dk vodyt ¼tgk¡ g(x)≠0 gS½ 

 gS gksrk cjkcj ds oxZ dkgj

 vodyt dkgj k va'& vodyt  dkk va' gj ××

 

�
��

��(�)
�(�)

� =
�(�)×�(�(�)

�� ��(�)× �
���(�)

[�(�)]�  gksrk gSA 

  fuEufyf[kr ds fy,] dy/dx Kkr dhft,A 

i) y= ����
���

 

��
��

=
(� − 1) �

��
(2� + 1) − (2� + 1) �

��
(� − 1)

(� − 1)�   

=  (���)(�)� (����)(�)
(���)� = ��

(���)� gSA 

ii) y = �������
����
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��
��

=
(�� + 1) �

��
(�� − �� + 1) −  (�� − �� + 1) �

��
(�� + 1)

(�� + 1)�  

= ��������������� ��������� (��)
(����)� = ���������

(����)�  gSA 

fdlh Qyu ds Qyu � = �(�) tgk¡ u = g(x) gS] dk vodyt (��/��)  ds 
lkis{k igys QYku  ds vodyt × x ds lkis{k nwljs QYku ds vodyt ds 
cjkcj gksrk gSA vFkkZr~] 

��
��

=  ��
��

. ��
��

 gSA 

 fuEufyf[kr ds fy, ��/�� Kkr dhft,% 

i) ;fn  y = u2 vkSj u = 2x3+ 5x + 1 gSA 

��
��

=  
�

��
(��) 

 ;k,  ��
��

= 2� gSA 

lkFk gh] ��
��

=  �
��

. (2�� +  5� + 1) 

 ;k, ��
��

=  6�� +  5 gSA 

;k, ��
��

=  ��
��

. ��
��

 = 2u. (6x2 +5) 

  ��
��

 esa u dk  eku j[kus ij]  

��
��

= 2(2�� +  5� + 1). (6�� +  5) gSA 

ii) y= 4u3 vkSj u = 12x2 + 5 gSA 

dy/du = 12u2 vkSj  

du/dx = 24x gSA 

vr% dy/dx = 12u2(24x) 

;k, dy/dx = 288xu2 gSA 

  ��
��

 esa u dk  eku j[kus ij]  

dy/dx= 288x(12x2+5)2 gqvkA 

iii) y= √� vkSj u= 5 + 7x + x3 gSA 
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��
��

=  
�

��
( �

�
�) 

;k, ��
��

=  �
�

. ���
� gSA 

lkFk gh] ��
��

=  �
��

. (5 + 7� +  ��) ;k ��
��

= 0 + 7 + 3�� = 3�� +  7  gSA 

bl izdkj, ��
��

= ��
��

. ��
��

 ;k ��
��

= ��
�

. ���
�� . (3�� +  7 ) gSA 

  ��
��

 esa u dk  eku j[kus ij]  

��
��

=  �
1
2

. (5 + 7� +  ��)��
�� . (3�� +  7 ) 

;k  ��
��

= (���� � )
��(����� ��)

 gSA 

 

   Ja`[kyk fu;e ¼chain rule) fo”ks’k dj mu jkf”;ksa ds vodyt Kkr djus 
eas fd;k tkrk gS] ftuds Åij ?kkr yxh gksrh gS] tSls [�(�)]�   dk 
vodyt Kkr djus esaA eku yhft, fd � =  �� vkSj � =  �(�) gSA 
Ja`[kyk fu;e ds vuqiz;ksx ls] ge izkIr djrs gaS% 

��
��

= ��
��

. ��
��

 = �����. �’(�) 

vr%] �
��

. [�(�)]� = � [�(�)]���. �′(�) gSA 

 

iv) (����)�

(����)� 

 eku yhft, fd     

 y = (����)�

(����)� gSA rc  dks � =  �� :Ik esa fy[kk tk ldrk gS] tgk¡ � =  ���� 
����

 

gSA  

bl izdkj] J̀a[kyk fu;e }kjk]  

��
��

=
��
��

.
��
��

 

vc ��
��

= 4�� gSA 

lkFk gh, ��
��

=  �
��

. ����� 
����

� gSA 

HkkxQy fu;e ds vuqiz;ksx ls] 

��
��

=  
(5� − 7)(2) −  (2� + 5)(5)

(5� − 7)�  

⇒ ��
��

=  (������)� (������)
(����)� = ���

(����)�  gSA 
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bl izdkj, ��
��

=  4��. ���
(����)� 

  blesa es u dk  eku j[kus ij]  

��
��

=  4(���� 
����

)�. ���
(����)� =  −156 (����)�

(����)� gSA 

1.      �
��

(3� + 5) Kkr dhft,A 

2- xn dk vodyt vfHkdfyr dhft,A 

3- Xkq.kuQy fu;e D;k gS ? 

4- Jà[kyk fu;e ds mi;ksx ls � = (3� + 1)� dks vodfyr dhft,A 

5- vodyu dk HkkxQy fu;e D;k gS ? 

chth; Qyuksa ds ckn] y?kqx.kdh; vkSj pj?kkrkadh Qyu ,sls gaS] ftudk lkekU;r% 
vf/kd iz;ksx fd;k tkrk gSA y?kqx.kdh; vkSj pj?kkrkadh QYkuksa ds vodyt uhps 
fn, tk jgs gaS%  

i½  

;fn  y = log x gSA 

rc  ��
��

= �
�
 gksrk gSA 

¼tc log dk vk/kkj crk;k ugha x;k gS] rd bls e fy;k tkrk gSA½ 

ii½  

 y = �� gS] rks 

dy/dx= �� gksrk gSA 

iii½ ax   tgk¡ a vpj gSA 

 ;fn y = ax gS] rks 

dy/dx = ax. logea gksrk gSA 

 

  y = log u vkSj y = eu ds vodytksa dks Kkr djus esa J̀a[kyk fu;e 
Hkh mi;ksxh jgrk gS] tgk¡ x  dk u ,d mIk;qDr QYku gS rc ge J̀a[kyk fu;e 
ds vuqiz;ksx }kjk vodyt Kkr dj ldrs gSaA mnkgj.kkFkZ] ;fn  

 y = log u vkSj u= f(x) gS, rks 
��
��

= ��
��

. ��
��

= �
�

. ��
��

  gS 

;fn  y = eu, u = f(x) gS] rks 
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��
��

= �� ��
��

  gSA 

  fuEufyf[kr ds fy, ��
��

 Kkr dhft,% 

i) y = log (5x2 + 7) 

 ;g Qyu y = log u ds :i dk gS] tgk¡ u = 5x2 + 7 gSA  

bl izdkj]  
��
��

=  �
���� �

. �
��

 ( 5�� +  7) = �
���� �

. (10�)  

= ���
���� �

 gSA 

ii) y = x2 log (3x + 7) 

  xq.kuQy fu;e ds vuqiz;ksx ls]   
��
��

= ��  �
��

 (3� + 7) + log(3� + 7) �
��

 (��)  

;k, ��
��

=  ��  � �
����

� (3) + log(3� + 7). (2�) = ���

����
+  2� log(3� +

7) gSA 

iii) y = ��������� 

  ��
��

= ��������� �
��

. (5�� +  4� + 8) =  ��������� (10� + 4) gSA 

iv) y = ��� �
��   

  HkkxQy fu;e ds vuqiz;ksx ls]   

��
��

=  
��. �

��.(��� �)���� � . �
�� ����

�� =  
��.��

������ � (��)

��  =������� �
��  =

��� ��� �
��  gSA 

v) y = x3 + 8x + log x 
��
��

=  �
��

 (��) +  �
��

 (8�) +  �
��

(log �) =3�� + 8������ + �
�
 gSA 

1.           �(�) = 5� dk vodyt Kkr dhft,A 

2.          � = 3�� + 2�� dk vodyt D;k gS ? 

3.         �(�) = ����
�� (�)

 dks vodfyr dhft,A 

dksbZ laca/k �(�, �)  =  0 fn;k gksus ij] � ds inksa esa � dks O;Dr djuk laHko 
ugha gks ikrk gS rFkk blds foijhr � ds inksa esa � dks O;Dr djuk Hkh laHko ugha 
gks ikrk gSA rc] ,slk laca/k ,d vLi’V Qyu (�������� ��������) dgykrk gSA 
,slh lehdj.k ls ��/�� Kkr djus ds fy,] ge lehdj.k ds nksuksa i{kksa dks 
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vodfyr djrs gSa rFkk ifj.kkeh lehdj.k ds nksuksa i{kks dks vodfyr djrs gSa 
rFkk ifj.kkeh lehdj.k ls ��/�� izkIr djrs gSA bl fof/k dks fuEufyf[kr 
mnkgj.kksa dh lgk;rk ls csgrj :Ik ls LIk’V fd;k tk ldrk gSA  

 fuEufyf[kr ds fy,] ��/�� Kkr dhft,% 

i) ��  +  ��  =  �� 

  � dks � dk ,d QYku ekurs gq,] rFkk nksukssa i{kksa dks � ds lkis{k  
vodfyr djrs gq,] ge izkIr djrs gaS% 

�
��

 (��) +  �
��

 ( ��) =  �
��

 (��)  

;k] 3�� +  3 ��. ��
��

= �. ��
��

+  �  

iquO;ZfLFkr djus ij] ge izkIr djrs gaS% 

 3�� ��
��

−  � ��
��

= � − 3�� 

 ;k] (3�� − �) ��
��

=  � − 3�� 

bl izdkj]   ��
��

= �����

�����
 gaSA 

ii) ax2 + 2hxy + by2 + 2gx + 2fy +c = 0 

  nksuks i{kks dks x ds lkis{k (w.r.t.) vodfyr djus ij] ge izkIr djrs gaS% 

�.
�

��
 (��) +  2ℎ 

�
��

 (��) +  � 
�

��
 (��) + 2� 

�
��

 (�) +  2� 
��
��

+  
�

��
(�)

=
�

��
0 

;k, 2�� + 2ℎ � � ��
��

+ �� +  2�� ��
��

+  2� + 2� ��
��

+ 0 = 0 

 ;k]  ��
��

 (2ℎ� + 2�� + 2�) + ( 2�� + 2ℎ� + 2�) = 0 

 ;k]  ��
��

(2ℎ� + 2�� + 2�) =  − ( 2�� + 2ℎ� + 2�) 

or, ��
��

= �( ����������)
����������

 =  − �������
�������

 gaSA 

iii) ��1 + � +  �√1 + � = 0 

 lehdj.k dks iquO;ZofLFkr ij] ge izkIr djrs gaS% 

��1 + � = − �√1 + �  

 nksuksa i{kksa dk oxZ djus ij] ge izkIr djrs gSa% 

x2 (1 + y) = y2 (1+ x) 

;k]   x2 + x2y = y2 + y2x 

;k]   x2 - y2 + x2y - y2x = 0 
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;k]  (x-y) (x+y) + xy (x-y) = 0 (D;ksafd x2 - y2 = (x-
y)(x+y) gaSA) 

;k]   (x - y)(x + y + xy) = 0 

;k]    x+y+xy= 0(D;ksafd x ≠ y gS] blfy, x-y ≠ 0 gSA) 

;k]   y(1+x) = &x 

;k]   y = &x/(1+x) gSA 

 nksuksa i{kksa dks vodfyr djus ij]  
��
��

=  �
��

�− ( �
���

)�  

or,  ��
��

=  − (���).���.�
(���)�  =  − �

(���)� gSA 

1- ,d vLi’V Qyu dks fdl izdkj vodfyr fd;k tkrk gS ? 

2- ;fn 3x+2y=4 fn;k gS] rks ��
��

 Kkr dhft,A 

3.         ��
��

 ds Kkr djus dh fof/k Li’V dhft,] ;fn �
�� = 1 fn;k gSA 

Yk?kqx.kdh; vodyu dh fof/k � =  �(�)�(�) ds :Ik ds QYkuksa dks vodfyr 
djus esa mi;ksx dh tkrh gSA bl fof/k esa] ge lehdj.k � = �(�)�(�) ds nksuksa 
ds fu;eksa i{kksa ij izkd̀frd ��� ysrs gaS( ftlls ��� � =  ��� [�(�)�(�)] izkIr 
gksrk gS y?kqx.kdksa ds fu;eksa dk mi;ksx djrs gq,] ge bl lehdj.k  ��� � =
 ��� [�(�)�(�)]  dks ljy djrs gSa rFkk fQj nksuksa i{kksa dks � ds lkis{k vodfyr 
djrs gSaA blds ckn bls ��

��
 ds fy, gy djrs gSaA bl fof/k dks ,sls QYku dks 

vodfyr djus ds fy, Hkh mi;ksx fd;k tk ldrk gS] tks vusd Qyuksa ds 
xq.kuQy gksaA 

  

 dy/dx Kkr dhft,% 

i) y = xx 

  lehdj.k y = xx ds nksuksa 
i{kksa ij  log ysus ij] ge 
izkIr djrs gaS% 

log y =log [ xx] 

logy= x log x 

lehdj.k ds nksuksa i{kksa dks vodfyr djus ij]  

uksV% y?kqx.kdksa ds egRowi.kZ xq.k 

1. log (m.n) = log m + log n 
2. log ( m/n) = log m - log n 
3. log (mn) = n log m 
4. log (ex) = x 
5. log e = 1 
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1
�

��
��

= � 
�

��
 (log �) + log � 

�
��

(�) 

;k, �
�

��
��

= �. �
�

+ log � 

;k, �
�

��
��

= 1 + log � 

;k, ��
��

= � ( 1 + log �) gSA 

mijksDr esa y dk eku j[kus ij]  ��
��

= �� ( 1 + log �) gSA 

ii) � =  (���)�� (���)(���)
(���)�  

 nh gqbZ lehdj.k ds nksuksa i{kkas ij log ysus ij]  

log � = log �(���)�� (���)(���)
(���)� � 

;k, log y = log (x+1)10 + log (x+5) + log (x+6) – log (x+7)2 

;k, log y =10 log (x+1) + log (x+5) + log (x+6) – 2 log 
(x+7) 

nksuksa i{kksa dks � ds lkis{k vodfyr djsu ij] ge izkIr djrs gSa% 

1
�

.
��
��

=
10

� + 1
+

1
� + 5 

+
1

� + 6
−

2
� + 7

 

;k, ��
��

= �. � ��
���

+ �
��� 

+ �
���

− �
���

� 

=�(���)�� (���)(���)
(���)� � . � ��

���
+ �

��� 
+ �

���
− �

���
� gSaA 

iii) xy = yx 

 nksukas i{kksa ij log ysus ij] 

log xy = log yx 

;k, y log x = x log y 

x ds lkis{k nksuksa i{kksa dks vodfyr djus ij] 

�.
�

��
(log �) + log � 

��
��

= �.
�

��
 (����) + ���� 

�
��

 (�) 

;k, �. �
�

+ log � ��
��

= �. �
�

��
��

+ log � 

 ;k, log � ��
��

− �. �
�

��
��

= log � − �
�
 

;k,  �log � − �
�

� ��
��

= log � − �
�
 

;k, [� ��� ���]
�

��
��

= � ��� ���
�

 

;k, ��
��

= � ��� ���
���� ���

. �
�
 gSA 
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iv)  y = (3x2+5)1/x 

 nksuksa i{kksa ij log ysus ij] 

 log y = log (3x2+5)1/x 

 log y = �
�
 log (3x2+5) 

 x ds lkis{k nksuksa i{kksa dks vodfyr djus ij] 

 �
�

��
��

= �
�

. �
��

log(3�� +  5) + log(3�� +  5). �
��

��
�
� 

 ;k, �
�

��
��

= �
�

. (6�) + log( 3�� +  5) . (−���) 

;k, �
�

��
��

= 6 − ���( ���� �)
��  

;k, ��
��

= �. �6 − ���( ���� �)
�� � 

;k,��
��

= ( 3�� +  5 �
�

�6 − ���( ���� �)
�� �   gSA 

1- vki vodyu esa y?kqxq.kdksa dk mi;ksx dc djuk pkgsaxs ? 

2- vki Qyu � = ��

(�����)√����
 dks vodfyr djus ds fy,] fdu pj.kksa dk 

vuqlj.k djsaxs ? 

3.  10x ds izkd`frd y?kqx.kd dks ljy dhft,A 

Ekku yhft, � dk dksbZ Qyu  � =  �(�)  gS rFkk ;g Hkh eku yhft, fd ge 
bl lehdj.k dks � ds fy, � ds inksa es gy dj ldrs gSA vr%] ge � dks � ds 
,d QYku ds :Ik esa] � =  �(�) fy[k ldrs gSaA rc] �(�)  Qyu  �(�)  dk 
izfrykse Qyu (������� ��������) dgykrk gSA ;fn � ij � =  �(�)  ,d 
vodyuh; Qyu bl izdkj gS fd �’ (�)  ≠  0  gS] rks � =  �(�)   Hkh � ds 
laxr eku ij vodyuh; gksrk gS rFkk ��

��
=  �

��
��

 gksrk gSA 

fuEufyf[kr ls ��
��

 Kkr dhft,% 

i) � =  ����
���

   

 � dks �  ds lkis{k vodfyr djus ij]  

��
��

=  
(� + 1)(3) −  (3� + 2). 1

(� + 1)�  
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;k ��
��

=  �
(���)�  

vr%] ��
��

= �
��/��

= �
�

(���)�
= (� + 1)� gSA 

ii) � =  (� +  2)�/� 

 � dks �  ds lkis{k vodfyr djus ij]  

��
��

=  
�

��
(� + 2)

�
� 

 ;k,   ��
��

= �
�

. (� + 2)��
�. 1 

;k,  ��
��

=  �

�(���)
�
�
 

;k,  ��
��

= �
��(���)

 

;k,  ��
��

= �
��/��

=  2�(� + 2) gSA 

1- ,d izfrykse Qyu D;k gksrk gS ? 

2- fl) dhft, fd � ds lkis{k � = ���(�) dk vodyt �
��(�)

 gksrk gS ? 

3- ;fn � ij � =  �(�), ,d vodyuh; Qyu gS] rkfd��(�) ≠ 0 gS rFkk 
��
��

=  �
��
��

  gS rks vki fdl izdkj ds QYku ds lkFk dk;Z dj jgs gksrs  gSa ? 

mi oØksa dks O;Dr djus ds fy,] ge izkpfyd Qyuksa (���������� ���������) 
dk mi;ksx djrs gaS] tks ,d vdsyh lehdj.k ds :Ik esa ugha fy[kh tk ldrh gSA 
bl izfØ;k esa] � vkSj � dks ,d nwljs ds inksa ifjHkkf’kr djus ds LFkku ij] ge bu 
nksuksa dks ,d vU; pj � ¼tks izkPky dgykrk gSa½ ds inksa esa ifjHkkf’kr djrsa gSaA bl 
izdkj] ge � =  �(�) vkSj � =  �(�) izkIr djrs gSaA fQj] bu Qyuksa dks ,d nwljs 
ls izkpy }kjk lacaf/kr fd;k tkrk gSA ge izkpfyd Qyuksa dks Jà[kyk fu;e ds 
mi;ksx ls vodfyr dj ldrs gSaA 

eku fyhft, fd  � =  �(�) vkSj � =  �(�) nks vodyuh; Qyu  gSa tgk¡ � 
,d izkpy (���������) gSA nsf[k, fd ��

��
 vkSj ��

��
 nksuksa dk vkfLrRo gSA 

vr%]   ��
��

= ��
��

/ ��
��

 gSA tcfd ��/�� ≠  0 gSA 

 fuEufyf[kr ds fy, ��
��

  Kkr dhft,% 

i) y= t3 , x = t2 

 D;ksafd y= t3   gS] blfy,  ��
��

= 3�� gSA 
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iqu%] � = �� ls ge ��/�� = 2� izkIr djrs gSaA 

vr% ��/�� = (��/��)/(��/��) = (3��)/2� = �
�

 � gSA 

ii) � =  (1 − �)/(1 + �) vkSj � =  2��  +  4� gSA 

 � =  (1 − �)/(1 + �) 
��
��

= [(1 + �)(−1) −  (1 − �).1)]/(1 + �)� 

��/�� = (−2)/(1 + �)� 

� =  2��  +  4� 

��/�� = 6�� +  4�  ���4 
vr%] 

��/�� = (��/��)/(��/��) 
;k]  ��/�� =  (6�� +  4�  ���4)/((−2)/(1 + �)�) 

;k]  ��
��

= ����� �� �����.(���)�

��
 gSA 

1- ,d izkpfyd Qyu D;k gksrk gS ? 
2- Ikzkpfyd Qyuksa dks fdl izdkj vodfyr fd;k tkrk gS ? 
3- fuEufyf[kr QYku dks vodfyr dhft,% 

� =  2��� vkSj � =  4�� 

bl bdkbZ esa] geus vodyu dh rduhdksa dh ppkZ dh gSA fdlh QYku ds ekuksa 
dh ifjorZu dh nj ds :Ik esa ml QYku ds vodyt dks vFkZ nsdj izkjaHk djrs 
gq,] ge ;g lh[krs gSa fd vodyt dks ��/�� ;k �’(�) ;k �� ds :Ik ds O;Dr 
fd;k tk ldrk gSa tc Qyu � =  �(�) ds fy, � dks � lkis{k vodfyr fd;k 
tkrk gSA  dqN ewyHkwr fu;e gS] ftudk mi;ksx vusd izdkj ds Qyuksa ds 
vodytksa dks Kkr ;k vfHkdfyr djus esa fd;k tk ldrk gSA ;g fu;e gaS% vpj 
Qyu fu;e] ?kkr Qyu fu;e] jSf[kd QYku fu;e] QYku ds varj ds fy, fu;e 
xq.kuQy fu;e] HkkxQy fu;e] Qyu ds Qyu ds fy, fu;eA vkxs] ge 
y?kqxq.kd Qyu ds vodyt ¼vFkkZr~ ;fn � =  ����, gS] rks ��/�� =  1/� gS) 
rFkk lkFk gh pj?kkarkdh  QYku ds vodyu (� = ��  ⇒  �� / �� = ��)  ls 
Hkh ifjfpr gq, gSaA bl bdkbZ ds vafre Hkkxksa esa] geus izfrykse Qyu vkSj 
izkpfyd Qyuksa ds vodyu dk v/;;u fd;k gSA bl izfØ;k esa] ;g ns[kk x;k gS 
fd izfrykse Qyu dh fLFkfr esa] ;fn � ij y = f(x) ,d vodyuh; Qyu bl 
izdkj gS fd f’ (x) ≠ 0, rks  x = g(y)  laxr eku ij ds laxr eku ij 
vodyuh; gksrk gS rFkk ��

��
=  �

��
��

 gksrk gSA izkpfyd Qyuksa ds vodyu ij 

fopkj djrs le;] geus lh[kk gS fd ;fn � =  �(�) vkSj � =  �(�) izkpy gSa t 
ds lkFk nks vodyuh; Qyu gaS] rks ��

��
=  �

��
��

 gksrk gS] tcfd ��
��

≠  0  gSA 
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 Qyuksa ds la;kstu ds vodyt dks Kkr djus dh ,d fof/kA 

 Qyu dh ifjorZu dh nj dk ekiuA 

  � (�)  =  �� ds :Ik dk Qyu] tgk¡  � pj gS rFkk � ,d 
vpj gS] tks Qyu dk vk/kkj dgykrk gSA 

  vLi’V :Ik ls ifjHkkf’kr Qyu ;k laca/k ds vodyt Kkr 
djus dh fof/kA 

 vLi’V lehdj.k }kjk vLi’V :Ik ls ifjHkkf’kr] vFkkZr~ ,d pj 
dks nwljs ls tksM+ dj cuk;k QyuA 

 og Qyu tks nwljs QYku dks O;qRØe dj nsrk gSA 

 fdlh fof”k’V fcanq ds lehi fdlh Qyu dk fo”ys’k.k 

  y = xsin x   tSls Qyuksa ds vodyt Kkr djus ds 
fy, ,d fof/kA 

  y = loga x ;k y = ln x  tSlk QYkuA ;g 
y = ax ;k y = ex  tSls pj.kkarkadh Qyu dk izfrykse gksrk gSA 

 lehdj.kksa dk ,d leqPp; tks jkf”k;ksa ds ,d leqPp; dks 
vusd Lora= pjksa ds vLi’V Qyuksa ds :Ik esa O;Dr djrk gSA ;s pj izkpy 
dgykrs gSaA 

   � = �(�) = ���  ds :Ik esa fy[kk tkus okyk Qyu] tgk¡ k 
vkSj n okLrfod la[;k,¡ gaSA 

 fdlh pj dh ?kkr ds vodyt dks Kkr djus dk fu;eA 

  nks Qyuksa ds xq.kuQy ds vodyt ds fy, lw=A 

  nks Qyuksa ds HkkxQy ds vodyt ds fy, lw=A 

1- fdlh QYku ds ,d pj esa vU; pj ds lkis{k] ftl ij og vkfJr gS] 
ifjorZu dh njA 

2- QYku vodyuh; rHkh gksrk gS tc lhek dk vfLrRo gks rFkk ml fcanq ij 
Qyu larr gksA 

3- fdlh oØ dh izo.krk ds fy,] chtxf.kr dh lgk;rk ls ,d O;kid O;atd 
Kkr djukA 

1.  3 

   ����� 
3-  � =  �(�). �(�)  yhft, rFkk igyk Qyu dk vodyt + nwljs Qyu × 

igys Qyu dk vodyt ds :i ls vodyt Kkr dhft,A nwljs Qyu 
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4- (3x+1) esa fcuk dqN IkfjorZu ds igys oxZ dks vodyt dhft,A fQj 
(3x+1) dks vodfyr dhft,A vkidks ��

��
= 2(3� + 1)���. �

��
(3� +

1) = 2(3� + 1). (3) = 6(3� + 1) izkIr gksxkA 

5- HkkxQy fu;e ,d vkSipkfjd fu;e gS] tks ,sls Qyuksa dks vodfyr djus 
esa mi;ksx gksrk gS] tgk¡ ,d QYku dks nwljs Qyu ls Hkkx fn;k tkrk gSA 
bl izdkj] 

  �
��

��(�)
�(�)� =  

�(�). �
�� �(�)� �(�) �

�� �(�)

[�(�)]�  

1. (��5)5� 

2.  6� + 2�� 

3.   
� ��(�)�(����)��

��

[�� (�)]�  

1- lehdj.kksa ds nksuks i{kkas dks vodfyr dhft, RkFkk ifj.kkeh lehdj.k ls ��
��
 

ds fy, O;atd Kkr dhft,A 

2- -3/2 
3- igys lehdj.k � ds fy, gy djds �� = � izkIr dhft,A 

rc, � = �
�
�. ��

��
=�

�
���

�  

1- tc ges dqN tfVy Qyuksa ds vodyt Kkr djus dh vko”;drk gksrh gS] 
rc ge bu Qyuksa dks y?kqx.kd ds mi;ksx ls ljy dj ldrs gaSA 

2- nksuks i{kkas ij y?kqx.kd yhft, rFkk ljy djds 

ln � = ��(��) − ��(1 − 10�) − ��(√�� + 2) Kkr dhft,A 

fQj ogh dfj, tks vki vLi’V Qyuksa ds fy, djrs gaS] ftlls ��/��
�

=
�
�

+ ��
�����

− �
����

  izkIr gksA 

3-  � 

 

1 izfrykse Qyu og Qyu gS] tks vU; Qyu dks O;qRØe dj nsrk gSA vFkkZr~ 
, �(�) = �, ;fn vkSj dsoy ;fn �(�) = �   gksA 

2     � = �(�) yhft, nksuksa i{kkas dks � ds lkis{k vodfyr dhft,] rkfd 
��
��

= �
��

(�(�), vFkkZRk~  ��
��

= ��(�) ;k, ��
��

= �
��(�)

. 

3- izfrykse QYku 
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¼N½ 

1- Qyuksa ds ,d ,sls oxZ dk vfLrRo gS] tks ,d vU; pj t ¼tks izkpy 
dgykrk gS½ ds inksa esa ifjHkkf’kr gksrs gaSA 

2- Jà[kyk ds fu;e ds ek/;e ls 

3.  ��
��

= ��
��

× ��
��

, 

D;ksafd  ��
��

= 4��, gaSA blfy,] gesa  ��
��

= �
���

 izkIr 

gksrk gSA iqu%] ��
��

= 4� gSA vr%] ��
��

= 4� × �
���

=�
�
 gSA 

1. x ds lkis{k vodfyr dhft,% 

i) y = 3 x5 

ii) y = x3 + 3x 

iii) f(x) = 7x2 – 8x + 5 

iv) f(x) = 8 (10 – x4) 

2-- fuEufyf[kr Qyuksa ds vodyt Kkr dhft,% 

i) y = ���� 
����

 

ii) y = �������� 
��� ��

 

iii) y = �� √�
√���

 

3- fuEufyf[kr Qyuksa ds dy/dx Kkr djus ds fy,] J̀a[kuk fu;e dk mi;ksx 
dhft,% 

i) y = 2u2 – 7u vkSj u = 5x – x3 

ii) y = u2 vkSj u = ���
���

 

iii) y = log u vkSj u = √� +  1/√� 

iv) y = eu vkSj u = x6 – x2 + 1 

4- fuEufyf[kr Qyuksa dk dy/dx Kkr dhft,A 

i) log x (logx) 

ii) log x3 

iii) (log x)3 

iv) log (3x2 + 2x -5) 
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v) log (xex) 

vi) (e3x +1)4 

vii) 4������ 

viii) ��� log � 

5- ;fn  y = log�� +  √1 + ��� gS] rks fl) dhft, fd  ��
��

=  �
√���� gSA 

6- ;fn  y = �√� + 1 + √� − 1� gSA rks fl) dhft, fd  √�� − 1 ��
��

=
�
�

� gSA 

1.  i) 15 x4 ii) 3x2 +3 iii) 14x – 8 iv) 32 x3 

2.  i) 23/( 4x-5)2 ii) ���� ������������
(�����)�  iii) 

� �
√�

�√����
� 

3.  i)(20x – 4x3 – 7) ( 5- 3x2) ii) �� (���)
(���)�  iii) (���)

�� (���) iv) (6x5-

2x) �������� 

4.  i)1/ (xlogx) ii) 3/x iii) �(����)�

�
 iv) ����

���� ����
 v) (x+1)/x  

    vi) 12e3x(e3x+1)3 

   vii) log 4 (6x2+5) 4������ viii) ��� ��
�

+  2� ����� 

  bu ç'uksa }kjk vkidks bl bdkbZ dh iBu lkexzh dks le>us esa lgk;rk 
feysxhA bu ç'uksa ds mÙkjksa dks ewY;kadu ds fy, fo'ofo|ky; Hkstus dh 
vko';drk ugha gS D;ksafd ;s dsoy vkids vH;kl ,oa iqujko`fÙk ds fy, fn, 
x, gSA 
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8-0  mÌs”; 

8-1 izLrkouk 

8-2 mPprj dksfV ds vodyt 

8-3 o/kZeku vkSj gkzleku QYku 

8-3-1 o/kZeku Qyu 

8-3-2 gkzleku Qyu 

8-4 mfPp’B vkSj fufEu’B 

8-4-1 LFkkuh; pje ekuksa fd fy, izFke vodyt tk¡p 

8-4-2 LFkkuh; pje ekuksa fd fy, f}rh; vodyt tk¡p 

8-4-3 f}rh; dksfV ds vodyt ds mi;ksx ls mfPp’B vkSj fufEu’B ds fy, pj.k  

8-5 lkjka”k 

8-6 “kCnkoyh 

8-7 cks/k iz”uksa ds mÙkj 

8-8 Loij[k iz”u 

8-9 lanHkZ iqLrdsa 

8-0 

bl bdkbZ dk v/;;u djus ds ckn] vki fuEufyf[kr dks le> ik,¡xs% 

• mPprj dksfV ds vodytksa dks le> ik,¡xsa(  

• mu varjkyksa dks Kkr dj ik,¡xs ftu ij dksbZ Qyu o/kZeku gS ;k gkzleku 
gS( rFkk 

• Qyu ds mfPp’B vkSj fufEu’B eku Kkr dj ik,¡xsA 

fiNyh bdkbZ esa] geus Qyuksa ds vodytksa ds ckjs esa v/;;u fd;k gSA bl Lrj 
ls vkSj vkxs tkus ds fy,] orZeku bdkbZ esa] fdlh Qyu ds vkys[k ds pje 
fcnqvksa (extreme points) dks Kkr djus ds fy,] vodytkas dk mi;ksx djus dk 
iz;kl fd;k x;k gSA mnkgj.kkFkZ] ge ;g n”kkZ,¡xs fd fdl izdkj vodyt ds 
fpà dk mi;ksx mu iz”uksa dks lqy>kus esa fd;k tkrk gS] tks fdlh Qyu ds 
vkys[k ds mu varjkyksa ds ckjs esa gksrs gSa] ftuesa og p<+rk ;k fxjrk gqvk gksrk 
gSA bldk eq[; vuqiz;ksx vkys[kksa ij mPp ;k fuEu fcnaqvksa dh fLFkfr;k¡ fu/kkZfjr 
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djus esa gksrk gSA ckn esa bUgha facnaqvksa dk mi;ksx ml Qyu }kjk izkIr fd, tkus 
okys vf/kdre ;k U;wure ekuksa dks fu/kkZfjr djus esa fd;k tkrk gSA 

;fn � dk  �(�) ,d vodyuh; Qyu gS] rks �′(�) ;k  ��
��

 Qyu  � = 
�(�) dk � ds lkis{k  izFke vodyt (first order derivative) gSA D;ksafd fdlh 
Qyu dk vodyt Hkh ,d Qyu gksrk gS( blfy, ,d vU; vodyt Hkh Kkr 
fd;k tk ldrk gSA f}rh; dksfV dk vodyt (second order derivative)  ;k 
f}rh; vodyt Qyu  �(�) ds izFke vodyt dk vodyt gksrk gSA blds 
fy, vU; ladsru gaS% 

� (��
��� )

��
 ;k,� (��(�))

��
   ;k,�� �

��� ;k �� ;k �′′(�) 

D;ksafd �′′(�) Hkh ,d QYku gS] blfy, blds Hkh vodyt dks Kkr fd;k tk 
ldrk gS] ftls �′′′ (�) ds :Ik esa O;Dr fd;k tkrk gSA mPprj dksfV ds 
vodytksa ds fy, Qyu ds Åij la[;k,¡] bR;kfn fy[kh tk ldrh gSa] tSls f4 =  
pkSFkk vodyt] bR;kfnA 

 �(�) = 5x4 + 6x3+2x+1 

 �(�) = 20x3 + 18x2 + 2 

�’’(�) = 60x2 + 36x 

 �′′′(�) = 120x2 + 36 

 �= 9x4+ 7x3+ 2x2+ 5x + 7 ds 

laHko dksfV;ksa ds vodyt Kkr dhft,A 

y1= dy/dx= 36x3 + 21 x2+4x+5 

y2 = d2y/dx2 = 108x2 + 42x + 4 

y3 y3 =d3y / dx3 = 216x + 42 

y4= d4 y / dx4= 216 

Y5= d5 y / dx5 = 0 

y6=d6 y / dx6=0 

ik¡poha rFkk mlls mPprj dksfV;ksa ds vodyt “kwU; gksaxsA 

 ;fn �= ��
�
�

�
 gS] rks bldk f}rh; dksfV vodyt Kkr dhft,A 
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 blds nksukas i{kksa ij log ysus ij ge izkIr djrs gaS%  

  log � = � log�
�
 

   = �(log1 – log �) 

   = –xlogx  (D;ksafd log1 = 0 gksrk gSA) 

� ds lkis{k] nksuksa i{kksa dks vodfyr djus ij] 

1
�

.
��
��

=  − �� �
1
�

� + log � .1� 

= – (1+ logx) 

;k,��
��

= −�. (1 + ����)  

iqu%, � ds lkis{k vodfyr djus ij] 

���
��� =  − �� �

1
�

� + (1 + log �) .
��
��

� 

��/�� dk eku j[kus ij] 

���
��� =  − �� �

1
�

� + (1 + log �) . (−�. (1 + ����))� 

;k, ���
��� =  − ��

�
−  (1 + ����)� �� 

;k, ���
��� =  −� ��

�
−  (1 + ����)�� 

� dk eku j[kus ij] 

���
��� =  − ��

�
�

�
��

�
− (1 + ����)�� gSA 

QYku � =  �(�) dk izFke vodyt] vFkkZr~ ��
��

 pj � esa gq, ifjorZu ds dkj.k] 

� esa gq, ifjorZu dh nj dk ekiu djrk gSA ;g fdlh oØ ij fLFkr ,d fcanq 
ij ml oØ dh izo.krk iznku djrk gSA 

1½ fdlh fcnqa ij ;fn izFke dksfV vodyt /kukRed gS] vFkkZRk~  dy/dx > 0, 
rks bldk rkRi;Z gS fd � ds eku esa gqbZ ,d y?kq of) ds fy,]  � esa of̀) 
gksrh gSA  

2½ fdlh fcnqa ij ;fn izFke dksfV vodyt “kwU; gS] vFkkZr~ dy/dx = 0, gS 
rks bldk rkRi;Z gS fd � ds eku esa gqbZ ,d y?kq o`f) ds fy, � esa dksbZ 
ifjorZu ugha gksrk gSA 

3½  fdlh fcnq ij izFke dksfV vodyt _.kkRed gS] vFkkZr~  dy/dx < 0 gS 
rks � ds eku esa gqbZ ,d y?kq o`f) ds fy, � esa deh gksrh gSA 

4½ f}rh; vodyr  d2y/dx2 izFke vodyt  dy/dx dh ifjorZu nk iznku 
djrk gSA vFkkZr~] ;fn  
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d½  d2y/dx2>0 gS] rks QYku dh izo.krk o/kZeku ¼c<rh gqbZ½ gksrh gSA 

[k½  d2y/dx2<0 gS] rks QYku dh izo.krk ãleku ¼?kVrh gqbZ½ gksrh gSA 

1- fdlh Qyu ds vkys[k ds p<+rs gq, ;k fxjrs gq, gksus ij fuoZpu ¼;k 
fu’d’kZ½ fudkyus ds fy,] vki ,d vodyt eas D;ks ns[krs gSa ? 

2- tc fuos”k esa o`f) gksus ij Qyu ds eku esa deh gksrh gS] rc mldk vkys[k  
dkSu&lh oØ n”kkZrk gS ? 

3- fdlh fcanq ij ,d oØ dh izo.krk] Qyu ds fdl dksfV ds vodyt ls 
Kkr gks ldrh gS ? 

4- vkidks fdlh Qyu dk f}rh; dksfV vodyt fn;k gSA ,slh lwpuk ds 
vk/kkj ij vki oØ dh izo.krk ij D;k fVIi.kh dj ldrs gSa ? 

5. vkidks fdlh O;kikj ds fØ;kdyki dk ykHk Qyu fn;k gqvk gS rFkk 
vkidks ykHk dh ifjorZu nj ij lq>ko nsus dks dgk tkrk gSA vki D;k 
djsaxs ? 

6- fdlh QYku dh o/kZeku (increasing) vkSj ãleku oØks ij viuk fuoZpu 
djus ¼fu’d.kZ fudkyus½ esa vodytksa ds fpàksa dh ,d lwph cukb,A 

Ck`gr :Ik ls vxj dgsa] rks dksbZ Qyu eku yhft,] �(�) o/kZeku gksrk gS] ;fn � 
esa o`f) gksus ij � esa of̀) gks ¼ck,¡ ls nk,¡ ns[kus ij½ rFkk �(�) ãleku gksrk gSa] 
;fn � esa o`f) gksus ij � esa deh gksrh gksA fdlh pj ds ifjorZu dh nj fu/kkZfjr 
djus fd fy,] bl izdkj ds Qyu gekjs fy, #fpdj gksrs gSaA mnkgj.kkFkZ] ge 
fdlh dkj dh pky ;k fdlh ns”k dh tula[;k o`f) ¼vkSj deh½ dh nj dh 
tkudkjh ds ckjs esa #fp j[k ldrs gSaA 

dksbZ Qyu � = �(�) varjky  [�, �] esa o/kZeku dgk tkrk gS] ;fn � ls � rd 
� esa of̀) gksus ij] � esa of̀) gksrh gSA vFkkZr~] 

;fn �� vkSj �� ��∈[�, �] vkSj ��≥��  gS, rks f(��)≥ f(��)  gksrk gSA  

bl izdkj] dksbZ Qyu [�, �] esa ,d o/kZeku Qyu dgk tkrk gS] ;fn bldk izFke 
dksfV vodyt [�, �]  esa � ds lHkh ekuksa ds fy, “kwU; ls cM+k gksrk gS ¼vFkkZr~  
�’(�)  >  0 gks½ ;fn �’(�)  >  0 gks] rks facnqa  � =  � ij oØ  esa ck,¡ ls nk,¡ 
rd òf) gksrh gSA 



 

 

dksbZ Qyu � = �(�)  varjky [�, �
esa o`f) gksus ij � esa dk;Z gksrh gS rFkk foykser%
gSA vFkkZr~] �(��) ≤  �(��) gS] tc ��

;fn varjky [�, �] esa � ds lHkh ekuksa ds fy, izFke
gS] vFkkZr~ ��(�) <  0   gS] rks QYku �
gSA vFkkZr~ ;fn ��(�) <  0  gS]  rks fcanq 
vksj fxjrh gSA 

 

 

 

 

 n”kkZb, fd Qyu  � = 
lHkh ekuksa ds fy, o/kZeku gSA 

��/��=�′(�) = 9x2+ 6x + 1 

          = (3x + 1)

vr%] � ds lHkh ekuksa ds fy, ��
��

> 0

bl izdkj] fn;k gqvk Qyu � ds lHkh ekuksa ds fy, o/kZeku gSA

  os varjky Kkr dhft,(

i½  o/kZeku gSA 

ii½  ãleku gSA 

 

�] esa ãleku dgk tkrk gS] ;fn [�, �] esa � 
rFkk foykser% � esa deh gksus ij � esa of̀) gksrh 

� � �� gS]  rFkk �� vkSj ��∈[�, �] gSA 

lHkh ekuksa ds fy, izFke dkfV vodyt “kwU; ls NksVk 
� = �(�) varjky  [�, �]  eas ãleku gksrk 

rks fcanq � = q ij oØ � = �(�) ckbaZ ls nkbaZ 

 

= �(�) = 3x3+ 3x2+ � – 1 pj � ds 

 

)2 

0 gSA 

ds lHkh ekuksa ds fy, o/kZeku gSA 

( ftuesa Qyu  �(�)= 2x3+ 9x2+12 � – 
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    ��/�� = �′(�)  =  6�� +  18 � +  12  

      = 6(�2+3 �+2)= 6(�+1)( �+2) gSA 

i) �(�) ds o/kZeku gksus ds fy,   �’(�)>0 gksuk pkfg,A    

vFkkZr~   6(� + 1)(� + 2) > 0 gSA 

;fn � < −2, gS] rks �’(�)= 6 (–) (–)>0 gS] vFkkZr~ �(�) o/kZeku gSA 

tCk � > −1  gSA rc  �’(�)= 6 (+) (+)>0 gSA  

vFkkZr~ �(�) o/kZeku gSA tc  � ∈ (−∞, −2)U(−1, ∞) gSA 

ii) ;fn �(�) gkzleku gS] rks �′(�)  gSA 

vFkkZr~]  6(x+1)(x+2)<0 gSA 

;fn –2<x<–1 rc �’(�)= 6 (–)(+)<0 �(�) gSA vFkkZr~  �(�) gkzleku gS( 
tc x∈(–2,–1) gSA 

vr% �(�) o/kZeku gS] tc x∈(–∞,–2)U(–1,∞) gS vkSj �(�) gkzleku gS] tc 
x∈(–2,–1) gSA 

 x dk eku Kkr dhft,] ftlds fy, fn;k gqvk Qyu �(�) 
=2x2− 8x+80 ãleku gSA 

 fdlh QYku ds ãleku gksus ds fy,] mlds izFke vodyt �’(�) dks “kwU; 
ls de gksuk pkfg,A vFkkZr~ 

�′(�) =  4� –  8 <  0, ml Qyu ds ãleku gksus ds fy,A 

vr%] 4x –8 <  0 ;k] 4x < 8 ;k] x<2 gSA  

bl izdkj] mijksDr Qyu x<2 ds fy, ãleku gS] x>2 ds fy, o/kZeku gS rFkk 
x=2 ij bldk fLFkj (stationary) eku gSA 

 og varjky Kkr dhft,] ftlesa Qyu 

�(�)= –2x3 + 3x2+12 x – 1 

¼i½  o/kZeku gSA 

¼ii½  ãleku gSA 

�’(�) = –6x2 +6x+12 

      = –6(x2–x–2)=–6 (x+1) (x–2) gSA 

i)   �(�) o/kZeku gksus ds fy,, �’(�)>0 gSA 

vFkkZRk~ –6(x+1)(x–2)>0 gSA 
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;fn –1<x<2, gS] rc �’(�)= (–) (+) (–)>0 gSA vFkkZRk~ �(�) 
o/kZeku gSA  

vr%] �(�) o/kZeku gS] tc x∈(–1,2) gSA 

 ii)  �(�) ds ãleku gksus ds fy,] �’(�)<0 gSA 

vFkkZr~] –6(x+1)(x–2)<0 gSA 

;fn  x<–1, rc �’(�)= (–) (–)(–)<0 gSA vr%] �(�) ãleku gSA 

vkSj ;fn  x>2 gSA rc �’(�)= (−)(+)(+) < 0 gSA vr%, �(�) ãleku 
gS] tc x∈(–∞,−1)U(2,∞) gSA 

blfy, �(�) o/kZeku gS]tc  x∈(–1,2) vkSj �(�) ãleku gS] tc       
x∈(–∞,−1)U(2,∞) gSA 

 og varjky Kkr dhft,] ftlesa Qyu 

�(�) = x4 – 2x2  

i½  o/kZeku gSA 

ii½  ãleku gSA 

    �(�) = x4 – 2x2 

⇒ �’(�)= 4x3 – 4x 

= 4x(x2–1) 

 = 4x(x–1)(x+1) 

i) �(�) o/kZeku gksus ds fy,, �’(�) “kwU; ls cM+k gksuk pkfg,A vFkkZr~ 

�’(�) = 4x(x–1)(x+1)>0 

;fn –1<x<0 gS] rks �’(�)= 4 (–) (–)(+)>0 gSA vr%]  � o/kZeku  
gSA lkFk gh] ;fn  x>1, gS] rc  �’(�)= 4(+) (+) (+)>0⇒�(�) 
o/kZeku gSA 

vr%, �(�) o/kZeku gS] ;fn x∈(–1,0)U(1,∞) gSA  

ii)     �(�) ds ãleku gksus ds fy,, �’(�)<0 gSA 

vFkkZr~] 4x(x–1)(x+1)<0 gSA 

;fn –∞<x<–1, gS] rks �’(�)= 4(–) (–)(–)<0 gSA rFkk ;fn 
0<x<1 gSA rks �’(�) = 4(+)(–)(+) <0 gSA 

vr%] �(�) ãleku gS] tc x∈(–∞,–1) U(0,1) gSA bl izdkj] �(�) 
o/kZeku gS]tc x∈(–1,0)U(1,∞) gS rFkk �(�) ãleku gS] tc x∈(–
∞,–1) U(0,1). gSA 

 fdlh QeZ dk jktLo Qyu 
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R = [8,00,000 + (� – 300)2] }kjk fn;k tkrk gSA 

� ds os eku fu/kkZfjr dhft,] ftuds fy,] dqy jkTkLo Qyu o/kZeku vkSj ãleku 
gSA 

R’(x) = +2 (� – 300) 

jkTkLo QYku ds o/kZeku gksus ds fy,] R’(�) > 0 gksxkA 

vFkkZr~] + 2(� −300) >0 gSA 

vr%] jkTkLo QYku � ds 300 ls cM+s eku] vFkkZr~ � > 300 ds fy,] o/kZeku gSA 
jkTkLo QYku ds ãleku gksus ds fy, R’(�) < 0  gksxkA 

vFkkZr~ 2(� − 300) <0 gSA 

tc  �=0 gS] rc R’(�) < 0 

rFkk  �− 300 < 0 gSA 

vFkkZr~ �< 300 gSA 

vr%] jktLo Qyu � = 0 rFkk 0 vkSj 300 ds chp  � ds ekuksa ds fy,] vFkkZr~    
0 ≤ � ≤ 300 ds fy, ãleku gSA bldk  � = 300 ij fLFkj eku gSA 

1- ;fn fdlh Qyu dks varjky [a,b] esa o/kZeku Qyu dgk tkrk gS] rks bl 
nkos dk lR;kiu djus ds fy,] vki D;k djsaxs ? 

2- dkSu&lh dksfV dk vodyt fdlh QYku ¼oØ½ dh izo.krk dks Li’V djrk 
gS? 

3- izFke vkSj f}rh; dksfV;ksa ds vodytksa ij izkIr gq, ifj.kkeksa ds vk/kkj ij 
ij ,d ãleku Qyu dks Li’V dhft,A 

fdlh Qyu dk mfPp’B ;k fufEu’B ml Qyu dk vf/kdre ;k U;wure eku gksrk 
gS] tks ;k rks ,d fn, ifjlj ds vanj ¼LFkkuh; ;k lkis{k pje½ ;k ml QYku ds 
laiw.kZ izk¡r ij ifjHkkf’kr gksrk gSA mfPp’B dk vFkZ mifj ijfc) (upper bound) 
;k vf/kdre laHko eku gksrk gSa fdlh Qyu dk fujis{k  (absolute)  mfPp’B 
ml Qyu ds ifjlj esa varfoZ’V lcls cM+h la[;k gSA vFkkZr~] ;fn Qyu ds izk¡r 
esa lHkh � ds fy,]  �(�) ;k rks �(�) ls cM+k gS ;k mlds cjkcj gS] rks �(�) 
fujis{k  mfPp’B (absolute maximum)  gksrk gSA nwljh vksj fufEu’B 
(�������) dk vFkZ gS fuEu ifjc) (lower bound) ;k U;wure laHko ekuA 
fdlh QYku dk fujis{k] fufEu’B ml QYku ds ifjlj esa varfoZ’V lcls NksVh 
la[;k gS rFkk ;g mlds vkys[k ds fuEure fcanq ij Qyu ds eku ds laxr gksrh 
gSA ;fn �(�)  Qyu ds izk¡r esa lHkh �  ds fy, ;k rks �(�)  ls NksVk gS ;k 
mlds cjkcj gS] rks �(�)  fujis{k  fufEu’B gksrk gSA 
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i½ �′(�) Kkr dhft,A 

ii½ Qyu  �(�)  ds lHkh Økafrd ekuksa (�������� ������)   dks Kkr dhft,] 
vFkkZr~ � ds os lHkh eku tgk¡  ��(�)=0 gSA 

iii½ � dk izR;sd Økafrd eku] eku yhft, � = � izFke vodyt dk fpà 
fu/kkZfjr djrk gSA ;fn izFke vodyt ��(�) dk eku � ls gksdj tkrs gq,  
� esa of̀) gksus ij] /kukRed ls _.kkRed gks tkrk gS] rks � = � ij og 
Qyu ,d LFkkuh; (�����) mfPp’B izkIr dj ysrk gSA ;fn � ls gksdj 
tkrs gq, � esa of̀) gksus ij ��(�)  dk eku _.kkRed ls /kukRed gks tkrk 
gS] rks og Qyu � = � ij ,d LFkkuh; fufEu’B izkIr dj ysrk gSA 

iv½ ;fn � ls gksdj tkrs gq, ��(�)  esa o`f) gksus ij ��(�) ds fpà esa dksbZ 
ifjoru ugha gksrk gS] rkss � = � ij dksbZ LFkkuh; pjere 
(����� ��������) ugha gksrk gSA ,slk fcanq ufrifjorZu fcanq 
(���� �� ���������� ;k  ����������) dgykrk gSA 

fdlh QYku �(�) ds fy, dgk tkrk gS fd mldk ,d  

• ,d Økafrd fcnq � = � ij ,d mfPpu’B gS] ;fn ml fcanq ij � ′(�)  =  0 
vkSj � ′′ (�)  <  0 gSA 

• ,d Økafrd fcnq � = � ij ,d fuEufu’B gS] ;fn ml fcanq ij � ′(�)  =  0 
vkSj � ′′ (�)  >  0 gSA 

og fcanq] tgk¡ � ′′ (�)  =  0 gS rFkk � ′′′ (�)  ≠  0  gS] ,d ufrifjorZu fcanq 
dgykrk gSA 

bl izdkj]   

,d lkis{k mfPp’B ds fy,  ,d lkis{k fufUu’B ds fy, 

��
��

= 0¼izFke dksfV izfrca/k½ 
��
��

= 0¼izFke dksfV izfrca/k½ 

���
��� < 0¼f}rh; dksfV izfrca/k½ 

���
��� < 0¼f}rh;  dksfV izfrca/k½ 

mfPp’B ;k fufEu’B ds fcanq uhps vkjs[k esa n”kkZ, x, gaS% 
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,d Qyu mu fcanqvks
vFkkZr~ vkjs[k ds fcanqvks
gS] tgk¡ izFke vodyt _.kkRed gksrk gS] vFkkZRk~ vkjs[k ds fcanqvksa  
ijA mu fcanqvk
;k lkis{k fufEu’B ij gS] Qyu ds izFke vodyt ;k oØ dh izo.krk dk eku 
“kwU; ds cjkcj gSA ;g lkis{k mfPp’V vkSj lkis
izfrca/k gSA

f}rh; vodyt lhekar ¼;k mikar½ Qyu 
nj dk ekiu djrk gS] ;fn izFke vodyt “kwU; gS] tks ,d “kwU; izo.krk iznf”kZr 
djrk gS] rFkk blh dkj.k Qyu esa ,d iBkj ;k ,d leery Hkwfe ;k ,d IykWVks 
(plateau)
gS fd og Qyu Iyk
ij gksuk pkfg,A ;fn izFke vo
bldk vFkZ gS fd QYku ,d ?kkVh 
bl Qyu dk ,d lkis{k fufUu’
cjkcj gS] Økafrd eku ;k fLFkj eku ;k 
vodyt “kwU; gS] ijarq 
eku u rks 
gksxk] ftl ij Qyu viuh i
,d ufrifjorZu facanq gSA

I)  QYk
ifjdfyr dhft,A

II) izFke vodyt dks “kwU; ds cjkcj LFkkfir dhft, rFkk lehdj.k 
0 
izkIr gksrs gSaA

III½ Qyu dk f}rh; vodyt 

,d Qyu mu fcanqvksa ij o/kZeku gksrk gS] tgk¡ izFke vodyt
vFkkZr~ vkjs[k ds fcanqvksa A vkSj E ijA dksbZ Qyu mu fcanqvksa ij gkzleku gksrk 
gS] tgk¡ izFke vodyt _.kkRed gksrk gS] vFkkZRk~ vkjs[k ds fcanqvksa  
ijA mu fcanqvkas B vkSj D ij] tgk¡ Qyu lkis{k mfPpu’B 

kis{k fufEu’B ij gS] Qyu ds izFke vodyt ;k oØ dh izo.krk dk eku 
“kwU; ds cjkcj gSA ;g lkis{k mfPp’V vkSj lkis{k fufEu’B nksuksa ds fy, vko”;d 
izfrca/k gSA 

f}rh; vodyt lhekar ¼;k mikar½ Qyu (marginal function
nj dk ekiu djrk gS] ;fn izFke vodyt “kwU; gS] tks ,d “kwU; izo.krk iznf”kZr 
djrk gS] rFkk blh dkj.k Qyu esa ,d iBkj ;k ,d leery Hkwfe ;k ,d IykWVks 
plateau) dks iznf”kZr djrk gS] tcfd f}rh; vodyt
gS fd og Qyu IykWVksa ls uhps dh vksj py jgk gS rFkk mls ,d lkis{k mfPp’B 
ij gksuk pkfg,A ;fn izFke vodyt “kwU; gS vkSj f}rh; vodyt /k
bldk vFkZ gS fd QYku ,d ?kkVh (valley)  ls Åij dh vksj py jgk gS rFkk 
bl Qyu dk ,d lkis{k fufUu’B gSA og fcanq ftl ij izFke 
cjkcj gS] Økafrd eku ;k fLFkj eku ;k pje eku fcanq dgykrk gSA ;fn f}rh; 
vodyt “kwU; gS] ijarq rr̀h; vodyt “kwU; ds cjkcj ugha gS] rks ;g Økafrd 
eku u rks mfPp’B gksrk gS vkSj u gh fufEu’B gksrk gSA ;g ,d ufrifjorZu fcanq 

ftl ij Qyu viuh ifjorZu nj esa cnyko djrk gSA vkd̀fr esa fcanq 
,d ufrifjorZu facanq gSA 

QYku  �’(�)= 0 dk izFke vodyt Kkr dhft,
ifjdfyr dhft,A 

izFke vodyt dks “kwU; ds cjkcj LFkkfir dhft, rFkk lehdj.k 
0  ds okLrfod ewYk Kkr dhft,A blls Lora= pj 
izkIr gksrs gSaA 

Qyu dk f}rh; vodyt �”(�) Kkr dhft,A 

 

ku gksrk gS] tgk¡ izFke vodyt /kukRed gksrk gS] 
ijA dksbZ Qyu mu fcanqvksa ij gkzleku gksrk 

gS] tgk¡ izFke vodyt _.kkRed gksrk gS] vFkkZRk~ vkjs[k ds fcanqvksa  C vkSj F 
ij] tgk¡ Qyu lkis{k mfPpu’B  (relative maximum) 

kis{k fufEu’B ij gS] Qyu ds izFke vodyt ;k oØ dh izo.krk dk eku 
fufEu’B nksuksa ds fy, vko”;d 

marginal function)  esa ifjorZu dh 
nj dk ekiu djrk gS] ;fn izFke vodyt “kwU; gS] tks ,d “kwU; izo.krk iznf”kZr 
djrk gS] rFkk blh dkj.k Qyu esa ,d iBkj ;k ,d leery Hkwfe ;k ,d IykWVks 

t _.kkRed gSA bldk vFkZ 
rFkk mls ,d lkis{k mfPp’B 

dyt “kwU; gS vkSj f}rh; vodyt /kUkkRed gS] rks 
ls Åij dh vksj py jgk gS rFkk 
ftl ij izFke vodyt “kwU; ds 

pje eku fcanq dgykrk gSA ;fn f}rh; 
rr̀h; vodyt “kwU; ds cjkcj ugha gS] rks ;g Økafrd 

fufEu’B gksrk gSA ;g ,d ufrifjorZu fcanq 
yko djrk gSA vkd̀fr esa fcanq A 

dk izFke vodyt Kkr dhft,] vFkkZr~ �’(�)  

izFke vodyt dks “kwU; ds cjkcj LFkkfir dhft, rFkk lehdj.k �’(�)= 
ds okLrfod ewYk Kkr dhft,A blls Lora= pj � =  � ds Øk¡frd fcanq 
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IV) f}rh; vodyt esa izR;sd Øk¡frd eku dks izfrLFkfir dhft,A Økafrd ekuksa 
ds izfrLFkkiu ds ckn] f}rh; vodyt /kukRed] _.kkRed ;k “kwU; gks 
ldrk gSaA 

v) ;fn �”(�)  =  0, gS vkSj �”’(�), rks  Qyu  dk rr̀h; vodyt �”’(�) 
Kkr dhft,A rr̀h; vodyt “kwU; ;k “kwU;srj gks ldrk gSA fdlh Qyu 
ds vf/kdrHkhdj.k ;k fuEurHkhdj.k ls lacaf/kr lwpuk dsoy fdlh ,d le 
dksfV ¼even–ordered) ds vodyt ls izkIr dh tk ldrh gS] tcfd 
,d ufrifjorZu fcanq ls lacaf/kr lwpuk dsoy fdlh ,d fo’ke dksfV ¼odd–
ordered) ds vodyt ls izkIr dh tk ldrh gSA 

 izFke vodyt fu;e }kjk] Qyu �(�) = x4 –8x3 –22x2 –
24x+ 61 ds LFkkuh; 

mfPp’B vkSj LFkkuh; fufEu’B ds lHkh fcanqvksa dks Kkr dhft,A 

�(�) = x4 –8x3 –22x2 –24x+ 61 fn;k gSA 

  vr%] �’(�) =4x3 –24 x2– 44x –24 

    = 4(x–1)(x–2)(x–3) gSA 

   �’(�)=0 j[kus ij] 

    4(x–1)(x–2)(x–3) = 0 gSA vr%]   

   ;k rks   x=1 gS, ;k x=2 ;k x=3 gSA 

   ;fn   x<1 gS, rks �’(�) = 4 (–)(–)(–)<0 gSA 

   ;fn   1<x<2 gS, rks �’(�) = 4 (+)(–)(–)>0 gSA 

   ;fn   2<x<3 gS, rks �’(�) = 4 (+)(+)(–)<0 gSA 

   ;fn   x>3 gS, rks �’(�) = 4 (+)(+)(+)>0 gSA 

tc x=1 gS] rc x ds eku esa 1 ls gksdj tkus ij of̀) gksus ij]  �’(�) dk fpà 

_.kkRed ls ?kukRed esa cny tkrk gSA vr%] ;gk¡ x=1  ij ,d LFkkuh; 
fufUu’B gSA 

QYku f(x) dk laxr fuEure eku gSA  

�(1) = 1–8+22–24+1 = –8  gSA 

tc x=2 gS] rc x ds eku esa 2 ls gks dj tkus ij o`f) gksus ij �(�)  fpà 
?kUkkRed ls _.kkRed esa cny tkrk gSA vr%] x=2 ij LFkkuh; mfPp’B gSA 
Qyu �(�) dk laxr 

vf/kdre eku �(2) = 16–64+88–48+1 = –7 gSA tc � = 3� gS] rc 
�’(�)  ds eku esa 3 ls gksdj tkus ij of̀) gksus ij] �(�) dk fpà _.kkRed ls 
/kukRed esa cny tkrk gSA vr%] � = 3 ij LFkkuh; fuEure gSA Qyu �(�) dk 
laxr U;wure eku �(3) = 81–216+198–72+1 = –8 gSA 
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 izzFke vodyt fu;e ds mi;ksx }kjk Qyu  

�(�) = 2x3 –15x2 –36x + 60 fn;k gSA 

ds LFkkuh; mfPp’B vkSj LFkkuh; fuEu’B ds lHkh fcanqvksa dks Kkr dhft,A 

�(�) = 2x3 –15x2+36x + 60, fn;k gSA 

     vr%] �’(�)= 6x2 – 30x +36 

  = 6(x2 – 5x +6) 

  = 6 (x–2)(x–3) gSA 

  �’(�)=0 jf[k,A 

  vFkkZr~ 6 (x–2)(x–3)=0 gSA 

  vr% �’(�)=0 gSA tc x=2 ;k x=3 gSA 

;fn x<2 gSA rks �’(�)= 6 (–)(–)>0; 

;fn 2<x<3 gSA rks �’(�)= 6 (+)(–)<0 gS vkSj 

;fn x>3 gSA rks �’(�)= 6 (+)(+)>0 gSA 

D;ksafd 2 eas ls gksdj tkus ij � ds eku esa of̀) gksus ij �’(�)  dk fpà $ ls & 
esa cny tkrk gS] blfy, � = 2 LFkkuh; mfPp’B dk fcanq gSA blh izdkj] 3 esa ls 
gksdj tkus ij � ds eku esa o`f) gksus ij �’(�) dk fpà & ls $ cny tkrk gSA 
vr%] � = 3  LFkkuh; fufEu’B  dk ,d fcanq gSA 

  Qyu �(�) = x3 –3x2 –9x+60 ds mfPpu’B vkSj fufUu’B ds 
lHkh fcanqvkas dks Kkr djus ds fy,] f}rh; dksfV vodyt tk¡p dk mi;ksx 
dhft,A 

   �(�) = x3 –3x2 –9x+60 fn;k gSA 

vr%] �’(�) = 3x2–6x–9  

       = 3 (x2–2x–3) 

    = 3(x+1)(x–3) gSA 

�’(�) =0 jf[k, ftlls] 

3(x+1)(x–3) = 0 gS vr%] 

;k rks x= –1 ;k x=3 gSA 

blfy,] x= –1 vkSj x=3 Qyu ds Øk¡frd eku gSaA  

 �’’(�) = 6x–6 yhft,A 

tc x= –1, gS] rc �’’(�)= �’’(−1)  = 6(–1) –6 = –6 –6 = –12 gSA 
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D;ksafd, � =  −1 ij]  �’’(�)<0 gS] blfy, x= –1 ij Qyu dk mfPp’B gSA  

tc x = 3 gS] rc �’’(�) =  �’’(�) = 6(3) −  6 = 18 − 6 = 12 gSA 

D;ksafd x = 3 ij �’’(�) > 0 gS] blfy, x = 3 ij Qyu dk fufEu’B gSA 

  QYku  �(�) =x5 –5x4 + 5x3 –18 ds mfPp’B vkSj fufUu’B 
ds lHkh fcanqvksa dks Kkr djus ds fy,] f}rh; vodyt tk¡p dk mi;ksx dhft,A 

 �(�) =x5 –5x4 + 5x3 –18 fn;k gSA 

   vr%] �’(�) = 5x4 –20x3 +15x2 

           = 5x2 (x2 –4x +3) 

    = 5x2 (x–1)(x–3) gSA 

�’(�) =0 j[kus ij] 

   5x2 (x–1)(x–3)= 0 gSA 

mijksDr lehdj.k dks gy djus ij] x=0, x=1 vkSj x=3  izkIr gksrk gSA 

gesa �’’(�) = 20x3 – 60x2 +30 x izkIr gSA 

;fn x=1 gS rks �’’(�)= –10<0 gSA vr%] x=1; ij ,d LFkkuh; mfPp’B gSA 

;fn x=3,gS] rks �’’(�)= 90>0, gSA vr% x=3 ij ,d LFkkuh; fufEu’B gSA 

;fn x= 0 gS] rks  �’’(�)=0 gSA ;gk¡ f}rh; vodyt tk¡p Qsy ¼vlQy½ gks 
tkrh gSaA  

vc] r`rh; vodyt Kkr djus ij] 

�’’’(�)= 60 x2 –120 x + 30, vr%] 

�’’’(0)= 30>0 gSA 

D;kasfd rr̀h; dksfV vodyt ,d fo’ke la[;k gS] blfy, x=0 ij bl Qyu dk 
u rks dksbZ mfPp’B vkSj u gh dksbZ fufUu’B gSA vr%] bl Qyu dk x=0 ij 
ufrifjorZu fcanq gSA 

 Qyu �(�) = (1–x)2 ex  ds LFkkuh; mfPp’B vkSj LFkkuh; 
fufEu’B ds lHkh fcanq Kkr dhft,A lkFk gh] laxr vf/kdre vkSj U;wure eku Hkh 
Kkr dhft,A 

   �(�) = (1–x)2.ex = (1– 2x + x2) ex gSA 

   vr%] �’(�) = (1– 2x + x2) ex + ex (–2 +2x) 

    = (1– 2x + x2 –2 + 2x) ex 

    = (x2 – 1) ex gSA 

�’(�)= 0 j[kus ij] 

(x2 – 1) ex = 0, gS] 
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 ftlls x = ± 1 gSA   (D;ksafd ex≠0 gS) 

�’’(�) = ex 2x + (x2 –1) ex 

= ex( x2 + 2x –1) 

;fn x = +1, gS] rks  �’’(�) = e(1 + 2 –1) = 2e>0 gSA  

vr% x =1 ij] ,d LFkkuh; fufEu’B gSA  

laxr U;wure eku �(1) = (1–1)2 e1 = 0 gSA 

;fn  x = –1, gS] rks �’’(�) = e –1(1 – 2 –1) = –2e–1<0.  

vr%] x =–1 ij ,d LFkkuh; mfPp’B gSA �(�) esa x =–1 j[kus ij] laxr 
vf/kdre eku  

  f(–1) = (1+1)2 e–1 = 4/e gSA 

1- vki fdlh QYku ds mfPp’B ;k fufEu’B ls D;k le>rs gSa ? 

2- fdlh QYku ds fujis{k fufEu’B dk vFkZ Li’V dhft,A 

3- LFkkuh; pje ekuksa ds fy,] ,d izFke vodyt tk¡p djus ds fy,] vki 
fdu pj.kksa dk vuqlj.k djsaxs ? 

4- ,d ufrifjorZu fcanq dk vFkZ dhft,A 

5- fdlh Qyu dk ,d fLFkj fcanq D;k gksrk gS ? 

6- f}rh; dksfV vodyt ds mi;ksx ls] vki fdlh Qyu ds pje ekuksa] 
mfPp’B@fufEu’B dks fu/kkZfjr djus ds fy,] fdl izdkj dh ;kstuk dk 
izLrko nsaxs ? 

7- fdlh Qyu ds mfPp’B vkSj fufEu’B dks Kkr djrs le;] Øk¡frd eku 
fdl izdkj Kkr fd, tkrs gaS ? 

bl bdkbZ esa] geus fdlh oØ ds mfPp’B vkSj fufEu’B fcnaqvks dks Kkr djus esa 
fdlh Qyu ds vodyt dk vuqiz;ksx fd;k gSA blh izfØ;k esa] geas mPprj dksfV 
ds vodytksa ds izLrqfrdj.k rFkk buesa ls dqN ds fuoZpu ds ckjs v/;;u fd;k 
gSA mnkgj.kkFkZ] ;g ns[kk x;k gS fd fdlh QYku dk izFke dksfV vodyt ,d 
pj dh ifjorZu&nj iznf”kZr djrk gS] ftlls fdlh fcanq ij mldh laxr oØ dh 
izo.krk izkIr gksrh gSA nwljh vksj] f}rh; vodyt izo.krk dh ifjorZu&nj ds 
ckjs esa lwpuk iznku djrk gSA vf/kd egRoiw.kZ ckr ;g gS fd izFke vkSj lkFk gh 
f}rh; dksfV vodytksa ds /kUkkRed ;k _.kkRed fpà ds vk/kkj ij o/kZeku ;k 
gkzleku izo.krk Kkr gks tkrh gSA 

vodytksa ds fpàksa dks o/kZeku vkSj gkzleku oØksa dks tkuus esa Hkh iz;qDr fd;k tk 
ldrk gSA tgk¡ varjky [�, �]  eas dksbZ Qyu o/kZeku Qyu dgk tkrk gS] ;fn 
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mldk izFke dksfV vodyt  varjky [�, �] esa � ds lHkh ekuksa ds fy, “kwU; ls 
vf/kd ¼vFkkZr~ (�’(�)> 0) gks] ogha ;g gkzleku gksrk gS] ;fn mlh varjky esa � 
ds lHkh ekuksa ds fy,] izFke dksfV vodyt “kwU; ls de gks] vFkkZr~ (�’(�)> 0) 
gks] ;fn izFke vodyt “kwU; ds cjkcj gS] rks geas ,d fLFkj fcanq izkIr gksrk gS] tks 
izfnf”kZr djrk gS fd oØ u rks o/kZeku gS vkSj u gh gkzleku gSA geus ,d QYu 
ds mfPp’B vkSj fuEu’B dk v/;;u ml Qyu ls lcls cM+s vkSj lcls NksVs eku 
ds :Ik esa fd;k gS] tks ml Qyu ds ;k rks ,d fn, gq, ifjlj esa ;k mlds laiw.kZ 
izk¡r esa ifjHkkf’kr gksrk gSA tc bu ekuksa dks ,d fn, gq, ifjlj esa fy;k tkrk gS] 
rc ge LFkkuh; ;k lkis{k mfPpfEu’B ;k fufEu’B izkIr djrs gSa] tcfd Qyu ds 
laiw.kZ izk¡r dks ysus ij ge lkoZf=d (������) ;k fujis{k pje ekuksaa rd igq¡p 
tkrs gaSA  

lkis{k mfPp’B vkSj fufEu’B ekuksa dks vfHkdfyr djus ds fy,] geus izFke vkSj 
f}rh; vodyt tk¡pksa dks lh[kk gS] tgk¡ vkdyu izFke vkSj f}rh; dksfV 
vodytksa ds fpàksa ds vk/kkj ij fd;k tkrk gSA 

blds vfrfjDr gesa ufrifjorZu fcanqvksa ls Hkh ifjfpr djk;k x;k gS] tgk¡ izFke 
vkSj f}rh; dksfV ds vodytksa ds fpàksa ds vuqlkj oØrk (���������) dk fpà 
cnyrk gSA bl bdkbZ ds vafre Hkkx esa½] f}rh; dksfV ds vodyt dh lgk;rk ls 
mfPp’B@fufUu’B dks vfHkdfyr djus ds ok¡fNr pj.kksa dh ppkZ dh xbZ gSA 

 fdlh QYku ds laiw.kZ izk¡r esa ml 
Qyu dk lcls NksVk ;k lcls cM+k ekuA 

 ,d fn, gq, ifjlj esa] ml Qyu dk 
lcls NksVk ;k lcls cM+k ekuA 

  oØ ij fLFkr ,d fcanq ftl ij oØrk dk fpà cnyrk gSA 

 og vk; tks ,d fuekZrk vius lkekU; fØ;kdykiksa esa vftZr djrk gS] 
izk;% eky ds cspus rFkk lsokvksa lsA 

 fdlh oØ dh izo.krk ,d la[;k gS] tks ml oØ dh yacor~rk 
(steepness) dh O;k[;k djrh gSA 

% og fcanq tgk¡ Qyu dk c<+uk ;k ?kVuk lekIr gks tkrk gSA 

¼d½ 

1- vodyt dk fpà 

2- ,d gkzleku oØ 

3- izFke dksfV vodyt 
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4- ,d izo.krk dh ifjorZu&nj 

5- Qyu dk izFke vodyt izkIr djsaA 

6- orZeku bdkbZ ds vuqPNs 8-2 dks i<+sa vkSj mÙkj nasA 

1- Kkr dhft, fd izFke dksfV vodyt “kwU; ls vf/kd gSA ¼vFkkZr~ (�’(�)> 
0 gSA varjky x[�, �] ds  lHkh ekuksa ds fy,A 

2- f}rh; dksfV vodyt 

3- mi vuqPNsn 8-3-2 dh tk¡p dhft,A 

1- fdlh Qyu ds ,d fn, gq, ifjlj ;k laiw.kZ izk¡r esa ifjHkkf’kr ml Qyu 
dk lclsa cM+k ¼vf/kdre½ rFkk lcls NksVk ¼U;wure½ eku 

2- ifjHkkf’kr ifjlj esa U;wure la[;k gS rFkk ;g Qyu ds vkys[k ds fuEure 
facanq ds laxr eku ds cjkcj gksrh gSA 

3- mivuqPNsn 8-4-1 if<+, vkSj mÙkj nhft,A 

4- og fcanq ftl ij Qyu viuh ifjorZu&nj esa cnyko djrk gSA 

5- ,d pj okys ,d vodyuh; Qyu esa] ml Qyu ds vkys[k ij fLFkr ,d 
fcanq] tc Qyu dk vodyt “kwU; gSA vukSipkfjd :Ik ls ;g og fcanq gS] 
tgk¡ Qyu dk c<+uk ;k ?kVuk lekIr gks tkrk gSA 

6- mi vuqPNsn 8-4-2 if<+, vkSj mÙkj nhft,A 

7- mi vuqPNsn 8-4-3 dh tk¡p dhft,A 

8- ,d Ø¡kfrd fcanq fdlh Qyu ds izk¡r ds vE;arj esa fLFkr gksrk gS] ftl ij 
� ′(�) = 0 gksrk ;k �′  dk vfLrRo ugha gksrk gSA 

1- fuEufyf[kr ds f}rh; dksfV vodyt Kkr dhft,% 

i) �= ax3 + bx2 + cx+ d 

ii) �= ALα 

2- ;fn  � = ex + logx, gS] rks fl) dhft, y3 = ex + 2/x3 gSA 

3- ;fn  �= ����
����

 gS] rks fl) dhft, fd 2 y1y3 = 3y2
2 gSA 

4- ;fn  �= 5x4 +9x3 – 8x –100 gS] rks n”kkZb, y5 = 0 gSA 

5- os varjky Kkr dhft,] ftu ij fuEufyf[kr Qyu o/kZeku ;k gkleku gaS%  

i) �(�)= x3 –6x2 – 36 x +2 
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ii) �(�) = 2x3 –15 x2 +36x +1 

iii) �(�)= (x+1)3 (x–3)3 

iv) �(�) = x2 ex 

6- fuEufyf[kr Qyuksa dh mfPp’B vkSj fuEu’B ekuksa ds fy, tk¡p dhft,% 

  �(�)= 3x4 –4 x3 +1  

 �(�) = 2x3 +3x2 –36x +10 

7- tk¡p dhft,% fd Qyu �(�) = x3 –3x2 +3x +7 dk 

i) mfPp’B gSA ii) fufEu’B gSA iii) u rks mfPp’B gS vkSj u gh fuEu’B gSA 

8- f}rh; vodyt tk¡p ds mi;ksx }kjk n”kkZb, fd Qyu   

�(�) = 4x3 – 18 x2 +27x –7) dk u rks dksbZ mfPp’B gS vkSj u gh 
dksbZ  fufEu’B gSA  

9- n”kkZb, fd �(�) = x3 – 9 x2 +30x +5 dk u rks dksbZ mfPp’B gS vkSj 
u gh   dksbZ  fufEu’B gSA  

10- n”kkZb, fd x=e ij] Qyu �(�) = ����
�

  dk ,d mfPp’B eku gSA 

1. i) 30x2 –30x +7 ii) Aα(α–1)Lα–2 

5.  i) (–∞, –2) vkSj (6,∞) ij o/kZeku(  (–2,6) ij gkzleku   

     ii) (–∞,2) vkSj (3,∞) ij o/kZeku(  (2,3) ij gkzleku   

 iii) (1,∞) ij o/kZeku(, (–∞,1) ij gkzleku   

 iv) (–∞, –2) vkSj (0, ∞) ij o/kZeku(  (–2,0) ij gkzleku   

6.  i) x=1 ij LFkkuh; mfPp’B] eku] 0,  x=0 ij ufrifjorZu gkzleku 

ii) x= –1/2 ij LFkkuh; mfPp’B] eku 81/16, x=2 ij LFkkuh; 
fufEu’B]  

    eku =10, x=0 ij ufrifjorZu fcanq 

7.    iii) u rks mfPp’B gS vkSj u gh  fufEu’B gSA  

 

  bu ç'uksa }kjk vkidks bl bdkbZ dh iBu lkexzh dks le>us esa lgk;rk 
feysxhA bu ç'uksa ds mÙkjksa dks ewY;kadu ds fy, fo'ofo|ky; Hkstus dh 
vko';drk ugha gS D;ksafd ;s dsoy vkids vH;kl ,oa iqujko`fÙk ds fy, fn, 
x, gSA 
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9-0  mÌs”; 

9-1 izLrkouk 

9-2 ekax Qyu vkSj vkiwfrZ QYku 

9-2-1 ekax oØ dh izo.krk 

9-2-2 vkiwfrZ oØ dh izo.krk 

9-3 izR;kLFkrk% ekax vkSj vkiwfrZ QYku 

9-3-1 ekax dh ewY; izR;kLFkrk 

9-3-2 ekax dh vk; izR;kLFkrk 

9-3-3 ekax dh vkiwfrZ izR;kLFkrk 

9-3-4 ekax dh ØkWl izR;kLFkrk 

9-4 vkSlr vkSj lhekar ykxr 

9-5 jktLo Qyu 

9-5-1 AR, MR vkSj ekax dh ewY; izR;kLFkrk esa laca/k 

9-5-2 jktLo dk vf/kdrehdj.k 

9-6 ykHk dk vf/kdrehdj.k 

9-7 lkjka”k 

9-8 “kCnkoyh 

9-9 cks/k iz'uksa ds mÙkj 

9-10 Loij[k iz'u@vH;kl 

9-11 lanHkZ iqLrdsa 

bl bdkbZ dk v/;;u djus ds ckn] vki fuEufyf[kr dks le> ik,¡xs% 

• Ekkax vkSj lkFk gh vkiwfrZ dh izR;kLFkrk( ykxr vkSj jktLo Qyuksa( ykHk ds 
vf/kdrehdj.k esa vodytksa ds vuqiz;ksx( rFkk 

• vf/kdre & U;wure dh leL;kvksa esa vodytksa dk egRoA 

fiNyh nks bdkb;ksa esa] geus vodyu dh rduhdksa rFkk ,d Qyu ds pje ekuksa 
ds ckjs eas ppkZ dh gSA bl bdkbZ esa] ge vodyu rduhdksa dks loksZRd’̀B ¼pqus 
gq,½ O;kikfjd vkSj vkfFkZd izdj.kksa esa vuqiz;ksx ds fy, foLr`r djsaxsA ewy:Ik ls] 
;gk¡ ,d iz;kl fd;k x;k gS fd ifjorZu dh nj rFkk lkFk gh ifjorZu dh nj esa 
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ifjorZu dks le>us esa vodytksa dk mi;ksx djuk lh[kk tk,] tks lhekar 
fo”ys’k.k (marginal analysis) vkSj lkFk gh O;kikj v/;;uksa ds fy, vfr egRowi.kZ 
gSaA 

lw{e vkfFkZd fo”ys’k.k esa] ;g dYiuk dh tkrh gS fd ekax vkSj vkiwfRkZ ewY; ds 
QYku gksrs gSaA tgk¡ fdlh jkf”k dh ekax mlds ewY; ls O;qRØekuqikr :Ik ls 
(inversely)  lacaf/kr gksrh gS] ogha vkiwfrZ dh fLFkfr esa og ewY; ls izR;{k :Ik ls 
;k vuqØekuqikr :Ik ls lacaf/kr gksrh gSA ,slh lk/; ds dkj.k] gesa ,d uhps dh 
vksj okyh izo.krk dh ekax oØ vkSj ,d Åij dh vksj okyh izo.krk dh vkiwfrZ 
oØ izkIr gksrh gSA ljyrk ds fy,] ge fdlh eky ;k lsok ds  fy,] ekax vkSj 
vkiwfrZ oØ dh ,d jSf[kd Qyu ds :Ik esa izk;% dYiuk djrs gaS( ;|fi vU; 
vjSf[kd izdkjksa ij Hkh fopkj fd;k tkrk gSA blds ifj.kkeLo:Ik ekax vkSj vkiwfrZ 
oØksa dh izo.krk,¡ Øe”k%  _.kkRed vkSj /kukRed gksrh gSaA bu ifj.kkeksa ds 
fuxeu (deriving)  dh izfØ;k dks ns[kus ds fy,] vkb, vodytksa dk mi;ksx 
djsaA 

ge tkurs gSa fd dksbZ jSf[kd lehdj.k � =  �� +  � ds :Ik dh gksrh gS] tgk¡ 
� js[kk dh izo.krk gS rFkk bldk � var% [kaM � gSA ge fdlh ekax Qyu dk 
EkkWMy � =  −�� +  � ds :Ik esa ¼;k izfrykse Qyu dk ekWMy � =  −�� + � 
ds :Ik esa½ cuk ldrs gSa tgk¡ � vkSj � Øe”k% ewY; vkSj jkf”k fu:fir djrs gSaA 
bl izdkj dh jpuk esa] ewY; dks {kSfrt (�) v{k ds vuqfn”k rFkk jkf”k dks 
Å?okZ/kj (�) v{k ds vuqfn”k ysrs gSa] D;ksafd ge lksprs gS fd ekaxh xbZ ;k 
vkiwfrZr dh xbZ jkf”k ewY; dk ,d QYku gSa izfrykse ekax Qyu dh fLFkfr esa] ge 
jkf”k dks {kSfrt v{k ds vuqfn”k rFkk ewY; dks Å?okZ/kj v{k ds vuqfn”k ysrs gSaA 
vki bl :Ik dk mi;ksx rc ns[ksaxs] tc ge lhekar jktLo ds fuxeu ij vk,¡xsA 

,d lkekU; ekax oØ dh fLFkfr esa] ftldh izo.krk uhps dh vksj gksrh gS] izo.krk 
_.kkRed gksrh gSA blh izdkj] ,d vkiwfrZ oØ dk ekWMy ,d jSf[kd lehdj.k 
� =  �� +  � ds :Ik esa cuk;k tkrk gS] tgk¡ � /kukRed fpà ds lkFk vkiwfrZ oØ 
dh izo.krk gSA 

Ekax oØ dh lehdj.k � =  −�� +  � dh fLFkfr esa] � ds lkis{k (w.r.t.) � dks 
vodfyr djus ij ge] ��

��
= −� izkIr djrs gSaA ;gk¡ izo.krk −� gS rFkk ;g 

ewY; esa gq, ifjorZu ds dkj.k ekaxh xbZ jkf”k esa gqbZ ifjorZu & nj dks iznku 
djrh gSA nsf[k, fd uhps dh vksj okyh izo.krk dh ekax oØ dks _.kkRed izo.krk 
ls fu:fir fd;k x;k gSA bl fo”ks’krk ds rhu dkj.k gks ldrs gaS( tks ;s gaS% 

 ewY; ds fxjus ;k p<+us ds vuqlkj] xzkgd vf/kd ;k de 
[kjhnus esa vU; eky dks izfrLFkkfir djsxkA 

 tc ewY; fxjsaxsa ;k Pk<saxs( okLrfod vk; esa of̀) ;k deh gksxhA 
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 de ewY; ij] xzkgd vf/kd [kir djus dks 

rS;kj gks tkrs gSa] D;ksafd ewY; dh rqyuk djrs gq, mUgsa ml eky ds [kir ls 
larqf’V feyrh gSA 

mijksDr lehdj.k � =  �� +  � ij fopkj djus rFkk dks � dks � ds lkis{k 
vodfyr djus ij] gesa vkiwfrZ oØ dh izo.krk izkIr gksrh gSA vr%]  ��

��
= � 

vkiwfrZ oØ dh izo.krk gS rFkk ;g /kukRed gS] tks vkifrZ jkf”k vkSj ewY; ds chp 
,d /kukRed laca/k iznf”kZr djrh gSA blds dkj.k ;g gks ldrs gaS% 

1-  ekax esa of̀) ds dj.k ewY;ksa ds c<+us ij O;kikfj;ksa dks 
vius cfgosZ”k esa o`f) djus ij vf/kd ykHk fey ldrk gSA 

2-  cfgosZ”k esa izlkj djus ij] QeZ dh mRiknu ykxr esa 
o`f) gksxhA blds ifj.kkeLo:Ik] mRiknu dh bu vfrfjDr ykxrksa dks iwjk 
djus ds fy,]  ,d mPprj ewY; dh vko”;drk gksxhA 

3-   mPprj ewY;ksa ls 
cktkj esa izos”k djus okys u, O;kikfj;ksa dks izksRlkgu feysxk] ftlls dqy 
vkiwfrZ esa o`f) gksxhA 

1- lkekU; ekyksa ds fy,] vkiwfrZ oØ dh izo.krk /kukRed D;ksa gksrh gS ? 

2- ekax oØ dh ,d _.kkRed izo.krk ds fy,] vki fdu dkj.kksa dks fy[ksaxs ? 

3- ;fn vki ,d izfrykse ekax Qyu ij fopkj djrs gSa] rks vki ml ekax 
Qyu dks fdl fof/k ls fy[kuk pkgsaxs? 

izR;kLFkrk (eleasticity) geas fdlh QYku ds Lora= pj esa gq, ifjorZu ds dkj.k 
mlds vkfJr pj esa vk, izHkkoksa ¼ifjorZUkksa½ ds ckjs esa crkrh gSA bls fujis{k 
ifjorZuksa ds LFkku ij izfr”kr ifjorZuksa ds inksa esa ekik tkrk gSA mnkgj.kkFkZ] 
igys ,d pj x esa izfr”kr ifjorZu ij fopkj djrs gaS rFkk fy[krs gaS% 

 
 

 
 

 eku izkjafHkddk

ifjorZu  esapj
   ifjroZukr izfr' esa
x

xx =  

bl izdkj] ge dg ldrs gaS fd � eas ifjorZu �� gSA ;fn � esa ifjorZu � ls 
� + �� � rd gksrk gS] rks � esa vkuqifkrd ifjorZu ∆�

�
 gSA 

la[;kRed ekuksa ds inksa esa ns[kus ij] ge dgsaxs fd � dk eku 20 ls ifjofrZr 
gksdj 30 gks tkrk gSA vr%] � es vuqikfrd ifjorZu  = ��� ��

��
= 0.5 gSA blls 

�  esa izfr”kr ifjorZu 50% gSA 
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;fn ge izR;kLFkrk ls viuk ljksdkj j[ksa rks ge dgrs gS � ds lkis{k � dh 
izR;kLFkrkA lkFk gh] gesa � esa gq, izfr”kr ifjorZu dk � esa gq, izfr”kr ifjorZUk 
ds lkFk vuqikr fudkyus dh vko”;drk gksrh gSA vFkkZr~] 

 ifjorZukrizfr'eas

 ifjorZukrizfr'eas
  LFkrk dh izR; lkis{kds

  X
  Y =X  

dHkh&dHkh izR;kLFkrk dks _.kkRed fpà] ds lkFk ifjHkkf’kr fd;k tkrk gS] tcfd 
vU; LFkkuksa ij fujis{k ekuksa esa ifjHkkf’kr fd;k tkrk gSA lqfo/kk ds fy,] vkb, 
izfr”kr ifjorZuksa dh izdf̀r ij cy nsus ds fy,] fpà okyh izR;kLFkrk ij viuk 
/;ku j[ksaA tc dksbZ izR;kLFkrk _.kkRed] eku yhft,] &1 ls vf/kd gS] rks blls 
lwfpr gksrk gS fd � eas dksbZ izfr”kr of̀) gksus ij � esa ,d vf/kd laxr izfr”kr 
deh gksrh gSA ,slh fLFkfr esa] ge dgsaxs fd pj � pj � ds lkis{k izR;kLFk 
(�������) gSA 

&1 vkSj 0 ds chp dh izR;kLFkrk ;g lwfpr djrh gS fd � esa dskbZ izfr”kr o`f) 
gksus ij] � esa ,d NksVh (�������) laxr izfr”kr deh gksrh gSA vr% pj � 
pj � ds lkis{k vizR;klLFk � gSA ;fn izR;kLFkrk &1 gS] rks �  esas dksbZ izfr”kr 
o`f) gksus ij � esa mruks gh ¼loZle½ izfr”kr deh gksrh gSaA ,slh fLFkfr esa pj � 
ds lkis{k pj � dks bdkbZ & izR;kLFk (���� − �������) dgk tkrk gSA 

vFkZ”kkL= vkSj O;kikj v/;;u esa] lkekU;r% lcls vf/kd mi;ksx esa vkus okyh 
izR;kLFkrk ekax dh ewY; izR;kLFkrk (���)] vFkkZRk~ ewY; ds lkis{k ekax dh 
izR;kLFkrk gSA ,slh ladYiuk fdlh mRikn ¼oLrq½ ds ewY; esa ifjorZuksa ds gksus ij] 
ml mRikn ds fy, xzkgd ekax (�������� ������) ds izHkko dks [kkstus esa 
gekjh lgk;rk djrh gSA ;fn dkWQh ds ,d di ds ewY; esa o`f) dh tkrh gS] rks 
mldh fcdus okyh jkf”k ij  bldk izHkko iM+sxkA bl ckr dks le>us ds fy,] 
eku yhft, fd 2016 esa usLys (nestle) dWkQh dk ewY; 4-95 #- ls 5-00 # dj 
fn;k FkkA ,sls ifjorZu ds dkj.k dkWQh dh ekax 440 bdkbZ izfr fnu ls ?kV dj 
438 bdkbZ izfr fnu jg xbZA ewY; � esa izfr”kr ifjorZu gS% 

∆�
�

=
5.00 − 4.95

4.95
= 0.01 

vFkkZr~ ;g yxHkx 1% gS ekax Q esa izfr”kr ifjorZu gS% 

∆�
�

= �������
���

= −0.0045 ;k yxHkx  -0.45% gSA 

vFkkZr~] ewY; esa 1% dh of̀) gksus ij] dkWQh dh eakx dh jkf”k esa 0-45% deh 
gksrh gSA bl izdkj] ekax dh ewY; izR;kLFkrk gS% 

45.0
01.0
045.0

 P
  Q −=

−
==

 ifjorZukr izfr'eas

 ifjorZukr izfr'easE  

;g ifj.kke n”kkZr gS] fd ewY; esa 1% dh o`f) ls dkWQh dh laxr ekax esa 0-45% 
dh deh gksrh gSA nwljh vksj] ge ;g Hkh dg ldrs gSa fd ewY; esa 1% dh deh 
gksus ij] laxr ekax esa 0-45% dh o`f) gksrh gSA ekax vkSj ewY; ds laca/k dks ,d 
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QYkud (functional) :Ik esa ysus ij] ekax Qyu ds vodyt dk mi;ksx ekax dh 
ewY; izR;kLFkrk ds ifjdyu esa dj ldrs gaSA] ;fn ge ;g fy[krs gaS fd ewY; P 
esa ifjorZu ∆P gS rFkk ekax � esa laxr ifjorZUk ∆Q gS] rks ewY; vkSj ekax esa 
laxr izfr”kr ifjorZu Øe”k%  ∆�

�
 vkSj  ∆�

�
 gSaA izRk;kLFkrk dh ifjHkk’kk ls] gesa 

izkIr gksrk gS% 

 ifjorZukr izfr'eas

 ifjorZukr izfr'eas

 P
  Q =dE

 

=

∆�
�

∆�
�

 =
∆�
�

.
�

∆�
=

�
�

∆�
∆�

 

bl vksj /;ku fn;k tk ldrk gS fd ∆�
∆�

] ewY; � ds lkis{k ekax � dh vkSlr 

ifjorZu & nj fu:fir djrk gSA ;fn ge ;g dYiuk djsa fd ewY; esa ifjorZu 
cgqr de gS] rks ge vkSlr ifjorZu & nj dks RkkR{kf.kd ifjorZu&nj] vFkkZr~   ��

��
 

ls izfrLFkkfir dj ldrs gSaA 

eku yhft, fd ekax Qyu Q = f (P)  gSA rc] ekax dh ewY; izR;kLFkrk  �� 
fuEufyf[kr ls izkIr gksrh gS% 

��  =
�
�

��
��

 

fof”k’V :Ik ls ge ekax oØ ds fdlh fcanq (��, ��) ij ekax dh fcanq (�����)ewY; 
izR;kLFkrk dks Hkh ��� =  (��/��) (��/��) ds :Ik esa izfjHkkf’kr dj ldrs gSaA 

 eku yhft, fd ekax oØ � =  −5 � +  30  gSA rc]  ��
��

 = −5 

gSA ;fn dksbZ fcnaq  ���,��,� = (1,25) ekax oØ ij fLFkr gS] rks (1,25) ij ge 
��� fdl izdkj vfHkdfyr djrs gSa ?  lw= dk mi;ksx djus ij] ge izkIr djrs 
gSa% 

��� = (-5)(1/25) = -1/5 = -0.20 

vkxs] ;fn dksbZ fcanq p=3 vkSj q =15  ekax oØ ij fLFkr gS] rks  

fcnq  (3,15) ij PED = (-5)(3/15) = -1 gSA ;fn dksbZ fcanq p=5  vkSj q=5  ekax 
oØ ij fLFkr gS] rks (5,15)  ij ��� = (-5)(5/5) = -5 gSA 

bl izdkj] dSydqyl dh lgk;rk ls ge ns[krsa gSa fd ,d ljy js[kk ekax oØ ds 
izR;sd fcanq ds fy,] ��� esa ifjorZu gksrk gSA 

ljy xf.krh; laca/k ij /;ku nhft,%  
��
�

��
�

= ��
��

× �
�

= (�/izo.krk) × �
�

 

  ekax dh facanq ewY; izR;kLFkrk dks Kkr djus ds fy,] vkb, ekax 
Qyu ds fuEufyf[kr mnkgj.k ij fopkj djsa% 

� =  15,000 −  50� 
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bl ekax oØ ds fn, jgus ij] gesa nks fofHkUu ewY;ksa P = 100 vkSj P = 10  ij ekax 
dh ewY; izR;kLFkrk dks Kkr djus dh vko”;drk gSA 

vr%] ekax Qyu dk vodyt Kkr dhft,] tc � dks � ds ,d QYku ds :Ik esa 
O;Dr fd;k x;k gSA D;ksafd ewY; (�) esa izR;sd ckj 1 dh of̀) gksus ij jkf”k (�) 
esa 50 dh deh gksrh gS] blfy, gesa (∆Q/∆P)= -50 izkIr gksrk gSA 

izR;sd ewY; Lrj ij] ekaxh xbZ jkf”k Kkr djus ds fy,] ge ewY; jkf”k la;kstuksa      
(100:10000), (10:14500) ij fopkj djrs gSaAa  

Rkc] ekax dh fcanq izR;kLFkrk ls izkIr gksrk gS% 

�� = &50(100/10000) = &.5 
�� = &50(10/14500) = &0.34 

izkIr ifj.kke ;g n”kkZrs gaS fd nksuks izR;kLFkrk,¡ _.kkRed gSaA bldk rkRi;Z ,d 
uhps dh vksj tkus okyh izo.krk ekax laca/k gSA lkFk gh] ;s lkis{kr% vf/kd izR;kLFk 
gSaA 

Log 

;gk¡ izR;kLFkrk ds fy,] ,d vU; O;atd gS tks dHkh&dHkh mi;ksxh jgrk gSA ;g 
ik;k x;k gS fd izR;kLFkrk dks � ���

����
  ds :Ik esa Hkh O;Dr fd;k tk ldrk gSA 

bldh miifÙk esa Ja[kyk fu;e dk ckj&ckj mi;ksx lac) jgrk gSA ge bl vksj 
/;ku nsrs gq, izkjaHk djrs gSa fd 

� ���
����

=
� ���

��
.

��
����

 

= � 
�

��
����

  (1) 

ge bl vksj Hkh /;ku nsrs gSa fd � �
��

= ��
����

. � ���
��

= ��
����

. �
�
 gSA 

⇒ � �
����

= � ��
��

. gSA 

bls lehdj.k ¼1½ esa izfrLFkkfir djus ij] ge izkIr djrs gSa% 

 

� ���
����

=
1
�

.
� �
��

� = �� 

ekax dh vk; izR;kLFkrk (YED) ;k ekiu djrh gS fd fdlh xzkgd dh vk; esa 
ifjorZUk ,d fof”k’V mRikn dh ekax ij D;k izHkko Mkyrh gSA ;g fdlh jkf”k dh 
ekax (�).  esa gq, vkuqikfrd ifjorUk ds dkj.k] gq, vkuqikfrd ifjorZu ds vuqikr 
ds :Ik ea ifjHkkf’kr dh tkrh gSA lkekU; eky dh fLFkfr esa] ;g vk; vkSj ekax esa 
,d /kukRed ¼ldkjkRed½ laca/k gksrk gS vkSj blh dkj.k ekax dh  vk; izR;kLFkrk 
dk fpà /kukRed gksrk gSA bl izdkj] ge ifjHkkf’kr djrs gSa%  
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 �� =
 ifjorZu vkuqikfrdvk; esa

 ifjorZu vkuqikfrd esaekax
 

        =  ∆�/�
∆�/�

 

        = �
�

. ∆�
∆�

 

vk; esa RkkR{kf.kd ifjorZu dh fLFkfr esa] ��  =  �
�

. ��
��

 gksrk gSA 

 ;fn x=4y2 gS] tgk¡ x fdlh eky dh ekaxh xbZ jkf”k gS rFkk y 
xzkgd dh vk; gS] rks ekax dh vk; izR;kLFkrk Kkr dhft,A 

 ekax Qyu x = 4y2 fn;k jgus ij( 

  �� =  ��
��

. �
�
 gSA 

 vc] ��
��

= 4.2 � = 8� gSA 

vr%] 

  �� =  8�. �
��� = 2 

fdlh fof”k’V mRikn dh ekax dh vk; izR;kLFkrk ftruh vf/kd gksxh mruk gh 
vf/kd og xzkgd dh vk; ds ifjorZu ij vf/kd izHkko MkysxhA 

vc] ge fofHkUu mRiknksa ds fy, ekax dh vk; izR;kLFkrk dk ekiu] mUgsa ?kfV;k 
eky vkSj lkekU; eky ds :Ik esa oxhZdj.k }kjk] dj ldrs gaSA 

fdlh mRikn ds fy, YED ] mlds oxZ ds vk/kkj ij] vFkkZr~ bl vk/kkj ij fd 
og ?kfV;k eky ;k lkekU; eky gS] izR;kLFk ;k vizR;kLFk gks ldrh gSA ;fn YED 
“kwU; ls vf/kd gS] rks og mRikn vk;&izR;kLFk gksrk gSA lkekU; eky dh YED 
/kukRed gksrh gSA vFkkZRk~ tc xzkgd dh vk; eas o`f) gksrh gS] rc ml eky dh 
ekax esa Hkh of̀) gksrh gSA 

fdlh eky dks ?kfV;k blfy, dgk tkrk gS] D;ksafd blls csgrj eky fodYiksa ds 
:Ik esa miyC/k gksrs gSaA ,sls ekyksa dh vk; izR;kLFkrk _.kkRed gksrh gS] vFkkZRk~ 
YED “kwU; ls de gksrh gSA ;fn xzkgdksa dh vk; esa of̀) gksrh gS] rks mudks ,sls 
ekykas dh ekax de gksrh gSA 

 ;fn ekax dh vk; izR;kLFkrk _.kkRed gS] rks eky ?kfV;k gksrk gSA 

 (Es) 

bls vkiwfrZr dh xbZ jkf”k esa vkuqikfrd ifjorZu vkSj ewY; esa gq, vkuqifrd 
ifjorZu ds vuqikr ds :Ik esa ifjHkkf’kr fd;k tkrk gSA 
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�� =
 ifjorZu vkuqikfrdewY; esa

 ifjorZu vkuqikfrd esavkiwfrZ
 

        = (-) (∆��/��)/(∆�/�) 

        = (-) �
��

∆��
∆�

 ;k = �
��

���
��

 gSA 

;fn dksbZ vkiwfrZ oØ � =  2� +  20 ds :Ik esa nh gS] rks ��/�� =  2 gSA ;fn 
dksbZ fcanq  � = 1 vkSj � =  22 bl vkiwfrZ oØ ij fLFkr gS] rks PES (1,22) ij 
= (2)(1/22) = 1/11 gS  ;fn dksbZ fcanq � = 5 vkSj � = 30  bl vkiwfrZ oØ ij 
fLFkr gS] rks (5,30) ij PES =  (2)(5/30) = 1/3 gSA 

 vkiwfrZ Qyu  x=5 +2p2 ds fy, p=2 ij vkiwfrZ dh izR;kLFkrk Kkr 
dhft,A 

 nh gqbZ oØ  x =5 +2p2  dks p ds lkis{k vodfyr djus ij]   

   ��
��

= 4�  gSA bl izdkj]    

   �� =  �
�

. ��
��

= �
����� . 4� 

        = ���

����� gSA  

tc p=2 gS] rc] ��  =   (4 × 4)/(5 + 8) = ��
��

 gSA 

ekax dh ØkWl izR;kLFkrk fdlh mRikn dh ekax ij ,d vU; lacaf/kr mRikn ds 
ewY; esa ifjorZu gksus ds dkj.k iM+us ij izHkko gksrh gSA “kCn *lacaf/kr* mRikn ij 
/;ku nhft,A /;ku nhft, fd vlacf/kr mRiknksa dh ekax dh izR;kLFkrk “kwU; gksrh 
gSA mnkgj.kkFkZ] dkys pus ds ewY; esa o`f) gksus ij vkblØhe dh ekax ij dksbZ 
izHkko ugha iM+sxkA 

ge ekax dh ØkWl izR;kLFkrk dk ekiu ,d mRikn ekax esa gq, izfr”kr ifjorZu dks 
,d mRikn ds ewY; esa gq, izfr”kr ifjorZu ls Hkkx nsdj dj ldrs gSA bl izdkj] 

 ifjorZu  esa ekax fy, ds mRikn

 ifjorZu  esa ekax fy,ds mRikn
 Ø

%B
%A 

=FkrkkWl izR;kLekax dh   

;k]  (�� / ��′) × (�′/�), tgk¡   Q= ekaxh xbZ jkf”k gS, rFkk �� = Q ls lcaf/kr 
mRikn dk ewY; gSA 

bl vksj /;ku nsuk mi;ksxh gS fd ekax dh ØkWLk izR;kLFkrk bl ij fuHkZj djrh gS 
fd og lacaf/kr mRikn ,d LFkkukiUu (substitute) gS ;k ,d iwjd (complement)  
gS ¼uhps nsf[k,½A 

tSlk fd igys gh crk;k tk pqdk gS] ØkWl izR;kLFkrk lacaf/kr mRiknksa ds lkis{k 
ekax ij izHkko dk ekiu djrh gSA lkFk gh] ;s lacaf/kr mRikn ;k rks LFkkukiUu ;k 
fQj iwjd mRikn gks ldrs gSaA vkb, bu nksuksa ds chp ds varj dks le>saA 
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LFkkukiUu mRiknksa dh fLFkr esa] ,d mRikn ds ewY; esa o`f) gksus ij] izfrLi/khZ 
mRikn dh ekax esa of̀) gks tkrh gSA mnkgj.kkFkZ] isVªksy ds ewY; ds dksbZ o`f) gksus 
ij xzkgd dks M+hty vksj tkus iM+sxk vkSj blfy, M+hty dh eakx esa o`f) gks 
tk,xhA bl izdkj] nks LFkkukiUu ekyksa dh ØkWl ewY; izR;kLFkrk lnSo /kukRed 
gksrh gSA 

iwjd mRiknksa dh fLFkr esa] nks ;k vf/kd ekyksa dh ekax lkFk&lkFk pyrh gSA 
mnkgj.kkFkZ] dkWQh dh Qfy;ksa (beans)  vkSj dkWQh isij fQYVjksa ¼dkxt dh 
Nyfu;ksa½ (proper filters)  dh ekaxksa ij fopkj dhft,A ;fn dkWQh ds ewY; esa o`f) 
gksxh] rks fQYVjksa dh ekax esa deh gks tk,xh] D;ksafd dkWQh dh ekax de gks tk,xhA 
nks iwjd mRiknksa ds fy,] ekax dh ØkWl izR;kLFkrk lnSOk _.kkRed gksrh gSA 

 gesa Q  dh ekax lehdj.k � =  2000 −  4� +  5��(�′) nh gqbZ 
gSA bl ekax dh ØkWl ewY; izR;kLFkrk Kkr dhft,A 

��
��� = 

�
�� 

�′ ds lkis{k vodfyr dhft, rFkk izkIr dhft,% 

ekax dh ØkWl&ewY; izR;kLFkrk =� �
��� × � �′

�����������(�′) 
� ekax dh ØkWl&ewY; 

izR;kLFkrk dks � =  5 vkSj �′ =  10  ij Kkr djus ds fy,] bu ekuksa dks ekax dh 
ØkWl&ewY; izR;kLFkrk lehdj.k esa izfrLFkkfir dhft,A bl izdkj] 

blh izdkj] ekax dh ØkWl&ewY; izR;kLFkrk  

= (5/P') × (P'/(2000 -4P + 5ln(P')) 
= (5/10) × (10/(2000 - 20 + 5ln(10)) 

= 0.5 × (10 / 2000 - 20 + 11.51)(D;ksafd ;g ��(10½ = 2.302585 gS) 

= 0.5 × (10 / 1991.51) 
= 0.5 × 0.002008 
= 0-001004  gSA  

bl izdkj] ekax dh ØkWl&ewY; izR;kLFkrk 0-001004  gSA D;ksafd ;g 0 ls vf/kd 
gS] blfy, ;s eky LFkkukiUu gSA 

1- ekax ;k vkiwfrZ dh izR;kLFkrk esa fufgr /kkj.kk dks Li’V dhft,A 

2- vki D;ksa dgsaxs fd nks iwjd mRiknksa ds fy,] ekax dh ØkWl&izR;kLFkrk lnSo 
_.kkRed gksrh gS ? 

3- vki ekax dh vk; izR;kLFkrk ds vk/kkj ij ?kfV;k eky dh igpku fdl 
izdkj djrs gSa ? 
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4- ekax dh ØkWl izR;kLFkrk D;k gksrh gS 

5- vki 
izdkj fuoZpu djsaxs 

6- vkiwfrZ dh ewY; izR;kLFkrk

bl vuqPNsn esa] gd cfgosZ”k mRiknu dh ykxr dh ppkZ djsaxs rFkk fofHkUu 
lacaf/kr ladYiukvksa ds gyksa 
dh izfØ;k dks ns[ksaxsA vkb, fuEufyf[kr ykxr ladYiukvksa ls izkjaHk djsaA

1. 
gksrh gSA izrhdkRed :Ik esa
FC= 

2- 
¼vFkkZr~ mRikfnr jkf”k ls Lora= gksrh gSA½ mn
QsDVªh ds Hkou dk fdjk;k blh Js.kh esa vkrs g

3- 
jgrh gSA dPps eky dh ykxr pj ykxr dk ,d Hkkx gksrh gSA

dqYk ykxr nh gqbZ gksus ij] ge fuEufyf[kr dk fuxeu dj ldrs g

tkrk gS rFkk 

gaSA 

gS rFkk bls 

MC= �(��
��

AC  

AC vkSj 
tk ldrk gSA

(tc AC dh izo.kRkk uhps 
dh vksj gS]  AC dh uhps 
MC gS½ 

 

ekax dh ØkWl izR;kLFkrk D;k gksrh gS ? 
vki � = �(�) ds izR;kLFk] vizR;kLFk vkSj bdkbZ izR;kLFk y{k.k dk fdl 
izdkj fuoZpu djsaxs ? 
vkiwfrZ dh ewY; izR;kLFkrk D;k gS ? 

bl vuqPNsn esa] gd cfgosZ”k mRiknu dh ykxr dh ppkZ djsaxs rFkk fofHkUu 
lacaf/kr ladYiukvksa ds gyksa dks Kkr djus ds fy,] vodytksa ds vuqiz;ksx djus 
dh izfØ;k dks ns[ksaxsA vkb, fuEufyf[kr ykxr ladYiukvksa ls izkjaHk djsaA

  dqy ykxr nks ?kVdksa fuf”pr ykxr vkSj pj ykxr dk ;ksx 
gksrh gSA izrhdkRed :Ik esa] TC= FC+ VC gksrh gS
FC= fuf”pr ykxr rFkk VC= pj ykxr gSA 

  ;g ykxr lHkh Lrjksa ds cfgosZ”k ds fy, vpj gksrh gS 
¼vFkkZr~ mRikfnr jkf”k ls Lora= gksrh gSA½ mnkgj.kkFkZ] e”khujh dh ykxr ;k 
DVªh ds Hkou dk fdjk;k blh Js.kh esa vkrs gaSA 

 cfgosZ”k ds Lrj ds lkFk ;g ykxr fopj.k djrh gS ;k cnyrh 
jgrh gSA dPps eky dh ykxr pj ykxr dk ,d Hkkx gksrh gSA

dqYk ykxr nh gqbZ gksus ij] ge fuEufyf[kr dk fuxeu dj ldrs g

 ftls izfr bdkbZ mRiknu dh ykxr ds :Ik esa ifjHkkf’kr fd;k 
tkrk gS rFkk AC = ��

�
 ds :Ik esa fy[kk tkrk gSA tgk¡ 

 tks dqy ykxr esa ifjorZu dh nj gS] tc mRiknu 
gS rFkk bls  

��)
��

 ds :Ik esa ifjHkkf’kr fd;k tkrk gSA 

 MC  

vkSj MC ds chp laca/k dks uhps fn, gq, vkjs[k dh lgk;rk 
tk ldrk gSA 

¼tc AC vius U;wure dks 
izkIr dj ysrh gS] AC dks 
MC izfrPNsn djrh gSA 

Rkk uhps 
dh uhps 

ds izR;kLFk] vizR;kLFk vkSj bdkbZ izR;kLFk y{k.k dk fdl 

bl vuqPNsn esa] gd cfgosZ”k mRiknu dh ykxr dh ppkZ djsaxs rFkk fofHkUu 
dks Kkr djus ds fy,] vodytksa ds vuqiz;ksx djus 

dh izfØ;k dks ns[ksaxsA vkb, fuEufyf[kr ykxr ladYiukvksa ls izkjaHk djsaA 

dqy ykxr nks ?kVdksa fuf”pr ykxr vkSj pj ykxr dk ;ksx 
gksrh gS] tgk¡  TC= dqy ykxr, 

;g ykxr lHkh Lrjksa ds cfgosZ”k ds fy, vpj gksrh gS 
kgj.kkFkZ] e”khujh dh ykxr ;k 

lkFk ;g ykxr fopj.k djrh gS ;k cnyrh 
jgrh gSA dPps eky dh ykxr pj ykxr dk ,d Hkkx gksrh gSA 

dqYk ykxr nh gqbZ gksus ij] ge fuEufyf[kr dk fuxeu dj ldrs gaS% 

ftls izfr bdkbZ mRiknu dh ykxr ds :Ik esa ifjHkkf’kr fd;k 
Ik esa fy[kk tkrk gSA tgk¡ � cfgosZ”k dh � bdkb;k¡ 

tks dqy ykxr esa ifjorZu dh nj gS] tc mRiknu � bdkbZ gqvk 

ds chp laca/k dks uhps fn, gq, vkjs[k dh lgk;rk ls Li’V fd;k 

 

¼tc dh AC izo.krk 
Åij dh vksj gS] ds 
AC Åij MC gSA 



 

 
 

;fn  TC = 2q2 + 8q +60 gS] rks q =3,
ifj.kke dk fuoZpu dhft,A 

  TC = 2q2 + 8q +60 fn;k gSA 

   vr%  ,AC =��
�

         =��� � �� �
�

          = 2q + 8

  MC = �(��)
��

 

        = ����� � �� ����
��

 

        = 4q+ 8 gSA 

tc  q= 3, rc MC = 4x3 + 8 = 20 gSA

 bldk vFkZ gS fd tc mRiknu esa rhljh bdkbZ ls pkSFkh bdkbZ rd 1 
bdkbZ dh o`f) gksrh gS] rc dqy ykxr

 fdlh QeZ dh dqy ykxr 
+5000 gSA   tgk¡ x cfgosZ”k gSA Kkr dhft,%

i½ fuf”pr ykxr 

ii½ pj ykxr 

iii½ vkSlr ykxr 

iv½ vkSlr pj ykxr 

v½ lhekar ykxr 

vi½ lhekar ykxr] tc mRiknu 50 bdkbZ gSA ifj.kkeksa dk fuoZpu dhft,A

vii½ 51oha bdkbZ ds mRiknu dh okLrfod ykxr

viii½ x ds lkis{k lhekar ykxr esa ifjorZUk 

 

 

,  3 ij  AC vkSj MC dks ifjdfyr dhft, rFkk 

�� 

��� 

8 + ��
�
 gSA 

� 

gSA 

bldk vFkZ gS fd tc mRiknu esa rhljh bdkbZ ls pkSFkh bdkbZ rd 1 
bdkbZ dh o`f) gksrh gS] rc dqy ykxr yxHkx  20#- c<+ tkrh gSA 

QeZ dh dqy ykxr C(x) = 0.005 x 3 – 0.002 x 2 & 30 x 
cfgosZ”k gSA Kkr dhft,% 

lhekar ykxr] tc mRiknu 50 bdkbZ gSA ifj.kkeksa dk fuoZpu dhft,A 

ds mRiknu dh okLrfod ykxr 

ds lkis{k lhekar ykxr esa ifjorZUk & nj  
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ix½ lhekar vkSlr ykxr 

C(x) = 0.005x3 – 0.002 x2 &30x +5000 fn;k gSA gesa Kkr djuk gS%  

i) x=0 j[kus ij fuf”pr ykxr ¼cfgosZ”k½ = 0 gaSA  

ge FC = 5000 izkIr djrs gSaA 

ii) VC= TC – FC  

= 0.005x3 & 0.002 x2 -30x +5000 &5000 

= 0.005x3 & 0.002 x2 -30x  

iii) AC=TC/x=�.����� – �.��� �� ���� �����
�

 = 0.005x� –  0.002 x − 30 + ����
�

 

iv) vkSlr pj ykxr = AVC= VC/x  

= �.����� – �.��� �� ���� 
�

 

= 0.005x� –  0.002 x − 30 

v) MC = �(��)
��

=  �
��

�0.005x� –  0.002 x�  − 30x + 5000� = 0.015 x2 – 0.004x &30. 

vi) tc x= 50 gS] rc MC= 0.015 (50)2 – 0.004(50) &30 = 7.3 

  bldk vFkZ gS fd tc mRiknu esa 50oha ls 51 oha bdkbZ rd 1 bdkbZ dh 
o`f) gksrh gS] rc dqy ykxr esa yxHkx ₹ 7-30 dh o`f) gksrh gSA 

vii) C(51) = 0.005(51)3 – 0.002 (51)2 &30(51) + 5000 = 4128.05 gSA 

C(50) = 0.005(50)3 – 0.002 (50)2 &30(50) + 5000 = 4120 gSA 

vr%] 51oha bdkbZ mRiknu dh okLrfod ykxr   

= C(51) – C(50) = 4128.05 – 4120 = 8.05 gSA 

viii) MC esa ifjorZu & nj= �(��)
��

=  �
��

�0.015� –  0.004 � − 30� 

= 0.030 � – 0.004 

ix) Lkhekar vkSlr ykxr = �(��)
��

= �
��

�0.005�� −  0.002 � − 30 + ����
�

� 

= 0.010 � −0.002 & ����
�2  

 fl) dhft, fd  TC= ax3 + bx2 +cx +d ds fy, vkSlr ykxr oØ 
dh izo.krk � 

�
( MC − AC) gksrh gSA 

 TC= ax3 + bx2 +cx +d fn;k gSA 

AC= ������������ 
�

= ax2 +bx + c + d/x 

vr%] AC dh izo.krk =�(��)
��

= �
��

�ax� + bx + c + �
�
� 
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   = 2ax +b – d/x2 gSA 

lkFk gh] MC = �(��)
��

= �
��

(ax� + bx� + cx + d ) 

 = 3ax2 + 2bx +c gSA 

vc] 
� 
�

( MC − AC) =  � 
�

� 3ax� +  2bx + c − ax� −  bx − c − �
�
� 

   = � 
�

� 2ax� +  bx − �
�
� 

   = 2ax +b –d/x2 

   = AC dh izo.krk gSA 

vr%] fl) gqvkA 

1- tc AC U;wure gS] rks MC dk eku fdlds cjkcj gksrk gS ? 

2- tc dksbZ QeZ “kwU; cfgosZ”k mRikfnr djrh gS] rks ml QeZ }kjk O;; dh xbZ 
ykxr dk uke crkb,A 

3- mRiknu dh dqy ykxr ds ?kVd D;k&D;k gS ? 

,d jktLo Qyu (revenue function) jktLOk vkSj cfgosZ”k ds chp laca/k dks 
iznf”kZr djrk gSA /;ku nhft, fd jktLo ewY; ¼p) vkSj cfgosZ”k ¼q) vFkkZr~ mRikn 
dk ewY; rFkk mldh csph xbZ jkf”k ¼ek=k½ dj xq.kuQy gksrk gSA ;g dguk 
vko”;d ugha gSA fd ;fn fdlh eky ds ewY; esa of) gksrh gS] rks mldh csph xbZ 
jkf”k esa deh gksrh gSA vr% jktLo esa o`f) ;k deh gks ldrh gSA bls ns[kus ds 
fy,] vkb, dqy jkTkLo (��)  =  �� =  ��(�) fy[ksa tgk¡ � eky dk izfr bdkbZ 
ewY; gS rFkk � ml oLrq dh csph xbZ dqy bdkb;k¡ gSaA 

;fn ge jktLo vkSj cfgosZ”k esa laca/k dh izd̀fr dks ns[kuk pkgrs gS] rks ges ekax 
dh ewY; izR;kLFkrk dh tk¡p djuh gksxhA fuLlansg] ewY; izR;kLFkrk rFkk jktLo 
ifjorZUk esa ,d cgqr mi;ksxh laca/k gSA bl varn`f’V dh tk¡p djus ds fy,] vkb, 
dqy jktLo dks �� =  �� ds :Ik esa O;Dr fd;k tk,A 

;fn ge ewY; ifjorZu dks � + ��  eku yas rFkk jkf”k ifjorZu dks � + ��  ekus ysa 
rks izkIr jktLo gks tk,xk% 

� =  (� + ��)(� + ��) 

=  �� +  ��� +  ��� + ���� 

��  dks � esa ls ?kVkus ij] ge izkIr djrs gSa% 

��� =  ��� +  ��� + ���q 
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�� vkSj ��   ds NksVs ¼y?kq½ ekuksa ds fy,] ge vafre in dks NksM+ ldrs gaS rFkk 
jkTkLo dks ��� =  ��� +  ��� ds :Ik esa izkIr djrs gSaA 

ewY; esa izfr bdkbZ ifjorZu ls] jktLo dh ifjoruZ&nj 

���
∆�

=  � +  � ��
∆�

 gSA 

bl izdkj] tc ewY; esa o`f) gksrh gS] rc jktLo esa o`f) gksrh gS] ;fn ekax dh 
izR;kLFkrk fujis{k eku esa 1 ls de gSA blh izdkj] tc ewY; esa o`f) gksrh gS] rc 
jktLo esa deh gksrh gS] ;fn ekax dh izR;kLFkrk fujis{k eku esa 1 ls vf/kd gksrh 
gSA  

bls ns[kus ds fy,] ge ��
∆�

  ds lw= ij okfil vkrs gSa RkFkk bl :Ik es IkquO;ZofLFkr 

djrs gaS% 

���
∆�

=  � +  �
��
∆�

 

= � �1 +
�
�

.
��
∆�

� 

= �[1 + ��] 

D;ksafd ekax izR;kLFkrk dks _.kkRed dgk tkrk gS] blfy, ge bl O;atd dks 
�[1 − [((��)] ds :Ik esa fy[krs gaSA 

bl lw=.k esa] ;g ns[kuk ljy gS fd ewY; esa ifjorZu gksus ij jktLo ij D;k 
izHkko iM+rk gS% ;fn izR;kLFkrk dk fujis{k eku 1 ls vf/kd gS] rks ���

∆�
 dks 

_.kkRed gksuk pkfg, rFkk foykser% ;fn izR;kLFkrk dk fujis{k eku 1 ls ge gS  
���
∆�

 dks /kukRed gksuk pkfg,A lgtkukRed :Ik ls] ;fn ekax ij ewY; dk cgqr 

vf/kd izHkko iM+rk gS] vFkkZr~ og cgqr vf/kd izR;kLFkrk okyh gS] rks ewY; esa o`f) 
ls ekax esa bruh deh gks ldrh gS fd jktLo fxj tk,xkA ;fn ekax ij ewY; dk 
yxHkx dksbZ izHkko ugha iM+rk gS] vFkkZr~ mlesa vizR;kLFkrk gS] rks ewY; esa of̀) gksus 
ij ekax ij vf/kd izHkko ugha iMs+xk rFkk lexz jktLo esa o`f) gksxhA &1 dh 
izR;kLFkrk dks ,d foHkktu js[kk ysrs gq,] ge dg ldrs gSa fd ,slh fLFkfr esa ;fn 
ewY; esa 1 izfr”kr dh òf) gksrh gS] rks jkf”k esa 1 izfr”kr dh deh gksxhA vr%] 
lexz jktLo esa dksbZ ifjorZUk ugh gksxk rFkk geas ,d bdkbZ izR;kLFkrk izkIr gksxhA 

AR, MR 

ge jktLo vkSj ewY; izR;kLFkrk ij mijksDr ifj.kke dks vkxs blds lhekar vkSj 
vkSlr jktLo ds lca/k ds fy, foLr`r dj ldrs gSaA bl fn”kk esa dk;Z djus ds 
fy,] vkbZ, igys bu inksa dks ifjHkkf’kr dj ysaA 

vkSLkr jktLo AR  izfr bdkbZ jktLo gksrk gS rFkk bls  

 AR= ��
�

= ��
�

 =  � ds :Ik esa vfHkdfyr fd;k tk ldrk gSA 
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lhekar jktLo ¼ ��) cfgosZ”k dh vfrfjDr bdkbZ dks cspus ds ifj.kkeLo:Ik dqy 
jkTkLo esa gqvk ifjorZu gksrk gSA bl izdkj]  

�� = �(��)
��

 gksrk gSA 

ge Åij ns[k pqds gsa fd ewY; vkSj jkf”k esa gq, NksVs ifjoruksa ds fy,] jktLo esa 
ifjorZu bl izdkj n”kkZ;k tkrk gS% 

���
∆�

=  � +  �
��
∆�

 

;k, ��� =  �∆� +  � �� 

nksuksa i{kksa dks ∆� ls Hkkx nsus ij] ge izkIr djrs gSa% 

���
∆�

=  �
∆�
∆�

+  �
��
∆�

 

;k MR=���
∆�

= � +  � ∆�
∆�

 

;k �� = � �1 + �
�

∆�
∆�

� 

;g Lej.k djrs gq, fd ge MR vkSj �� esa ,d laca/k fuxZfer djus dk iz;kl 

dj jgs gSa]  vkb, �� = � �1 + �
�

∆�
∆�

� ds nwljs in esa dqN lq/kkj djus dk 

ladYi ysaA c`gr :Ik ls ;g �� ds izfrykse tSls yxrk gSA vr%] ge �� =
� �1 + �

��
� fy[k ldrs gSaA D;ksafd ge �� dks ,d _.kkRed fpà yxk dj 

fy[krs vk, gSa] ge ;gk¡ Hkh �� dks fujis{k inksa esa fy[k dj �� = � �1 −

1��  fy[krs gSaA ,sls ifj.kke ds fuoZpu esa] ge dg ldrs gSa fd ;fn ekax dh 
izR;kLFkrk &1 gS] rks lhekar jkTkLo “kwU; gS] vFkkZr~ cfgosZ”k esa o`f) gksus ij jktLo 
esa dksbZ ifjorZu ugha gksrk gSA ;fn ekax vizR;kLFk gS rks |��| la[;k 1 NksVk gksrk 
gS] ftldk vFkZ  gS fd 1 ls �

|��| vf/kd gSA bl izdkj] 1 − �
|��| _.kkRed gSA 

vr% cfgosZ”k eas o`f) gksus ij jktLo esa deh gksxhA 

izR;kLFkrk] vkSlr jktLo vkSj lhekar jktLo ds chp esa laca/k ns[kus ds fy,] ge 

dsoy  �� = � �1 − �
|��|�  ds lkFk dk;Z djrs gSaA  blds nk,¡ dks dsoy (�

�
) ls 

xq.kk djds izkIr dhft,% 

��� = �
�
�

� � �1 −
1

|��|� =
��
�

�1 −
1

|��|� 

=��
�

�1 − �
|��|� 

=�� �1 − �
|��|� 

;k] �� − �� = �− ��
|��|� 
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;k] −�� + �� = � ��
|��|� 

;k] �����
��

=  �
|��| 

;k] 
��

�����
= |��| gSA 

Åij ns[kk x;k gS fd dqy jktLo ij ewY; fopj.k (variations) dk izHkko iM+rk 
gSA ,dkf/kdkj ds lkFk okys fdlh cktkj <kaps eas fuekZrk ewY; ij fu;a=.k j[krk 
gSA ;g ifj”kq) izfrLi/kkZ ds foijhr gS] tgk¡ ewY; vpj jgrk gS rFkk cfgosZ”k ls 
Lora= jgrk gSA ,slh fLFkfr esa] ewY; AR  vkSj MR ;FkkFkZ :Ik ls leku jgrs gSaA 
vkb, ,d ,dkf/kdkj cktkj ds varxZr jktLo vf/kdrehdj.k ds eqÌs dks ns[ksaA 

 10 #i, izfr bdkbZ ds pkyw ¼;k orZeku½ ewY; okyh  ,d laiw.kZ 
izfrof/kZr QeZ dk dqy jktLo vkSj lhekar jktLo Kkr dhft,A 

   P= 10 fn;k gSA 

;fn cktkj esa q bdkb;k¡a csph tkrh gSa( rks 

�� =  �. � =  10� gSA 

rFkk �� = ��
�

= 10 

�� = �(��)
��

 = 10 gSA 

 vr%]  � =  �� =  �� =  10 gS] tks vpj gSA 

,dkf/kdkj ds varxZr] ewY; QeZ }kjk fu/kkZfjr fd;k tkrk gS rFkk bls cktkj ij 
ugha NksMk tkrk gSA cfgosZ”k ds fdlh Lrj ij dqy jktLo vf/kdre gksxk] tgk¡ 
dqy jktLo Qyu dk izFke dksfV vodyt “kwU; gS rFkk f)rh; dksfV vodyt 
“kwU; ls de gksxk] vFkkZRk~   

��’(�) =  0  ¼vFkkZRk~ �� = 0) vkSj ��’’(�)  <  0 gksxkA 

 ;fn fdlh QeZ dk ekax Qyu p = 5000 -20x – x2 fn;k gS] rks �� 
vkSj �� Kkr dhft, rFkk QeZ dh izd`fr ij fVIi.kh dhft,A 

p=AR = 5000 –20x – x2 fn;k gSA 

  TR = p.x 

       = (5000 –20x – x2) x 

        = 5000x – 20x2 – x3 

  MR = �(��)
��

 =  �
��

 (5000x – 20x2 – x3) 

    = 5000 – 40x – 3x2 
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D;kasfd AR≠ MR gS] blfy, ;g QeZ ,dkf/kdkj QeZ gSA 

 n”kkZb, fd p = 5 ij Ed = ��
�����

  gS] tgk¡ ekax Qyu p = 50 – 
3x }kjk fn;k tkrk gSA 

  p = 50 – 3x gSA 

nksuksa i{kksa dks x ds lkis{k vodfyr djus ij] 

 ��
��

=  −3 gSA 

buds O;qRØe ysus ij] 

��
��

=  − �
�
 gSA 

�� = − �
�

��
��

=  − �����
�

. �− �
�
� = �����

��
 gSA 

;fn p= 5  gS] rks x 

    5 = 50 – 3 x  

    x = 45/3= 15 gSA 

x dk eku Ed esa j[kus ij]  

 ��  =  ����×��
�×��

= �����
��

= �
�
 gSA 

    AR = TR/x = p. x / x = p =50 – 3 x 

tc x = 15 gS] rc 

AR= 50 – 3×15 = 50- 45= 5 gSA 

 MR = �(��)
��

 = 50 – 6 x gSA 

tc x =15 gS] rc 

  MR = 50– 6×15 = 50 – 90 = –40 

  vr% ��
�����

= �
��(���)

= �
��

= �
�

 = �d gSA 

vr%] fl) gks x;kA 

1- ,d jktLo Qyu D;k gksrk gS ? 

2.    MR, AR  vkSj ekax dh ewY; izR;kLFkrk ds chp laca/k crkb,A 

3- ewY; izR;kLFkrk jktLo ifjorZu dh nj ls fdl izdkj lacaf/kr gS ? 

4- fdlh cktkj <k¡ps ds varxZr ,d QeZ esa jktLo vf/kdrehdj.k dk dksbZ 
egRo ugha gSA D;ksa ? 
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vkfFkZd fl)kar lkekU;r% fdlh QeZ ds O;ogkj dk v/;;u djrs le; ykHk 
vf/kdrehdj.k vfHk/kkj.kk dk iz;ksx mlh izdkj djrk gS] ftl izdkj og 
O;fDrxr xzkgdksa ds fy, mi;ksfxrk vf/kdrehdj.k vfHk/kkj.kk dk iz;ksx djrk gSA 
;g vfHkxe ml QeZ ds fy, ,d ljy rdZlaxr mÌs”; dh vko”;drk dks larq’V 
djus ds fy, viukbZ tkrh gSA 

ykHk&vf/kdre djus okyh QeZ fuos”kksa vkSj cfgosZ”kksa nksukas dks bl izdkj pqurh gS 
fd dqy jktLo vkSj dqy ykxr ds chp varj] vFkkZr~  � =  �(�) –  �(�) 
vf/kdre jgsA 

og QeZ vius fu;a=.k ds varxZr pjksa dks bl izdkj lekosf”kr djsxh fd og vkxs 
ykHk esa o`f) ugha gksus nsA bl izdkj og QeZ fuos”k ;k cfgosZ”k dh izR;sd bdkbZ 
ij mlds ykHk ij gkssus okys izHkko ij n`f’V j[krh gSA 

× 

vkb, jktLo dks �(�)  =  �(�)  ×  � ds :Ik esa ifjHkkf’kr djsa] tgk¡ � vkSj � 
pj � ds Qyu gSaA /;ku nhft, fd ge izfrykse ekax Qyu �(�) dks ys jgs gaS] 
tks jktLo Qyu izkIr djus ds fy,] ewY; dks jkf”k ds Qyu ds :Ik iznf”kZr dj 
jgk gSA tSlk fd ge uhps ns[ksaxs] blls �� dh rhozrk ls ifjdfyr djus esa 
lgk;rk feyrh gS] ftldh vko”;drk QeksZa ds fy, ykHk vf/kdrehdj.k izfrca/k 
izkIr djus esa gksrh gS] tgk¡ os fdlh Hkh cktkj <k¡ps dh gksaA 

ykHk QYku dks dqy jktLo vkSj dqy ykxr ds QYku ds :Ik esa bl izdkj O;Dr 
fd;k tk ldrk gS] 

� = �(�)  =  ��(�) −  ��(�), vFkkZr~ 

� =  �(�) ×  � − �(�) 

ykHk dks vf/kdre djus ds fy,] nksuksa i{kksa dks vodfyr dj izkIr dhft,% 

��
��

= ��
��

− ��
��

=0 

⇒
��
��

=
��
��

 

⇒ �� = ��  

,slh lfedk izFke dksfV izfrca/k fufnZ’V djrh gSS rFkk blesa gesa ykHk 
vf/kdrehdj.k ds f}rh; dksfV izfrca/k dks tksM+us dh vko”;drk gSA vr%] gesa  

���
��� < 0 

gksus dh vko”;drk gSaA 

vFkkZr~] b’Vre ¼optimal) jkf”k (q*)  ij lhekar ykHk esa] deh gksuh pkfg,A MR 
vkSj MC ds inksa esa ge izkIr djrs gSa% 



 

 
 
 

189 

 
���
��� < 0 

��’’(�) −  ��’’(�) < 0,  

;k, ��’’(�) <  ��’’(�),   

;k, (��)� < (��)�, 

ftldk vFkZ gS fd lhekar jktLo dh izo.krk oØ dh izo.krk ls] ykHk 
vf/kdrehdj.k cfgosZ”k ij] de gksuh pkfg,A 

 fdlh QeZ dh dqy ykxr C= �
�
x3– 6x2+40x+15 gSA ;fn ewY; 20 

#i;s izfr bdkbZ ij fuf”pr gS] rks larqyu cfgosZ”k Kkr dhft,A 

 fn;k gS % 

ewY; (p) = 20 

jktLo (TR) = px 

bl izdkj] jktLo = R(x) = 20x gSA 

ykHk = �(x)  = TR(x)- TC(x) 

         = 20x – (�
�
x3– 6x2+40x+15) 

          = 20x - �
�
x3+ 6x2- 40x – 15 

           = -�
�
x3+ 6x2- 20x-15 

x  ds lkis{k vodfyr djus ij] 

  �’(x) = - x2 +12x – 20 

vf/kdrehdj.k ds fy,] �’(x)= 0 

 vFkkZRk, – x2 +12x – 20 =0 

 ;k, x(x-10) +2(x-10) =0 

 ;k, (x-10)(x-2) =0 

vr%] ;k rks x= 10 ;k  x = 2 gSA  

x ds lkis{k ykHk Qyu dk f}rh; dksfV vodyt ifjdfyr djus ij] ge izkIr 
djrs gaS% 

�’’(x) = –2x +12 

tc x=10 gS] rc 

�’’(10) = –2(10) +12 

       = –20 + 12= –8<0 gSA 

tc x=2 
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�’’(2) = –2(2) +12 = 8>0 gSA 

D;ksafd f}rh; dksfV vodyt x = 10 ij “kwU; ls de gS] blfy, 

ykHk vf/kdred gksxk] tc QeZ cfgosZ”k dh 10 bdkb;k¡ mRikfnr djsxhA 

  fdlh ,dkf/kdkjh ds ekax vkSj ykxr Qyu Øe”k% C = 20 +2x + 
3x2 vkSj p= 50–x  vksj gSA  og cfgosZ”k Lrj vkSj ewY; Kkr dhft, ftu ij ykHk 
dk vf/kdrehdj.k gksrk gSA 

  jktLo  gSA ¼TR) = px = x (50 – x2 ) = 50x - x2 

ykHk  (�) = TR – TC 

  = 50x – x2 -20 -2x -3x2 

  = 48x –4x2 – 20 gSA 

� ds lkis{k vodfyr djus ij] 

��/�� =  �’ =  48 –  8� =  0, 

 ftlls   x= 48/8 = 6 

f}rh; dksfV vodyt ifjdfyr djus ij] 

  �’’= –8<0 gSA 

vr%]  x = 6  ij ykHk vf/kdre gS rFkk larqyu ewY; 

  P = 50–x= 50 – 6 = 44 gSA 

vr%] larqyu cfgosZ”k 6 bdkbZ gS rFkk larqyu ewY; 44 gSA  

dksbZ LVhfj;ks (stereo) fuekZrk fu/kkZfjr djrk gS fd ,d u, LVhfj;ks dh  x 
bdkb;ksa dks cspus ds fy,] ewY; izfr bdkbZ ¼#i;ksa esa ½ p(x)= 1000 – x gksuk 
pkfg,A og fuekZrk ;g Hkh fu/kkZfjr djrk gS fd x bdkb;ksa dks fufeZr djus dh 
dqy ykxr   

C(x) = 3000 + 20 x  }kjk nh tkrh gSA 

d½  dqy jktLo R(x) Kkr dhft,A 

[k½  dqy ykHk P(x) Kkr dhft,A 

x½  fuekZrk dks fdruh bdkb;k¡ fufeZr djds cspuh pkfg, rkfd ykHk vf/kdre 
gks ? 

?k½  vf/kdre ykHk D;k gS ? 

M +½  izfr bdkbZ fdruk ewY; ysuk pkfg, rkfd ;g ykHk vf/kdre gks ? 
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d½ jktLo  = jkf”k × ewY; 

⇒ �(�)  =  � ×  � 

⇒ �(�)  =  �(1000 −  �) 

⇒ �(�)  =  1000� − �� 

 [k½ ykHk dqYk jktLo & dqy ykxr 

 ⇒P(x) = R(x)- C(x) 

⇒P(x) = 1000x- x2- (3000 + 20x) 

⇒ P(x)  =  − x2+ 980x - 3000 

x½   vr%] 

P′(x) = −2x + 980 = 0 

⇒   − 2x =  −980 

 ⇒    x = 490 gSA 

D;ksafd ;gk¡ dsoy ,d gh Øk¡frd eku gS] blfy, ;g fu/kkZfjr djus ds 
fy,  fd og ,d vf/kdre nsrk gS ;k U;awure] ge f}rh; vodyt dk 
mi;ksx dj ldrs gSaA 

P’’(x) = −2 gSA 

D;ksafd P’’(x)  _.kkRed gS] blfy, x = 490  ,d vf/kdre eku iznku 
djrk gSA]  

bl izdkj] ykHk vf/kdre gksxk] tc 490 bdkbZ dks fufeZr djds cspk 
tk,xkA 

?k½  vf/kdre ykHk gS% 

P(490) = − (490)2 +  980(490)  − 3000 

P(490) = 237,100 gSA 

bl izdkj] LVksfj;ks fuekZrk 2]37]100 dk vf/kdre ykHk izkIr djrk gS] tc 
og 490 bdkb;ksa fufeZr djds csprk gSA 

M +½  bl vf/kdre YkkHk dks izkIr djus ds fy,] ewY; izfr bdkbZ  

 = p(490) = 1000 − 490 

;k p(490) = 510 gSA 

1- vki fdlh QeZ dk ykHk fdl izdkj Kkr djrs gaS ? 
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2- ykHk vf/kdrehdj.k ds fy, fd nks izfrca/kks dks larq’V gksuk vko”;d gSA 

3- ykHk vf/kdrehdj.k ds f}rh; dksfV izfrca/k dk fuoZpu dhft,A 

;g bdkbZ vkfFkZd vkSj O;kikfjd v/;;uksa esa vodytksa ds vuqiz;ksxks ds lkFk dk;Z 
djrh gSA bl mÌs”; ds fy,] bl bdkbZ esa dqN pqus gq, izdj.kksa dk v/;;u fd;k 
x;k gS] ftudk ckj&ckj mi;ksx fd;k tkrk gSA izkjaHk esa] izFke dksfV ds vodyt 
dk mi;ksx fd;k tkrk gSA izkjaHk esa] izFke dkfV ds vodyt dk mi;ksx djrs 
gq,] uhps dh vksj izo.krk okyh ekax oØ dh _.kkRed izo.krk dks rFkk Åij dh 
vksj izo.krk okyh vkiwfrZ oØ dh /kukRed izo.krk dks n”kkZ;k x;k gSA 

geus ekax rFkk lkFk gh vkiwfrZ Qyuksa dh izR;kLFkrk dk fuxeu djuk lh[kk gSA 
bl ladYiuk dk ifjp; djkrs gq,] ;g dgk x;k gs fd izR;kLFkrk fdlh Qyu 
ds Lora= pj esa gq, ifjorZu ds dkj.k vkfJr pj esa gq, izHkko dks n”kkZrh gSA 
geus ewY; vkSj jkf”k esa y?kq ifjorZuksa ds lkFk ��  = �

�
��
��

  ds :Ik esa ekax dh 

ewY; izR;kLFkrk ds fuxeu dks ns[kk gSA izR;kLFkrk ds fy, log Qyuksa ds inksa esa 
,d vU; O;atd dks Li’V fd;k x;k gSA 

;g crkrs gq, fd ekax dh vk; izR;kLFkrk xzkgd dh vk; esa gq, ifjroZru ds 
dkj.k fdlh fof”k’V mRikn dh ekax ij gq, izHkko dk ekiu djrh gS] gesa ;g Hkh 
crk;k x;k gS fd izR;kLFkrk dh ;g Js.kh gesa lkekU; eky ¼/kukRed izR;kLFkrk½ 
vkSj ?kfV;k eky ¼_.kkRed izR;kLFkrk½ dh ifgpku djus esa lgk;rk djrh gSA 

gesa ekax dh ØkWl izR;kLFkrk ls Hkh ifjfpr djk;k x;k gS] ftls fdlh mRikn dh 
ekax ij ,d vU; lacaf/kr mRikn ds ewY; esa gq, ifjorZu ds dkj.k iM+us okys 
izHkko ds :Ik eas ifjHkkf’kr fd;k x;k gSaA bl /kkj.kk dk mi;ksx LFkkukiUu eky  
¼/kukRed ØkWl izR;kLFkrk½ dh izR;kLFkrk rFkk iwjd eky _.kkRed ØkWl 
izR;kLFkrk½ dh izR;kLFkrk ds ckjs esa tkuus eas gekjh lgk;rk djrk gSa bl vuqPNsn 
ds vafre Hkkx esa] vkiwfrZ izR;kLFkrk dh ppkZ dh xbZ gSA vkiwfrZ jkf”k esa vkuqikfrd 
ifjorZu dk mlds ewY; esa vkuqikfrd ifjorZu ds lkFk vuqikr dk vodyt dk 
mi;ksx djrs gq, iznf”kZr fd;k x;k gSA fofHkUu Jsf.k;ksa dh ykxrksa ds gy Kkr 
djus ds fy,] vodytksa ds vuqiz;ksx djus dh izfØ;k dks lfEefyr fd;k x;k 
gSA vodyu dk mi;ksx djrs gq,] vkSlr vksj lhekar ykxrksa esa laca/k fuxZfer 
fd;k x;k gSA jktLo QYku ds lkFk dk;Z djus dk iz;kl fd;k x;k gS] tks 
jktLo dh ifjorZu&nj dks vodyt dh rduhd rFkk lhekar jktLo] vkSlr 
jktLo vkSj fufnZ’V ekax dh izR;kLFkrk ds chp laca/k ls fuxZfer fd;k x;k gSA 

bl bdkbZ ds vafre Hkkx esa] ykHk vf/kdrehdj.k ds izFke vkSj f}rh; dksfV 
izfrca/kksa dks Kkr djusa ds fy,] vodytksa ds vuqiz;ksaxks dh ppkZ dh xbZ gSA geus 
izFke dksfV izfrca/k esa lhekar jktLo vkSj lhekar jktLo dh izo.krk esa 
ifjorZu&nj ftls f}rh; dksfV izfrca/k dks larq’V djus ds fy, lhekar ykxr dh 
izo.krk dh ifjorZu nj ls de gksuk pkfg,] ds fuxeu dks Li’V fd;k x;k gSA 
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 ftldh ekax esa ,d lacaf/kr eky ds ewY; esa deh gksus ij 
o`f) gksrh gSA 

  mRiknu esa of̀) gksus ij ykxr esas o`f)A 

 fdlh eky dh ekax esa] vU; vkfFkZd pjksa] tSls] ewY; vkSj 
vk; esa gq, ifjorZuksa ds dkj.k] laosnu”khyrkA bls ekaxh xbZ  jkf”k ds izfr”kr 
ifjorZu dks vU; vkfFkZd pj ds izfr”kr ifjorZu ls Hkkx nsdj ifjdfyr fd;k 
tkrk gSA 

 bl fLFkfr] ftlesa vkiwfrZ vkSj ekax lqesfyr gksrh gaS rFkk ewY; fLFkj 
jgrk gSA 

 og ykxr tks cfgosZ”k ds LkHkh Lrjksa ds fy, vpj jgrh gSA 

  ,slk ekax Qyu tks ewY; dks ekaxh xbZ jkf”k ds ,d QYku 
ds :Ik ns[krk gSA 

 ,d gh foØsrk okyk cktkj] tks ,d vf}rh; mRikn dks csprk gS rFkk 
vR;kf/kd lkekU; ykHk vftZr djrk gSA 

 [kjhnkjksa vkSj cspus okys dh ,d cM+h la[;k okyk cktkj] cspus 
okys ltkrh; mRikn csprsa gSa rFkk lkekU; ykHk vftZr djrs gSaA bl cktkj esa 
izos”k vkSj fuxZe Lora= gksrk gSA 

  fdlh eky ;k lsok dh vkiwfrZ ij mlds cktkj 
ewY; esa gq, ifjorZu ds dkj.k izHkkoA 

 dqy jktLo vkSj dqy ykxr esa varjA 

 ewY;@ekax vkSj cfgosZ”k dk xq.kuQYk 

 og ykxr tks cfgosZ”k Lrj ds lkFk fopj.k djrh ¼cnyrh½ gSA 

1- mi&vuqPNsn 9-2-2 if<+, vkSj mÙkj nhft,A 

2- ?kVrh mi;ksfxrk dk fu;e] vk; vkSj izfrLFkkiuksa ds izHkko  

1- izR;kLFkrk gesa fdlh Qyu ds Lora= pj esa gq, ifjorZUkksa ds dkj.k 
mlds vkfJr pj esa vk, izHkkoksa ¼ifjorZUkksa½ ds ckjs esa crkrh gSA 

2- iwjd ekyksa dh vko”;drk ds dkj.k tks ekax dks larq’V djus ds fy, 
lkFk&lkFk pyrs gSaA 

3- ekax dh vk; izR;kLFkrk “kwU; ls de gksxhA 
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4- ekax dh ØkWl izR;kLFkrk fdlh mRikn dh ekax esa] ,d vU; lacaf/kr 
mRikn ds ewY; esa ifjorZu ds dkj.k] gqvk izHkko gksrh gSA 

5- izR;kLFk%  > 1 vizR;kLFk%  &1 vkSj 0 ds chp( 

bdkbZ izR;kLFk % =  &1  

6- vkiwfrZr jkf”k esa vkuqikfrd ifjorZu dk mlds ewY; esa vkuqikfrd 
ifjorZu ds lkFk vuqikr 

1. AC = MC 

2- fuf”pr ykxr 

3- fuf”pr ykxr vkSj pj ykxr 

1- ,slk Qyu tks jktLo vkSj cfgosZ”k esa laca/k izfrf”kZRk djrk gSA 

2. �d = ��
�����

. 

3.   ∆��
∆�

= � �1 − �
|��|� 

4- laiw.kZ izfrLi/kkZ ds vanj lapkfyr gksus okyh QeZ 1 ;gk¡] 

  P = AR = MR dh b’Vre fLFkfr gksrh gSA 

1- dqy jktLo vkSj dqy ykxr dk varj ysdj  

MR = MC dk izFke dksfV izfrca/k rFkk (��)� < (��)� 

2-  dk f}rh; dksfV izfrca/k 

3- Lhekar jktLo dh izo.krk dks ykHk vf/kdrehdj.k cfgosZ”k ij MC 
dh izo.krk ls de gksuk pkfg,A   

 

1- fdlh oLrq ds fy, ekax QYku p= 20 & 2x  }kjk fn;k tkrk gSA dqy jktLo 
Kkr dhft,A  x=3  ij vkSlr jktLo vkSj lhekar jktLo dks ifjdfyr 
dhft, rFkk ifj.kkeksa dk fuoZpu dhft,A  og cfgosZ”k Lrj dhft,] ftl 
ij dqy jktLo vf/kdre gS rFkk lkFk gh vf/kdre jktLo Hkh Kkr dhft,A 
D;k x=3 ij lhekar jktLo c<+ jgk gS ? 

2- dksbZ fuekZrk ikrk gS fd mlds mRikn ds fy, okf’kZd ,dleku ekax 40]000 
bdkb;k¡ gSaA fdlh mRiknu dk;Z ds LFkkiu dh ykxr ₹ 200 gS RkFkk 
eky&lwph esa ,d bdkbZ ds fufeZr djus dh ykxr ₹ 1  okf’kZd gSA ml 
vkfFkZd lewg eki dks Kkr dhft,] ftlls dqy ykxr U;wure gksuh pkfg,A 
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3- dksbZ QeZ dqy ykxr C= (��

��
& 5x2 +10x+5) ij x bdkb;k¡ fufeZr djrh 

gSA fdl cfgosZ”k Lrj ij lhekar ykxr vkSj vkSLkr pj ykxr Øe”k% vius 
U;wure ij igq¡psaxh ? 

4- fdlh QeZ ds dqy jktLo (R) vkSj dqy ykxr (C)  QYku Øe”k%  R= 
30x & x2 vkSj C=20 + 4x gS]  tgk¡ x cfgosZ”k gSA og cfgosZ”k Kkr dhft,] 
ftlls ykHk dk vf/kdrehdj.k gksrk gSA lkFk gh] vf/kdre ykHk Hkh Kkr 
dhft,A 

5- ;fn f(x) = ax2 + bx +c  gS rks n”kkZb, fd vkiwfrZ laca/k jSf[kd gSA n”kkZb, 
fd ;fn dqy ykxrksa dks <k¡dUkk gS ¼lfEefyr fd;k tkuk gS½] rks p dks  b 
+2√�� ls vf/kd gksuk pkfg,] ijarq ;fn dsoy pj ykxrksa dks gh <ka¡duk gS] 
rks p dks dsoy b ls vf/kd gksus dh vko”;drk gSA 

6- vk; y ds ,d QYku ds :Ik esa ekax q dks 30q = 10 +3y  }kjk fn;k tkrk 
gSA ekax dh vk; izR;kLFkuk ds fy, ,d O;atd izkIr dhft, rFkk mldk y 
=     ₹ 250 # ij eku Kkr dhft,A 

7- ;fn MR= 100  vkSj cfgosZ”k ds lkis{k ekax dh izR;kLFkrk 3 gS] rks AR  
Kkr dhft,A 

8- x ds fdl eku ds fy,] ,d fn, gq, ekax Qyu p = 4 – 3q2   ds fy, ekax 
dh izR;kLFkrk ,Sfdd  ¼bdkbZ½ (unity) gks tkrh gSA 

9- ml  ekax oØ ds fy,] ftldh vuar izR;kLFkrk gS] lhekar jktLo D;k gS ? 

ekax dh izR;kLFkrk Kkr dhft,] tc ekax oØ p = 50/(x +3) gSA 

10- dqy ykxr Qyu C = x3 –6x2+15x+10  fn;k gqvk gSA 

lhekar ykxr QYku Kkr dhft,A fdl cfgosZ”k ij MC ,d o/kZeku 
Qyu gksxk ? 

11- ;fn fdlh mRikn x dh bdkb;ksa dks cukus dh dqy fuekZ.k ykxr  

y = 20x + 5000 gS] rks  

d½ izfr bdkbZ pj ykxr D;k gS ? 

[k½ fuf”pr ykxr D;k gS ? 

x½ 4000 bdkb;ksa dks cukus dh dqy ykxr D;k gS ? 

?k½ 2000 bdkb;ksa dks fufeZr djus dh lhekar ykxr D;k gS ? 

12- fdlh daiuh ds ykHk Qyu dks � = � (�)  =  � – 0.00001��  }kjk 
fu:fir fd;k tk ldrk gS] tgk¡  � csph xbZ bdkb;ksa dh la[;k gSA 
b’Vre fcØh vk;ru Kkr dhft, rFkk ml vk;ru ij visf{kr ykHk dh 
jkf”k Hkh Kkr dhft,A 

13- ewY; izR;kLFkrk ls D;k rkRi;Z gS ? vius mÙkj dks Li’V dhft,A 
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14- dksbZ dksuZ ¶ysDl ¼corn flakes½ m|ksx vius mRikn dk ewY; ₹ 100 ls 75 
?kVkus dk fu.kZ; ysrk gSA daiuh dks izR;k”kk gS fd dksuZ QysDl dh fcØh 
10000 bdkbZ izfr ekl ls c<+ dj 20000 bdkbZ izkIr ekl gks tk,xhA ekax 
dh ewY; izR;kLFkrk dks ifjdfyr dht, rFkk ml ij fVIIk.kh dhft,A 

15- dksbZ ekax QYku ds � =  50 –  5�:Ik esa fn;k gqvk gSA ij ekax dh ewY; 
izR;kLFkrk vfHkdfyr dhft,A 

16- ;fn ekax oØ  x = �

√�
 gS] rks n”kkbZ, fd ekax dh ewY; izR;kLFkrk vpj gS 

rFkk -1/2 ds cjkcj gSA 

1. x = 5, TR=50, gk¡ 

2.  4000 

3.  50/3; 25 

4.  x = 13, ₹149 

5.  ladsr p=MC; p≥ U;wure AC; p≥ U;wure AVC 

6.  75/76 

7.  150 

8.  2/3 

9.  MR=AR 

10.  –x/(x+3) 

11- gesa ykxr&cfgosZ”k lehdj.k y = 20x + 5000 izkIr gSA ge tkurs gSa fd ;fn 
mRikn esa o`f) gksrh gS] rks izR;{k vuqikr ¼vuqØekuqikr½ esa dsoy dqy pj 
ykxr esa o`f) gksxh] ijarq fuf”pr ykxr dqy ykxr esa lnSo vifjofrZr 
jgsxhA  vr% y esa 1 bdkbZ dh of̀) ds lkis{k y dk vodyt izfr bdkbZ pj 
ykxr iznku djsxkA 

d½ izfr bdkbZ pj ykxr =  �
��

(¼ykxr & cfgosZ”k lehdj.k½= 

 �
��

 (20x + 5000) = 20 gSA izfr bdkbZ pj ykxr 20 gSA 

[k½ dqy fuf”pr ykxr rc Hkh vifjofrZr jgsxh] tc ge ,d Hkh bdkbZ dk 
mRiknu ugha djrs gSaA ;fn ge dksbZ Hkh bdkbZ mRikfnr ugha djrs gaS] 
rks pj ykxr dqN ugha gksxh rFkk fuf”pr ykxr gh dqYk ykxr gksxhA 
vr%] ;fn ge ykxr&cfgosZ”k lehdj.k  esa x=0 j[ksa rks geas fuf”pr 
ykxr izkIr gksxhA 

fuf”pr ykxr = y = [20.(0) + 5,000] = 5000 gaSA 

x½  ;fn ykxr &cfgosZ”k lehdj.k esa] ge x=4000  j[ksa] rks ges 4000 
bdkb;ksa ds mRiknu dh dqy ykxr izkIr gks tk,xhA 

4000 bdkb;ksa ds mRiknu dh dqy ykxr = y = 20(4000) + 5000 
= 85000 gSA 
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?k½  ge tkurs gSa fd noha bdkbZ dh lhekar ykxr = TCn–TCn–1 

gksrh gSA  2000oha  bdkbZ dh lhekar ykxr =2000 bdkb;ksa dh TC – 
(2000&1) bdkb;ksa dh TC = [20(2000) + 5000] –  [20 (1999), + 
5000] = [45,000 – 44,980] = 20 gSA 

12- b’Vre fcØh vk;ru ds fy,] vko”;d izfrca/k gS fd ykHk Qyu ds izFke 
vodyt dks “kwU; ds cjkcj gksuk pkfg, rFkk f}rh; vodyt dks 
_.kkRed gksuk pkfg,] tgk¡ ykHk Qyu P = x – 0.00001��  gSA 

��
��

= �
��

(x –  0.00001��) gSA 

lhekar ykHk = 1 – 0.00002x gSA 

vf/kdre ykHk izkIr djus ds fy,] vc ge lhekar ykHk = 0 djrs gSaA 

vr%] 1 – 0.00002x = 0  

;k] 0.00002x = 1 gSA 

vr%] x = �
�.����� 

= 50,000 bdkbZ;ka gSA 

ykHk Qyu dh f}rh; vodyt  
���
��� = �

��
�1–  0.00002�� =  −0.0002 gSA 

 vc] x ds eku dks ykHk Qyu esa j[kus ij] ge vf/kdre ykHk   

P = x – 0.00001�� 

= 50,000– 0.00001(50,000)/2 =50,000 –0.00001(2500000000)izkIr djrs gSaA 

MR dks izR;sd vfrfjDr bdkbZ dh fcØh ds fy, dqy jkTkLo esa gq, ifjorZu 
ds :Ik esa ifjHkkf’kr fd;k tkrk gSA ;g 50000 & 25000 = 25000 gSA 

daiuh dk b’Vre cfgosZ”k x dh 50000 bdkb;k¡ gksxk rFkk bl vk;ru ij 
vf/kdre ykHk 25000 gksxkA 

ekax dh ewY; izR;kLFkrk dks ekaxh xbZ jkf”k esa vkuqikfrd ifjorZu dk ewY; 
esa ifjorZu ds lkFk vuqikr ds _.kkRed ds :Ik esa ifjHkkf’kr fd;k tkrk gS]  
vFkkZr~ 

�� =  
 ifjorZu vkuqikfrdewY; esa

 ifjorZu vkuqikfrd esaekax
 

              = (-) ∆�/�
∆�/�

 

              = (-) �
�

∆�
∆�

 ;k =(-) �
�

��
��

 gSA 

ek¡x dh ewY; izR;kLFkrk ds fy,] ge laxr lw= dk mi;ksx djsaxsA 

14- loZizFke] gesa ekaxh xbZ jkf”k esa izfr”kr ifjorZu RkFkk ewY; esa izfr”kr 
ifjorZu dks ifjdfyr djus dh vko”;drk gSA vr%] 

EkwY; esa  % ifjorZu= (₹ 75&100)/( ₹ 100) = &25% 

eakx esa % ifjorZu = (20,000&10,000)/(10,000) = 100% 
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vr%] ekax dh ewY;  izR;kLFkrk = 100%/&25% = &4 gSA 

bldk vFkZ gS fd ekax lkisf{kr% izR;kLFk gSA 

15-  fn;k gqvk ekax Qyu � =  50 –  5� gSA 

 � ds lkis{k vodfyr djus ij] ge izkIr djrs gSa% 

 ��
��

=  −5 

 vr%] ekax dh izR;kLFkrk gS% 

              ��  =  (−)
�
�

��
��

 

         = (-) �
�����

. ��
�

= �
����

 

tc p=5 gS] rc  ��  =  �
����

= �
�

= 1 gSaA 

16.  nh gqbZ ekax oØ gS% 

   x = �

√�
= 9 p-1/2 

  vr%]  ��
��

=  − �
�

���
� 

  vr%]  ��  = − �
�

��
��

=  − �
�

. − �
�

���
� =  ����

�

��
 gSaA 

   = ����
�

�×����
�

= �
�
  gS] tks vpj gSA 

  bu ç'uksa }kjk vkidks bl bdkbZ dh iBu lkexzh dks le>us esa lgk;rk 
feysxhA bu ç'uksa ds mÙkjksa dks ewY;kadu ds fy, fo'ofo|ky; Hkstus dh 
vko';drk ugha gS D;ksafd ;s dsoy vkids vH;kl ,oa iqujko`fÙk ds fy, fn, 
x, gSA 

• K. Sydsaeter and P. Hammond, Mathematics for Economic Analysis, 
Pearson Educational Asia, Delhi, 2002. 

• Dowling, Edward,T. “Schaum’s Outline Series: Theory and Problems of 
Mathematics for Economists”, New York: McGraw Hill Book Company, 
1986. 

• Chiang, A. and  Kalvin Wainwright,  Fundamental Methods of 
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10-0  mÌs”; 

10-1 izLrkouk 

10-2 C;kt dh ladYiuk vkSj mldk vFkZ 

10-3 lk/kkj.k C;kt 

10-4 pØof̀) C;kt 

10-5 pØof̀) C;kt nj dh fof”k’V fLFkr;k¡ 

10-6 lkjka”k 

10-7 'kCnkoyh 

10-8 cks/k iz”uksa ds mÙkj 

10-9 Loij[k iz”u 

10-10 lanHkZ iqLrdsa 

 ifjf'k"V lkjf.k;k¡ 

bl bdkbZ dk v/;;u djus ds ckn]  

• C;kt dh ladYiuk dks le> ik,¡sxs( 

• Lkk/kkj.k C;kt dks ifjHkkf’kr dj ik,¡xs rFkk lk/kkj.k C;kt dks ifjdfyr 
dj ik,¡sxs( 

• pØof̀) C;kt dks ifjHkkf’kr dj ik,¡sxs rFkk pØo`f) C;kt dks ifjdfyr 
dj ik,¡sxs( 

• larr la;ksft ifjdyu dj ik,¡sxs( rFkk 

• cnyrh gqbZ pØo`f) C;kt njksa dk ifjdyu dj ik,¡sxsA 

bl bdkbZ eas] ge fofHkUu izdkj dh C;kt njksa ds ckjs esa v/;;u djsaxs rFkk C;kt 
dks ifjdfyr djus dh fof/k;ksa dk v/;;u djsaxsA bl mÌs”; ds fy,] ge lk/kkj.k 
C;kt vkSj pØo`f) C;kt dh ladYiukvksa ij muds vfHkdyuksa ds lkFk ppkZ djsaxsA 

/kujkf”k dks ,d laLFkk }kjk nwljh laLFkk dks m/kkj fn;k tk ldrk gS ;k ,d 
laLFkk }kjk nwljh laLFkk ls m/kkj fy;k tk ldrk gSA fdlh /kujkf”k dk fdlh 
fo”ks’k le; dky rd mi;ksx djus ds fy, Hkqxrku fd;k x;k ewY; C;kt 
(Interest) dgykrk gSA bls m/kkj ysus okys ds fy, O;; rFkk m/kkj nsus okys ds 
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fy, vk; ekuk tkrk gSA m/kkj yh xbZ ;k m/kkj nh xbZ jkf”k ewy/ku (principal) 
dgykrh gSA C;kt okf’kZd] v/kZokf’kZd]  =Sekfld ;k ekfld ns; gks ldrk gSA 

C;kt dh /kkj.kk /kujkf”k ds le; ds vuqlkj ewY;] vFkkZr~ le; ewY; (time 
value) ij vk/kkfjr gSA bldk vFkZ gS fd orZeku le;&fcanq ij miyC/k /kujkf”k 
dk Hkfo’; le;&fcnq Ikj miyC/k mruh gh /kujkf”k dh rqyuk esa vf/kd ewY; gSA 
vkt dk ,d #i;k dy ds ,d #i, ds cjkcj ugha gSA vr%] okLro esa C;kt og 
/kujkf”k gS tks m/kkj yh xbZ jkf”k ds fy, m/kkj nsus okys dks eqvkots ds :Ik esa 
blfy, nh tkrh gS fd mls ml /kujkf”k dks mi;ksx djus dk volj ugha feyk 
rFkk blfy, Hkh fd mlus /ku m/kkj nsus esa fofHkUu tksf[keksa] tSLks /kujkf”k okfil 
ugha feyus dk tksf[ke] dks lgu djus dk iz;kl fd;kA 

Lkk/kkj.k C;kt (simple interest) og C;kt gS tks m/kkj yh xbZ izkjfHkad /kujkf”k 
ij ifjdfyr fd;k tkrk gSA bl izdkj] vfHkdyu dh laiw.kZ vof/k esa] C;kt 
ewYk/ku ij gh ifjdfyr fd;k tkrk gSA C;kt dh njsa izk;% izfr”kr ds :Ik eas 
O;Dr dh tkrh gSaA 

 =  ×  ×  

I = P × r× t 

I= C;kt] og /kujkf”k tks vki m/kkj ysus ds fy, nsrs gSa ;k og /kujkf”k tks vki 
viuh tek jkf”k ij vftZr djrs gSaA 

P = ewy/ku] tks izkajfHkd /kujkf”k gSA 

t = le; dky ftlds fy, /kujkf”k m/kkj yh xbZ gS @tek dh xbZ gSA 

r = C;kt dh nj] tks m/kkj ysus ds fy, nh tkrh gS ;k /kujkf”k tek djus ds 
fy, vftZRk dh tkrh gS rFkk tks izfr”kr ds :i esa izk;% O;Dr dh tkrh gSA 

 (amount)  

feJ/ku (A)  =  P +  I  

=  P + (P ×  r ×  t), vFkkZr~ P (1 +  rt) 

 [feJ/ku og jkf”k gS] tks le; vof/k ds var esa ns; gksrh gSA] 

 ,d ubZ dkj [kjhnus ds fy,] jes”k us 3 o’kZ ds fy, 5]00]000( 8% 
okf’kZd lk/kkj.k C;kt dh nj ls m/kkj fy,A og fdruk C;kt vnk djsxk ? 

;gk¡, P = 5,00,000, r = 8/100=0.08, t = 3 o’kZ, I =? gSA 

Lkw= � =  � × � × � dk mi;ksx djus ij] 

Lkk/kkj.k C;kt (I) = 500000 × 0.08 × 3 

                              = `1,20,000 
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vr%] jes”k dkj _.k (loan) ds fy, `120000 C;kt ds :i esa nsxkA 

 vkfnR; us 150000 fdlh cSad esa 9-8% okf’kZd C;kt dh nj ij tek 
djk,A mldks 5 o’kZ ds ckn feyus okyk C;kt Kkr dhft,A lkFk gh] og feJ/ku 
Hkh Kkr dhft, tks mls feysxkA 

  ;gk¡, ,P = 1,50,000, r = 0.098, t = 5, I=?, A =? gSA 

D;ksafd   I=P×r×t gS] blfy, 

I= 150000 × 0.098 × 5 = `73,500 gSA 

vr%] vkfnR; dks C;kt ds :Ik esa `73500 gSA 

feJ/ku  = P + I 

;k A= 150000 + 73500 = `2,23,500. 

vr%] vkfnR; dks `73]500 # C;kt ds :Ik esa rFkk `223500 feJ/ku ds :Ik esa 
feysaxsA  

uksV% ge feJ/ku dks lw=  A = P (1+ rt)  ds mi;ksx ls Hkh ifjdfyr dj ldrs 
gSA  

A = 150000 [1 + (0.098×5)] 

;k, A = `2,23,500 

 fgeka”kh jek dks `45000 m/kkj nsrh gSA og le; Kkr dhft, ftlesa 
bldk C;kt 11% okf’kZd lk/kkj.k C;kt dh nj `9900 gks tk,xkA 

 ;gk¡, I = 9900,P = 45000,r = 0.11,t =? gSA 

I= P×r×t ls ge izkIr djrs gaS% 

t = I/Pr 

;k, t = 9900/ (45000) (0.11) 

  = 2 o’kZ  

 fdrus o’kks± esas dksbZ /kujkf”k 5% okf’kZd lk/kkj.k C;kt dh nj ls 
Lo;a dh nqxquh gks  tk,xh ? 

 = 2 ×   

 r = 0.05  fn;k gSA t= ? gSA 

A = P + P×r×t ls]  

A = P (1 + rt) 

iz”u ds vuqlkj 2P = P [1 + t(0.05)]  

;k, 2 = 1 + t (0.05) 

;k, t = 1/0.05 
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;k, t =20 gSA 

vr%] dksbZ /kujkf”k 5% okf’kZd lk/kkj.k C;kt dh nj ls 20 o’kksZa esa Lo;a dh nqxquh 
gks tk,xhA 

 `1]20]000 dh ,d /kujkf”k 2 o’kkasZ ds fy, lk/kkj.k C;kt ij m/kkj 
nh xbZ gSA lkgwdkj (lender) dks dqy feykdj `153600 izkIr gq,A C;kt dh nj 
izfr o’kZ (p.a.) Kkr dhft,A 

 ;gk¡ ,P = 120000,A = 153600,t= 2,r=? gSA 

A = P (1 + rt) gSA 

vFkkZr~ 153600=120000 (1 +2r) 

;k, 153600 = 120000 + 240000 r 

;k, 240000r = 153600 – 120000  

;k, r=33600/240000 

;k, r= 0.14 vFkkZr~ 14% gSA 

vr%] ok¡fNr C;kt dh nj 14% p.a. gSA  

 og ewy/ku Kkr dhft,] ftl ij 20 o’kksZ esa 5% lk/kkj.k C;kt dh 
nj ls  500-50 #-  C;kt izkIr gksxkA 

gy% ;gk¡ I= 500.50,t = 2, r = 0.05,P =? gSA 

I = P×r×t ls ge izkIr djrs gaS% 

I = 500.50  

500.50 = P × 0.05 × 2  

;k, 500.50 = 0.10P 

;k, P = 5005 gSA 

vr%] ok¡fNr ewYk/ku ₹ 5005 gSA 

 fdrus le; eas 17000#- dh /kujkf”k 10% okf’kZd lk/kkj.k C;kt dh 
nj ls 22100 #- gks tk,xh ? 

P = 17000, A = 22100,r = 0.10,t =? gSA 

vr%] 22100 = 17000 [1+ t (0.10)] 

22100 = 17000 + 1700 t 

;k,1700 t = 5100 

;k,t =����
����

 = 3 o’kZ gSA 
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1- C;kt dk Hkqxrku D;ksa fd;k tkrk gS \ 

2- `10000  ij 5�
�

% okf’kZd lk/kkj.k C;kt dh nj ls `2200  C;kt izkIr 

djus esa fdruk le; yxsxk \ 

3- dksbZ /kujkf”k lk/kkj.k C;kt ij 3 o’kksZ esa `1120  rFkk 5 o’kksZ esa `1200  gks 
tkrh gSA ewYk/ku rFkk okf’kZd C;kt dh nj Kkr dhft,A 

,d vU; izdkj dk C;kt pØo``f) C;kt (compound interest) gksrk gSA pØòf) 
C;kt u dsoy izkjafHkd ewy/ku ij ifjdfyr fd;k tkrk gS] cfYd fiNyh vof/k;ksa 
esa gq, lafpr C;kt ij Hkh ifjdfyr fd;k tkrk gSA nwljs “kCnksa esa] pØo`f) C;kt] 
C;kt vkSj ewy/ku nksuksa ij ifjdfyr fd;k tkrk gSA blhfy,] pØof̀) C;kt dh 
dHkh&dHkh *C;kt ij C;kt* ds :i esa Hkh O;k[;k dh tkrh gSA 

mnkgj.kkFkZ] ;fn `5000 dh /kujkf”k 5% okf’kZd C;kt dh nj ls 1 o’kZ ds var esa 
fEkJ/ku `5000  $ `250 gksxkA 1o’kZ ds var esa feJ/ku `5000 $ `250 = `5250  
gS ;fn ;g jkf”k 5% okf’kZd C;kt ij ,d vU; o’kZ ds fy, m/kkj nh tkrh gS] rks 
C;kt dks izkjafHkd `5000 ds LFkku ij `5,250  ij ifjdyr fd;k tk,xkA vr%] 
nwljs o’kZ ds var eas feJ/ku  `5,250 + (5250 × 0.05 × 1)= `5250 + `262.5 = ` 
5512.5. gksxkA /;ku nhft, dh lk/kkj.k C;kt ls dqy feJ/ku 5000 + (5000 × 
0.05 × 2) = 5,000+ 500 = `5,500 izkIr gksxkA vfrfjDr /kujkf”k `12-50 igys o’kZ 
ds C;kt `250 ij 5% okf’kZd ls ,d o’kZ dk C;kt gSA 

 ;g la;ksftr fEkJ/ku (compound amount)  rFkk izkjfHkd ewYk/ku 
dk varj gksrk gSA 

 nks Øekxr le;&fcanqvks ds chp dh vof/k ftu ij C;kt 
la;ksftr fd;k tkrk gSA 

 vafre vof/k ds var esa ns; dqy jkf”kA 

 ;g lwfpr djrk gS fd ,d o’kZ esa C;kt fdruh 
ckj la;ksftr  (compound)  fd;k tkrk gSA 

� =  � (� + �)�, 

tgk¡  i = r/k = 

 
k dh la[;ksa vof/k;kstu la;kZ o"izfr

kt dh njC;  

rFkk  n = k×t  ¼ = izfro’kZ la;kstu vof/k;ksa dh la[;k ×o’kkasZ dh la[;k½ gSA 
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A: t vof/k;ksa ds var esa feJ/ku 

P: ewYk/ku] tks izkajfHkd /ku jkf”k gSA 

r: okf’kZd C;kt dh nj 

k: izfr o’kZ la;kstu vof/k;ksa dh la[;k 

t: le; o’kksZ esa 

n: la;kstu :ikarj.k vof/k;ksa dh dqy la[;k 

i: izfr o’kZ la;kstu vof/k C;kt dh nj 

mnkgj.kkFkZ] ;fn okf’kZd C;kt dh nj 10% gS rFkk C;kt =Sekfld la;ksftr gksrk 
gS] rks ,d o’kZ esa 4 :ikarj.k vof/k;k¡ ¼la;ksftr vof/k;k¡½ gSaA 

bl izdkj] i = �.��
�

= 0.025  gSA ;fn okf’kZd C;kt dh nj 24% gS rFkk C;kt 

ekfld la;ksftr gksrk gS] rks ,d o’kZ esa 12 :ikarj.k ¼l;akstu½ vof/k;k¡ 

(conversion periods) gaSA vr%] i = �.��
��

= 0.02 gSA 

uksV% (1 + i)n dk eku pØOkf̀) C;kt lkj.kh dk mi;ksx djds Kkr fd;k tk 
ldrk gSA 

pØOk`f) C;kt dks okf’kZd] v/kZokf’kZd] =Sekfld] ekfld lrr :Ik (continuously) 
ls ifjdfyr fd;k tk ldrk gSA fofHkUu fLFkfr;ksa ds fy, lw= uhps fn, x, gSA 

okf’kZd A = P (1+i)n ,  tgk¡  i = r      vkSj  n = t gSA 

v/kZokf’kZd A = P (1+i)n ,    tgk¡  i= r/2     vkSj  n = 2t gSA 

=Sekfld A = P (1+i )n,   tgk¡   i = r/4     vkSj  n = 4t gSA 

ekfld A = P (1+i)n,    tgk¡   i= r/12   vkSj n = 12t gSA 

pØOk`f) C;kt ¼lHkh fLFkfr;ksa esa½  I = A–P gSA 

 dksbZ cSad 8% okf’kZd C;kt dh nj ls pØOkf̀) C;kt nsrk gSA ;ksxh 
us bl cSad esa 4 o’kZ ds fy, `5000 # tek fd,A ;ksxh }kjk izkIr fd, tkus okyk 
C;kt Kkr dhft,A 

;gk¡    P = 5000, n = 4, i = 0.05, A =? gSA    

gesa izkIr gS%   A = P (1 + i)n 

vr%]   A = 5000 (1+ 0.05)4 

;k]    A = 5000 (1.215506) (pØOk`f) C;kt lkj.kh ds mi;ksx ls) 

;k]   A = `6077.53. 
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vr%]   I= 6077.53 - 5000  

;k]   I= `1077.53 

vFkkZr~ ;ksxh dks cSad ls `1077-53 C;kt ds :Ik esa feyasxsaA 

 Eksgd us fdlh foÙkh; [kkrs esa `50]000 tek fd,] tks 8% okf’kZd 
C;kt nsrk gS] tc fd C;kt okf’kZd la;ksftr gksrk gSA mlds foÙkh; [kkrs esa 10 
o’kZ ckn fdruh jkf”k gksxh ? 

 ;gk¡ 

;gk¡, P = 50000, i = 0.08, t = 10, A =? gSA 

D;ksafd A = P (1 + i)n gS] blfy, 

A = 50000 (1 + 0.08)10 

;k]  A = 50000 (2.158925) (pØOk`f) C;kt lkj.kh ds mi;ksx ls) 

;k] A = 1,07,946.25 

egd dks foÙkh; [kkrs esa 10 o’kZ ckn `107946.25  gksaxsA 

 ` 8000  ij 5 o’kZ ds fy, 6% okf’kZd C;kt dh nj ls pØo`f) 
C;kt Kkr dhft,] tcfd C;kt la;ksftr gksrk gS% 

(i½ v/kZokf’kZd   ¼ii½ ekfld 

;gk¡, P = 8000,  t = 5,   r = 0.06,  A =? gSA 

A = P (1 + r/k)kt  gksrk gSA 

i)  A = 8000(1+0.06/2)2×5 

;k]  A = 8000(1+ 0.03)10  

;k]  A = 8000 (1.343916) (pØOk`f) C;kt lkj.kh ds mi;ksx ls) 

;k]  `10751.33 

ge izkIr djrs gS I= 10751.33 – 8000  

;k] I=  ` 751.33   

ii)  A = 8000(1+0.06/12)12×5 

vFkkZr~ A = 8000(1+ 0.005)60    

;k]  A =8000 (1.348850) (pØOk`f) C;kt lkj.kh ds mi;ksx ls) 

;k]  A = `10790.80 gSA 

;k]  I = 10790.8 – 8000  

;k]  I = `2790.80 gSA 
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mnkgj.k 11% ;fn `86400 dh /kujkf”k dks 8% okf’kZd C;kt dh nj ij fuosf”kr 
fd;k tkrk gS] tcfd C;kt =Sekfld la;ksftr gksrk gS] rks ml jkf”k dks ` 206500  
ds :Ik esa lafpr gksus esas fdruk le; yxsxkA 

;gk¡]  P = 86,400,r = 0.08,A = 2,06,500.60, t =? gSA 

D;ksafd A = P (1 + r/k)kt  gksrk gS] blfy, 

206500.60 = 86400 (1 + 0.08/4)n gSA 

;k] 206500.60/86400 =(1.02)n 

;k] (1.02)n=2.39005 gSA 

;k] nlog (1.02) = log 2.390056 

;k] n(0.0086) = 0.378408 

;k] n = 0.378408/0.0086 

= 44 frekgh ;k 11 o’kZ 

vr%] ok¡fNr le; 11 o’kZ gSA 

 ;fn C;kt 6% okf’kZd dh nj ls izfr o’kZ la;ksftr gksrk gS] rks 
fdlh ewYk/ku ds nqxqus gksus esa fdruk le; yxsxk ? 

;gk¡  P = P, A = 2P, r = 0.06, n =? gSA 

D;ksafd  A = P (1 +r)n, blfy, 

2P = P(1 +0.06)n gSA 

;k] 2 = (1.06)n 

;k] log 2 = nlog 1.06 

;k] n = log 2/ log 1.06 = 0.3010/0.0253 gSA 

;k] n = 11.9 o’kZ yxHkx gSA 

 d̀’.kk }kjk dksbZ /kujkf”k pØof̀) C;kt ij tek dh xbZ] tcfd 
C;kt izfr o’kZ la;ksftr gksrk gSA 2 o’kkasZ ds var esa feJ/ku `5000 gS rFkk 3 o’kkasZ 
ds var esa ;g `5200 gS tek dh xbZ jkf”k rFkk C;kt dh nj Kkr dhft,A 

;gk¡  A(1) =5000,  n = 2 vkSj  A(2) = 5200, n = 3, P = ?, r = ? 

vc]   A = P (1 + r)n  gSA 

vr%]   5000= P (1 + r)2 … lehdj.k  (i)  
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vkSj   5200= P(1 + r)3 … lehdj.k  (ii) 

 (ii) ls  (i) Hkkx nsus ij]  

5200/5000 = P(1 + r)3/ P (1 + r)2 

;k, (1 + r) = 5200/5000 

;k] r = 5200/5000 – 1 gSA 

;k] r = 1.04 – 1 = 0.04. 

vFkkZr~] ok¡fNr C;kt dh nj 4%  gSA 

vc lehdj.k  (i) ls  P = 5000/ (1 + 0.04)2 

;k] P = 5000/(1.04)2 

;k] log P = log5000 – 2log(1.04)  

= 3.69897 – 2 (0.170) = 3.69897 – .0340 = 3.66497 

;k] P = antilog (3.66497)  

= `4,623 (yxHkx½ gSA 

 fo|k ds cpr [kkrsa esa bl le; `2654-39 dh /kujkf”k gSA okf’kZd 
C;kt dh nj 3% gS] tcfd C;kt izfr ekl la;ksftr gksrk gSA nks o’kZ igys mlds 
}kjk tek djk;k x;k izkjafHkd ewy/ku Kkr dhft,A 

;gk¡]   A= 2654.39,  r = 3%,   t=2,  P =? 

D;ksafd  i= 3%/12 = 0.0025 gS rFkk  n = 2×12 = 24 gS, blfy,  

A = P (1+i)n  ls ge izkIr djrs gS% 

2654.39 = P (1 + 0.0025)24 

;k] 2654.39 = P (1.061757) (pØOk`f) C;kt lkj.kh ds mi;ksx ls) 

;k] P = 2654.39/1.061757 

;k] P = `2500 

fiNys vuqPNsn esa] geus fofHkUu fLFkfr;ksa dh ppkZ dh Fkh] tgk¡ C;kt ekfld] 
=Sekfld] v/kZokf’kZd la;kftr gksrk FkkA ijarq ;fn C;kt izfr fnu ;k izfr ?kaVs 
la;ksftr gks] rks D;k gksxk\ tc :ikarj.k vof/k cgqr gks tkrh gS] rc izfr o’kZ 
:ikarj.k ¼la;kstu½ vof/k;ksa dh la[;k lrr la;kstu ¼:ikarj.k½ (continuous 
compounding) dh fLFkfr dgykrh gSA ,slh fLFkfr;ksa esa C;kt dks ifjdfyr djds 
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ewYk/ku esa izR;sd vfr lw{e le; vof/k] tSls izfr ?kaVk ;k izfr feuV ds ckn 
tksM+k tkrk gSA 

A = Pert 

A = t vof/k;ksa ds ckn fEkJ/ku 

P =  ewy/ku] tks izkjafHkd /kujkf”k gksrh gS 

r =  Okkf’kZd C;kt dh nj 

t =  le; dky o’kksZ esa 

geus mu fLFkfr;ksa dh ppkZ dh gS] tc C;kt dh nj laiw.kZ le; vof/k ds fy, 
vpj jgrh gSA  ijarq okLrfod thou esa C;kt nj le;&le; ij cny Hkh ldrh 
gSA mnkgj.kkFkZ] jf”e viuh ,d lgsyh dks 2 o’kZ ds fy, 5% okf’kZd C;kt dh 
nj ij dqN /kujkf”k m/kkj nsrh gSA mldh lgsyh 2 o’kZ ckn og /kujkf”k ugha 
pqdk ikrh gSA jf”e _.k dh vof/k dks 2 vkSj o’kkasZ ds fy, c<+k nsrh gS] ijarq vc 
C;kt dh nj 7% okf’kZd gSA vr%] vc mldks vafre izkIr gksus okyk fEkJ/ku 
izkjafHkd ewy/ku rFkk (1 + i)n ;k ert ¼izR;sd xq.kd ds fy, i vkSj n ;k r vkSj t ds 
mfpr ekuksa ds lkFk½ ds nks xq.kdksa ds xq.kuQy ds cjkcj gksxkA 

 ;fn dksbZ O;kikjh ₹ 50000  dh /kujkf”k 5% okf’kZd C;kt dh nj 
ij fuosf”kr  djrk gS] tc C;kt lrr :i ls la;ksftr gksrk gS] rks ifjdfyr 
dhft, fd 5 o’kksZa ckn mlds [kkrs esa fdruh /kujkf”k gksxhA 

;gk¡ P = 50000, r = 0.05, t = 5, A =? gSA 

D;ksafd A = Pert gS] blfy, ge izkIr djrs gSa% 

A = 50000 e(0.05×5)   

;k] A = 50000 (1.2840) 

;k] A = `64,200. 

 fdlh /kujkf”k ij 3% okf’kZd C;kt dh nj ls 8 o’kksZa ds lk/kkj.k 
vkSj pØo`f) [kkrksa dk varj `267.70 gSA og ewy/ku jkf”k Kkr dhft,A 

;gk¡ , r = 0.03,t = 8, C.I.& S.I. = `267.70 gSA 

eku yhft, fd ewy/ku  ‘x’ gSA 

` x ij 3% of’kZd dh nj ls 8 o’kZ dk lk/kkj.k C;kt  

= x × 8 × 0.03 = 0.24x gSA 
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[PkØo`f) C;kt = x (1+ 0.03)8 & x ]=(1.03)8 x = 1.266770 x& x 

iz”u ds vuqlkj  0.266770 x & 0.24 x = 267.70 gSA  

vr%] 0-0266 x = 267-70 gSA 

;k] x = ���.��
�.����

 gSA 

;k] `10000 gSA 

 og /kujkf”k Kkr dhft,] tks 2% okf’kZd pØof̀) C;kt dh nj ls 
9 o’kksZa esa ` 16000 gks tk,xh] tcfd C;kt v/kZof’kZd la;ksftr gksrk gSA 

;gk¡, A =16000, t = 9, r = 0.02, P =? gSA 

vr%] i = 0.02/2 = 0.01 vkSj 

n = 2 × 9 = 18 gSA 

A = P (1 + i)n ls ge 16000 = P (1 + 0.01)18  izkIr djrs gSaA 

;k]  P = 16000/(1.01)18 

;k]   P = 16000/ 1.19614748 

vFkkZr~   P = `13376.28 gSA 

;fn C;kt 5% okf’kZd dh nj ls lrr :i ls la;ksftr gksrk gS] rks 
dksbZ ewy/ku fdrus le; esa Lo;a dk nqxquk gks tk,xk \ 

;gk¡ P = P,A = 2P, r = 0.05, t =? gSA 

D;ksafd  A = Pert   gS] blfy, 

2P = P e0.05t gSA 

;k, e0.05t= 2 gSA 

0.05 t log e = 2 gSA 

;k] 0.05 (0.4343)t = 0.301  (D;ksafd  log e =0.4343 gSA) 

;k] t = 0.301/0.021715 

;k] t = 13.86 o’kZ = 14 o’kZ ¼yxHkx½ gSA 

 ;fn C;kt lrr :i ls la;ksftr gksrk gS] rks fdl okf’kZd C;kt dh 
nj ij ` 3000 dk 25 o’kZ esa feJ/ku `300000  gks tk,xk \ 

;gk¡ P = 3,000,A = 300000, t = 25, r =? gSA 

D;ksafd A = Pert gS] blfy, gesa izkIr gS% 

300000 = 3000 e25r  ges izkIr gSA 

;k]  e25r=300000/3000 = 100 

;k]  25 r log e = log 100   

;k]  25 r (0.4343) log2(log e =0.4343 gS) 
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;k]  r = 2/10.8575 

;k]  r = 0.1842044 

;k]  r = 18.42 % ¼yxHkx½ gSA 

 Jh vjfoan us ,d CkSad ds cpr [kkrs esa 3 o’kZ ds fy, `20]000 tek 
fd,A cSad igys o’kZ esa 6% okf’kZd dh nj ls v/kZokf’kZd la;ksftr C;kt nsrk gS] 
nwljs o’kZ esa 12% okf’kZd dh nj ls =Sekfld la;ksftr C;kt nsrk gSA rFkk rhljs 
o’kZ eas 13% okf’kZd dh nj ls lrr~ la;ksftr C;kt nsrk gSa bl cSad [kkrs esa 3 o’kkasZ 
ckn feJ/ku Kkr dhft,A 

;gk¡,  P =20000,  A=?  gSA 

3 o’kksZa ds ckn feJ/ku = 20000 (1 + 0.06/2)2 (1 + 0.12/4)4(e0.13) gSA 

vr%]  A = 20000 (1.03)2 (1.03)4 (e0.13) 

;k]  A = 20000 (1.03)6 (e0.13)    

;k]  A = 20000 (1.19405) (1.13882) ( ex eku lkj.kh ds mi;ksx ls) 

;k]  A = `27196.16. gSA 

1- fjDr LFkkuksa dks Hkfj,% 

i½ nks Øekxr le; fcnaqvkas] ftu ij C;kt ifjdfyr fd;k tkrk gS] ds 
chp dh le; vof/k ---------------- dgykrh gSA ¼la;kstu dh ckjackjrk@ 
la;kstu vof/k½ 

ii½ tc izfr o’kZ la;kstuks dh la[;k esa vifjfer :i ls cM+h o`f) gskrh 
gS] rc ;g fLFkfr ------------- dh gksrh gSA ¼lrr la;kstu @ cnyrh gqbZ 
njksa ij la;kstu½ 

iii½ lafpr C;kt ij C;kt ----------------- dgykrk gS ¼lk/kkj.k C;kt @ 
pØo`̀f) C;kt½A 

2- fuEufyf[kr fLFkfr;ksa esa pØo`f) feJ/ku Kkr dhft,% 

i½ 10% okf’kZd dh nj ij `1000 ik¡p o’kksZ ds fy, tek fd, x,A 

ii½ 6% okf’kZd dh nj ij 4 o’kkasZ ds fy, `2000 tek fd, x,] tcfd 
C;kt =Sekfld la;ksftr gksrk gS( rFkk 

iii½ 5% okf’kZd dh nj ij 8 o’kkasZ ds fy, `1800 tek fd, x,] tcfd 
C;kt v/kZokf’kZd la;ksftRk gksrk gSA 

3- nhid us vius cSad [kkrs esa 5 o’kksZa ds fy, 12% okf’kZd lk/kkj.k C;kt dh nj 
ij `100 tek fd,A ;fn ;gh jkf”k brus gh o’kksZa ds fy, 10% okf’kZd 
pØof̀) C;kt ij tek djkbZ xbZ gksrh] rks mls fdruk C;kt vf/kd izkIr 
gksrk ? 
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4- fdrus le; esa `1000  dh /kujkf”k `5000  gks tk,xh] ;fn bl jfk”k dks 
7%   okf’kZd C;kt dh nj ij fuos”k fd;k tkrk gS] tcfd C;kt lrr :Ik 
ls la;ksftr gksrk gS ?  

bl bdkbZ esa] C;kt dh nks ewYkHkwr ladYiukvksa lk/kkj.k C;kt vkSj pØof̀) C;kt 
dh ppkZ dh xbZ gSA ,d lgt /kkj.kk fd ;g m/kkj nsus okys dks m/kkj ysus okys 
}kjk fd;k gqvk Hkqxrku gS] ;g izsf{kr fd;k x;k gS fd izkajfHkd fuos”k rFkk Hkfo’; 
ds le; fcanq ij lafpr gqbZ jkf”k dk varj bl C;kt dh jkf”k dks n”kkZ,xkA tgk¡ 
lk/kkj.k C;kt dsoy izkajfHkd ewy/ku ij fn;k tkrk gSA ¼lafpr C;kt ij ugha½] 
ogha pØo`f) C;kt dh fLFkfr esa ;g ifjdyu u dsoy ewYk/ku ij gksrk gS] vfirq 
fiNyh vof/k;ksa esa gq, lafpr C;ktks ij Hkh gksrk gSA la;kstu dh nks fof”k’V 
fLFkfr;ksa&lrr la;kstu vkSj cnyrh gqbZ njksa ij la;kstu dks Li’V fd;k x;k gSA 

  ;g ewy/ku rFkk lkFk gh ns; C;kt ij Hkh fy;k tkrk gSA 

 ;g ewy/ku ij C;kt gS] tks lrr :i ls 
la;ksftr gksrk jgrk gS] ftlls ge la;kstu vof/k;ksa dh ,d vuar la[;k rd 
igq¡p tkrs gSaA 

 ;g mi;ksx dh xbZ /kujkf”k ds fy, ,d Hkqxrku gksrk gSA ;g m/kkj yh 
xbZ /kujkf”k ij fn;k tkrk gSA rFkk m/kkj nh xbZ /kujkf”k ij fy;k tkrk gSA  

 og dsoy ewy/ku ij fy;k tkus okyk C;kt gksrk gSA  

 orZeku le; esa miyC/k /kujkf”k dk Hkfo’; esa 
miyC/k bruh gh /kujkf”k dh rqyuk esa vf/kd ewY; gSA 

vkidh v/;;u lkexzh esa fofHkUu lw=ksa dks fy[kus esa iz;qDr izrhdksa dk c`gr :i 
ls mi;ksx fd;k tkrk gSA uhps nh lwph esa fofHkUUk “kCnksa ds varxZr izFke izrhd 
gSaA vusd ikB; iqLrdksasa us buls fHkUu izrhd fn, gSaA lkekU;r% vf/kdrj :i ls 
mi;ksx tkus okys izrhd Hkh bl lwph esa fn, x, gSaA tc Hkh vki dksbZ iqLrd i<a+s] 
rc ;g egRoiw.kZ gS fd vki fofHkUu izrhdksa ds vFkZ dks Li’V :i ls le>sa] tks 
ml iqLrd esa fn, x, gSaA fofHkUu lw+=ksa ds fy[kus ds fy,] vki ftu izrhdksa ds 
lewg dk mi;ksx djuk pkgsa dj ldrs gSaA ijarq ,slk djus ls igys muds vFkZ dks 
Li’V djuk vko”;d vkSj ok¡Nuh; gSA 

t vof/k;ksa ds ckn feJ/ku     A, S, An 

Okf’kZd C;kt dh nj  r, i 

C;kt I 

izfr la;kstu vof/k C;kt dh nj i 
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izfr o’kZ la;kstu vof/k;ksa dh la[;k k, m 

ewy/ku tks izkjafHkd /kujkf”k gksrh gS P, A0 

o’kksaZ esa le; dky% t 

la;kstu ¼:ikarj.k½ vof/k;ksa dh la[;k n 

¼d½ 

1- m/kkj nsus okys ¼lkgwdkj½ dh /kujkf”k ds mi;ksx djus ds fy, “kqYd 

2- 4 o’kZ 

3.        `1000]  4% okf’kZd  

¼[k½ 

1- ¼i½ l;kastu vof/k ¼ii½ lrr la;kstu ¼iii½ pØof̀) C;kt 

2- ¼i½ `1610-50   ¼ii½ 2537-97   ¼iii½  `2672-10 
3- `162  

4- 23 o’kZ ¼yxHkx½ 

 
1- mnkgj.kksa dh lgk;rk ls lk/kkj.k vkSj pØof̀) C;ktksa eas vraj crkb,A 

2- lrr l;kstau D;k gksrk gS ? ,d mnkgj.k dh lgk;rk ls Li’V dhft,A 

3- 8 ekl ds fy, m/kkj yh xbZ jkf”k `12000 ij lk/kkj.k C;kt Kkr dhft,A 
lk/kkj.k C;kt dh okf’kZd nj 9% gSA 

¼mÙkj% `720½  

4- eksfudk us `5000 ds ,d _.k ij `675 C;kt dk Hkqxrku fd;kA C;kt dh 
nj 9% okf’kZd lk/kkj.k C;kt FkhA _.k dk le; dky Kkr dhft,A 

¼mÙkj% 1-5 o’kZ½ 

5- ;fn `700  dh /kujkf”k 15 o’kZ ds fy, 7% okf’kZd C;kt dh nj ij m/kkj 
nh tk,] rks feJ/ku vkSj pØo`f) C;kt Kkr dhft,] tcfd v/kZof’kZd 
la;ksftr fd;k tkrk gSA 

¼mÙkj% `1964-76  mÙkj `1264-75½  

6- Ekksgu vius cSad [kkrs esa `600 tek djkrk gSA og vius [kkrs esa `900 
lafpr djuk pkgrk gSA Kkr dhft, fd 8% okf’kZd C;kt dh nj ij] bl 
jkf”k dks lafpr djus esa fdruk le; yxsxk] tcfd C;kt =Sekfld 
la;ksftr gksrk gSA 

¼mÙkj% 5-12 o’kZ½ 
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7- ;fn rhu o’kksZa ds fy, fuos”k fd;k tkrk gS] rks fuEufyf[kr esa ls fdl 
fuos”k ls vf/kdre feJ/ku izkIr gksxk \ 

d½ 6% okf’kZd dh nj ls `5000, C;kt okf’kZd la;ksftr( 

[k½ 5% okf’kZd dh nj ls `5125, C;kt okf’kZd la;ksftr( 

x½ 6-5% okf’kZd dh nj ls `4950, C;kt okf’kZd la;ksftr( 

blfy,] fLFkfr ¼x½ eas vf/kdre feJ/ku gSA½ 

¼mÙkj% ¼d½  `5978-09] ¼[k½ `5954-40] ¼x½ `5979-35]½ 

8- ;fn C;kt dh okf’kZd nj 14% ekfld la;ksft gS] rks ,d ewYk/ku P Lo;a 
dk nqxquk gksus esasa fdruk le; ysxsxk \ 

¼mÙkj 4-98 o’kZ½ 

9- dksbZ cSad 5% okf’kZd C;kt lrr la;ksftr nsrk gSA 6 o’kksZ ds fy, ` 400 
tek djk, x, gaSA 6 o’kkasZ ds ckn feJ/ku Kkr dhft,A 

¼mÙkj%  `5399-44½ 

  bu ç'uksa }kjk vkidks bl bdkbZ dh iBu lkexzh dks le>us esa lgk;rk 
feysxhA bu ç'uksa ds mÙkjksa dks ewY;kadu ds fy, fo'ofo|ky; Hkstus dh 
vko';drk ugha gS D;ksafd ;s dsoy vkids vH;kl ,oa iqujko`fÙk ds fy, fn, 
x, gSA 

• Ayres, Frank Jr. Theory and Problems of Mathematics of Finance. 
Schaum’s Outlines Series. McGraw Hill Publishing Co., New York, 
1963. 

• Mizrahi and Sullivan, John. Mathematics for Businesss and Social 
Sciences.  Wiley and Sons., New Jersey, 1987. 

• Singh, J.K.,Business Mathematics. Himalaya Publishing House., New 
Delhi,2010. 

• Prasad, Bindra. and Mittal, P.K.,Fundamentals of Business Mathematics. 
Har Anand Publications., New Delhi, 2007. 
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n 0.25% 0.50% 0.75% 1.00% 1.25% 1.50% 2.00% 

1 1.002500 1.005000 1.007500 1.010000 1.012500 1.015000 1.020000 

2 1.005006 1.010025 1.015056 1.020100 1.025156 1.030225 1.040400 

3 1.007519 1.015075 1.022669 1.030301 1.037971 1.045678 1.061208 

4 1.010038 1.020151 1.030339 1.040604 1.050945 1.061364 1.082432 

5 1.012563 1.025251 1.038067 1.051010 1.064082 1.077284 1.104081 

6 1.015094 1.030378 1.045852 1.061520 1.077383 1.093443 1.126162 

7 1.017632 1.035529 1.053696 1.072135 1.090850 1.109845 1.148686 

8 1.020176 1.040707 1.061599 1.082857 1.104486 1.126493 1.171659 

9 1.022726 1.045911 1.069561 1.093685 1.118292 1.143390 1.195093 

10 1.025283 1.051140 1.077583 1.104622 1.132271 1.160541 1.218994 

11 1.027846 1.056396 1.085664 1.115668 1.146424 1.177949 1.243374 

12 1.030416 1.061678 1.093807 1.126825 1.160755 1.195618 1.268242 

13 1.032992 1.066986 1.102010 1.138093 1.175264 1.213552 1.293607 

14 1.035574 1.072321 1.110276 1.149474 1.189955 1.231756 1.319479 

15 1.038163 1.077683 1.118603 1.160969 1.204829 1.250232 1.345868 

16 1.040759 1.083071 1.126992 1.172579 1.219890 1.268986 1.372786 

17 1.043361 1.088487 1.135445 1.184304 1.235138 1.288020 1.400241 

18 1.045969 1.093929 1.143960 1.196147 1.250577 1.307341 1.428246 

19 1.048584 1.099399 1.152540 1.208109 1.266210 1.326951 1.456811 

20 1.051206 1.104896 1.161184 1.220190 1.282037 1.346855 1.485947 

21 1.053834 1.110420 1.169893 1.232392 1.298063 1.367058 1.515666 

22 1.056468 1.115972 1.178667 1.244716 1.314288 1.387564 1.545980 

23 1.059109 1.121552 1.187507 1.257163 1.330717 1.408377 1.576899 

24 1.061757 1.127160 1.196414 1.269735 1.347351 1.429503 1.608437 

25 1.064411 1.132796 1.205387 1.282432 1.364193 1.450945 1.640606 

26 1.067072 1.138460 1.214427 1.295256 1.381245 1.472710 1.673418 

27 1.069740 1.144152 1.223535 1.308209 1.398511 1.494800 1.706886 

28 1.072414 1.149873 1.232712 1.321291 1.415992 1.517222 1.741024 

29 1.075096 1.155622 1.241957 1.334504 1.433692 1.539981 1.775845 

30 1.077783 1.161400 1.251272 1.347849 1.451613 1.563080 1.811362 

31 1.080478 1.167207 1.260656 1.361327 1.469759 1.586526 1.847589 

32 1.083179 1.173043 1.270111 1.374941 1.488131 1.610324 1.884541 

33 1.085887 1.178908 1.279637 1.388690 1.506732 1.634479 1.922231 
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34 1.088602 1.184803 1.289234 1.402577 1.525566 1.658996 1.960676 

35 1.091323 1.190727 1.298904 1.416603 1.544636 1.683881 1.999890 

36 1.094051 1.196681 1.308645 1.430769 1.563944 1.709140 2.039887 

37 1.096787 1.202664 1.318460 1.445076 1.583493 1.734777 2.080685 

38 1.099528 1.208677 1.328349 1.459527 1.603287 1.760798 2.122299 

39 1.102277 1.214721 1.338311 1.474123 1.623328 1.787210 2.164745 

40 1.105033 1.220794 1.348349 1.488864 1.643619 1.814018 2.208040 

41 1.107796 1.226898 1.358461 1.503752 1.664165 1.841229 2.252200 

42 1.110565 1.233033 1.368650 1.518790 1.684967 1.868847 2.297244 

43 1.113341 1.239198 1.378915 1.533978 1.706029 1.896880 2.343189 

44 1.116125 1.245394 1.389256 1.549318 1.727354 1.925333 2.390053 

45 1.118915 1.251621 1.399676 1.564811 1.748946 1.954213 2.437854 

46 1.121712 1.257879 1.410173 1.580459 1.770808 1.983526 2.486611 

47 1.124517 1.264168 1.420750 1.596263 1.792943 2.013279 2.536344 

48 1.127328 1.270489 1.431405 1.612226 1.815355 2.043478 2.587070 

49 1.130146 1.276842 1.442141 1.628348 1.838047 2.074130 2.638812 

50 1.132972 1.283226 1.452957 1.644632 1.861022 2.105242 2.691588 

51 1.135804 1.289642 1.463854 1.661078 1.884285 2.136821 2.745420 

52 1.138644 1.296090 1.474833 1.677689 1.907839 2.168873 2.800328 

53 1.141490 1.302571 1.485894 1.694466 1.931687 2.201406 2.856335 

54 1.144344 1.309083 1.497038 1.711410 1.955833 2.234428 2.913461 

55 1.147205 1.315629 1.508266 1.728525 1.980281 2.267944 2.971731 

56 1.150073 1.322207 1.519578 1.745810 2.005034 2.301963 3.031165 

57 1.152948 1.328818 1.530975 1.763268 2.030097 2.336493 3.091789 

58 1.155830 1.335462 1.542457 1.780901 2.055473 2.371540 3.153624 

59 1.158720 1.342139 1.554026 1.798710 2.081167 2.407113 3.216697 

60 1.161617 1.348850 1.565681 1.816697 2.107181 2.443220 3.281031 

61 1.164521 1.355594 1.577424 1.834864 2.133521 2.479868 3.346651 

62 1.167432 1.362372 1.589254 1.853212 2.160190 2.517066 3.413584 

63 1.170351 1.369184 1.601174 1.871744 2.187193 2.554822 3.481856 

64 1.173277 1.376030 1.613183 1.890462 2.214532 2.593144 3.551493 

65 1.176210 1.382910 1.625281 1.909366 2.242214 2.632042 3.622523 

66 1.179150 1.389825 1.637471 1.928460 2.270242 2.671522 3.694974 

67 1.182098 1.396774 1.649752 1.947745 2.298620 2.711595 3.768873 

68 1.185053 1.403758 1.662125 1.967222 2.327353 2.752269 3.844251 
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69 1.188016 1.410777 1.674591 1.986894 2.356444 2.793553 3.921136 

70 1.190986 1.417831 1.687151 2.006763 2.385900 2.835456 3.999558 

71 1.193964 1.424920 1.699804 2.026831 2.415724 2.877988 4.079549 

72 1.196948 1.432044 1.712553 2.047099 2.445920 2.921158 4.161140 

73 1.199941 1.439204 1.725397 2.067570 2.476494 2.964975 4.244363 

74 1.202941 1.446401 1.738337 2.088246 2.507450 3.009450 4.329250 

75 1.205948 1.453633 1.751375 2.109128 2.538794 3.054592 4.415835 

76 1.208963 1.460901 1.764510 2.130220 2.570529 3.100411 4.504152 

77 1.211985 1.468205 1.777744 2.151522 2.602660 3.146917 4.594235 

78 1.215015 1.475546 1.791077 2.173037 2.635193 3.194120 4.686120 

79 1.218053 1.482924 1.804510 2.194768 2.668133 3.242032 4.779842 

80 1.221098 1.490339 1.818044 2.216715 2.701485 3.290663 4.875439 
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n 3.00% 4.00% 5.00% 6.00% 7.00% 8.00% 
1 1.030000 1.040000 1.050000 1.060000 1.070000 1.080000 
2 1.060900 1.081600 1.102500 1.123600 1.144900 1.166400 
3 1.092727 1.124864 1.157625 1.191016 1.225043 1.259712 
4 1.125509 1.169859 1.215506 1.262477 1.310796 1.360489 
5 1.159274 1.216653 1.276282 1.338226 1.402552 1.469328 
6 1.194052 1.265319 1.340096 1.418519 1.500730 1.586874 
7 1.229874 1.315932 1.407100 1.503630 1.605781 1.713824 
8 1.266770 1.368569 1.477455 1.593848 1.718186 1.850930 
9 1.304773 1.423312 1.551328 1.689479 1.838459 1.999005 
10 1.343916 1.480244 1.628895 1.790848 1.967151 2.158925 
11 1.384234 1.539454 1.710339 1.898299 2.104852 2.331639 
12 1.425761 1.601032 1.795856 2.012196 2.252192 2.518170 
13 1.468534 1.665074 1.885649 2.132928 2.409845 2.719624 
14 1.512590 1.731676 1.979932 2.260904 2.578534 2.937194 
15 1.557967 1.800944 2.078928 2.396558 2.759032 3.172169 
16 1.604706 1.872981 2.182875 2.540352 2.952164 3.425943 
17 1.652848 1.947900 2.292018 2.692773 3.158815 3.700018 
18 1.702433 2.025817 2.406619 2.854339 3.379932 3.996019 
19 1.753506 2.106849 2.526950 3.025600 3.616528 4.315701 
20 1.806111 2.191123 2.653298 3.207135 3.869684 4.660957 
21 1.860295 2.278768 2.785963 3.399564 4.140562 5.033834 
22 1.916103 2.369919 2.925261 3.603537 4.430402 5.436540 
23 1.973587 2.464716 3.071524 3.819750 4.740530 5.871464 
24 2.032794 2.563304 3.225100 4.048935 5.072367 6.341181 
25 2.093778 2.665836 3.386355 4.291871 5.427433 6.848475 
26 2.156591 2.772470 3.555673 4.549383 5.807353 7.396353 
27 2.221289 2.883369 3.733456 4.822346 6.213868 7.988061 
28 2.287928 2.998703 3.920129 5.111687 6.648838 8.627106 
29 2.356566 3.118651 4.116136 5.418388 7.114257 9.317275 
30 2.427262 3.243398 4.321942 5.743491 7.612255 10.062657 
31 2.500080 3.373133 4.538039 6.088101 8.145113 10.867669 
32 2.575083 3.508059 4.764941 6.453387 8.715271 11.737083 
33 2.652335 3.648381 5.003189 6.840590 9.325340 12.676050 
34 2.731905 3.794316 5.253348 7.251025 9.978114 13.690134 
35 2.813862 3.946089 5.516015 7.686087 10.676581 14.785344 
36 2.898278 4.103933 5.791816 8.147252 11.423942 15.968172 
37 2.985227 4.268090 6.081407 8.636087 12.223618 17.245626 
38 3.074783 4.438813 6.385477 9.154252 13.079271 18.625276 
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39 3.167027 4.616366 6.704751 9.703507 13.994820 20.115298 
40 3.262038 4.801021 7.039989 10.285718 14.974458 21.724521 
41 3.359899 4.993061 7.391988 10.902861 16.022670 23.462483 
42 3.460696 5.192784 7.761588 11.557033 17.144257 25.339482 
43 3.564517 5.400495 8.149667 12.250455 18.344355 27.366640 
44 3.671452 5.616515 8.557150 12.985482 19.628460 29.555972 
45 3.781596 5.841176 8.985008 13.764611 21.002452 31.920449 
46 3.895044 6.074823 9.434258 14.590487 22.472623 34.474085 
47 4.011895 6.317816 9.905971 15.465917 24.045707 37.232012 
48 4.132252 6.570528 10.401270 16.393872 25.728907 40.210573 
49 4.256219 6.833349 10.921333 17.377504 27.529930 43.427419 
50 4.383906 7.106683 11.467400 18.420154 29.457025 46.901613 
51 4.515423 7.390951 12.040770 19.525364 31.519017 50.653742 
52 4.650886 7.686589 12.642808 20.696885 33.725348 54.706041 
53 4.790412 7.994052 13.274949 21.938698 36.086122 59.082524 
54 4.934125 8.313814 13.938696 23.255020 38.612151 63.809126 
55 5.082149 8.646367 14.635631 24.650322 41.315001 68.913856 
56 5.234613 8.992222 15.367412 26.129341 44.207052 74.426965 
57 5.391651 9.351910 16.135783 27.697101 47.301545 80.381122 
58 5.553401 9.725987 16.942572 29.358927 50.612653 86.811612 
59 5.720003 10.115026 17.789701 31.120463 54.155539 93.756540 
60 5.891603 10.519627 18.679186 32.987691 57.946427 101.257064 
61 6.068351 10.940413 19.613145 34.966952 62.002677 109.357629 
62 6.250402 11.378029 20.593802 37.064969 66.342864 118.106239 
63 6.437914 11.833150 21.623493 39.288868 70.986865 127.554738 
64 6.631051 12.306476 22.704667 41.646200 75.955945 137.759117 
65 6.829983 12.798735 23.839901 44.144972 81.272861 148.779847 
66 7.034882 13.310685 25.031896 46.793670 86.961962 160.682234 
67 7.245929 13.843112 26.283490 49.601290 93.049299 173.536813 
68 7.463307 14.396836 27.597665 52.577368 99.562750 187.419758 
69 7.687206 14.972710 28.977548 55.732010 106.532142 202.413339 
70 7.917822 15.571618 30.426426 59.075930 113.989392 218.606406 
71 8.155357 16.194483 31.947747 62.620486 121.968650 236.094918 
72 8.400017 16.842262 33.545134 66.377715 130.506455 254.982512 
73 8.652018 17.515953 35.222391 70.360378 139.641907 275.381113 
74 8.911578 18.216591 36.983510 74.582001 149.416840 297.411602 
75 9.178926 18.945255 38.832686 79.056921 159.876019 321.204530 
76 9.454293 19.703065 40.774320 83.800336 171.067341 346.900892 
77 9.737922 20.491187 42.813036 88.828356 183.042055 374.652964 
78 10.030060 21.310835 44.953688 94.158058 195.854998 404.625201 
79 10.330962 22.163268 47.201372 99.807541 209.564848 436.995217 
80 10.640891 23.049799 49.561441 105.795993 224.234388 471.954834 
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Appendix: ex and e-x value table 

x ex e-x 

0.00 1.0000 1.0000 

0.01 1.0101 0.99005 

0.02 1.0202 0.98020 

0.03 1.0305 0.97045 

0.04 1.0408 0.96079 

0.05 1.0513 0.95123 

0.06 1.0618 0.94176 

0.07 1.0725 0.93239 

0.08 1.0833 0.92312 

0.09 1.0942 0.91393 

0.10 1.1052 0.90484 

0.11 1.1163 0.89583 

0.12 1.1275 0.88692 

0.13 1.1388 0.87810 

0.14 1.1503 0.86936 

0.15 1.1618 0.86071 

0.16 1.1735 0.85214 

0.17 1.1853 0.84366 

0.18 1.1972 0.83527 

0.19 1.2092 0.82696 

0.20 1.2214 0.81873 

0.21 1.2337 0.81058 

0.22 1.2461 0.80252 

0.23 1.2586 0.79453 

0.24 1.2712 0.78663 

0.25 1.2840 0.77880 

0.26 1.2969 0.77105 
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0.27 1.3100 0.76338 

0.28 1.3231 0.75578 

0.29 1.3364 0.74826 

0.30 1.3499 0.74082 

0.31 1.3634 0.73345 

0.32 1.3771 0.72615 

0.33 1.3910 0.71892 

0.34 1.4049 0.71177 

0.35 1.4191 0.70469 

0.36 1.4333 0.69768 

0.37 1.4477 0.69073 

0.38 1.4623 0.68386 

0.39 1.4770 0.67706 

0.40 1.4918 0.67032 
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11-0  mÌs”; 

11-1 izLrkouk 

11-2 C;kt dh vafdr vkSj izHkkoh njsa 

11-3 orZeku ewY; 

11-4 ewY; dh lehdj.k 

11-5 CkÍk 

 11-5-1 CkÍkas ds izdkj 

11-6 lkjka”k 

11-7 “kCnkoyh 

11-8  cks/k iz”uksa ds mÙkj 

11-9 Loij[k iz”u 

11-10 lanHkZ iqLrdsa 

ifjf”k’V % orZeku ewY; lkj.kh  

ex vkSj  e–x ewY; lkj.kh 

bl bdkbZ dk v/;;u djus ds ckn]  

• C;kt  dh vafdr vkSj izHkkoh njksa dh ladYiuk dks le> ik,¡xs( 

• C;kt  dh vfdr vkSj izHkkoh njksa ds chp ds varjlaca/k dks Li’V dj ik,¡xs( 

• orZeku ewY; dh ladYiuk dks le> ik,¡xs( rFkk mldk ifjdyu dj ik,¡xs( 

• ewY; dh lehdj.k dk mi;ksx dj ik,¡xs( 

• cÍs dh ladYiuk( rFkk 

• fofHkUu izdkj ds cÍksa dk ifjdyu dj ik,¡xsA 

fiNyh bdkbZ eas] geus C;kt dh ladYiuk dk ifjp; djk;k ;k rFkk lk/kkj.k vkSj 
pØof̀) C;ktksa ds vfHkdyu dh fof/k;ksa dh ppkZ dh FkhA orZeku bdkbZ esa dqN 
vkSj izdj.kksa dks lfEefyr fd;k tk jgk gS] tks C;kt ds v/;;u esa mi;ksxh gksrs 
gSA  

izk;% ge Hkqxrku djds ,slh C;kt nj ij igq¡prs gSa tks crkbZ xbZ nj ls fHkUu 
gksrh gSA ,slk n``”; gekjs lEeq[k blfy, vk tkrk gS] D;ksafd C;kt dh vafdr nj 
(nominal rate) C;kt dh izHkkoh nj (effective rate)  ls fHkUu gks ldrh gSA 
fiNyh bdkbZ esa] geus v/;;u fd;k Fkk fd C;kt dks ;|fi okf’kZd izfr”kr ds 
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:i esas crk;k x;k gS] ijarq gls ,d o’kZ esa ,d ls vf/kd ckj la;ksftr fd;k tk 
ldrk gSA ijarq ;fn ge ;g tkuuk pkgrs gSa fd D;k v/kZokf’kZd la;ksftr 5% 
okf’kZd C;kt dh nj =Sekfld la;ksftr 5% okf’kZd C;kt dh nj ls vf/kd gS ;k 
de] rks D;k djuk gksxk ? C;kt dh izHkkoh nj dk ifjdyu ,sls fofHkUu oSdfYid 
voljksa ds rqyuk djus esa lqfo/kktud jgrk gSA ;g bdkbZ orZeku ewY; rFkk ewY; 
ds lehdj.k dh Hkh O;k[;k djrh gSA cÍk nsus] tks la;kstu dh ladYiuk dh 
foijhr ladYiuk gS] dk ifjp; fn;k x;k gS rFkk blds fofHkUu izdkjksa dks Li’V 
fd;k x;k gSA fdlh orZeku /kujkf”k ds Hkfo’; ds ewY; dks Kkr djus ds fy, 
la;kstu dk mi;ksx fd;k tkrk gS] tcfd cÍk nsus dk mi;ksx Hkfo’; esa izkIr gksus 
okyh jkf”k ds ml ewY; dks Kkr djus esa gksrk gS] tks mlls iwoZ frfFk ij izkIr 
tkrk gSA 

dksbZ C;kt dh nj dsoy le; ds lanHkZ esa gh vFkZiw.kZ gksrh gSA O;kid :Ik esa] bls 
izfr o’kZ nj le>k tkrk gS] ftls vafdr C;kt nj dgk tk ldrk gSA o’kZ ds 
vfrfjDr] le; dh vU; vof/k;ksa ds fy, tSls ekl] lIrkg ;k fnu] C;kt nj dks 
izHkkoh C;kt nj dgk tkrk gSA izkjaHk djus ds fy,] ;kn dhft, fd pØo`f) C;kt 
fdl izdkj dk;Z djrk gSA eku yhft, fd fdlh /kujkf”k � dks okf’kZd C;kt nj 
� ij fuosf”kr fd;k tkrk gS rFkk C;kt okf’kZd la;ksftr gksrk gSA ,d o’kZ ds ckn] 
feJ/ku A + iA= A(1 + i)  gksxk rFkk ;g jkf”k vc nwljs o’kZ esa vftZr djsxhA bl 
izdkj] n o’kksZa ds ckn feJ/ku �(1 +  �)� gks tk,xkA xq.kd  (1 +  �)� 

 (accumulation factor) dgykrk gSA ;fn C;kt nSfud la;ksftr 

gksrk gS] rks bUgh n o’kksZ ds fy, feJ/ku �(1 +  �
���

 )���� gksxkA  ;g fLFkfr 

 dh gSA 

 og /kujkf”k gS] tks o’kZ ds izkjaHk esa ,d bdkbZ jkf”k 
dks fuosf”kr djus ij ml o’kZ esa vftZr dh tkrh gS] tc vftZr /kujkf”k dh o’kZ 
ds var esa Hkqxrku fd;k tkrk gSA nSfud la;kstu ds mnkgj.k esa izHkkoh okf’kZd 
C;kt dh nj (1 +  �

���
 )��� −  1 gSA ;g og C;kt nj gS] tks okf’kZd la;kstu 

djus ij mruh gh /kujkf”k iznku djsxhA tc le; vof/k fufnZ’V ugha dh xbZ gks] 
rc vafdr  vkSj izHkkoh C;kt njksa dks okf’kZd njsa gh ekuk tkrk gSA 

C;kt nj 5% p.a., =Sekfld la;ksftr ds laxr izHkkoh C;kt dh nj 
D;k gS ? ;gk¡ gy djus okyh lehdj.k (1 +  0.05/4)� =  1 +  �, gS] tgk¡ � 
izHkkoh C;kt nj gSA 

nks fHkUu&fHkUu vafdr okf’kZd C;kt njksa okyh nks fofHkUu fuos”k ;kstuk,¡] oLrqr% 
(equivalent) gks ldrh gaS( vFkkZr~ muds Hkfo’; esa fdlh fuf”pr frfFk 

ij cjkcj ewY; gks ldrs gSaA 

� =  (1 +  �)�  –  1 ; �] (1 +  �/�)� –  1, tgk¡ 

R: izHkkoh C;kt dh nj 
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r: okf’kZd C;kt dh nj 

k: ,d o’kZ esa la;kstu ;k :ikarj.k vof/k;ksa dh la[;k 

i: izfr :ikarj.k vof/k C;kt dh nj 

  ml fLFkfr esa] tc vafdr C;kt lrr :i ls la;ksftr gksrk gS] rks izHkkoh 
nj ds fy, lw=  � = ��–  � gks tk,xkA 

 og izHkkoh nj Kkr dhft,] tks vafdr nj 24% la;ksftr ekfld ds 
lerqY; gSA 

  

;gk¡  , k = 12, r = 0.24, R=? gSA 

i = 0.24/12 gSA 

R = (1 + r/k)k– 1 

= (1 + 0.24/12)12 – 1 

= (1.02)12 – 1 

=1.268241–1   

= 0.268241 

= 26.82 % 

vr% lerqY; izHkkoh nj 26.82% gSA 

 og izHkkoh nj Kkr dhft,] tks vafdr ij 12% =Sekfld] la;ksftr 
ds lerqY; gSA 

, k = 4, r = 0.12, R=? gSA 

i = 0.12/4 gSA 

R = (1 + r/k)k–1 

= (1 + 0.12/4)4 – 1 

=(1.03)4 – 1 

=1.255088 – 1  

=12.55 % 

vr%] lerqY; izHkkoh nj 12-55% gSA 

og pØo`f) C;kt nj Kkr dhft,] tks lrr :Ik ls la;ksftr gksus 
ij 6% izHkkoh nj ds lerqY; gSA 
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;gk¡  R=0.06, er=? gSA 

R= er– 1 gSA 

0.06 = er– 1 

vr% er=1.06 

;k]  r log e = log (1.06)                                      

;k]  r (0.4343) = 0.0253 

;k] r= 0.0253 /0.4343 

= 0.05825 or, 5.82% 

vr%]  ok¡fNr C;kt dh nj 5-82%  gSA 

 ,d LFkkuh; Mkd ?kj izfr 100 #i, ij 5 #i, izfr frekgh C;kt 
ysrk gS] ftldk Hkqxrku vfxze :Ik ls djuk gksrk gSA izHkkoh okf’kZd C;kt dh nj 
Kkr dhft,A 

D;ksafd C;kt vfxze :Ik ls fy;k tkrk gS] blfy, bl ;kstuk dks izfr 
frekgh 95 #i, ij 5 #i, ds :Ik esa le>k tk ldrk gSA 

;gk¡]   i = 5/95, k =4, R=? gSA 

vc]  R = (1 + i) k – 1 

= (1 + 5/95)4 – 1 

= (1 + 0.053)4 – 1 

= (1.053)4 – 1 

=1.2295 – 1 

=22.95 %. 

vr%] izHkkoh C;kt dh nj 22-95% okf’kZd gSA 

jk/ks”;ke ,d eksVjlkbfdy [kjhnus ds fy, _.k ysuk pkgrk gSA 
mldk cSad 8% okf’kZd C;kt] v/kZokf’kZd la;ksftr ysrk gSSA,d iM+ksl dk lkgwdkj 
7-9% okf’kZd C;kt] ekfld la;ksftr ysrk gSA fdl fLFkfr esa og de C;kt dk 
Hkqxrku djsxk ? 

 ge nksukas fLFkfr;ksa ds fy,] izHkkoh njksa dh rqyuk djsaxsA 

R = (1 + i) k – 1   ;k, (1 + r/k) k – 1 

 A: 

r = 0.08, k = 2, R =? gSSA 

R= (1 + 0.08/2)2 – 1 
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=(1.04)2 – 1 

= 1.081600 – 1 

= 8.16% gSSA 

 B: 

r = 0.079, k = 12, R =? 

R= (1 + 0.079/12)12 – 1 

=(1.00658)12 – 1 

= 1.081924 – 1 

= 8.19% (yxHkx½ 

cSad dh izHkkoh C;kt dh nj de gS rFkk bl izdkj lkgwdkj dh rqyuk esa og de 
IkzHkkoh nj ij C;kt ysrk gSA 

vfurk 30 o’kksZa ds fy, ₹ 7500 # tek djuk pkgrh gSA mlds ikl 
nks fodYi gaS% fodYi A & 10% okf’kZd] v/kZokf’kZd la;ksftr rFkk fodYi B &9-
5% okf’kZd] lrr la;ksftrA vfurk dks dkSu lk fodYi pquuk pkfg, ? 

ge nksukas fodYiksa ds fy, izHkkoh njksa dks ifjdfyr djsaxsA 

R = (1 + i) k – 1 ;k, (1 + r/k) k – 1 

fodYi (A): r = 0.1, k = 2, R =?  

R= (1 + 0.1/2)2 – 1 

 =(1.05)2 – 1 

= 1.1025 – 1 

= 0.1025 vFkkZr~, 10.25% gSA 

B:

er = 0.095, R =? gSA 

R= er– 1 

=e0.095 – 1 

=1.0997 – 1 

=0.0997, vFkkZr~ 9.97% gSA 

vr%] vfurk dks fodYi A pquuk pfg,A 

vafdRk C;kt njksa dh rqyuk ugha dh tk ldrh gS] tc rd fd mudh la;kstu 
vof/k;k¡ ,d gh ¼leku½ u gksaA izHkkoh C;kt dh nj] og okf’kZd C;kt dh nj gS] 
tks ,d o’kZ esa dsoy ,d ckj la;ksftr djrk gSA izHkkoh nj dk lk/kkj.k C;kt ls 
dksbZ Hkze ugha gksuk pkfg,A tc :ikarj.k vof/k ,d o’kZ gksrh gS] rc izHkkoh C;kt 
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dh nj vkSj vafdr C;kt dh nj leku gksrh gSaA vr%] tc la;kstu okf’kZd gksrk gS] 
rc nksuksa njsa cjkcj gksrh gSaA ijarq ;fn la;kstu ,d o’kZ esa ,d ls vf/kd ckj 
fd;k tk,xk] rks izHkkoh C;kt dh nj vafdr C;kt dh nj ls fHkUUk gksxhA 
mnkgj.kkFkZ] ;fn C;kt dh nj 15%  okf’kZd gS rFkk C;kt okf’kZd la;kstu gksrk gS] 
rks bl fLFkfr esa] vafdr nj 15% gS rFkk izHkkoh nj Hkh 15%  gSA ijarq ;fn 
la;kstu ,d o’kZ eas ,d ls vf/kd ckj fd;k tk,xk] rks izHkkoh C;kt dh nj 15%  
ls vf/kd gksxhA ftruk C;kt dk la;kstu vf/kd gksxk] izHkkoh C;kt dh nj mruh 
vf/kd gksrh tk,xhA 

ml vafdr C;kt dh nj dks] ftlesa C;kt lrr :Ik ls la;ksftr gksrk gS] rFkk og 
,d nh gqbZ izHkkoh C;kt dh nj ds cjkcj gksrh gS] (force of 
interest) dgk tkrk gSA 

mnkgj.kkFkZ] ;fn C;kt ,d o’kZ esa n ckj la;ksftr gksrk gS] rks t o’kZ ckn] feJ/ku  

�1 +
 �
�

�
��

 

}kjk izkIr gksrk gSA 

;fn � → ∞ gks] rks mijksDr O;atd ��� gks tkrk gSA ;g C;kt ds rkR{kf.kd 
la;kstu dh /kkj.kk dh fLFkfr gSA bl lanHkZ esa] rkR{kf.kd la;ksftr nj dks � }kjk 
O;Dr dhft,] tks C;kt nj i ds lerqY; gSA ;gk¡ � C;kt dk cy dgykrk gSA 

  n”kkZb, fd � = ln(1 +  �) gksrk gSA 

�� = ��� (���)= (1 + i) ysus ij] 

� = ln(1 +  �) gSA 

C;kt dk cy Kkr dhft,] tks 5% ds lerqY; gS] tcfd C;kt 
nSfud la;ksftr gksrk gSA 

;gk¡]  �� = (1 +  0.05/365)��� gS] ftlls  δ= 0.4999 gSA 

vr%] ,d jQ (rough) lfUudVu ds :Ik esa] tc la;kstu nSfud gksrk gS] C;kt 
dk cy ogh gS tks vafdr C;kt dh nj gSA 

(annual percentage yield)

1- crkb, fd fuEufyf[kr dFku  gSa ;k  % 

i) vafdr C;kt dh nj lnSo izHkkoh C;kt dh nj ls de ;k mlds 
cjkcj  gksrh gSA 

ii) pØo`f) cÍs ds fy, lw= ogh gksrk gS] tks pØof̀) C;kt ds fy, lw= 
gksrk gSA 

iii) C;kt dk cy okf’kZd la;ksftr izHkkoh C;kt dh nj gksrh gSA 
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iv) ewY; dh lehdj.k dk mi;ksx le; ds ,d dsUnzh; fcanq ij 
ckf/;rkvksa ;k vuqxzgkas (obligations) ds ekuks ds cjkcj djus esa fd;k 
tkrk gSA 

2- dks’Bdksa esa fn,] mi;qDr “kCnksa ls fjDr LFkkuksa dks Hkfj,% 

i) tc :ikarj.k vof/k --------------------------- gksrh gS] rc izHkkoh nj ogh gksrh 
gS] tks vafdr nj gksrh gSA ¼o’kZ] lrr½ 

ii) oSdfYid fuos”k voljksa dh chp rqyuk djus ds fy,-------------------- vPNh 
gSA ¼vafdr nj] izHkkoh nj½ 

iii) vafdr nj dks----------------------------- Hkh dgrs gSaA ¼okf’kZd izfr”krrk izkfIr] 
okf’kZd izfr”krrk nj½ 

3- CkSad A vafdr C;kt dh nj 10% v/kZokf’kZd la;ksftr nsrk gSA cSd B 
vafdr C;kt dh nj 10-5%] =Sekfld la;ksftr nsrk gSA dkSu&lk cSad csgrj 
izHkkoh C;kt dh nj iznku dj jgk gS ? 

4- dkSu lh vafdr nj] ,d izHkkoh C;kt dh nj 8% nsxh] ;fn la;kstu  

¼d½ v/kZokf’kZd ¼[k½  =Sekfld vkSj ¼x½  ekfld gksrk gS ? 

5- C;kt dk cy D;k gS ? 

orZeku ewY; ;g O;k[;k djrk gS fd ,d Hkkoh /kujkf”k (future sum of money) 
dk vkt D;k ewY; gksxkA bl varfuZfgr /kkj.kk dks ns[kus ds fy,] eku yhft, fd 
mÌs”; ;g gS fd vkt ls n o’kksZa ckn ,d /kujkf”k A izkIr dh tk,A ;fn C;kt 
dh nj i gS] rks fdruh jkf”k tek dh tk, fd og y{; iwjk gks tk, ? nsf[k, fd 
blds fy, ok¡fNr /kujkf”k  (1 + �)�� gSA ,slh jkf”k dks A dk 
(present value) dgrs gaSA 

xq.ku  (1 + �)�� cÍk xq.kd (discount factor dgykrk gSA 

eku yhft, fd okf’kZd C;kt dh nj 5% gSA vc ls 10 o’kksZa ckn 
ns;  `2000 # ds Hkqxrku dk orZeku ewY; D;k gS ? 

orZeku ewY;  Rs. 2000(1 + 0.05)���  =  ��. 1227.83 gSA 

;g mnkgj.k fuEufyf[kr /kkj.kk iznf”kZr djrk gS% 

;fn vkidks vkt `1227-87 izkIr djus ;k vc ls 10 o’kksZa ckn `2000 djus ds 
fodYi fn, tk,¡] rks vkidks bu nksuksa fodYiksa ds chp rVLFk jguk pkfg,A bl 
izdkj] 5% okf’kZd C;kt nj dh dYiuk ds varxZr 10 o’kksZa ckn fd, tkus okys 
`2000 ds Hkqxrku dks vkt ds `1227-87 ds Hkqxrku ls izfrLFkkfir fd;k tk 
ldrk gSA 
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� = � (� + �)�� ; �, � (� + �/�)��� 

P = ewy/ku jkf”k 

A= Hkfo’; ds le; fcanq ij feJ/ku jkf”k 

r: Okkf’kZd C;kt dh nj 

k: izfr o’kZ la;kstu vof/k;ksa dh la[;k 

t: le; dky o’kksZa esa 

i: izfr :ikarj.k vof/k C;kt dh nj 

n = la;kstu vof/k;ksa dh la[;k 

[  (1+i)–n , (1+r/k)–tk dks cÍk xq.kd ds :Ik esa tkuk tkrk gSA ;g n 
vof/k;ksa ds ckn C;kt dh nj i izfr vof/k ls ns;    1 ds orZeku ewY; dks 
fu:fir djrk gSA] 

� = ����� 

P = ewy/ku jkf”k 

A= Hkfo’; ds le; fcanq ij feJ/ku jkf”k 

r: Okkf’kZd C;kt dh nj 

t: le; dky o’kkasZs esa 

5% okf’kZd pØof̀) C;kt dh nj ij 2 o’kkasZ ds ckn ns; `1000  
dh /kujkf”k dk orZeku ewY; D;k gS] ;fn C;kt 

¼d½ okf’kZd]  ¼[k½ v/kZokf’kZd fn;k tkrk gS ? 

  

d½   ;gk¡   A = 1,000,i = 0.05,n = 2,P =? gSA 

P =A (1+i)–n 

= 1000 (1+ 0.05)–2 

= 1000 (1.05)–2 

 = 1000 (0.907029) 

 = `907.03  

vr% orZeku ewY;    907.03 gSA 

[k)  ;gk¡  A = 1000,i = 0.05/2 = 0.025, n = 2×2, P = ? gSA 

P =A (1+i)–n 

 =1000 (1+ 0.025)–2×2   

 = 1000 (1.025)–4 
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 = 1000(0.905950) 

 = `906 gSA 

vr%] orZeku ewY;    906 gSA 

 (1.05)–2  vkSj (1.025)–4 ds eku dSydqysVj ;k orZeku ewY; lkj.kh ds 
mi;ksx ls ifjdfyr fd, tk ldrs gSaA 

eksfudk fdlh cSad esa /kujkf”’k tek djrh gS] tks 16% okf’kZd dh 
nj ij C;kt nsrk gS] tks =Sekfld la;ksftr gksrk gSA ;fn og vius [kkrs esa 5 o’kkasZ 
ds ckn `15000 dh jkf”k tek gksuk pkgrh gS] rks og vkt fdruh jkf”k cSad esa 
tek djk, ? 

;gk¡ , A = 15000, i = 0.16/4 = 0.04, n = 5 × 4,P =? gSA 

P = A (1 + i)–n 

 = 15000 (1 + 0.04)–20 

 = 15000 (1.04) –20 

 = 15000(0.456386) ¼orZeku ewY; lkj.kh ds mi;ksx ls½ 

= `6845.80 gSA 

vr%] eksfudk dks vkt vius [kkrs eas `6845.80  tek djkus pkfg,A 

3 o’kksZa ds ckn ns; `100 dh jkf”k dk orZeku ewY; Kkr dhft,A 
okf’kZd C;kt dh nj 5% lrr :Ik ls la;ksftr gSA 

  A =100, t = 3, r = 0.05 P =? gSA 

P = Ae–rt 

 = 100 e–(0.05)(3) 

= 100 e–0.15    

= 100 (0.86071)   ¼ e–x ewY; lkj.kh ls½ 

 = 86.07      

vr% orZeku ewY; 86–07 # gSA 

jkgqy us ,d iqjLdkj thrk gSA mls nks fodYi fn, tkrs gSa% ;k rks 
vkt `8000  izkIr dj ys ;k fQj 2 o’kksZa ds ckn `10000 izkIr djs ysA cktkj esa 
okf’kZd C;kt nj 12% gS rFkk C;kt ekfld la;ksftr fd;k tkrk gSA jkgqy dks 
dkSu&lk fodYi pquuk pkfg, ? 

 

fodYi (A):    8000 
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fodYi (B): ;gk¡, A = 10000,n = 2 × 12 = 24,r = 0.12,i = 0.12/12 = 0.01, P =? 
gSA 

P = 10000 (1 + 0.01)–24 

= 10000 (1.01)–24 

 = 10000 (0.787566) (orZeku ewY; lkj.kh ds mi;ksx ls½ 

 = `7,875.66–(fodYi B dk ewY;) 

vr%] jkgqy dks fodYi A pquuk pkfg,A 

vc ls 3 o’kksZa ckn ns; `4500 dh jkf”k dk orZeku ewY; Kkr 
dhft,A C;kt 6% Okkf’kZd dh nj ls lrr :Ik ls la;ksftr gksrk gSA 

;gk¡ A = 4500,t =3,r = 0.06,P =? gSA 

P = Ae–r×t 

 = 4500 e–0.06×3 

 = 4500 e–0.18 

 = 4500 (0.83527)   (e–x ewY; lkj.kh ds mi;ksx ls) 

 = `3758.72 

vr%] orZeku ewY; `3758-72 gSA 

1- in orZeku ewY; ls vkidk D;k rkRi;Z gS ? 

2- vc ls 6 o’kksZa ckn ns; `5000 dh jkf”k dk orZeku ewY; D;k gS ? okf’kZfd 
C;kt dh nj 8% =Sekfld la;ksftr gSA 

3- r:.k dks vc ls 3 ekl ckn fdlh fuos”k ds `1000  izkIr gksus okys gSaA  bl 
izkIr gksus okyh jkf”k dk orZeku ewY; D;k gksxk] ;fn lrr la;kstu C;kt dh 
nj 16% okf’kZd gS ? 

ge ns[k pqds gaS] fd C;kt ds ifjdyuksa esa] fdlh le; fcanq ij fdlh /kujkf”k dk 
ewY; ml le; yackbZ ij fuHkZj djrk gS] ftrus le; igys ml /kujkf”k dk 
Hkqxrku fd;k x;k Fkk ;k ml le; ij fuHkZj djrk gS] tks Hkfo’; esa mlds 
Hkqxrku fd, tkus rd O;rhr gksxkA ;g fl)kar izk;% /kujkf”k ¼;k eqnzk½ dk le; 
ewY; (time value) dgykrk gSA ge ;g dYiuk djrs gSa fd ;g fl)kar dsoy 
C;kt ds izHkko dks vLohdkj djrk gS rFkk eqnzkLQwfrZ (inflation) ds izHkko dks 
lfEefyr ugha djrk gSA eqnzkLQwfrZ le; vuqlkj /ku ¼eqnzk½ dh [kjhn “kfDr dks 
?kVk ¼de dj½ nsrh gSA vr%] fuos”kdrkZZZZ eqnzkLQwfrZ ls gqbZ {kfriwfrZ ds fy,] mPprj 
nj ij /kujkf”k izkIr gksus dh izR;k”kk j[krs gSaA  mijksDr fl)kar ds QyLo:Ik] 
fofHkUu le; fcnqavksa ij ns; fofHkUu /kujkf”k;ksa dh rqyuk ugha dh tk ldrh] tc 
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rd fd lHkh jfk”k;ksa  dks ,d lkoZ frfFk rd] tks rqyuk frfFk@dsUnz 
frfFk@ewY;kadu frfFk dgykrh gS] lafpr ;k cÍkxr ugha dj yh tkrhA og 
lehdj.k] tks izR;sd Hkqxrku dks rqyuk frfFk (comparison date) rd lafpr 
(accumulates) ;k cÍkxr (discount) djrh gS] (equation 
of value) dgykrh gSA 

le; vkjs[k (time diagram) ewY; dh lehdj.k dks gy djus esa lgk;d gksrk gSA 
/;ku nhft, fd ,d le; vkjs[k ,d&foeh; (one dimension) vkjs[k gS] tgk¡ 
dsoy le; gh pj gSA ,d le; js[kk ij fofHkUu fuf/k;ksa ;k QaMksa (funds) ds 
lkFk lg;ksftr dh tk ldus okyh /kujkf”k ds ewY;ksa dks n”kkZ;k tk ldrk gSA 
/;ku nhft, fd ,d le; vkjs[k gy dk ,d vkSipkfjd Hkkx ugha gksrk gSA ijarq] 
;g gy ds fp=h;dj.k esa cgqr lgk;d gks ldrk gSA 

  10 o’kksZa ds var esa fd, tkus okys `1200 ds Hkqxrku ds cnys esa] 
,d lkgwdkj `200 rqjar] 6 o’kksZa ds ckn    400 rFkk 15 o’kZ ds vr es vafre jkf”k 
nsus ds fy, lger gks tkrk gSA 15 o’kksZa esas var ds fd, tkus okys bl Hkqxrku dh 
jkf”k Kkr dhft,] ;fn vafdr okf’kZd C;kt dh nj 9% v/kZokf’kZd la;ksftr gSA   

 rqyuk djus dh frfFk dks t  =0  pquk tkrk gSA le; vkjs[k uhps vkd`fr 
11-1 esa fn;k x;k gSA 

 

 

 

 

 

 

 

 200 +  400(1 +  0.045)���  +  �(1 +  0.045)���  =  1200(1 +  0.045)��� gSaA 

X ds fy,] bl lehdj.k dks gy djus ij] ge X 231-11 ¼YkxHkx½ izkIr djrs 
gSaA 

EkwY; ds lehdj.k dh leL;kvksa dks gy djus ds fy,] gesa vko”;drk gS% 

1- ,d dsUnz frfFk (focal date) pquus dh( 

2- Ckrk, x, C;kt dk mi;ksx djrs gq,] bl dsUnz frfFk ij lHkh ck/;rkvksa ds 
eku ifjdfyr djus dh( 

3- ewY; dh lehdj.k dks LFkkfir djds mls gy djus dhA 

     0     1      2       3         4        5        6       7          8        
9         10        11      12       13     14     15 

 

 

200 #                                               400#                                     
R. X 

1200 # 

m/kkj nsus okyk

m/kkj ysusokyk
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 vki ij ,d _.k gS] ftldk Hkqxrku ,d ekl ckn `1800] nks ekl 
ckn `1600 rFkk rhu ekl ckn `1000 vnk dj fd;k tkuk gSA og vdsyk 
Hkqxrku Kkr dhft,] tks vkt bl _.k dks laiw.kZ :Ik ls pqdk nsxkA lk/kkj.k 
C;kt dh okf’kZd nj 5-76% gSA 

 dsUnz fcnaaq % vkt 

  

 

1 ekl ckn `1800 1800(1+0.0575×1/12)–1    x vkt x 

2 ekl ckn `1600  1600(1+ 0.0575 × 2/12)–1   

3 ekl ckn `1000  1000 (1+ 0.0575× 3/12)–1   

x =1800(1 + 0.0575 ×1/12)–1 + 1600(1+ 0.0575× 2/12)–1 +  

1000 (1+ 0.0575× 3/12)–1 

= 1791. 58 + 1584. 94 + 981.45 

= 4357.97 

vr%] laiw.kZ _.k pqdkus ds fy, vkidks vkt `4357-97 # dk Hkqxrku djuk 
iM+sxkA 

lhrk ij nks _.k ns; gS% `800] dk ,d _.k pkj ekl ckn ns; gS] 
rFkk `1000 dk ,d vU; _.k ukS ekl ckn ns; gSA og 6 ekl ds var esa bu 
nksuksa _.kksa dks ,d vdsys Hkqxrku ds lkFk fuiVk nsuk pkgrh gSA lk/kkj.k C;kt 
dh nj 6% okf’kZd gSA bl Hkqxrku dh jkf”k dks fuEufyf[kr dk mi;ksx djrs gq, 
Kkr dhft,A 

d½ orZeku frfFk dks dsUnz frfFk ysdj  

[k½ fuiVkjs dh frfFk dks dsUnz frfFk ysdj 

  eku yhft, fd Hkqxrku dh jkf”k x gSA 

d½ dsUnz fcanq % orZeku frfFk 

4 ekl ckn 
`800 

800(1 + 0.06 ×4/12)–1 6 ekl ckn 
   x 

x (1+ 0.06 × 6/12)–1 

9 ekl ckn 
`1000  

1000(1 + 0.06 × 9/12)–1   

800(1 + 0.06 ×4/12)–1 + 1000(1+0.06× 9/12)–1 = x (1+ 0.06 × 6/12)–1 
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784.31 + 956.94 = 0.97087 x 

;k]  x = 1741.25/0.97087 

= 1793.49 gSA 

vr%] nksuksa _.kksa dk fuiVkjk djus ds fy,] vkt    1793-49 dh jkf”k vnk djuh 
iM+sxhA 

4 ekl ckn 
`800  

800(1+0.06 ×2/12)1 

 

6 ekl ckn    x x 

9 ekl ckn 
`1000  

1000(1+ 0.06 × 3/12)–1 

 

  

800(1 + 0.06 ×2/12)1 + 1000(1+0.06× 3/12)–1 = x 

808 + 985.22 = x 

;k, x =1793.22 

vr%] 6 ekl ds ckn nksuksa _.kksa dk fuiVkjk djus ds fy,] Hkqxrku dh ok¡fNr 
jkf”k `1793.22 gSA 

fo|k ds Åij 2000 # dks ,d _.k gS tks 12 o’kksZa ds ckn ns; gSA 
,d eq”r Hkqxrku djus ds LFkku ij] og `500 vHkh 6 o’kZ ds ckn `500 rFkk 12 
o’kZ ckn vafre Hkqxrku djuk pkgrh gSA ;fn izHkkoh C;kt dh nj 2% okf’kZd gS] 
rks _.k dks pqdkus ds fy,] mldk vafre Hkqxrku fdruk gksuk pkfg, ? 

  eku yhft, fd _.k ds izfr fo|k ds vafre Hkqxrku dh jkf”k x gSA dsUnz 
fcanq 12 o’kZ gSA 

 

 

 

`2000 2000 ¼1 $ 0-02½ `500 vHkh  500 ¼1 $ 0-02½12 

  6 o’kZ ds ckn `500  500 ¼1 $ 0-02½6 

  12 o’kZ ds ckn `x  x 

ewY; dh lehdj.k gks tkrh gS% 

500 (1 + 0.02)12 + 500(1 + 0.02)6 + x= 2000 (1 + 0.02)12 

;k, 500 (1.02)12 + 500(1.02)6 + x = 2000 (1.02)12 
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;k, 500 (1.268242)+ 500(1.126162)+x = 2000 (1.26842) 

;k, 634.121 + 563.081 + x = 2536.484 

;k, x = `1339.282 gSA 

vr%] fo|k dks _.k dk fuiVkjk djus ds fy, 1339-28 dk Hkqxrku djuk pkfg,A 

lruke us fdlh lkgwdkj ls `1500 m/kkj fy,A mlus 6 ekl ckn 
`4000 dk Hkqxrku fd;k rFkk ,d o’kZ ds ckn `6000 dk Hkqxrku fd;kA vius 
_.k dk fuiVkjk djus ds fy,] ml nks o’kZ ckn fdruk Hkqxrku djuk pkfg, ? 
C;kt dh nj 18% gS] tks lrr :Ik ls la;ksftr gksrh gSA 

 ekuk lruke }kjk fd;k tkus okyk vafre Hkqxrku x gSA dsUnz fcanq orZeku 
frfFk] vFkkZr~ 0 gSA 

ewY; dh lehdj.k gS% 

15000 = 4000 e–0.09 + 6000 e–0.18 + x e–0.36 

;k, 15000 = 4000 (0.91393) + 6000 (0.83527)+ x (0.69768)  

(e–x EkwY; lkj.kh ds mi;ksx ls) 

;k, 15000 = 3655.72 + 5011.62 + 0.69768 x 

;k, 0.69768 x = 6332.66 

;k, x = `9,076.74 gSA 

vr%] lruke dks vius _.k dk fuiVkjk djus ds fy, `9076-43 # dk Hkqxrku 
djuk pkfg,A 

1- ewY; dh lehdj.k ls vkidk D;k RkkRi;Z gS ? 

2- le; vkjs[k dk vFkZ crkb,A 

3- dsUnz frfFk dk vFkZ fyf[k,A 

cÍk nsuk la;ksftr djus dh foijhr fØ;k gSA tc ge fdlh jkf”k ;k ck/;rk ds 
Hkkoh ¼Hkfo’; ds½ eku dks tkurs gSa] rc ge fdlh iwoZ frfFk (earlier date) ij 
mldk eku Kkr djus ds fy, cÍs dh nj (discount date)  dks vuqiz;ksx djrs 
gSaA vr%] cÍk nsuk le; ls ihNs dh vksj pyuk gSA 

dHkh&dHkh C;kt] foÙkh; lkSnksa ds izkjaHk esa gh vnk dj fn;k ;k dkV fy;k tkrk 
gSA ,slk C;kt lk/kkj.k cÍk (simple discount) dgykrk gSA mnkg.kkFkZ] vuqt ,d 
lkgwdkj ds ikl x;k rFkk mlls    2000 _.k nsus ds fy, dgkA lkgwdkj mls 
_.k nsus ds fy, lger gks tkrk gS vkSj mls `1700 nsrk gS rFkk dgrk gS fd 
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`300 dh jkf”k 15% C;kt  ¼2000 × 0-15 = 300½ gSA vc] vuqt dks lkgwdkj 
dks dsoy `2000 okfil djus gSA lk/kkj.k cÍk lk/kkj.k C;kt ls fHkUu gksrk gS] 
D;ksafd lk/kkj.k C;kt ewYk/ku dk ,d izfr”kr gksrk gS] tcfd lk/kkj.k cÍk ifjiDo 
jkf”k (maturity value)  dk ,d izfr”kr gksrk gSA 

 lk/kkj.k cÍs dk ,d vU; uke cSad cÍk gSA 

� =  � ×  � ×  �,  tgk¡

� =  cÍs dh jkf”k  

� =   � vof/k;ksa ds ckn feJ/ku 

� =  cÍk izfr”kr 

� = le; vof/k 

� =  � (� −  �)�, tgk¡ 

� =  /kujkf”k dk orZeku ewY; 

� =   � vof/k;ksa ds ckn feJ/ku 

� =  izfr vof/k cÍs dh nj 

� =  le; vof/k;ksa dh la[;k 

(D) = A – P

cÍs dh vafdr nj vkSj cÍs dh izHkkoh nj dh ladYiuk,¡ mlh izdkj gksrh gSa] tSlh 
la;kstu dh fLFkfr esa FkhaA cÍs dh crkbZ gqbZ nj] tcfd cÍs dks ,d o’kZ esa ,d ls 
vf/kd ckj cnyk tkrk (converted) gS] cÍs dh vafdr nj dgykrk gSA nwljh 
vksj] cÍs dh izHkkoh nj lnSo cÍs dh vafdr nj ls de gksrh gSA 

lrr :Ik ls cnyus okyh rFkk ,d nh gqbZ cÍs dh izHkkoh nj ds lerqY; cÍs dh 
vafdr nj] cÍs dk cy (force of discount)  dgykrh gSA cÍs dh vafdr nj dk 
ewY; ewy/ku jkf”k ;k ifjiDo jkf”k ij ugha fuHkZj djrk gSA 

��  =  � – ���, }kjk fn;k tkrk gS] tgk¡

De = cÍs dh izHkkoh nj 

d = cÍs dh vafdr nj gSA 
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pØof̀) cÍk (compound discount) pØof̀)  C;kt dk izfrykse gS rFkk bldk 
mi;ksx fdlh jkf”k ds Hkkoh ewY; dk ,d iwoZ frfFk ij ewY; fudkyus ds fy, 
fd;k tkrk gSA 

� =  � (� +  �)��, tgk¡ 

P = /kujkf”k dk orZeku ewY; gS 

A = n vof/k;ksa ds ckn feJ/ku  

i = izfr vof/k C;kt dh nj  

n = le; vof/k;ksa dh la[;k 

lrr cÍs (continuous discount) dk mi;ksx fdlh laink ;k fdlh ck/;rk dk 
orZeku ewY; Kkr djus esa fd;k tkrk gS] ftldk ewY; fdlh Hkkoh (future)  le; 
ij Kkr gks rFkk C;kt lrr :Ik ls la;ksftr gksA lrr :Ik ls cÍk nsus dh 
ladYiuk ds Hkkoh vkSj vfxze Bsdksa ds ewY;kaduksa eas c`gr :Ik ls vuqiz;ksx gSaA 

� =  ����×�, tgk¡ 

P = /kujkf”k dk orZeku ewY; gS 

A = n vof/k;ksa ds ckn feJ/ku  

i = izfr vof/k C;kt dh nj 

n = le; vof/k;ksa dh la[;k 

2 o’kksZa ds ckn ns;    5000  dh /kujkf”k dk 4% cÍs dh nj ij 
orZeku ewY; Kkr dhft,] tcfd ;g =Sekfld la;ksftr gksrk gSA 

;gk¡]   

A = 5000, n = 2 × 4,d = 0.04/4 = 0.01, P=? gSA 

P = A (1– d)n 

= 5000 (1– 0.01)8 

 = 5000 (0.99)8 

 = 5000 (0.9227446) 

=    4613.72 

vr%] orZeku ewY;    4613-72 gSA 
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cÍs dh izHkkoh nj Kkr dhft,] tc cÍs dh vafdr nj 10% lrr 
:Ik ls la;ksftr gSA 

;gk¡ 

d = 0.10, De =? gSA 

De = 1 – e–d 

 = 1– e–0.10 

 = 1 – 0.90484   (e–x ewY; lkj.kh ds mi;ksx ls) 

 = 0.09516 vFkkZr~, 9.52% gSA 

vr%] ok¡fNr cÍs dh izHkkoh nj 9-52% gSA 

vkt ls 3 o’kksZ ckn ns;    4500 dh /kujkf”k dk orZeku ewY; Kkr 
dhft,A C;kt 6% dh nj ls lrr~ :i ls la;ksftr gksrk gSA 

;gk¡  A = 4500, n=3,i = 0.06, P=? gSA 

P = Ae–i×n 

 = 4500 e–0.06×3 

 = 4500 e–0.18 

 = 4500 (0.83527)   (e–x ewY; lkj.kh ds mi;ksx ls) 

= `3758.72 gSA 

vr%] orZeku ewY; `3758.72  gSA  

1- cÍs dh izHkkoh nj rFkk C;kt dh izHkkoh nj esa varj Li’V dhft,A 

2- cÍs dh vafdr nj vkSj cÍs dh izHkkoh nj esa D;k laca/k gS ? 

3-  vki lrr cÍs dk mi;ksx dc djsaxs ? 

bl bdkbZ esa] geus vafdr vkSj izHkkoh C;kt njksa] orZeku ewY;] ewY; dh lehdj.k 
rFkk cÍksa dh ppkZ dh gS] ftudk mi;ksx C;kt nj vfHkdyuksa ds le; fd;k 
tkrk gSaA bl izfØ;k esa geus lh[kk gS fd vafdr C;kt nj okf’kZd izfr”kr nj 
gksrh gS] tcfd izHkkoh okf’kZd C;kt dh nj og /kujkf”k gS tks o’kZ ds izkjaHk esa ,d 
bdkbZ jkf”k dks fuosf”kr djus ij ml o’kZ ds le; dky esa vftZr dh tk,xhA 
orZeku ewY; dh /kkj.kk dk mi;ksx fdlh Hkkoh /kujkf”k dk ,d nh gqbZ C;kt nj 
ij mldk pkyw ewY; Kkr djus esa fd;k tkrk gSA ge ns[k pqds gSa fd ewY; dh 
lehdj.k dk mi;ksx le; ds ,d dsUnz fcanq ij ck/;rkvksa ds ewY;ksa ds cjkcj 
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djus esas fd;k tkrk gSA geus ;g Hkh lh[kk gS fd cÍk nsus dh izfØ;k la;kstu dh 
izfØ;k dh foijhr izfØ;k gSA 

  izfr vof/k i C;kt dh nj ij n vof/k;ksa ds ckn ns; 3 # dk 
orZeku ewY; 

  fdlh nh gqbZ le; vof/k ij fdlh /kujkf”k ds Hkkoh ewY; dk ml 
le; vof/k ls iwoZ ewY; Kkr djus ds fy, mi;ksx dh tkus okyh C;kt njA 

 okf’kZd cÍs dh nj] tks o’kZ esa dsoy ,d ckj la;ksftr gksA 

  ewY; dh lehdj.k dsUnz fcanq ij fofHkUUk ck/;rkvksa dks 
cjkcj djrh gSA dsUnz frfFk ij _.k dk ewY; = Hkqxrkuksa dk ewY; gksrk gSA 

 ,d lkoZ frfFk] tks lHkh /kujkf”k;ksa dh rqyuk djus ds fy,] 
fofHkUu le; fcanqvksa ij Hkqxrku dh tkuh okyh fofHkUu /kujkf”k;ksa ds fy, fuf”pr 
dh tkrh gSA 

 crkbZ xbZ cÍs dh nj] tc cÍs dks ,d o’kZ esa ,d ls vf/kd 
ckj cnyh tkrk gSA 

 ,d nh gqbZ C;kt nj ij Hkkoh /kujkf”k ;k ck/;rk dk pkyw ewY;A 

vkidh v/;;u lkexzh esa fofHkUUk lw=ksa dks fy[kus esa iz;qDr izrhd os gSa] tks cg̀r 
:Ik mi;ksx fd, tkrs gSaA uhps nh gqbZ lwphs esa] ;s fofHkUu “kCnksa ds varxZr izFke 
izrhdksa ds :Ik esa fn, gSaA vusd ikB~; iqLrdksa esa bu izrhdksa ls fHkUUk izrhd fn, 
x, gSaA uhps nh gqbZ lwph esa lkekU;r% vf/kdka”k mi;ksx fd, tkus okys izrhd fn, 
x, gSaA tc Hkh vki dksbZ iqLrd i<+rs gSa] rc ;g egRoiw.kZ gS fd vki iz;qDr fd, 
x, izrhdksa dks Li’V :Ik ls le> ysaA fofHkUUk lw=ksa dks fy[kus ds fy, vki ftl 
izrhdksa ds leqqPp; dk mi;ksx djuk pkgsa dj ldrs gSaA ijarq izR;sd fLFkfr esa ;g 
Li’V djuk vko”;d gS fd bu izrhdksa dk D;k vFkZ gSA 

t  vof/k;ksa ds var esa feJ/ku A, S, An 

Okkf’kZd C;kt dh nj r, R 

cÍs dh jkf”k D 

izfr vof/k cÍk nj d  
C;kt dh izHkkoh nj R, reff, rE, f 
izHkkoh cÍk nj De 

izfr :ikarj.k vof/k C;kt nj i 
izfr o’kZ la;kstu vof/k;ksa dh la[;k k, m 

Lke; vof/k;ksa dh la[;k n 
ewYk/ku jkf”k] jkf”k dk orZeku ewY; P, A0 

Lke; dky o’kksZa esa t 
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1- ¼i½  lR;  ¼ii½  vlR;  ¼iii½ vlR;  ¼iv½ lR; 

2- ¼i½  o’kZ  ¼ii½  izHkkoh nj  ¼iii½ okf’kZd izfr”krrk nj 

3- cSad A – 10.25%  cSad B – 10.92% 

4- ¼d½ 7-85%  ¼[k½ 7-77%  ¼x½ 7-72% 

5- lRkr :Ik ls la;ksftr C;kt dh vafdr nj rFkk ,d nh gq, C;kt dh izHkkoh 
nj ds lerqY; 

1- fdlh Hkkoh /kujk”kh dk vkt dk ewY; gSA 

2- `3108-60  

3- `9607  

1- og lehdj.k tks izR;sd Hkqxrku dks rqyuk frfFk rd lafpr ;k cÍkxr 
djrh gSA 

2- ,d&foeh; vkjs[k] ftlesa le; gh ,d ek= pj gS rFkk ;g ,d vdsyh 
funsZ”kd v{k ij n”kkZ;k tkrk gSA le;&v{k ij fLFkr fcanqvksa }kjk fofHkUu 
fof/k;ksa ds lkFk lg;ksftr dh tk ldus okyh /kujkf”k;ksa ds ewY;ksa dks 
n”kkZ;k tkrk gSA 

3- ,d lkoZ frfFk ftl rd] lHkh lafpr ;k cÍkxr jkf”k;ksa dh rqyuk ds fy,] 
fofHkUu le; fcanaqvks ij Hkqxrku dh tkuh fofHkUu okyh /kujkf”k;ksa dks 
fuf”pr fd;k tkrk gSA 

1- cÍs dh izHkkoh nj] ftls d }kjk O;Dr fd;k tkrk gS] ml C;kt dk ekid 
gS] tks vof/k ds izkjaHk esa gh fn;k tkrk gSA ;g C;kt dh izHkkoh nj ds 
foijhr gS] tks ml C;kt dk ekid gS] tks vof/k ds var esa fn;k tkrk gSA 

2- og cÍs dh nj] tc cÍs dks ,d o’kZ esa ,d ls vf/kd ckj cnyk tkrk gS] 
cÍs dh vafdr nj dgh tkrh gSA cÍs dh izHkkoh nj cÍs dh okf’kZd nj gS] 
tks ,d o’kZ esa dsoy ,d ckj cnyrh gSA 

3- fdlh laink dk orZeku ewY; Kkr djus ds fy,] ftldk ewY; fdlh Hkkoh 
le; ij Kkr gks vkSj C;kt lrr :Ik ls la;ksftr gksrk gSA 

1- C;kt dh vafdr nj vkSj C;kt dh izHkkoh nj esa varj Li’V dhft,A 
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2- la;ksftr djuk cÍk nsus ls fdl izdkj fHkUu gS ? ,d mnkgj.k dh lgk;rk 
ls Li’V dhft,A 

3- fdlh cpr [kkrs ij C;kt 23% okf’kZd rFkk izfr ekl la;ksftr crk;k 
tkrk gSA bl cpr [kkrs ds fy, okf’kZd izHkkoh C;kt nj Kkr dhft,A 

[  25-86% ] 

4- okf’kZd izHkkoh C;kt nj Kkr dhft,] ;fn 9% dh vafdr C;kt nj dks  

d½ ekfld la;ksftr fd;k tkrk gSA 

[k½ =Sekfld la;ksftr fd;k tkrk gSA 

x½ okf’kZd la;ksftr fd;k tkrk gSA  

[  ¼d½ 9-381% ¼[k½ 9-308%  ¼x½ 9% ¼?k½ v/kZokf’kZd la;ksftr fd;k 
tkrk gSA] 

5- `1300 dh ,d tek jkf”k ij 3 o’kksZ esa `339-45 # C;kt vftZr gksrk gSA 
;fn C;kt ekfld la;ksftr gksrk gS] rks izHkkoh C;kt dh nj D;k gS ? 

      [  8-04% ] 

6- lykSuh vkt dksbZ /kujkf”k vius [kkrs esa tek djkrh gSA tks okf’kZd :Ik ls 
la;ksftr 5% C;kt vftZr djrh gSA ;fn [kkrsa esa 6 o’kksZ ds ckn   5000  
dh jkf”k tek gksus dk y{; gS] rks og vius [kkrs esa vkt fdruh jkf”k tek 
djk, ? 

[  `3731-08 ] 

7- lkxj dks vkt `500 ns; rFkk vc ls pkj ekl ckn `750 dk Hkqxrku djuk 
gSA blds LFkku ij og 3 ekl ckn `600 nsdj rFkk vkt ls 7 ekl ckn 
vafre Hkqxrku djds bl _.k dk fuiVkjk djuk pkgrk gSA okf’kZd C;kt 
dh nj 7% gSA vc ls lkr eklksa dks ,d dsUnz fcanq dk mi;ksx djrs gq,] 
mlds }kjk fn, tkus okyk vafre Hkqxrku Kkr dhft,A 

[  `669-55 ] 

8- fdlh vkbZ Vh daiuh ds ck¡Mksa dk ewY; 10 o’kksZa ckn   10000 gks tk,xkA 
fdlh fuos”kd dks 6-5% okf’kZd C;kt vftZr djus ds fy,] vkt fdruk 
Hkqxrku djuk pkfg, ? 

 [  `5327-26 ] 

9- 3 o’kksZ ckn ns; jkf”k `3000 ij okf’kZd 6% cÍs dh nj ij cÍk Kkr 
dhft,] tcfd cÍk v/kZokf’kZd cnyrk gSaA 

  bu ç'uksa }kjk vkidks bl bdkbZ dh iBu lkexzh dks le>us esa lgk;rk 
feysxhA bu ç'uksa ds mÙkjksa dks ewY;kadu ds fy, fo'ofo|ky; Hkstus dh 
vko';drk ugha gS D;ksafd ;s dsoy vkids vH;kl ,oa iqujko`fÙk ds fy, fn, 
x, gSA 
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ex e-x

x ex e-x 
0.00 1.0000 1.0000 
0.01 1.0101 0.99005 
0.02 1.0202 0.98020 
0.03 1.0305 0.97045 
0.04 1.0408 0.96079 
0.05 1.0513 0.95123 
0.06 1.0618 0.94176 
0.07 1.0725 0.93239 
0.08 1.0833 0.92312 
0.09 1.0942 0.91393 
0.10 1.1052 0.90484 
0.11 1.1163 0.89583 
0.12 1.1275 0.88692 
0.13 1.1388 0.87810 
0.14 1.1503 0.86936 
0.15 1.1618 0.86071 
0.16 1.1735 0.85214 
0.17 1.1853 0.84366 
0.18 1.1972 0.83527 
0.19 1.2092 0.82696 
0.20 1.2214 0.81873 
0.21 1.2337 0.81058 
0.22 1.2461 0.80252 
0.23 1.2586 0.79453 
0.24 1.2712 0.78663 
0.25 1.2840 0.77880 
0.26 1.2969 0.77105 
0.27 1.3100 0.76338 
0.28 1.3231 0.75578 
0.29 1.3364 0.74826 
0.30 1.3499 0.74082 
0.31 1.3634 0.73345 
0.32 1.3771 0.72615 
0.33 1.3910 0.71892 
0.34 1.4049 0.71177 
0.35 1.4191 0.70469 
0.36 1.4333 0.69768 
0.37 1.4477 0.69073 
0.38 1.4623 0.68386 
0.39 1.4770 0.67706 
0.40 1.4918 0.67032 
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Appendix: ex and e-x  value table 

x ex e-x       
0.00 1.0000 1.0000       
0.01 1.0101 0.99005       
0.02 1.0202 0.98020       
0.03 1.0305 0.97045       
0.04 1.0408 0.96079       
0.05 1.0513 0.95123       
0.06 1.0618 0.94176       
0.07 1.0725 0.93239       
0.08 1.0833 0.92312       
0.09 1.0942 0.91393       
0.10 1.1052 0.90484       
0.11 1.1163 0.89583       
0.12 1.1275 0.88692       
0.13 1.1388 0.87810       
0.14 1.1503 0.86936       
0.15 1.1618 0.86071       
0.16 1.1735 0.85214       
0.17 1.1853 0.84366       
0.18 1.1972 0.83527       
0.19 1.2092 0.82696       
0.20 1.2214 0.81873       
0.21 1.2337 0.81058       
0.22 1.2461 0.80252       
0.23 1.2586 0.79453       
0.24 1.2712 0.78663       
0.25 1.2840 0.77880       
0.26 1.2969 0.77105       
0.27 1.3100 0.76338       
0.28 1.3231 0.75578       
0.29 1.3364 0.74826       
0.30 1.3499 0.74082       
0.31 1.3634 0.73345       
0.32 1.3771 0.72615       
0.33 1.3910 0.71892       
0.34 1.4049 0.71177       
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0.35 1.4191 0.70469    
0.36 1.4333 0.69768    
0.37 1.4477 0.69073    
0.38 1.4623 0.68386    
0.39 1.4770 0.67706    
0.40 1.4918 0.67032    
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