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vuqØe rFkk Jsf.k;k¡ 
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[kaM 3  ifjp; 

rhljs [kaM eas igys nks [kaMksa esa pfpZr fo’k; oLrqvksa dk vkxs fodkl fd;k x;k gSA 
;gka eq[; vUr/kkZjk vkfFkZd ifjorZu ds fo”ys’k.k ls tqM+h gSA vf/kd lVhd :i ls 
;gka ;g tkuus dk iz;kl fd;k tk,xk fd fdlh Qyu ds Lora= pj esa ifjorZu ds 
dkj.k fuHkZj ¼vUrtkZr½ pj ij fdl izdkj izHkko iM+rs gSaA xf.kr dh bl iz”kk[kk dks 
vodyu dgk tkrk gS rFkk bl izfØ;k dk uke gh vodyu gSA blh ls bl [kaM 
ds “kh’kZd dk ukedj.k fd;k x;k gSA bl [kaM esa 4 bdkb;ka gSaA igyh bdkbZ vFkkZr~ 
bdkbZ 7 dk “kh’kZd ifjlheka, gS& vkSj ;g vuqØe@J̀a[kyk ds fopkj dks gh vkSj 
vkxs c<+k jgh gSA ;gka le>k;k x;k gS fd dksbZ vuqØe fdlh eku fo”ks’k dh vksj 
vfHkl`r dSls gksrk gS&ftls ge ^vfHkl`fr eku* dgrs gSaA ;gha ij ck;ha vkSj nkfguh 
vksj dh lhekvksa] rFkk lhekvksa ds vkadyu ij Hkh ppkZ dh xbZ gS lhekvksa ds fopkj 
dks le>uk blfy, Hkh egRoiw.kZ gksrk gS fd vodyu dh ljyre O;k[;k rks fdlh 
Lora= pj x esa ifjorZu ds “kwU;xkeh gksus ij mlij fuHkZj pj y ds eku dh lhek 
dk vkdayu gh gSA ;gh ^lhek* mi;ksxh gksrh gSA 

vkBoha bdkbZ &^lkRkR;* & ;k vfofNUurk* gS & ;gka ij ,d pj ds Qyu ds 
lkrR; ij fopkj fd;k x;k gS & lkFk gSA lkrR; iw.kZ vkSj lkrR;ghu Qyuksa ds 
vuqiz;ksxksa dk o.kZu Hkh fd;k x;k gSa bl bdkbZ esa ,d vfregRoiw.kZ izes;&^e/;orhZ 
eku izes;* ij Hkh ppkZ dh xbZ gSA ;g vodyu xf.kr dh ,d egRoiw.kZ izes; gSA 
fdlh Qyu dh vodyuh;rk ds fy, mldk lkrR; vko”;d gksrk gS & lkRkRoghu 
Qyu dk vodyu ugha gks ldrkA gka] vFkZ”kkL= es dqN Qyu lkrR;ghu gksrs gSa] 
mu ij Hkh ge ;gha fopkj dj jgs gSaA 

[kaM dh “ks’k nks bdkb;ka] 9 vkSj 10 gS ^^izFke vuqØe ¼dksfV½ vodyu** vkSj 
^^mPprj vuqØe ¼dksfV½ vodyu** & ;gh bl [kaM dh eq[; vUroZLrq gSA vkidks 
;g crk;k tk,xk fd vodyu djuk D;k gS rFkk fdlh Qyu dks fdl izdkj 
vodfyr fd;k tkrk gSA lkFk gh ,d vodyt dk vkSj vkxs vodyu gh bdkbZ 
10 esa le>k;k x;k gS & ;gh mPprj dksfV dk vodyu gSA bu nks bdkb;ksa esa gh 
ge vodyt vkSj vody dh ifjHkk’kk fdlh oØ dh Li”kZ js[kk ds :i esa vodyt 
dh O;k[;k] vodyuh;rk dh “krsZa] vodyu ds fu;e] Åryrk] voryrk rFkk 
v/;voryrk Vsyj J`a[kyk lw= vkSj ek/;eku izes; ij ppkZ djus tk jgs gSaA 
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lhek,a
bdkbZ 7 lhek,a* 

lajpuk 

7-0 mís”; 

7-1 fo’k;-izos”k 

7-2  fdlh vuqØe dh lhek [Limits of a Sequence] 
7-3  ,d Qyu dh lhek [Limit of a Function] 
7-4  lhekvksa ds vfHkdyu dh chtxf.krh; fof/k [Algebraic Approach to 

Computation of Limits] 
 7-4-1  lhek ds ifjdyu ds fu;e [Rules for Evaluating a Limit] 

 7-4-2  dqN ekud lhek,a [Some Standard Limits] 

 7-4-3  ifjfer rFkk vifjfer lhek,a [Finite and Infinite Limits] 

7-5  lkj-la{ksi 

7-6  cks/k-iz”uksa ds mÙkj @ladsr 

7-0  mís”; 

bl bdkbZ dks i<+us ds i”pkr~( vki fuEufyf[kr ls Hkyh-Hkkafr voxr gks tk,axs %  

• fdlh vuqØe dh lhek dh ladYiuk ls( 

• fdlh Qyu dh lhek dh ifjHkk’kk ls( 

• fdlh Qyu dh ck,a-i{k rFkk nk,a-i{k dh lhek ds ifjdyu dh fof/k;ksa ls( rFkk 

• lhek Kkr djus dh la[;kRed] chtxf.krh; rFkk vkys[kh; fof/k;ksa lsA 

7-1 fo’k;-izos”k 

vkxs vkus okyh bdkb;ksa esa vki ns[ksaxs fd lhek] vodyu xf.kr ds fy, ,d 
vk/kkjHkwr ladYiuk gSA vodyu xf.kr dh dbZ ladYiuk,a] tSls fd vodyu] 
lekdyu bR;kfn lhekvksa ij vk/kkfjr gSaA lhek dh ewYkHkwr vo/kkj.kk dks le>us ds 
fy, vkSlr xfr ,ao rkRdkfyd xfr ds ifjdyu dh fof/k ij /;ku nhft,A eku 
yhft, fd vki ,d fcanq A ls fcanq B dh vksj tk jgs gSaA A ls B rd viuh vkSlr 
xfr Kkr djus ds fy,] vki ek= fcanqvksa A vkSj B ds chp dh nwjh vkSj bl nwjh dks 
r; djus esa yxs le; dk vuqikr Kkr djrs gSaA mnkgj.k ds fy,] eku yhft, s(t) 
,d ,slk Qyu gS tks fdlh xfr”khy oLrq dh le; ‘t’ dh fLFkfr dks O;Dr djrk 
gSA eku yhft, le; t0 ij] og oLrq fcanq  A ij A [= s (t0)] gS rFkk le; t1 ij 
¼tgk¡ t1 > t0 gS ½] og fcanq B [= s (t1)] ij gSA bl izdkj fcanq A ls fcanq B rd ig¡pus 
es yxus okyk le; ∆ t (= t1 – t0), ls O;Dr fd;k tk ldrk gS tgk¡ ∆ dk iz;ksx ^esa 
gksus okyk varj* dks O;Dr djus ds fy, fd;k x;k gSA bu fcanqvksa ds chp dh nwjh s 
(t1) – s (t0) ls izkIr dh tk ldrh gSA vr%] le; vof/k [t0, t1] esa vkSlr xfr gksxh % 

 

 

*Jh vuwi pVthZ 
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vodyu xf.kr 
  

� (��) – � (��)
∆ � 

    …(1)  

bls vof/k [t0, t1] esa Qyu s(t) dh fLFkfr esa gq, ifjorZu dh vkSlr nj ds :i es 
Hkh le>k tk ldrk gSA  

fdlh xfr”khy oLrq dh rkRdkfyd xfr fdlh {k.k fof”k’V esa oLrq dh xfr gksrh gSA 
tSls-tSls ge le; varjky] ∆  t (= t1  –  t0) dks de vkSj derj djrs tkrs gS] 
oSls&oSls gh ge ml oLrq dh le; ¼{k.k½ t ij xfr ds lehi vkSj lehirj vkrs 
tkrs gSa] vFkkZr~ gesa xfr”khy oLrq dh rkRdkfyd xfr izkIr gksrh gSA ;g lh/ks-lh/ks 
lhek dh ladYiuk dk ,d vuqiz;ksx gSA Åij ¼1½ esa fn, Qyu esa] rkRdkfyd xfr 
dk vFkZ gksxk] Qyu ¼1½ dk eku] tc ∆ t, 0 ds lehi vkSj lehirj gksrk tk, ¼∆ t, 
0 dh vksj vxzlj gksrk gS½¼ ∆ t dks 0 ds fudV ds eku fn, tkrs gSa½ vFkkZr~] le; t 
ij rkRdkfyd xfr fuEufyf[kr lhek 

lim
 ∆ �→�

 
� (��) –  � (��)

∆ � 
 

ls izkIr gksrh gS] ;fn ;g lhek ifjHkkf’kr gks vFkkZr~ lhek dk vfLrRo gksA ge bl 
fLFkfr dks iqu% fu:fir djrs gSaA eku yhft, fcanqvksa A vkSj B ds e/; esa ,d fcanq 
C Hkh gS ftl ij ls gksdj ds vkidks tkuk gSA fcanq C ij rkRdkfyd xfr Kkr 
djus ds fy,] ge C ls C ds fudV fcanqvksa rd tkus dh vkSlr xfr ifjdfyr dj 
ldrs gSA bl fLFkfr esa bu fcanqvksa vkSj C ds chp dh nwjh cgqr de gksxhA lkFk gh 
C ls bu fcanqvksa rd igq¡pus dk le; Hkh cgqr de gksxkA vc ;fn vki bl vuqikr 
dk eku Kkr djsaxs] rks ;gh C ij rkRdkfyd xfr gksxhA vkids “kgj esa 
iqfyldfeZ;ksa ds ikl miyC/k VªSfQd jkMkj esa blh fof/k }kjk fdlh okgu dh xfr 
fu/kkZfjr djrs gSA 

lhek dh ladYiuk esa fdlh fcanq ;k eku rd fcuk igq¡ps ] ;knf̀PNd :i ls mlds 
lehi tkuk lfUufgr gksrk gSA lgt cks/k ls] ;g laHko gS fd ;g ladYiuk cgqr 
egÙoiw.kZ izrhr u gksA ijarq vodyu xf.kr ds v/;;u ds fy, bl ladYiuk dk 
Kku vR;ar vko”;d gSA ge igys ,d vuqØe dh lhek dh ladYiuk dh ppkZ 
djsaxs rFkk mlds i”pkr~ ,d@fdlh Qyu dh lhek dhA ge mu vk/kkjHkwr 
ladYiukvksa dh Hkh ppkZ bl bdkbZ esa djsaxs tks fdlh Qyu dh lhek dks le>us ds 
fy, vko”;d gSA  

7-2 fdlh vuqØe dh lhek [Limits of a Sequence] 

lhek dk fopkj fdlh ,sls xfreku fcanq ds O;ogkj ls mRiUu gksrk gS tks fdlh 
fu;r fcanq dh vksj vxzlj gks jgk gS vFkkZr~ ml ds lehi vkSj lehirj tk jgk gksA 
eksVs rkSj ij] tc dksbZ xfreku fcanq fdlh fu;r fcanq dh vksj vxzlj gksrk gS vkSj 
muds chp dh nwjh fujarj@mÙkjksÙkj :i ls de gksrh tkrh gS ijarq dHkh lekIr 
ugha gksrh] rks ge dgrs gSa fd og fcanq ,d lhek dh vksj izo`r gS ¼vxzlj gS½A vkbZ, 
ge bl ladYiuk dks ,d vuqØe dh lhek ds ek/;e ls le>us dk iz;kl djsaA 
uhps fn, la[;kvksa ds nks vuqØeksa ij fopkj dhft,% 

(i) S1 = {1,2,3,4,5….}  (ii)    S2 = {�
�

, �
�

, �
�

, �
�

…} 
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lhek,aigys vuqØe esa] igyh la[;k ls izkjaHk djrs gq,] vkxs vkus okyh izR;sd la[;k] 
fiNyh la[;k esa 1 tksM+ dj izkIr dh xbZ gSA bl izdkj] bl vuqØe esa mifLFkr 
la[;k,a yxkrkj c<+rh pyh tkrh gSaA buesa fdlh fu;r eku ds lehi vkus dh 
izo`fÙk n`f’Vxkspj ugha gksrhA  

nwljs vuqØe esa] igyh la[; ls izkjaHk djrs gq,] vkxs vkus okyh izR;sd la[;k va”k 
vkSj gj] nksuksa esa 1 tksM+ dj Kkr dh xbZ gSA bl vuqØe esa Hkh ;|fi la[;k,a c<+rh 
gqbZ izrhr gks jgh gSa] ijarq ;g fLFkfr fiNys vuqØe dh fLFkfr ls fHkUu gSA bl 
vuqØe dh la[;k,a Øe”k%@/khjs-/khjs ,d fu;r la[;k 1 ds lehi vk jgh gSaA bls 
vkSj vf/kd Li’V :i esa le>us ds fy,] vkb, ge bl vuqØe dh la[;kvksa dks 
n”keyo :i esa O;Dr djsaA blls bl vuqØe dk ;g :i gks tkrk gS %  

S2 = {0.888,   0.9000,   0.909,   0.916, 0.923, 0.928, 0.933, 0.937, …    

;g Li’V :i ls ns[kk tk ldrk gS dh blesa vkus okyh izR;sd Øfed@mÙkjorhZ 
la[;k] ihNs okyh la[;k dh rqyuk esa] 1 ds vf/kd lehi gSA igyh la[;k vkSj 1 ds 

e/; dk varj 0-5 gS tcfd 999osa LFkku ij vkus okyh la[;k 
���

����
 dks ns[ksa rks 

bldk 1 ls varj ek= 0-001 jg tkrk gSA blls ge ns[k ldrs gSa fd tSls-tSls ge 
bl vuqØe esa varghu :i ls vkxs c<+rs gSa rks vkus okyh la[;k,a] mÙkjksÙkj :i ls 
1 ds mruk lehi vkrh tk,axh] ftruk ge pkgsaA vFkkZr~ bl vuqØe dh la[;k,a] 
¼fcuk eku 1 /kkj.k fd, Hkh½]  fujarj :i ls 1 ds lehi vkSj lehirj vkrh gqbZ 
fn[kkbZ ns jgh gSA bl fLFkfr esa ge dgrs gSa fd vuqØe 1 dh vksj vxzlj ;k izor̀ 
gS rFkk la[;k 1 dks bl vuqØe dh lhek dgrs gSaA bl mnkgj.k esa vuqØe 1 dh 
vksj uhps ls vkrk gS vFkkZr~ 1 ls de la[;kvksa dh vksj lsA gkyk¡fd dksbZ vuqØe] 
viuh lhek dh vksj vU; izdkj ls Hkh vk ldrk gSA mnkgj.k ds rkSj ij] dksbZ 
vuqØe viuh lhek dh vksj Åij dh vksj ls Hkh vk ldrk gS vFkkZr~ lhek ls cM+h 
la[;kvksa ds ek/;e lsA ;k lhek ds nksuksa vksj iznksfyr gksrs gq, Hkh lhek ij 
vfHklfjr ¼converge½ gks ldrk gSA /;ku nsus ;ksX; egRoiw.kZ fcanq ;g gS fd vuqØe 
dh izof̀r ,d fu;r ifjfer eku dh vksj vxzlj gksus dh gksuh pkfg,A  

O;kid :i esa ,d vuqØe  

i½  vuar :i ls] leku vFkok c<+rh gqbZ nj ls  

 { }0, 1, 3, 8, 15...S = − − − −  

 ;k { }1,5,10,17,26,...S =  

ii½  ?kVrh gqbZ nj ls c<+rk gqvk ¼o/kZeku½ ;k ?kVrk gqvk ¼gzkleku½ gks ldrk gS 
tSls fd  

 { }1 1 1 1
2 3 4 51, , , , ...S =  

 ;k { }31 2 4
2 3 4 5, , , ...S =  

iii½  c<+rs gq, varj ls iznksfyr gksrk gqvk gks ldrk gS ] tSls fd 

 { }1,5, 7,17, 31...S = − − −   



 

 
 

140 

vodyu xf.kr iv½  de gksrs gq, varj ls iznksfyr gksrk gqvk gks ldrk gS tSls fd  

 { }1,1, 1,1, 1...S = − − −  

v½  fcuk varj c<+k, ;k de fd, iznksfyrk gksrs gqvk] tSls fd  

 { }1 1 1 1
2 4 8 16, , , ...S = − −  

Åij fn, gq, xq.kksa ds vk/kkj ij vuqØeksa dks fuEu izdkj ls oxhZ—r fd;k tk 
ldrk gS % 

i½  vuar dh vksj ¼∞ ;k &∞ dh vksj½ tkrk gqvk  

ii½  fdlh lhfer la[;k dh vksj tkrk gqvk] tks fd /kukRed] _.kkRed vFkok “kwU; 
gks ldrh gS 

iii½  dgha u tkrk gqvk ¼fdlh eku dh vksj u tkrk gqvk½ 

Åij dh xbZ fVIif.k;k¡ gesa fdlh vuqØe dh lhek dh O;k[;k djus esa lgk;rk 
djsaxhA  

eku yhft, { } 1n nx
≥
 la[;kvksa dk ,d vuqØe gSA ;fn ;s la[;k,a fdlh la[;k L ds 

lehi vkSj lehirj gksrh tk,a ¼vFkkZr~ nx L≈  gks½ rks ge dgrs gSa fd vuqØe { }nx  

,d vfHklkjh vuqØe gS rFkk bldh lhek L gSA  

bls ge bl izdkj O;Dr dj ldrs gS %  

lim nn
x L

→∞
=  

;k, nn
Lt x L
→∞

=  

;k, nx L→  when n →∞ . 

tc ge n →∞  fy[krsa gS rks blls gekjk vk”k; gksrk gS fd n  fujarj cM+k gksrk 
tk jgk gSA ;fn dksbZ vuqØe vfHklkjh u gks rks mls vilkjh vuqØe dgrs gSaA  

vc ge fdlh vuqØe dh lhek dh vkSipkfjd ifjHkk’kk nsrs gSaA geus Åij ns[kk fd 
dksbZ vuqØe { } 1n nx

≥
 vfHklkjh gksrk gS ;fn ,d ,slh la[;k L izkIr gks lds fd 

tSls&tSls n  dk eku c<+k;k tk, la[;k,a nx , L ds lehi vkSj lehirj gksrh tk,aA 

vFkkZr~ 

i½  ge pkgrs gSa fd nx L≈  gks  

ii½  ge ;g lqfuf”pr djuk pkgrs gSa fd nx L ε− <  gks] tgk¡ ε] 0 ls cM+h dksbZ 

cgqr gh NksVh la[;k gSA  

iii½ dFku ¼ii½ rc lgh gksxk tc ge ,d ,slk iw.kkZad 1N ≥  izkIr gks lds fd 
izR;sd n N≥ ds fy, nx L ε− <  gksA 

/;ku nsa fd ε xzhd o.kZekyk dk ,d v{kj gS ftls ^,ilkbyu* dgrs gSaA ;g ,d 
;kn`fPNd NksVh /kukRed jkf”k dks fu:fir djrk gSA ;g nx  vkSj L  dh chp ds 
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lhek,avarj ij izfrca/k yxkrk gSA nwljh vksj iw.kkZad N  gesa ;g crkrk gS fd vuqØe 
fdruh rst+h ls lhek dh vksj vxzlj gksrk gSA  

vr%] ge dg ldrs gSa fd vuqØe { } 1n nx
≥
 la[;k L  dh vksj vfHklfjr gksrk gS] 

;fn vkSj dsoy ;fn] izR;sd 0ε >  ds fy,] ,d la[;k 1N ≥  izkIr gks tk,a fd 
izR;sd n N≥ ds fy,] nx L ε− <  gksA  

7-3 ,d Qyu dh lhek [Limit of a Function] 

vc ge vuqØe dh lhek dh ladYiuk dk foLrkj fdlh Qyu dh lhek Kkr djus 
ds fy, dj ldrs gSA vkbZ, ge ,d Lora= pj okys Qyu y = f (x) ij fopkj djsaA 
gekjh :fp ;g tkuus esa gS fd ;fn,  � → � vFkkZr~ fdlh la[;k ‘a’ dh vksj tkrk 
gS ¼fcuk bl eku rd igq¡ps gq,½ rks D;k y fdlh ifjfer eku ‘b’ dh vksj tkrk gS 
vFkkZr~ D;k � → � gksrk gS\ ;fn ,slk gksrk gS rks ge dgrs gSa fd tc x, a dh vksj 
tkrk gS rks y dh lhek b gksxhA /;ku nsa fd bl ifjHkk’kk esa a dk ,d ifjfer 
la[;k gksuk vko”;d ugha gS½ 

bls ge lkadsfrd :i esa bl izdkj O;Dr dj ldrs gSa %  
   

���
�→�

 �(�) = � 

vr%] lhek L og eku gksrk gS ftldh vksj Qyu f (x) izor̀ gksrk gS ¼vFkkZr~ f 
(x) → � ½ tcfd x, a dh vksj tk jgk gksA bls lkadsfrd :i esa lim�→� �(�) = � 
ls O;Dr fd;k tk ldrk gSA  

ck,a ,oa nk,a i{k dh lhek,a  

x fdlh la[;k dh vksj 2 izdkj ls tk ldrk gS %  

a  ls NksVs ekuksa dh vksj ls vFkkZr~ a ds ckbZ vksj ls ;k a ls cM+s ekuksa dh vksj ls 
vFkkZr~ a ds nkbZ vksj lsA  

tc x nk,a i{k dh vksj ls a ds lehi@fudV vkrk gS vkSj y ,d ifjfer eku] 
[eku yhft, L] dh vksj vkrk gS rks ge L1 dks �(�) dh nk,a i{k dh lhek dgrs 
gS vkSj bls lim�→�� �(�) ls O;Dr djrs gSaA  

blh izdkj tc � ck,a i{k dh vksj ls ,d ifjfer la[;k L2 ds lehi@fudV vkrk 
gS rks ge L2 dks �(�) dh ck,a i{k dh lhek dgrs gSa vkSj bls lim�→�� �(�) }kjk 
O;Dr djrs gSaA  

mnkgj.k ds fy,] js[kkfp= 7-1 esa fn, ,d Qyu �(�) ds vkys[k ij fopkj dhft, 
tgk¡  

f (x) =              gS 

 

2,    x ≤ 0  
4,    x > 0 
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vodyu xf.kr  

 

 

 

                           js[kkfp= 7-1 

;gk¡ ;g Li’V :i ls ns[kk tk ldrk gS fd tc � ckbZ vksj ls 0 ds fudV vkrk gS 
rks  y → 2 gks tkrk gSA vr%] y  ds ck,a i{k dh lhek 2 gS  

vFkkZr~  lim�→�� �(�) = 2 nwljh vksj] ;fn � nkbZ vksj ls 0 dh vksj tkrk gS rks y 
→ 4 gks tkrk gS vr%] ge ikrs gSa fd y  dh nk,a i{k dh lhek 4 gS vFkkZr~ 
lim�→�� �(�) = 4 gSA  

geus vHkh ns[kk fd ;fn y  dh ,d lhek gS tcfd x, a dh vksj tkrk gS rks ;g 
lhek izkIr dh tk ldrh gS tc x, a dh vksj ;k rks ck,a i{k dh vksj ls tk,a ;k 
nk,a i{k dh vksj lsA vc ,d egRoiw.kZ iz”u mBrk gSA D;k fdlh fn, gq, Qyu dh 
lhek gS vFkok ughaA bl iz”u dk mÙkj bl izdkj gS% 

1½  ,d fn, gq, Qyu dh lhek gksrh gS ;fn vkSj dsoy ;fn nksuksa lhek,a ¼nk,a i{k 
dh rFkk ck,a i{k dh½ ,d leku gks vkSj mudk eku ,d ifjfer la[;k gks 
vFkkZr~ nksuksa lhekvksa dk vfLrRo gks vkSj os ,d nwljs ds leku gksaA  

2½  tc izR;sd lhek ¼nk,a i{k dh lhek rFkk ck,a i{k dh lhek½ ;k rks  gks 

;k  bl fLFkfr esa ge dgrs gSa fd Qyu dh lhek vuar gksrh gSA  

fVIi.kh % ge lkekU;r% dsoy ifjfer lhek ij gh fopkj djrs gSaA ;fn lhek −∞ 
;k ∞ ds vksj vxzlj gks ge dsoy ,d i{k ij gh fopkj djrs gSa] blls le; dh 
cpr gksrh gSA vr%] fdlh Qyu y=f(x) dh lhek dk vfLrRo] tc x, a dh vksj 

tkrk gS rHkh gksrk gS ;fn lim�→�� � =
   

���
�→��

� = � ¼tgk¡ L dksbZ ifjfer la[;k gS½ 

vkbZ, uhps fn, js[kkfp=ksa 7-2] a, b, c, d esa x ds a ds lehi tkus dh fofHkUu 
ifjfLFkfr;ksa ij fopkj djsaA  

 

y = f (x) 

(0, 2) 

(0, 4) 

x 

y 

0 

js[kkfp= 7-2 ¼a½ 
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lhek,a

 

                                 js[kkfp= 7-2 ¼b½ 

 

 

js[kkfp= 7-2 ¼c½ 

 

         js[kkfp= 7-2 ¼d½ 
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vodyu xf.kr bl js[kkfp= ds Hkkx ¼a½ esa Qyu y=f(x) dks fu:fir djus okyk ,d fu’dks.k oØ 
n”kkZ;k x;k gSA tSls-tSls pj x {kSfrt v{k ij fdlh Hkh vksj ls eku a ds lehi 
vkrk gS] rks pj y Å/okZ/kj v{k ij L ds lehi vkrk gSA vr%] bl Qyu dh ck,a 
i{k dh rFkk nk,a i{k dh] nksuksa lhek,a vfLrRo j[krh gSa rFkk ,d nwljs ds cjkcj 
gSA vr% bl fLFkfr esa] tc x, a dh vksj tkrk gS rks y dh lhek vfLrRo j[krh gS 
rFkk bldk eku L gSA  

Hkkx ¼b½ esa n”kkZ;k x;k oØ fu’dks.k ugha gSA blesa x-v{k ij fLFkr fcanq a ds Bhd 
Åij fcanq x ij oØ uqdhyk gSA ijarq fQj Hkh bl fLFkfr esa Hkh x ds a ds lehi 
vkus ij y dk eku L ds lehi tkrk gSA vr%] tc x, a ds lehi vkrk gS rks y dh 
lhek dk vfLrRo gksrk gS rFkk mldk eku L ds cjkcj gSA  

Hkkx ¼c½ esa ,d lksiku Qyu n”kkZ;k x;k gSA ;gk¡ ge ns[k ldrs gSa fd ;fn x ckbZ 
vksj ls a ds lehi vkrk gS rks y] L1 ds lehi vkrk vFkkZr~ y dh ¼ck,a i{k dh½ 
lhek L1 gS vkSj ;fn x nkbZ vksj ls a ds lehi vkrk gS rks y] L2 ds lehi vkrk gS 
vFkkZr~ y dh ¼nk,a i{k dh½ lhek L2 gSA bl fLFkfr esa ;|fi y dh ¼tc x→a gS½ 
nk,a vkSj ck,a i{k dh nksuksa lhekvksa dk vfLrRo gS ijarq os leku ugha gSaA vr%] 
ifjHkk’kk ds vuqlkj tc x→a gS rks y dh lhek dk vfLrRo ugha gSA var esa] Hkkx 
¼d½ esa ,d ledks.kh; vfrijoy; n”kkZ;k x;k gS ;gk¡ tSls&tSls x ckbZ vksj ls a ds 
lehi vkrk gS] rks y] − ∞  dh vksj tkrk gSA nwljh vksj ;fn x nkbZ vksj ls a ds 
lehi vkrk gS] rks y, + ∞  dh vksj tkrk gSA  

bl fLFkfr esa ck,a i{k dh rFkk nk,a i{k dh lhekvksa ls dksbZ Hkh lhek vfLrRo ugha 
j[krhA vr%] tc x, a ds lehi vkrk gS rks y dh lhek dk vfLrRo ugha gSA 

7-4 lhekvksa ds ifjdyu dh chtxf.krh; fof/k [Algebraic 
Approach to Computation of Limits] 

geus lhek dh ladYiuk dk v/;;u fd;k gSA vc ge dqN fu;eksa dk iz;ksx djds 
fdlh Qyu dh lhek ds ifjdyu dh okLrfod izfØ;k ds ckjs esa tkusaxsA  

7-4-1 lhek ds ifjdyu ds fu;e [Rules for Evaluating a Limit] 

lhek,a chtxf.kr ds lkekU; fu;e tSls ;ksx] O;odyu] xq.kk rFkk Hkkx bR;kfn dk 
ikyu djrh gSaA vkbZ,] nks Qyuksa y f x  vkSj y g x  ds fy, uhps fn, 

fu;eksa ij fopkj djsa tcfd gesa Kkr gS fd 1x a
Lt f x L  vkSj 2x a

Lt g x L  

gSA 

1½  ,d vpj Qyu f(x)=c dh lhek vpj gksrh gS  

                                x a
Lt c c  

2½  nks Qyuksa ds ;ksx@varj dh lhek] mudh lhekvksa ds ;ksx@varj ds cjkcj 
gksrh gSA  

1 2x a x a x a
Lt f x g x Lt f x Lt g x L L  
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lhek,avr%] ,d vpj rFkk ,d Qyu ds ;ksx dh lhek mudh lhekvksa ds ;ksx ds 
cjkcj gksrh gS  

1x a x a x a
Lt c f x Lt c Lt f x c L  

3½  nks Qyuksa ds xq.kuQy dh lhek] mudh lhekvksa ds xq.kuQy ds cjkcj gksrh 
gSA 

1 2x a x a x a
Lt f x g x Lt f x Lt g x L L  

4½  nks Qyuksa ds HkkxQy dh lhek] mudh lhekvksa ds HkkxQy ds cjkcj gksrh gS] 
;fn gj esa mifLFkr Qyu dh lhek “kwU; u gksA  

1

2

x a

x a
x a

Lt f xf x LLt
g x Lt g x L

   ;fn L2≠0 gksA  

5½  fdlh Qyu ds foykse dh lhek] Qyu dh lhek ds foykse ds cjkcj gksrh gS] 
;fn Qyu dh lhek “kwU; u gksA 

1

1 1 1
x a

x a

Lt
g x Lt g x L

    

;fn L1≠0 gksA 
 

6½  fdlh Qyu ds oxZewy dks n  ls xq.kk djus ij izkIr gksus okys Qyu dh 
lhek] Qyu dh lhek ds oxZewy dks n  ls xq.kk dj ds izkIr dh tk ldrh gS] 
;fn Qyu dh lhek “kwU; ;k “kwU; ls vf/kd gksA  

1x a x a
Lt n f x n Lt f x n L

      
;fn L ≥ 0 gksA 

7-4-2 dqN ekud lhek,a [Some Standard Limits] 

uhps dqN egRoiw.kZ lhek,a nh tk jgh gSa tks vkidks bl ikB~;Øe ds v/;;u esa 
lgk;rk djsaxh] vr% bUgsa Bhd izdkj ls lh[k ysaA budh miifÙk bl ikB~;Øe ds 
fo’k;&{ks= ls ckgj gSA  

1) 1, 0
n n

n

x a

x aLt na a
x a

 

2) 
11 2.71828

x

x
Lt e

x
 

3) 
1

0
1 2.71828x

x
Lt x e  

4) ���→�
����

�
= log� �, � > 0 

5) ���→�
����

�
= log� � = 1 

[fVIi.kh% log� � dks lna Hkh fy[kk tkrk gS] 



 

 
 

146 

vodyu xf.kr 7-4-3 ifjfer rFkk vifjfer lhek,a [Finite and Infinite Limits] 

,slh lhek,a ftudk eku ,d ifjfer la[;k gks] ifjfer lhek,a dgykrh gSaA mnkgj.k 
ds fy,] 

2
5 7 17

x
Lt x  tgk¡ 17 ,d lhfer la[;k gSA blh izdkj] ,slh lhek,a 

ftudk eku ,d ifjfer la[;k u gksdj] +∞ ;k −∞ gks] vuar lhek,a dgykrh gSaA 

mnkgj.k ds fy,] 220

5 5 5
00x

Lt
x

 

mnkgj.k 1 % ;fn y=x2+1 gS] rks lim�→� � Kkr dhft,A 

gy % ck,a i{k dh lhek Kkr djus ds fy,] vkbZ, ge ,d&,d djds fn, gq, 

Qyu esa x ds LFkku ij _.kkRed la[;k,a 
1 1 1-1, - , - , -  … 
2 3 4

j[ksaA ge ikrs gS fd 

x 2 ¼tks fd ,d /kukRed la[;k gS½ dk eku de vkSj derj gksrk tkrk gS vkSj 0 
dh vksj tkrk gSA ifj.kkeLo:i] x 2 1+  dk eku fujarj de gksrk gS vkSj 1 dh vksj 
tkrk gSA vr%] Qyu y=x2+1 dh ck,a i{k dh lhek 1 gSA blh izdkj x  ds LFkku 

ij /kukRed la[;k,a 
1 1 11, , ,  …
2 3 4

j[kus ij ge ikrs gS fd x 2 , 0 dh vksj tkrk gSA 

ifj.kkeLo:i x2+1 dk eku fujarj de gksrs gq,] la[;k 1 dh vksj tkrk gSA vr%] 
Qyu y=x2+1 dh nk,a i{k dh lhek Hkh 1 gSA bl izdkj ge ikrs gSa fd y=x2+1dh 
nksuksa i{kksa dh lhek,a leku gSaA vr%] bl Qyu dh lhek vfLrRo j[krh gS vkSj 1 
ds cjkcj gSA ge bls bl izdkj O;Dr dj ldrs gSa % Lim y

x→
=

0
1  

mnkgj.k 2 % Lim
x x x
x xx→

− + −
− +3

3 2

2
2 2 6

5 13 3
  Kkr dhft,A  

gy % ge bl lhek dks Kkr djus ds fy, lhekvksa ls lacaf/kr fofHkUu fu;eksa dk 
mi;ksx djsaxsA  

( )
( )

( ) ( ) ( ) ( )

( ) ( ) ( )

Lim
x x x
x x

Lim x x x

Lim x x

Lim x Lim x Lim x Lim

Lim x Lim x Lim

x

x

x

x x x x

x x x

→

→

→

→ → → →

→ → →

− + −
− +

=
− + −

− +

=
− + −

− +

3

3 2

2

3

3 2

3

2

3

3

3

2

3 3

3

2

3 3

2 2 6
5 13 3

2 2 6

5 13 3

2 2 6

5 13 3

 

 
 

 

    

   
 

=
− + −

− +
→ → → →

→ → →

Lim x Lim x Lim x Lim

Lim x Lim x Lim
x x x x

x x x

3

3

3

2

3 3

3

2

3 3

2 6

5 13 3

   2    

      
 

( ) ( )
( ) ( )=
− + −

− +

=

27 2 9 2 3 6
5 9 13 3 3

1  
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lhek,amnkgj.k 3 % ,d O;fDr us 1000 :- dk fuos”k 5 izfr”kr pØo`f) C;kt dh okf’kZd 
nj ls 2 o’kZ ds fy, fd;kA ;fn C;kt lrr :i ls yxk;k tk jgk gks] rks Kkr 
dhft, fd ml O;fDr dks nks o’kZ i”pkr~ fdruh jkf”k izkIr gksxh\ bl fuos”k dh 
izHkkoh C;kt nj D;k gksxh\  

gy % bl iz”u dks gy djus ds fy,] ge igys pØo`f) C;kt Kkr djus ds lw= ds 
ckjs esa ppkZ djrs gSaA ge tkurs gSa fd ;fn jkf”k P dk fuos”k 1 o’kZ ds fy, 
pØof̀) C;kt ij 100r% dh okf’kZd nj ls fd;k x;k gS] rks 1 o’kZ ds i”pkr~ izkIr 
gksus okyh dqy jkf”k A gksxh ( )A P r= +1  ;fn C;kt dh ;gh nj o’kZ esa m ckj 
O;odfyr@la;ksftr dh tkrh gS] rks 1o’kZ i”pkr~ izkIr gksus okyh jkf”k gksxh] 

A P
r
m

m

= +






1  ;gk¡ O;atd 

r
m

 ;g n”kkZrk gS fd ;fn C;kt dh okf’kZd nj 100r% 

gS rks izR;sd la;kstu vof/k esa C;kt dh nj 
100r
m

%  ykxw gksxhA lw= esa mifLFkr 

?kkrkad m ;g n”kkZrk gS fd C;kt ,d o’kZ esa m ckj la;ksftr gksrk gSA vc] blh 
okf’kZd la;kstu ckjackjrk m ds fy,] t o’kZ ds i”pkr~ izkIr gksus okyh jkf”k A gksxh] 

A P
r
m

mt

= +






1  tgk¡ ?kkrkad mt, t o’kksZa esa gksus okys la;kstuksa dh la[;k dks O;Dr 

djrk gSA ge bls] bl izdkj Hkh O;Dr dj ldrs gS %  

A P
r
m

P
r
m

P
n

mt m
r
rt

n rt

= +






 = +





















= +
















1 1 1

1
  

tgk¡ n
m
r

=  gSA ;g Li’V :i ls ns[kk tk ldrk gS fd tc m →∞ gks rks n Hkh 

∞ dh vksj tk,xkA  

fn, gq, iz”u esa C;kt lrr :i ls la;ksftr gksrk gSA ifj.kkeLo:i] lekatu 
ckjacjrk 

vuUr dh vksj tkrh gSA vr%] visf{kr jkf”k m → ∞ ds fy,] P
r
m

mt

1+






  dh lhek 

gksxhA  

;g lhek gS  

A Lim P
r
m

Lim P
r
m

LimP
nm

mt

m

m
r
rt

n

n rt

= +






 = +





















= +


















→∞ →∞ →∞
1 1 1

1

 

tc n → ∞ rks P[(1+ 1� )n]rt dh lhek n → ∞ ds fy, (1+ �
�
)n dh lhek ij fuHkZj 

djrh gSA  
vFkkZr~ 

LimP
n

P Lim
nn

n rt

n

n rt

→∞ →∞
+

















 = +

















1

1
1

1
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vodyu xf.kr 
ge tkurs gSa fd Lim

n
e

n

n

→∞
+







 =1

1
 gksrh gSA vr%  

A P Lim
n

Pe
n

n rt
rt= +

















 =

→∞
1

1
 gksxkA  

gesa fn;k gS fd P = 1000:] r = C;kt dh nj izfr”kr@100 

                                             = 
�

���
 = 0-05 

rFkk t =  2 o’kZ gSA blfy,] 

A = 1000 (e0.05(2)) = 1000 (2.71828)0.1  gksxkA  

[D;ksafd e = 2.71828… gksrk gS] 

nksuksa i{kksa dk y?kqx.kd ¼log½ ysus ij ge ikrs gS fd  

log  log  log2.71828

        

        

A = + ×

= + ×

=

1000 01

3 01 0 4343

3 04343

.

. .

.

 

nksuksa i{kksa dk izfry?kqx.kd ysus ij ge ikrs gSa fd 

A = antilog 3.04343 

    = 1105 ¼yxHkx½ 

vr%] visf{kr jkf”k 1105: ds cjkcj gksxhA  

fdlh fuos”k ij izLrkfor@mn~/kr̀ okf’kZd C;kt nj dks lkadsfrd nj ¼nominal rate½ 
dgrs gSaA okf’kZd C;kt nj dks lkadsfrd nj  dgrs gSaA okf’kZd C;kt nj] ftl ij 
dksbZ nh gqbZ /ku jkf”k okLrfod :i ls c<+rh gS] bl ij fuHkZj gksrh gS fd C;kt o’kZ 
Hkj esa fdruh ckj la;ksftr fd;k tkrk gSA bl nj dks C;kt dh izHkkoh ;k okLrfod 
nj dgrs gSaA vr%] C;kt dh izHkkoh@okLrfod nj fdlh lkadsfrd@izLrkfor C;kt 
nj dks o’kZ esa nh gqbZ la[;k ds cjkcj] eku yhft, m ckj] la;ksftr djus ij izkIr 
lerqY; okf’kZd pØo`f) C;kt ds cjkcj gksrh gSA larr pØo`f) C;kt vc] ;fn 
jkf”k P dk t o’kZ rd 100 r% dh nj ls fuos”k djus ij] jkf”k A izkIr gksrh gS] rks 
ge ikrs gSa fd ;g gksxh 

                        A Pert=  (1) 

;fn izHkkoh@okLrfod C;kt nj 100 i% gS] rks ge bls bl izdkj fy[k ldrs gSa 

( )A P i t= +1  (2) 

lehdj.kksa ¼1½ vkSj ¼2½ ls ge ikrs gSa fd  

( )1+ =i et rt  

;k         1+i = er                                                                                                                                (3)
 

lehdj.k ¼2½ dks gy djds ge izHkkoh C;kt nj 100 i% Kkr dj ldrs gSA  



 

 
 

149

lhek,agesa r = 0.05 fn;k gS bl eku dks ¼3½ esa j[kus ij] gesa izkIr gksrk gS 

1 0 05+ =i e .  

nksuksa i{kksa dk y?kqx.kd@log ysus ij  

( )log log2.71828

             

1 0 05

0 021715

+ = ×

=

i .

.
 

nksuksa i{kksa dk antilog@izfry?kqx.kd ysus ij  

( )1 0 021715

1 1052

0 052

+ =

+ =

=

i

i

i

 antilog

or 

or 

.

.

.

 

vr% C;kt izHkkoh nj 5-2% gSA  

cks/k iz”u 1 

1½  fuEufyf[kr lhekvksa dk eku Kkr dhft, %  

a) 2

2
5

x
Lt x x  

b) 
0

3 1
5 1x

xLt
x

 

c) 
3

2

24

2
15x

x xLt
x

 

d) n

x a
Lt Ax  

e) Lim
x
xx→

−
+1

2

2
4 3
2 1

  

f) ����→��
������

���
 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

2½  ,d QeZ ds mRiknu dh dqy ykxr Qyu C q= +4 2  ls O;Dr dh tk 
ldrh gSA D;k bl QeZ dh vkSlr ykxr fdlh ifjfer eku dh vksj tk,xh 
;fn mRikn ∞ dh vksj tk,\ ;fn gk¡] rks og eku Kkr dhft,A 

------------------------------------------------------------------------------------------------------------------------------------------------------ 
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vodyu xf.kr ------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

3½  ,d O;kikjh us fdlh lkgwdkj ls dqN /kujkf”k m/kkj yhA mlus lkgwdkj dks 4 
o’kZ i”pkr~ 5000: ykSVkus dk oknk fd;k gSA ;fn C;kt 10% okf’kZd pØo`f) 
C;kt dh nj ls lrr :i ls la;ksftr gksrk gS rks Kkr dhft, fd O;kikjh us 
fdruh /kujkf”k m/kkj yh\ ;g Hkh Kkr dhft, fd O;kikjh }kjk fn, x, 
C;kt dh izHkkoh nj D;k gksxh\ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

Åij dh xbZ ppkZ esa geus L ¼Qyu dh lhek½ dks ,d ifjfer la[;k ekuk gSA ijarq 
;g vuar Hkh gks ldrh gSA  

;fn fdlh fLFkfr esa fdlh Qyu ( )f x  ds fy, ( )lim
x N

f x
→

= ∞ ;k −∞  gks] rks bl 

Qyu ds fy, lhek ds okLrfod vFkZ esa Qyu dh lhek dk vfLrRo ugha gksrkA 
tSlk fd vki ns[k ldrs gSa fd ( )f x →∞ dk vFkZ gS fd Qyu dk eku fujarj 

c<+rk tk,xk] vr% bldh lhek ugha gksxhA lkFk gh] ;fn x dk eku vuar ¼∞ ;k 
&∞½ dh vksj tk,] rks Åij nh xbZ ck,a i{k rFkk nk,a i{k dh lhek,a Hkh vFkZghu gks 
tkrh gSa vkSj ge dsoy ,d gh i{k dh lhek Kkr dj ldrs gSaA mnkgj.k ds fy, 
;fn ge Qyu ( )f x  dh lhek Kkr djuk pkgrs gks tc x →  −∞ dh vksj tk,] 

rks ( )f x dh dsoy nk,a i{k dh lhek gh izklafxd gksxhA blh izdkj ;fn ge Qyu 

( )f x  dh lhek x →  +∞ ds fy, Kkr djuk pkgrs gSa rks dsoy ck,a i{k dh lhek 

gh izklafxd gksxhA blls igys dh ge Qyuksa dh lhek Kkr djus ds dqN mnkgj.k 
ysa] bl vksj /;ku nsuk mi;ksxh gksxk fd tc ge fdlh lhek dk vuqeku yxkrs gSa 
tcfd x→N gks vFkkZr~ x, N dh vksj tkrk gks] rks gekjh :fp mu ekuksa esa gksrh gS 

tks N ds fudV gksa] x = N ij ughaA ;fn ge Qyu ( )
2 1

1
xf x
x
−

=
−

 ij fopkj djsa 

rks ge ik,axs fd bl Qyu dk eku 1x =  ij Kkr ugha fd;k tk ldrk D;ksafd] 
1x =  ij bldk gj 0 gks tkrk gSA ijarq bl Qyu dk eku 1x =  ds vfrfjDr 

izR;sd fcUnq ds fy, Kkr fd;k tk ldrk gSA blfy, bl Qyu ds fy, gekjs 
le{k iz”u ;g gS fd ;fn 1x →  gks] bl Qyu dh lhek D;k gksxh\ /;ku nsa fd 

1x →  dk vFkZ gksrk gS fd x,1 dh vksj tk jgk gS] 1x =  ughaA ge bl Qyu dh 



 

 
 

151

lhek,alhek vkxs vkus okys mnkgj.kksa esa Kkr djsaxsA ikBd /;ku nsa fd ftl la[;k ij ge 
Qyu  dh lhek Kkr djuk pkgrs gSa] ml la[;k dks Qyu esa izfrLFkkfir dj nsuk 
gh lhek Kkr djus dh mfpr fof/k ugha gSA gesa Qyuksa dh lhek Kkr djrs gq, 
bldk /;ku j[kuk pkfg,A  

vkbZ, vc ge lhekvksa ds lanHkZ esa dqN fof”k’V fLFkfr;ksa ij ,d ut+j Mkysa ftuesa 
lhek ;k rks 0 gS ;k@vFkok vfu/kkZ;Z gS rFkk O;kid :i esa dksbZ fu’d’kZ fudkyuk 
laHko ugha gSA  

1½  tc ,Lt f x A Lt g x  gks] rks Lt f x Lt g x A  

gksxhA ¼vuar lhek] ∞½ 

2½  tc ,Lt f x A Lt g x  gks] rks Lt f x Lt g x A  

gksxhA ¼vuar lhek] & ∞½ 

3½  tc ,Lt f x Lt g x  gks] rks Lt f x Lt g x  

gksxhA ¼vuar lhek] ∞½ 

4½  tc ,Lt f x Lt g x  gks] rks Lt f x Lt g x  gksxhA 

5½  tc , 0Lt f x A Lt g x  gks] rks 
0

Lt f x A
Lt g x

 gksxhA ¼vuar lhek] ∞ ½ 

6½  tc 0, 0Lt f x Lt g x gks] rks 
0
0

Lt f x
Lt g x

 gksxhA ¼;g ,d vfu/kkZ;Z 

fLFkfr gS rFkk dksbZ fu’d’kZ fudkyuk laHko ugha gS½ 

7½  tc ,Lt f x A Lt g x  gks] rks 
Lt f x
Lt g x

 gksxhA ¼;g ,d 

vfu/kkZ;Z fLFkfr gS rFkk dksbZ fu’d’kZ fudkyuk laHko ugha gS½ 

8½  tc ,Lt f x Lt g x  gks] rks 
Lt f x
Lt g x

 gksxhA ¼;g ,d 

vfu/kkZ;Z fLFkfr gS rFkk dksbZ fu’d’kZ fudkyuk laHko ugha gS½ 

9½  tc ,Lt f x A Lt g x gks] rks Lt f x Lt g x A  

gksxhA ¼vuar lhek] ∞½ 

10½  tc ,Lt f x Lt g x  gks] rks Lt f x Lt g x
gksxhA ¼vuar lhek] ∞½ 

vfu/kkZ;Z lhekvksa dks Kkr djus dh dqN fof/k;k¡ 

lhekvksa ds ifjdyu esa fuEUkfyf[kr fof/k;k¡ mi;ksxh fl) gksrh gSa %  

i½ xq.ku[kaMu 
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vodyu xf.kr ii½  ifjes;hdj.k 

iii½ ljyhdj.k 

iv½  vU; fof/k;k¡ 

bu fof/k;ksa ls ge fofHkUu vfu/kkZ;Z lhekvksa ds eku Kkr dj ldrs gSa tSls fd 

i) 0 × ∞ 

ii) 

0
0  

iii)  

iv)  

v) | 0 | | |  

vkbZ, vc ge lhekvksa ds dqN mnkgj.k ys %  

mnkgj.k 4 % lim�→� �(�) Kkr dhft,] tgk¡ � (�) = ����
���

 gSA  

gy % ge ns[k ldrs gSa fd ;g Qyu 1x =  ds fy, ifjHkkf’kr ugha gSA vr% ge 
igys bl Qyu dks ljyh—r dj ysrs gSa %  

( ) ( ) ( )
( ) ( )1 1

1
1

x x
f x x

x
+ −

= = +
−

 

vc lim�→�(� + 1) Kkr djus ds fy, ge bl Qyu x + 1 esa x ds LFkku ij 
1x =  j[k ldrs gSaA bl izdkj ge izkIr djrs gS fd vHkh’V lhek ( )1 1 2+ =  gSA 

mnkgj.k 5 % lim�→� �(�) Kkr dhft, tgk¡ � (�) = �
���

 gSA  

gy % ;fn ge � (�) = �
���

. esa x  ds LFkku ij ∞  j[ksa rks ;g Qyu 
∞
∞

 cu tkrk 

gS tks fd vfu/kkZ;Z gSA vr% ge bldk ljyhdj.k djrs gSaA ;fn ge va”k vkSj gj 

nksuksa dks x  ls Hkkx djsa rks ge ikrs gSa fd f(x) = �
���

 = �
�� �� ���

 gSA blesa x dks 

∞ j[kus ij] ge izkIr djrs gSa fd  

  
( ) ( ) ( )

1 1 1 1
1/ 1 0 1 1

f x = = = =
∞ + +

 

vr%] lim�→�
�

���
= 1 

mnkgj.k 6 % lim�→� �(�) Kkr dhft,] tgk¡ � (�) = ����
����

 gSA  

gy % ge ns[k ldrs gSa fd ;fn bl Qyu esa x ds LFkku ij ∞  j[kk tk,a rks gesa 
∞
∞

 izkIr gksrk gS tks fd vfu/kkZ;Z gSA vr% ge bl Qyu dks ljy djrs gSaA  
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lhek,a� (�) = ����
����

  = ��
� + 2� ÷ �1

�
+ 3� ¼va”k vkSj gj nksuksa dks x ls Hkkx djus ij½ 

D;ksafd x→ ∞ ds fy, �
�

→ 0 gksrk gS] vr% 

lim
�→�

 
����
����

  = lim
�→�

  ��
� + 2� ÷ �1

�
+ 3� = �

�
 

mnkgj.k 7 % 
   

���
�→�

�(�) Kkr dht,] tgk¡ � (�) = �(���)����
�

 gSA  

gy % iqu%] bl Qyu esa Hkh x = 0 j[kus ij gesa 
�
�
 izkIr gksrk gS tks fd vfu/kkZ;Z gSA 

vr% gesa bl Qyu dk ljyhdj.k djuk gksxkA ge fn, gq, Qyu dks bl izdkj 
fy[k ldrs gS %  

� (�) = 
( )21 1x

x

 + −   =
 

( ) ( )
2 21 2 1 2

x xx x x
x x

++ + −
= = +  

bl izdkj ge izkIr djrs gSa fd  
   

���
�→�

�(�) =
   

���
�→�

 (� + 2) = 2                          

mnkgj.k 8 % fuEufyf[kr Qyuksa ds O;ogkj dk ijh{k.k dhft, ¼budh lhek 
fu/kkZfjr dhft,½ ;fn (a) x  gS (b) x gSA  

  (i) 
2

2

5 1
2

x x
x

  (ii) 
5

4

1
1

x
x x  

¼vfu/kkZ;Z :i½ 

i)  gesa bl Qyu dk ljyhdj.k djuk gksxk ftlls lhek Kkr dh tk ldsA blds 
fy, ge Qyu ds va”k rFkk gj nksuksa dks Qyu esa mifLFkr x dh vf/kdre 
?kkr okys in ls foHkkftr djrs gSaA bl iz”u esa ;g x2 gSA 

2

2 2 2 2 2

22

22 2

5 1 1 155 1
222 1

x x x

x x
x x x x x x xLt Lt Lt

xx
xx x

 

vc x  j[ksaA blls ge izkIr djrs gSa 
�� �

�� �
��

�� �
��

= �����
���

= �
�

= 5 

blh izdkj 
22

2

2

1 15
5 1 5 0 0 5

22 1 0 11
x

x xLt
x

 

ii) 
x
Lt

5

4

1
1

x
x x

 
2

5

4 54 5

11 11

1 1 1 1 1 1x

xLt

x x x
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vodyu xf.kr 
                 

0 1 1
0 0 0 0

 

� → −∞ ds fy, Hkh gesa ;gh lhek izkIr gksxhA ikBdksa ls vuqjks/k gS fd os � → −∞ 
ds fy, bl lhek dks Lo;a Kkr dhft,A  

mnkgj.k 9 % lhek 
2

0
4

1

1x

xLt
x

 Kkr dhft, 

gy % ;fn ge fn, gq, Qyu esa 0x  j[ksa rks gesa 
1

0
1

0
 izkIr gksrk gS tks fd 

vfu/kkZ;Z :i esa gSA  

ge chtxf.krh; lafØ;kvksa ds }kjk fn, gq, Qyu dks ljy djrs gSa rFkk 0x  
j[krs gSaA bl izdkj gesa izkIr gksrk gS fd  

42 22
20 0 0

4

1 1 0 01 1x x x

xxLt Lt Lt x
x

x
 

mnkgj.k 10 % ;fn 
13f x
x
 rFkk 

15g x
x
 gS rks f x g x  dh lhek 

Kkr dhft, tcfd 0x  gSA  

gy % 
0 0

1 13 5
x x
Lt f x g x Lt

x x  

                                       0 0

1 13 5
x x
Lt Lt

x x
 

;g ,d vfu/kkZ;Z fLFkfr gSA ijarq ;fn ge /;kuiwoZd ns[ksa rks bl lhek dks cgqr 
ljyrk ls Kkr fd;k tk ldrk gS fn ge nksuksa lhekvks dks ,d lkFk ,d dks’Bd 
esa j[kdj] izkIr O;atd dks ljyh—r dj ysa A vFkkZr~  

��
�→�

�3 +
1
�

+ 5 −
1
�

� =
13
x

15
x

��
�→�

8 = 8 

vRk%] f x g x  dh lhek 8 gksxhA  

mnkgj.k 11 % fuEufyf[kr lhek,a Kkr dhft,A  

a) 21

1
2 7 5x

xLt
x x

                      b) 
4 3

3 21

3 2
5 3 1x

x xLt
x x x  
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lhek,agy % a) ;fn ge fn, gq, O;atd@Qyu esa 1x  j[ksa rks ge ikrs gSa fd 

21

1
2 7 5x

xLt
x x

 cu tkrk gS 2
1 1 0

02 1 7 1 5
 tks fd vfu/kkZ;Z gSA  

blfy, gesa bl O;atd dk ljyhdj.k djuk gksxkA ge ;gk¡ xq.ku[kaMu dh fof/k 
dk iz;ksx djrs gSaA  

D;ksafd 22 7 5 1 2 5x x x x  gS] vr% ge ikrs gSa fd 

          ��
�→�

 (���)
(���)(����)

= ��
�→�

�
(����)

= �
�(�)��

= ��
�
 

b)  ;fn ge O;atd 
4 3

3 2

3 2
5 3 1

x x
x x x

 esa 1x  j[ksa] rks ge ikrs gSa fd  

                  

4 3

3 2

1 3 1 2 1 3 2 0
1 5 3 1 01 5 1 3 1 1

 

tks fd vfu/kkZ;Z gSA  

vr% ge chtxf.krh; lafØ;kvksa ds }kjk bl O;atd dk ljyhdj.k djrs gSaA blds 
fy, ge] va”k vkSj gj nksuksa dk xq.ku[kaMu djrs gSa %  

                  

3 24 3

3 2 21 1

1 2 2 23 2
5 3 1 1 4 1x x

x x x xx xLt Lt
x x x x x x

 

¼ladsr % ;fn x = a fdlh fn, gq, Qyu f (x) dk “kwU; gS] vFkkZr~ ;fn f (a) = 0 gS] 
rks (x&a), Qyu f (x) dk ,d xq.ku[kaM gksxk blds i”pkr~ Qyu f (x) dks (x&a) ls 
yach Hkkx fof/k }kjk Hkkx djds blds vU; xq.ku[kaM Kkr fd, tk ldrs gSaA  

3 2

21

2 2 2
4 1x

x x xLt
x x  

3 2

2

1 2 1 2 1 2 1 2 2 2 5 5
1 4 1 4 41 4 1 1

 

mnkgj.k 12 % fuEufyf[kr lhekvksa dk eku Kkr dhft,  

a) ��
�→�

 √����√���
�

                     

 b)  2 25 4 3 4
x
Lim x x x x  

gy (a) % bl mnkgj.k esa fn;k gqvk Qyu ,d vifjes; O;atd gS vr% ge bls 
ifjes;hdj.k dh fof/k }kjk ljyh—r djrs gSaA  

;fn ge bl O;atd esa x = 0 j[ksa rks ge ikrs gS fd  
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vodyu xf.kr 

0

2 2 2 2 0
0 0x

x xLt
x

       ¼tks fd vfu/kkZ;Z gS½  

ifjes;hdj.k djus ij ge ikrs gS fd fn;k gqvk O;atd 

2 2 2 2

2 2

x x x x

x x x
 

2 2 2 2
2 22 2 2 2

x x x
x xx x x x x x

 

ds leku gks tkrk gSA blesa x→0 ysus ij ge ikrs gSa fd  

��
�→�

−2
√2 − � + √2 + �

=
−2

√2 − 0 + √2 + 0
=

−2
2√2

=
−1
√2

 

b½ ge ;g ns[k ldrs gSa fd ;fn fn, gq, Qyu@O;atd esa x→∞ fy;k tk,a rks 

ge ikrs gSa fd 2 25 4 3 4
x
Lt x x x x  ¼tks fd vfu/kkZ;Z gS½  

vr% ge bl O;atd dk ifjes;hdj.k djrs gSa rFkk  

lw= 2 2a b a b a b  dk iz;ksx djds ikrs gS fd  

                              = ��
�→�

��(�������)��(�������)���(�������)��(�������)�

��(�������)��(�������)�
  

= ��
�→�

�� + 5� + 4 − �� + 3� − 4

��(�� + 5� + 4) + �(�� − 3� + 4)�
 

= ��
�→�

8�

��(�� + 5� + 4) + �(�� − 3� + 4)�
 

¼va”k vkSj gj nksuksa dks x ls Hkkx djus ij@/;ku nsa fd x, oxZewy ds fpºu ds vanj 
tkdj x2 gks tkrk gS½ 

 = ��
�→�

8

�����

�� + 5�
�� + 4

��� + ����

�� − 3�
�� + 4

����
 

            = ���→�
�

������
�� �

�������� ��� �
����

  

                                 

8 8 4
1 11 0 0 1 0 0

 

mnkgj.k 13 % uhps nh gqbZ lhek,a Kkr dhft, %  
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lhek,a
a½  

1 2 1
3 1 1x

x xLt
x x                 

vkSj         ¼b½ ���→� � ���
����

� �����
���

� 

gy a½ %  
1 2 1 1 2 1

3 1 1 3 1 1x x x

x x x xLt Lt Lt
x x x x  

                   

1 1 1 11 2 1 2 1 0 2 0
1 1 1 1 3 0 1 03 1 3 1

x x

x xLt Lt

x x  

                   

1 72
3 3

 

gy b½ %
1 2 1 1 2 1

3 1 1 3 1 1x x x

x x x xLt Lt Lt
x x x x  

                

1 22
3 3

      [Hkkx ¼a½ ns[ksa] 

mnkgj.k 14 % ;fn x → a gS rks 
m m

n n

x a
x a

 dh lhek Kkr dhft,A  

gy % ;fn ge fn, gq, O;atd esa x a  j[ksa rks ge 
0
0
 izkIr gksrk tks fd vfu/kkZ;Z 

gSA ge Kkr gS fd 1
n n

n

x a

x aLt n a
x a

 ,d ekud lhek gSA  

[bl ekud lhek dk iz;ksx djus ds fy, ge fn, gq, O;atd ds va”k vkSj gj nksuksa 
dks � − � ls foHkkftr djrs gSa] 

= ��
�→�

�� − ��

�� − �� = ��
�→�

�
�� − ��

� − �
×

� − �
�� − ��� = ��

�→�
�
�� − ��

� − �
×

1
�� − ��

� − �
� 

= ��
�→�

�
�� − ��

� − �
÷

�� − ��

� − � � = ����� ÷ ����� =
�
�

���� 

cks/k iz”u 2  

1½  Qyu ( )y
x x
x

x=
+ −
−

≠
2 56

7
7,   ds fy,] ck,a i{k rFkk nk,a i{k dh lhek,a 

Kkr dhft, ;fn x → 7 gSA D;k bl izdkj izkIr lhekvksa ls ge ;g fu’d’kZ 
fudky ldrs gSa fd ;fn x → 7 gks rks y dh lhek vfLrRo j[krh gSA  

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

2)   Qyu ( )y
x x x

x x
x=

− + −
− +

≠
3 2

2
6 12 8

4 4
2,   ds fy,  y dh lhek Kkr dhft, 

;fn x → 2 gksA  
----------------------------------------------------------------------------------------------------------------------------------------------------- 



 

 
 

158 

vodyu xf.kr ----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

3½  ,d ek¡x Qyu p
q

=
+
5

2
 ysaA ;fn ek¡x dh ek=k � → ∞ gks rks dqy jktLo 

D;k gksxk\ 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

y gkWfiVy dk fu;e 

;fn f(x) vkSj g(x) nks ,sls vodyuh; Qyu gSa fd mudk HkkxQy@foHkktu }kjk 

izkIr Qyu 
f x
g x

 vfu/kkZ;Z :i �
�
 ;k �

�
 dks izkIr djrk gS ;fn x fdlh eku ^a* dh 

vksj tkrk gS rks ,y gkWfiVy fu;e }kjk 
f x
g x  

dh lhek Kkr dh tk ldrh gSA 

;g fu;e bl izdkj gS  

lim�→�
�(�)
�(�)

=  ���
�→�

��(�)
��(�)

= ���
�→�

���(�)
���(�)

 % tgka va”k vkSj gj dk vodyu vyx-vyx 

fd;k tkrk gS & ,d vuqikr ds :i esa ughaA 

bl fu;e dks bl izdkj ykxw fd;k tkrk gS %  

i)  ;fn 
x a
Lt

f x
g x

 vfu/kkZ;Z :iksa  �
�
 vFkok �

�
  esa gS rks nksuksa Qyuksa f(x) vkSj g(x) 

ds vodyuksa ds HkkxQy dh lhek Kkr dhft,A  

ii)   ;fn 
x a

f x
Lt

g x
 Hkh vfu/kkZ;Z gS ¼  �

�
 ;k �

�
  ½ rks f”(x) vkSj g”(x)  Kkr djsa 

rFkk 

 
x a
Lt  

�′′(�)

�′′(�)
 Kkr djsaA blh izdkj ;g izfØ;k tkjh j[ksa tc rd lhek izkIr u gks 

tk,A  

fVIi.kh % i)  ge ns[k pqds gSa fd dksbZ lhek vfu/kkZ;Z dgykrh gS ;fn og fuEu :iksa 
esa ls fdlh Hkh izdkj dh gks % 

�
�

, �
�

, ∞ − ∞, 0 × ∞, 0�, ∞�, vkSj 1� 

ijarq ,y gkWfiVy fu;e izR;{k :i ls dsoy rHkh yx ldrk gS tc 
fLFkfr �

�
 vFkok �

�
 ds :i esa gksA vfu/kkZ;Z :iksa ds vU; izdkjksa ij 
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lhek,a;fn ge ,y gkWfiVy fu;e yxkuk pkgrs gSa rks gesa bUgsa �
�
 vFkok �

�
 

ds :i es ifjofrZr djuk gksxkA 

ii)  ,y gkWfiVy fu;e ,d&i{kh; ¼ck,a rFkk nk,a i{k dh½ lhekvksa esa rFkk 
x → ± ∞ dh fLFkfr esa Hkh oS/k gSA  

mnkgj.k 15 % ,y gkWfiVy ds fu;e dk iz;ksx djds fuEufyf[kr lhekvksa dk eku 
Kkr dhft,A  

a)  
4 4

x a

x aLt
x a

 b) 
0

x x

x

a bLt
x

 c) ���→�� ��  

gy % lhek 
4 4

x a

x aLt
x a

 ekud :i lim�→�
�����

���
=  ����� ds izdkj dh gSA  

;gk¡] 4n  gS] vr% vHkh’V lhek 4 1 34 4a a  gSA 

b½ 
0

0
0

x x

x

a bLt
x

 

vr%] ,y gkWfiVy ds fu;e dk iz;ksx djus ds fy, ge 
x xd a b

dx x
 Kkr djrs gSa 

bldk eku gksxk log logx xa a b b  vc] ,y gkWfiVy fu;e }kjk ge ikrs gSa fd 

0 0 0
log log

x x x x
x x

x x x

a b d a bLt Lt Lt a a b b
x dx x

 

0 0log log log log log aa a b b a b
b

 

c½ /;ku nsa fd ���→�� ��  vfu/kkZ;Z gS rFkk bldk izdkj 0�  gSA bls bl izdkj 
ljyh—r fd;k tk ldrk gS %  

�� = ����� = ����� = ���� 

vc]               ���→�� �� = ���→�� ���� 

��
�→��

���� = ��
�→��

���
1
�

=
∞
∞

 

vr% vc ge ,y gkWfiVy fu;d dk iz;ksx dj ldrs gSa %  

��
�→��

���
1
�

=  ��
�→��

1
�

−1
��

= ��
�→��

(−�) = 0 

7-5 lkj-la{ksi 

bl bdkbZ esa geus ,d Qyu dh lhek dh vR;ar egRoiw.kZ ladYiuk ds ckjs esa ppkZ 
dhA geus ns[kk fd lhek dk laca/k fdlh pj ds fdlh eku dh vksj tkus ls Qyu 
ds eku ds fdlh la[;k ds lehi vkus ls gSA bl bdkbZ esa geus igys lhek dh 
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vodyu xf.kr vk/kkjHkwr ladYiuk dks lgt cks/k ls le>k rFkk mlds i”pkr~ mldh vkSipkfjd 
xf.krh; ifjHkk’kk Hkh nhA geus vuqØeksa vkSj Qyuksa] nksuksa dh lhekvksa dh 
ladYiukvksa dk v/;;u fd;kA  

bl bdkbZ esa ck,a i{k dh rFkk nk,a i{k dh lhekvksa dh Hkh foLr`r :i ls ppkZ dh 
xbZA blds i”pkr~ lhekvksa ds dqN egRoiw.kZ xq.k/keksZa dh ppkZ ds lkFk-lkFk] mu 
fu;eksa ij Hkh izdk”k Mkyk x;k ftudk mi;ksx fdlh Qyu dh lhek Kkr djus ds 
fy, fd;k tkrk gSA ,slk ,d mi;ksxh fu;e ,y gkWfiVy dk fu;e gSA geus dbZ 
mnkgj.kksa ds ek/;e ls ikBdksa dks fdlh Qyu dh lhek Kkr djus fofHkUu fof/k;ksa 
ls Hkh voxr djok;kA ifjfer lhekvksa ds lkFk-lkFk vifjfer lhekvksa dh ppkZ Hkh 
bl bdkbZ esa dh xbZ gSaA  

7-6 cks/k iz”uksa ds mÙkj@ladsr 

cks/k iz”u 1  

a) 
2

2
5

x
Lt x x 22

2 2
5 2 5 2 4 10 6

x x
Lt x Lt x

 

b) 0

3 1
5 1x

xLt
x 0

0

3 1 3 0 1 1 1
5 1 5 0 1 1

x

x

Lt x

Lt x
 

c) 

3
2

24

2
15x

x xLt
x

3
32

2
4

22

4

2 2 4 4
15 4 15

x

x

Lt x x

Lt x
 

                                                     

2 4 2 2 14
1

 

d) 
n

x a
Lt Ax nn

x a x a
Lt A Lt x A a

 

e) �
�
 

f) – 6 

2½  vkSlr ykxr (AC) = 4 + �
�
.  

vRk%] lim�→� 4 + �
�

= 4 

3½  ewy/ku = 3357 ¼yxHkx½ C;kt dh izHkkoh nj = 10.5% 

cks/k iz”u 2 

1) 15 

2)  0 

3)  (a) –1 ;  (b) �
√�

 ;  (c) �
�
 

4) 5 
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lkarR;
bdkbZ 8 lkarR;* 

lajpuk 

8-0 mís”; 

8-1 fo’k;&izos”k 

8-2 ,d pj okys Qyuksa dk lkarR; [Continuity of a Function of One Variable] 
8-2-1 ,d@fdlh Qyu dk ,d fcanq ij lkarR; [Continuity of a Function at a 

 Point] 

 8-2-2 ,d fcanq ij lkarR; dk ekinaM [Criterion for Continuity at a Point] 

 8-2-3 lao`r Lo:i Qyu [Closed-form Functions] 

 8-2-4 ljyhdj.k }kjk fdlh lhek dk eku Kkr djuk [Evaluating a Limit using Simplification] 
8-2-5 ,d Qyu dk ,d varjky ij lkarR; [Continuity of a Function over an Interval] 

8-3 vlarr Qyu [Discontinuous Functions] 
 8-3-1 vlkarR; ds izdkj [Types of Discontinuity] 

8-4 larr vkSj vlarr Qyuksa ds vFkZ”kkL= esa vuqiz;ksx [Economic Applications 
of Continuous and Discontinuous Functions] 

8-5 e/;orhZ eku izes; [Intermediate-Value Theorem] 

8-6 lkj-la{ksi 

8-7 cks/k-iz”uksa ds mÙkj@ladsr 

8-0 mís”; 

;g bdkbZ fiNyh bdkbZ dk foLrkj gSA fiNyh bdkbZ esa geus lhekvksa dk v/;;u 
fd;k rFkk muds egRo ij cy fn;k Fkk tcfd orZeku bdkbZ Qyuksa ds lkarR; ls 
lacaf/kr gSA bl bdkbZ dks i<+us ds i”pkr~ vki fuEufyf[kr vo/kkj.kkvksa ls Hkyh-
Hkkafr voxr gks tk,axs % 

• fdlh Qyu dk lkarR;( 

• fdlh Qyu dh lhek vkSj mlds lkarR; esa laca/k( 

• vlkarR;rk dh ladYiuk( 

• vlkarR;rk ds fofHkUu izdkj( 

• e/;orhZ eku izes;( rFkk 

• larr vkSj vlarr Qyuksa ds fofHkUu vuqiz;ksxA 

8-1 fo’k;-izos”k 

larr Qyuksa ds egRo dks le>us ds fy, ge FkksM+k :d dj ;g ns[krs gSa fd ge 
bl ikB~;Øe esa dgk¡ rd igq¡ps gSa vkSj gesa vkxs dgk¡ rd tkuk gSA igyh bdkbZ esa 
geus leqPpksa ds ckjs esa tkuk fd leqPp; oLrqvksa ds lqifjHkkf’kr laxzg gksrs gSaA ;s 
oLrq,a okLrfod la[;k,a Hkh gks ldrh gSa] muds Øfed ;qXe vFkok muds n-Viy 

 

*Jh vuwi pVthZ 
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vodyu xf.kr HkhA vr%] ,d izdkj ls leqPp;ksa dh ladYiuk ls gesa vFkZ”kkL= esa iz;ksx gksus okyh 
jkf”k;ksa vkSj muds ekiksa dks oxhZ—r dj ldsA vxyh bdkbZ esa leqPp;ksa ds xq.ku ds 
fu;eksa dh O;k[;k dh xbZ vkSj mu fu;eksa dh Hkh ftuds }kjk ,d leqPp; ds 
vo;oksa dks fdlh nwljs leqPp; ds vo;oksa ls lac) fd;k tk ldrk gSA bu fu;eksa 
dks Qyu dgrs gSaA bdkbZ 3 rdZ”kkL= ij dsafnzr Fkh rFkk bl bdkbZ esa gekjk y{; 
ikBdksa dk ifjp; dFku] izes;] miifÙk] vfuok;Z ,oa i;kZIr izfrca/kksa] bR;kfn 
ladYiukvksa ls djokuk FkkA ,d izdkj ls] bl v/;k; esa geus vius rdZ dks izcyrk 
ls j[kuk lh[kkA bdkbZ 4 esa fofHkUu fof”k’V Qyuksa tSls fd jSf[kd] cgqin] 
pj?kkrkadh;] y?kqx.kdh;] vkSj ?kkrkad rFkk vfrijoy; Qyuksa dh ppkZ dh xbZA 
ik¡poh bdkbZ esa bdkbZ 4 esa izLrqr dh xbZ ladYiukvksa dk foLrkj fd;k x;kA blesa 
Qyuksa vkSj lehdj.kksa dk fdlh lery ij T;kferh; fp=.k] dkrhZ; funsZ”kkadksa ds 
ek/;e ls fd;k x;kA bdkbZ 6 esa fo”ks’k izdkj ds Qyuksa] vuqØeksa] dk v/;;u fd;k 
x;kA geus ;g tkuk fd fdlh vuqØe ds inksa ds ;ksx }kjk gesa fdl izdkj ,d 
Js.kh izkIr gksrh gSA fiNyh vFkkZr~ lkroha bdkbZ esaa geus lhekvksa dh ppkZ dh] vkSj 
;g tkuk fd fdl izdkj vuqØe vkSj Qyu fdlh fof”k’V eku dh vksj vfHklkfjr 
gksrs gSaA bl bdkbZ esa ge blh ppkZ dks vkxs c<+krs gSaA ;g bdkbZ Qyuksa ds ,d 
fof”k’V xq.k ij dsafnzr gSa vkSj og xq.k gS % lkaR;rkA lgt :i ls le>sa rks ,d 
Qyu larr gksrk gS ;fn mlds vkys[k dks ge fcuk Qyu@isu mBk,a vkjsf[kr dj 
ldsaA ijarq bruk lk/kkj.k lk izrhr gksus okyk ;g xq.k bruk egRoiw.kZ D;ksa gS\ 
okLro esa] ckr ;g gS fd ;fn dksbZ Qyu larr u gks] rks og vodyuh; ugha gksxkA 
vodyuh;rk ds ckjs esa ge vxyh nks bdkbZ;ksa esa v/;;u djsaxs vkSj bdkbZ 11 esa 
ge vodyuh; Qyuksa ds ,d fo”ks’k xq.kksa ds ckjs esa i<+saxs ftls ^mÙkyrk* dgrs gSA 
eku yhft, gekjs ikl ,d pj y gS tks ,d pj x dk Qyu gS vFkkZr~ y, x ij fuHkZj 
djrk gSA eku vodyu] x esa vfrlw{e of̀)”khy vFkok lhekr ifjorZu ds QyLo:i 
y esa gksus okys ifjorZu dk foospu djrk gSA vkSj dksbZ Qyu vodyuh; ugha gksxk 
;fn og larr u gksA blhfy, lkarR; dk v/;;u egRoiw.kZ gSA vodyu ds i”pkr~ 
ge vHkh’Vhdj.k ¼optimization½ dh vksj c<+rs gSa % x ds fdl eku ds fy, fuHkZj pj 
dk eku vf/kdre vFkok U;wure gSA vkius ^O;f’V vFkZ”kkL= ds fu;e* ikB~;Øe ds 
varxZr esa ;g tkuk gksxk fd bl izdkj ds fu.kZ; vFkZ”kkL= ds v/;;u esa vR;ar 
egRoiw.kZ gksrs gSaA bl izdkj ge lkarR; ds egRo dks le> ldrs gSaA  

bl bdkbZ dk xBu bl izdkj fd;k x;k gS % vxys vuqPNsn esa lkarR; rFkk mlds 
xq.kksa ij vkSj larr Qyuksa dh fo”ks’krkvksa rFkk muds xq.k/keksaZ ij foLrkj ls ppkZ dh 
xbZ gSA lkekU;r%] vFkZ”kkL= esa gesa ,sls Qyuksa ls lkeuk ugha djuk iM+rk tks larr 
u gksaA ijarq gesa Kkr gksuk pkfg, fd ,sls Qyu vodyuh; ugha gksrsA blds ckn 
okys vuqPNsn esa vlkarR; dh O;k[;k dh xbZ gS rFkk blds fofHkUu izdkjksa dh ppkZ 
dh xbZ gSA blls vxys vuqPNsn esa larr Qyuksa ds dqN vuqiz;ksxksa dh ppkZ dh xbZ 
gS D;ksafd vFkZ”kkL= esa iz;qDr gksus okys vf/kdrj Qyu] vkSj os Qyu ftudh ppkZ 
pkSFkh vkSj ik¡poh bdkbZ esa dh xbZ gSa] larr gSaA var esa ] bl bdkbZ esa ,d vR;ar 
egRoiw.kZ izes;] ftls e/;orhZ&eku izes; dgrs gSa] dh ppkZ dh xbZ gS rFkk ekax vkSj 
vkiwfrZ larqyu rFkk vfrfjDr ekax Qyuksa esa bl izes; ds vuqiz;ksxksa dh ppkZ dh xbZ 
gSA  



 

 
 

163

lkarR;8-2 ,d pj okys Qyu dk lkarR; [Continuity of a Function 
of One Variable] 

,d ,slk pj tks la[;k js[kk ij larr :i ls ¼fcuk O;o/kku ds½ ifjofrZr gksus dh 
{kerk j[krk gS ,d larr Pkj dgykrk gSA vkbZ, ge ,d Qyu y = f (x) ij fopkj 
djsa tgk¡ x vkSj y nks larr pj gSaA bl Qyu ds larr Qyu gksus ds fy, ;g 
vko”;d gS fd u dsoy nksuksa pj] x vkSj y, O;fDrxr :i ls larr O;frØe 
¼continuous variation½ dh ;ksX;rk j[krs gksa] vfirq x esa larr O;frØe ds 
QyLo:i y esa gksus okyk ifjorZu Hkh larr gksA ;g lqLi’V gS fd ,d larr Qyu 
dk oØ Hkh larr gksxk vFkkZr~ blesa dksbZ fofPNfr ¼gap½ ugha gksxhA  

8-2-1 ,d Qyu dk ,d fcanq ij lkaRkR; [Continuity of a Function 
at a Point] 

lkarR; ,sls ifjorZuksa ls lac) gS tks vkdfLed u gksdj vR;ar /kheh xfr ls gksrs 
gSaA 

bldk ,d larr Qyu dh ladyiuk ls lh/kk laca/k gSA ,d Qyu y f x  larr 

dgykrk gS ;fn Lora= pj ¼ftls geus ;gk¡ x  fy;k gS½ esa NksVk lk ifjorZu] fuHkZj 
pj ¼ftls geus ;gk¡ y fy;k gS½ esa Hkh ,d NksVk@y?kq ifjorZu mRiUu djrk gSA 
T;kferh; nf̀’V ls ,d Qyu larr gksrk gS ;fn mldk vkys[k tqM+k gqvk gks mlesa 
dksbZ foPNsn vFkok vkdfLed ifjorZu u gksA nwljs “kCnksa esa] Qyu dk vkys[k fcuk 
dye dks mBk,a cuk;k tk ldsA ,sls oØ Hkh ftuesa rh{.k eksM+ gksa ¼vFkkZr~ tks 
;dk;d viuk iFk cnyrs gksa½ larr gksrs gSaA ijarq os oØ ugha ftuesa fdlh fcanq ij 
foPNsn vFkok Iyqfr ¼jump½ gksA ;fn fdlh Qyu esa fdlh fcanq ij Iyqfr ¼jump½ 
gks] rks Qyu ml fcanq ij vlarr gksrk gSA bldk vFkZ gS fd tc ge ml fcanq ls 
gksdj fudyrs gSa rks Qyu ds eku esa ,d vkdfLed ifjorZu gksrk gSA ,d ,slh 
fLFkfr js[kkfp= 8-1 esa n”kkZ;h xbZ gS tgk¡ fcanq x=c ij ,d Iyqfr ¼jump½ gSsA 

   

 

 

 

 

 

   

                js[kkfp= 8-1 

x 

y 

y2 

y1 

A 

B 

0 a c d 
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vodyu xf.kr /;ku nsa fd bl Qyu esa tc x ,d ,slk eku ysrk gS tks c ls FkksM+k lk de gS] rks 
Qyu dk eku y1 gS vkSj tSls gh x dk eku c ls FkksM+k lk cM+k gksrk gS] Qyu dk 
eku ;dk;d mRIyou djds y2 rd igq¡p tkrk gSA ;g bl rF; dks n”kkZrk gS fd 
;g Qyu x = c ij vlarr gSA  

8-2-2 ,d fcanq ij lkarR; dk ekinaM [Criterion for Continuity at a 
Point] 

ge ,d Qyu ds lkarR; dks ifjHkkf’kr djus ds fy, lhek dh ladYiuk dk iz;ksx 
djsaxsA ;fn ,d Qyu ( )y f x= dh lhek dk vfLrRo gS tcfd x Qyu ds izkar ds 

fdlh fcanq a dh vksj vxzlj gks vkSj ;fn ;g lhek ( )f a  ds cjkcj gks vFkkZr~ 

x a=  ij Qyu ds eku ds cjkcj gks] rks Qyu a  ij larr dgykrk gSA ge 
lkarR; ds bl ekinaM dh O;k[;k js[kkfp= 8-2 dh lgk;rk ls djsaxsA  

 

 

 

 

 

 

 

 

 

                    js[kkfp= 8-2 

,d Qyu y = f (x) yhft,A eku yhft, x dk eku a ls a + h gks tkrk gS] tgk¡ h 
,d y?kqqq /kukRed la[;k gSA blds laxr Qyu ds eku esa ifjorZu f (a + h) − f (a) 
ds cjkcj gksxkA Qyu y = f (x) fcanq x = a  ij larr gksus ds fy, ;g vko”;d gS 
fd h ds NksVs ekuksas ds fy, f (a + h) − f (a) dk eku Hkh NksVk gksA vFkkZr~ 

 lim�→��� (� + ℎ) − �(�)� = 0 

;k lim�→� � (� + ℎ) = �(�)                                            (1) 

lehdj.k ¼1½ ls ;g miyf{kr gksrk gS fd Qyu dh x = a  ij nk,a i{k dh lhek 
Qyu ds bl fcanq ij eku ds cjkcj gksuh pkfg,A blh izdkj ge] Qyu ds ck,a i{k 
ls x = a  ij lkaRkR; dk izfrca/k Hkh ge izkIr dj ldrs gSaA ;g gksxk 

      lim�→� � (� − ℎ) = �(�)     (2) 

x 
O 

y 

a a− h a+h 

f (a− h) 

f (a+h) 

f (a) 

y = f (x) 
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lkarR;¼1½ vkSj ¼2½ ls ge ;g fu’d’kZ fudky ldrs gSa fd fdlh Qyu ds larr gksus dh 
rhu vko”;drk,a gS %  

i½ fn, gq, fcanq ij Qyu dh lhek dk vfLrRo 

ii½ fn, gq, fcanq ij Qyu ds eku dk vfLrRo 

iii½ ml facanq ij Qyu dh lhek rFkk Qyu ds eku dk leku gksuk 

/;ku nsa fd ;fn fdlh Qyu dh fdlh fcanq ij ck,a vkSj nk,a i{k dh lhek,a cjkcj 
gksrh gSa rks ml fcanq ij Qyu dh lhek dk vfLrRo gksrk gSA  

vr%] ge vkSj Li’V :i ls dg ldrs gSa fd ,d Qyu  f (x) ds ,d fcanq a ij 
larr gksus ds fy, fuEufyf[kr dFku@izfrca/k lR; gksus pkfg, % 

1½ fcanq a Qyu ds izkar esa gksuk pkfg,] vFkkZr~ f (a) ifjHkkf’kr gksuk pkfg,] 

2½ Qyu dh lhek] tc x, a dh vksj vxzlj gks] dk vkfLrRo gksuk pkfg, vFkkZr~  
 lim�→� �(�) dk vfLrRo gksuk pkfg,] vkSj 

3½ lhek dk eku Qyu ds eku ( )f a  ds cjkcj gksuk pkfg, vFkkZr~  

 ���
�→�

�(�) = �(�) 

8-2-3 lao`r Lo:i Qyu [Closed-form Functions] 

,d lao`r Lo:i Qyu ,d ,slk Qyu gksrk gS tks fofHkUu Qyuksa tSls fd vpj 
Qyu] ?kkrkad Qyu] pj ?kkrkadh; Qyu] ewyh; Qyu] y?kqx.kdh; Qyu bR;kfn 
dks fofHkUu vadxf.krh; lafØ;kvksa rFkk Qyuksa ds la;kstu }kjk la;ksftr djds ,d 
xf.krh; lw= ds :i esa fy[kdj izkIr fd;k x;k gksA lao`r Lo:i Qyu ds dqN 
mnkgj.k gS% 

 23 1x x− + ;  
 

( )1 22 1
6 2
x

x
−

−
;  ( )1 22 1

x
xe −

;  ( )( )2 32
3log 4 xx e−  

,sls Qyu vR;ar tfVy Hkh gks ldrs gSA nwljh vksj] uhps fn;k gqvk Qyu ,d 
laor̀ Lo:i Qyu ugha gSA  

                          

( ) 2

1 if 1

 if 1 1

2  if 1 2

x

f x x x x

x x

− < −
= + − ≤ ≤

 − < ≤


 

D;ksa\ D;ksafd ( )f x  ,d vdsys xf.krh; O;atd ds :i esa fufnZ’V ugha gSA  

lao`r Lo:i Qyuksa dk lkarR;  

,d laor̀ Lo:i Qyu lnSo vius izkar ds izR;sd fcanq ij larr gksrk gSA vr%] ,d 
laor̀ Lo:i Qyu ds izkar esa fLFkr fdlh Hkh fcanq ij Qyu dh lhek] Qyu esa ml 
fcanq ds eku dks j[k dj ¼izfrLFkkfir djds½ Kkr dh tk ldrh gSA  
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vodyu xf.kr mnkgj.k 1 % �(�) = �����
����

 

,d lao`r Lo:i Qyu gS vkSj 2x =  blds izkar esa fLFkr gSA vr% ( )
2

lim
x

f x
→

 Kkr 

djus ds fy, ge ( )f x  esa x ds LFkku ij 2 j[krs gSa %  

                                            
( )

2

2

3 2lim 2
4 3 11x

x x f
x→

−
= = −

+
 

vkbZ, vc ge ,d lao`r Lo:i Qyu ( )f x ys tks x a=  ij ifjHkkf’kr ugha gSA 

bl fcanq  

x a=  ij ( )f x  dh lhek Kkr djus ds fy, ge fuEufyf[kr esa ls dksbZ izfØ;k 

viuk ldrs gSa %  

a½  ljyhdj.k ;k fdlh vU; fof/k dk iz;ksx djsa ftlls ge ( )f x  dks ,d ,sls 

Qyu ls izfrLFkkfir djrs gS ¼cnyrs gSa½ tks fd ( )f x  ds leku gks rFkk 

x a=  ij ifjHkkf’kr gksA ,slk djus ls u, Qyu esa x a=  j[kus ij gesa Qyu 
dh lhek izkIr gks tk,xhA 

b½  lhek dks vkys[k dh lgk;rk ls ;k la[;kRed :i ls ¼la[;kuqlkj½ Kkr djus 
dk iz;kl djasA bl izdkj gesa lhek dk ,d vuqeku fey ldrk gSA 

dHkh-dHkh gesa a½ vkSj b½ nksuksa fof/k;ksa dk iz;ksx djus dh vko”;drk iM+rh gSA 

8-2-4 ljyhdj.k }kjk fdlh lhek dk eku Kkr djuk  [Evaluating a 
Limit using Simplification] 

vkbZ, ge Lim�(�)
�→��

 Kkr djsa tgk¡ �(�) = ��������
���

 gSA  

ge fuEufyf[kr iz”uksa ij fopkj djrs gSa % 

1½ D;k �(�) ,d laor̀ Lo:i Qyu gS\ 

bldk mÙkj gS] gk¡A D;ksafd ��������
���   

,d vdsyk xf.krh; lw= gSA  

2½ D;k fcanq x = −2  Qyu  �(�) ds izkar esa gS\ 

bldk mÙkj gS] ughaA D;ksafd �(−2) = ( ) ( )( ) ( )( )23 2 2 10 2 2− + − − − +  

ifjHkkf’kr ugha gSA  

vr% gesa bl Qyu dk ljyhdj.k djuk gksxkA ,slk djus ij ge ikrs gSa fd 
23 10

2
x x

x
+ −
+

 = 
( )( )

( )
2 3 5

2
x x

x
+ −

+
 

 = 3 5x− .  
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lkarR;D;ksafd vc gesa ,d laor̀ Lo:i Qyu izkIr gks pqdk gS tks fd 2x = −  ij 
ifjHkkf’kr gS] ge bl fcanq ij lhek dk eku x ds LFkku ij −2 izfrLFkkfir djds 
¼j[k dj½ Kkr dj ldrs gSa % 

           
( )

2

2 2

3 10lim lim 3 5 3 2 5 11
2x x

x x x
x→− →−

+ −
= − = − − = −

+
 

mnkgj.k 2 % vkbZ, vc ge Kkr djsa fd D;k 3 2f x x  fcanq x = 3 ij larr 

gS\ 

gy % iznÙk Qyu gS % 3 2f x x  

pj.k 1 % tc ge x = 3 j[krs gSa] rks ge ikrs gSa fd �(�) = 3 3 2 7  gSA vr%] 
Qyu x = 3 ij ifjHkkf’kr gSA  

pj.k 2- �(�) = 3 2x  dh lhek dk vfLrRo gS tcfd 3x  gS vksj bldk eku 7 
gSA  

pj.k 3- lkFk gh] ���
�→�

  �(�) = ���
�→�

(3� − 2) = 7 = �(3).  

vr%] ;g Qyu x = 3 ij larr gSA okLro esa] ;g Qyu vius izkar ds izR;sd fcanq 
ij ifjHkkf’kr gSA fo|kFkhZ vU; fcanqvksa ij bl Qyu ds larr gksus dh iqf’V Lo;a dj 
ldrs gSaA  

mnkgj.k 3 % Qyu 3 3 4f x x x  ds lkarR; dk ijh{k.k fcanqqqq 1x  ij 

dhft,A  

pj.k 1 % 1x  ij �(�) dk eku �(1) =  (1)� + 3(1) − 4 = 1 + 3 − 4 = 0 gSA 
vr%] Qyu �(�), fcanq 1x  ij ifjHkkf’kr gSA  

pj.k 2 % 
33

1
3 4 1 3 1 4 0

x
Lt x x  gSA vFkkZr~ � → 1 ds fy, Qyu 

dh lhek dk vfLrRo gSA  

pj.k 3 % vr%] ge ikrs gSa fd 
1

1 0
x

f Lt f x  g]S vFkkZr~ Qyu 
3 3 4f x x x ] 1x  ij ,d larr Qyu gSA 

mnkgj.k 4 % fu/kkZfjr dhft, dh fuEufyf[kr Qyu x ds fdu ekuksa ds fy, larr 
gSa %  

a) 
4 23 1

1 2
x xf x
x x

 

b) 
4

2 3 1 12
1

f x x x
x x
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vodyu xf.kr 
gy % a) ;gk¡ 

4 23 1
1 2

x xf x
x x  

fn;k gSA ;g ,d ifjes; Qyu gSA vr%] ;g 

lHkh fcanqvksa ds fy, larr gS flok; muds tgk¡ ij bl Qyu dk gj “kwU; gSA 
vFkkZr~ tc 1 2 0x x  gSA blls gesa nks fLFkfr;k¡ izkIr gksrh gSa %  

i½  x – 1 = 0 vFkkZr~ x = 1 bl fcanq ij  ���
�→�

�(�) → ∞ tks fd vifjHkkf’kr gSA  

ii½  x + 2 = 0 vFkkZr~ x = −2 ge ns[k ldrs gSa fd ���
�→��

�(�) → ∞ tks fd 

vifjHkkf’kr gSA  

D;ksa fd 1x  vkSj 2x  ds fy, Qyu dh lhek vfLrRo ugha j[krh] ;g Qyu 
1x vkSj 2x  ij larr ugha gks ldrkA 

b½ ;gk¡ 
4

2 3 1 12
1

f x x x
x x

 gSA bl Qyu esa in 
1
x
] x = 0 ij 

ifjHkkf’kr ugha gSa D;ksafd ���
��∞

�
�

= ∞ gksrh gSA blh izdkj in �
√���

 dsoy mUgha 

fcanqvksa ds fy, ifjHkkf’kr gS ftuds fy, 1 0x  gks vFkkZr~ 1 0x  gksA vr%] 

ge ikrs gSsa fd ;g Qyu dsoy varjky ¼&1]0½ esa rFkk varjky ¼0]∞½ esa ifjHkkf’kr 
gS] vU; okLrfod la[;kvksa ds fy, ughaA blfy, ;g Qyu dsoy ¼&1]0½ rFkk 
¼0]∞½ esa vkus okys fcanqvksa ij gh larr gksxkA  

8-2-5 ,d Qyu dk ,d varjky ij lkarR; [Continuity of a Function 
over an Interval] 

,d Qyu y =  f (x) ,d varjky (a,b) ij larr dgykrk gS ;fn ;g bl varjky 
ds izR;sd fcanq x ij larr gSA vFkkZr~ ;fn ;g 

1½ x a  ij 
2½ x b  ij 
3½ a vkSj b ds chp ds izR;sd fcanq ij 

larr gSA  

amnkgj.k 5 % fl) dhft, fd Qyu f (x) = 1
2x
] x = &2 ls ysdj x = &1 rd 

ds lHkh fcanqvksa ij larr gS vFkkZr~ varjky [− 2, − 1] ij larr gSaA  

gy % ;g fl) djus ds fy, fd fn;k gqvk Qyu varjky [− 2, − 1] ij larr gS] 
ge fl) djsaxs fd ;g Qyu %  

1½ 2x  ij larr gS  

2½ 1x  ij larr gS 

3½ 2x  vkSj 1x  ds chp ds izR;sd fcanq] tSls fd &1-5 bR;kfn] ij larr gSA  

1½ ge igys lim�→��  �(�) Kkr djrs gSa % 
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lkarR;        nk,a i{k dh lhek dk vk¡dyu djus ij ge ikrs gSa fd  

lim
�→���

  �(�) = lim
�→�

�(−2 + ℎ) = ���
�→�

�
1

−2 + ℎ − 2
� =

−1
4

 

        ck,a i{k dh lhek dk vk¡dyu djus ij ge ikrs gSa fd 

lim�→���  �(�) = lim�→� �(−2 − ℎ) = ����→� � �
������

� = ��
�

 D;ksafd  

lim�→���  �(�) = ����→���  �(�) = ��
�
 ge ikrs gSa fd 

lim�→��  �(�) = ��
�
 gSA vr%] Qyu    f (x), x = −2  ij larr gSA  

2½ blh izdkj ge ns[k ldrs gSa fd fn;k gqvk Qyu f (x), x = −1 ij larr gSaA 
ikBdksa ls vuqjks/k gS bl Hkkx dks Lo;a djsaA  

3½ vc ge lim�→��
�
  �(�) Kkr djrs gSaA  

nk,a i{k dh lhek dk vk¡dyu djus ij ge ikrs gSa fd  

lim
�→� ��

�
  �(�) = lim

�→�
� �−

3
2

+ ℎ� = ���
�→�

�
1

− 32 + ℎ − 2
� =

−2
7

 

ck,a i{k dh lhek dk vk¡dyu djus ij ge ikrs gSa fd 

lim
�→� ��

�  �(�) = lim
�→�

� �−
3
2

− ℎ� = ���
�→�

�
1

− 32 − ℎ − 2
� =

−2
7

 

D;ksa fd lim
�→� ��

�  �(�) = ����→� ��
�  �(�) = ��

�
  

ge ikrs gSa fd lim�→� ��
  �(�) =gSA vr%] ge ikrs gSa fd Qyu �(�), � = − �

�
 ij 

larr gS] tks fd −2 vkSj −1 ds chp dk ,d fcanq gSA blh izdkj ;g fl) fd;k 
tk ldrk gS fd fn;k gqvk Qyu −2 vkSj −1 ds chp ds izR;sd fcanq ij larr gSA  

bl izdkj ge ;g fu’d’kZ fudky ldrs gSa fd ;g Qyu varjky [−2, −1] ij 
larr gSA  

cks/k iz”u 1  

1½  ,d Qyu ( )f x x= +2 3 fn;k gSA bl Qyu dk lkarR; x =1 ij fu/kkZfjr 
dhft,A  

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 
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vodyu xf.kr 2½  ,d cSad 10000 :- rd ds _.k ds fy, 10 izfr”kr izfro’kZ C;kt dh nj ls 
C;kt ysrk gSA ;fn _.k 10000 :- ls vf/kd gks rks cSad C;kt dh nj 5 
izfr”kr c<+k nsrk gSA cSad ds ¼dqy½ C;kt Qyu ds fy, ,d O;atd Kkr 
dhft, rFkk bl Qyu ds lkarR; dk fu/kkZj.k dhft,A  

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

3½  fuEufyf[kr lhek,a Kkr dhft, %  

i) 
2

0
lim  

2 3

x

x

e
x→ −

 

ii) lim�→��
����
���  

4½  fuEufyf[kr lhek Kkr dhft, % 

                    

( )( )3

21

1 1
lim

3 2x

x x
x x→−

+ −

+ +  

8-3 vlarr Qyu [Discontinuous Functions] 

;fn lh/ks “kCnksa essa dgsa rks dksbZ Qyu tks larr u gks vLkarr Qyu dgykrk gSA ge 
tkurs gSa fd fdlh Qyu ds larr gksus ds fy, fuEufyf[kr “krsZa lR; gksuh pkfg, % 

i½   f (a) ifjHkkf’kr gks 

ii½  ( )lim
x a

f x
→

 dk vfLrRo gksuk pkfg, vFkkZr~ ( )lim lim
x a x a

f x
− +→ →

= rFkk  

iii½  ( ) ( )lim
x a

f x f a
→

=  gSA 

Li’Vr;%] fdlh Qyu ds fy, ;fn buesa ls dksbZ Hkh dFku vlR; gks rks og Qyu 
vlarr gksxkA 

8-3-1 vlkarR; ds izdkj [Types of Discontinuity] 

vlkaRkR; ds fofHkUu izdkj gksrs gSaA loZizFke fdlh Qyu ds vkys[k esa fdlh fcanq ij 
fofPNfr vFko Iyqfr ¼jump½ gks ldrh gSA mnkgj.k ds fy,] Qyu �(�) =

�+1, � ≤ 0
−1, � > 0

   Li’V :Ik ls vlarr gS] D;ksafd bl esa fcanq 0x =  ij ,d 

fofPNfr@Iyqfr ¼breah/jump½ gSA ;fn ge 0x =  dh vksj ck,a vkSj nk,a i{k ls 
tk,a rks gesa vyx&vyx eku ¼lhek½ izkIr gksrh gS ¼js[kkfp= 8-3 ns[ksa½ 
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lkarR;
 

 

 

 

 

 

                                 js[kkfp= 8-3 

vuarLi”khZ Qyu ,d vkSj izdkj ds vlarr Qyu gSaA vkbZ, igys ge ;g tku ysa 
fdlh Qyu dh vuarLi”khZ js[kk D;k gksrh gSA eku yhft, y=f (x), x ∈ R ,d 
Qyu gSA eku yhft, fd tc x nk,a vFkok ck,a i{k ls a dh vksj vxzlj gksrk gS] 
rks y vifjlhfer gks tkrk gSA bl fLFkfr esa ge dgrs gSa fd js[kk x=a Qyu y=f 
(x) dh ,d vuarLi”khZ js[kk gSA ;fn fdlh Qyu dh dksbZ vuarLi”khZ js[kk gks rks 
mls vuarLi”khZ Qyu dgk tk ldrk gSA vuarLi”khZ Qyu vlarr gksrs gSaA fdlh 
Qyu f (x) ds fy, js[kk x=a ,d Å/okZ vuarLi”khZ js[kk dgykrh gS ;fn uhps fn, 
dFkuksa esa ls dksbZ Hkh ,d lR; gks ¼js[kkfp= 8-4 ns[ksa½ % 

 
( ) ( )lim ,      lim

x a x a
f x f x

+ +→ →
= +∞ = −∞  

 ( ) ( )lim              lim
x a x a

f x f x
− −→ →

= ∞ = −∞  

 

 

 

 

 

  

 

js[kkfp= 8-4 

,d vU; fLFkfr ftlesa ,d fn;k gqvk Qyu vlarr gksrk gS og gksrh gS ftlesa 

Qyu esa ,d fNnz gksA Qyu �(�) = ��, � ≠ 2
5, � = 2

  ij fopkj dhft,A ;|fi ;g 

Qyu x = 2 ij ifjHkkf’kr gS vkSj x = 2 ij Qyu ds nk,a vkSj ck,a i{k dh lhek,a 
cjkcj gSa] rks Hkh bl Qyu ds fy, lim�→�  �(�) =  �(2)  lR; ugha gS ¼js[kkfp= 8-
5 ns[ksa½ 

 

O 

y 

x x' 

y' 

 

O 

y 

x x' 

y' 

a 
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vodyu xf.kr  

 

 

 

 

 

js[kkfp= 8-5 

js[kkfp= esa bl Qyu dk vkys[k fn;k ftlesa ;g Li’V :Ik ls ns[kk tk ldrk gS 
fd ;g Qyu x = 2 ij vlarr gS bl Qyu ds vkys[k esa x = 2 ij ,d fNnz gSA  

lkekU;r%] ge vlkarR; ds izdkjksa dks nks oxksZa esa ck¡V ldrs gSa %  

a½  vfuokj.kh; vlkarR; Qyu f (x) dk fcanq x=a ij vlkarR; vfuokj.kh; gksrk 
gS ;fn x→a ds fy, Qyu dh lhek] dk vfLrRo u gksA  

b½  fuokj.kh; lkarR; % fcanq x=a ij fdlh Qyu dk vlkarR; fuokj.kh; dgykrk 
gS ;fn lim�→� �(�) dk vfLrRo gks vFkkZr~ lim�→� �(�) ≠ �(�) gks ijarq 
lim�→� �(�) dk eku f (a) ds eku ds cjkcj u gksA  

vFkkZr~ lim�→� �(�) ≠ �(�) gks A  

bl izdkj ds vlkarR; dks nwj fd;k tk ldrk gSA 

mnkgj.k 6 % Qyu 
2 1

1
xf x
x

 ds lkaRkR; dk fcanq 1x  ij ijh{k.k dhft,A  

gy % 1½ 1x  ds fy,] �(1) = ����
���

= �
�
 gS tks fd vfu/kkZj.kh; ¼indeterminate½ 

gSA ;g Qyu 1x  vlarr izrhr gksrk gSA ge bl Qyu dh x→ 1 ds fy, lhek 
Kkr djrs gSaA ljyhdj.k djus ij ge ikrs gS fd 

1 1
1

1
x x

f x x
x

 gSA  

vRk% 
1

1 1 1 2
x
Lt x  gS vFkkZr~ x→ 1 ds fy,] Qyu f (x) dh lhek dk 

vfLrRo gSA  

vr% ge ikrs gS fd bl Qyu ds fy, lim�→� �(�) = 2 gS  

ijarq Qyu 1x  ij ifjHkkf’kr ugha gSA vFkkZr~ ;g Qyu 1x  

ij vlarr gS vkSj vlkaRkR; dk izdkj fuokj.kh; gSA  

 

O 

y 

x x' 

y' 
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lkarR;mnkgj.k 7 % fn;k gqvk bl Qyu 

;fn x ≤ 3 gS  f(x) = x + 2   

;fn x > 3 gS     = x + 3 

dks lkarR; dk x = 3 ij fu/kkZj.k dhft,A  

gy % tc x = 3 gS rks Qyu dk eku 

( )f x3 2 3 2 5= + = + =  

ck,a i{k dh lhek Kkr djus ds fy, ge Qyu f(x) = x + 2 ysrs gSaA bl izdkj gesa 
;g lhek 5 izkIr gksrh gSA  

vr% tc x,3 dh vksj] 3 ls de ekuksa dh vksj ls vxzlj gksrk gS] rks f(x) dk eku 5 
dh vksj vkrk gSA  

∴ =
→ −
Lim
x 3

5  

blh izdkj nk,a i{k dh lhek ds fy, ge Qyu f(x) = x + 3 ysrs gSa vkSj lhek 6 
izkIr djrs gSaA vr% ;fn x, 3 dh vksj] 3 ls cM+s ekuksa dh vksj ls vxzlj gksrk gS] rks 
f(x) dk eku 6 dh vksj vkrk gSA  

∴ =
→ +
Lim
x 3

6  

D;ksafd ���
�→��

 �(�) ≠ ���
�→��

 �(�) gS  

 lim�→� �(�) dk vfLrRo ugha gSA  

vRk% ;g Qyu x = 3 ij vlarr gS vkSj ;g vlkarR;rk vfuokj.kh; izdkj dh gSA 

mnkgj.k 8 % x ds og eku Kkr dhft, ftuds fy, Qyu 

2
1 3
xy

x x
 vlarr gSA  

gy % ;g ,d ifjes; Qyu gSA vr%] ;g lHkh fcanqvksa ij larr gksxk flok; mu 
fcanqvksa ds tgk¡ 1 3 0x x  gSA  

vc 1 3 0x x   ⟹                1 0x  ;k 3 0x  gksxk 

                     ⟹                  1x  ;k 3x  gksxk 

;fn 1x  gS rks 
1x

Lt f x  

;fn 3x  gS rks 
3x

Lt f x   

vFkkZr~ 1x  rFkk 3x  nksuksa fcanqvksa ij lhek dk vfLrRo ugh gSA ¼ifjHkkf’kr 
ugha gS½ 
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vodyu xf.kr vr% Qyu f(x) 1x ,vkSj 3x  ij vlarr gS rFkk vlkarR; dk izdkj 

vfuokj.kh; gSA  

cks/k iz”u 2 

1½  fn;k gqvk Qyu gS  

     

( )f x x x

x

= − ≠

= =

4 3

0 3

          for 

                      for 
 

Qyu dk lkarR; x = 3 ij Kkr dhft,  

------------------------------------------------------------------------------------------------------------------------------------------------- 

------------------------------------------------------------------------------------------------------------------------------------------------- 

------------------------------------------------------------------------------------------------------------------------------------------------- 

2½  Qyu y= | x | dk x = 0 ij lkaRkR; fu/kkZfjr dhft,A  

------------------------------------------------------------------------------------------------------------------------------------------------- 

------------------------------------------------------------------------------------------------------------------------------------------------- 

------------------------------------------------------------------------------------------------------------------------------------------------- 

3½  vlarr Qyu D;k gksrs gSaA vlkarR; ds fofHkUu izdkj D;k gksrs gSaA 

------------------------------------------------------------------------------------------------------------------------------------------------- 

------------------------------------------------------------------------------------------------------------------------------------------------- 

------------------------------------------------------------------------------------------------------------------------------------------------- 

4½  vFkZ”kkL= ls lacaf/kr dqN laHkkO; Qyu fufeZr dhft, tks vlarr gksaA  

------------------------------------------------------------------------------------------------------------------------------------------------- 

------------------------------------------------------------------------------------------------------------------------------------------------- 

------------------------------------------------------------------------------------------------------------------------------------------------- 

8-4 larr rFkk vlarr Qyuksa ds vFkZ”kkL= esa vuqiz;ksx [Economic 
 Applications of Continuous and Discontinuous Functions] 

bl vuqPNsn esa ge larr vkSj vlarr Qyuksa ds dqN vuqiz;ksxksa dh ppkZ djsaxsA vc 
tcfd ge larr Qyuksa ls Hkyh Hkkafr ifjfpr gks pqds gSa rks ge ns[k ldrs gSa fd 
geus bdkbZ 2 vkSj bdkbZ 4 esa ¼fo”ks’kdj bdkbZ 4 esa½ ftu Qyuksa dh ppkZ Fkh muesa 
ls vf/kdka”k Qyu larr FksA vr% ;fn vki bdkbZ 4 dks iqu% i<+s rks vki larr 
Qyuksa ds vuqiz;ksaxksa ls Lor% gh ifjfpr gks tk,axsA  

lkarR; dk v/;;u lkekU;r% vodyuh;rk ds lanHkZ esa fd;k tkrk gSA vxyh nks 
bdkb;ksa esa vodyuh;rk ds v/;;u ds lkFk-lkFk] ge larr Qyuksa ds ckjs esa Hkh 
vkSj vf/kd i<saxsA vr%] bl [kaM dks ge vlarr Qyuksa ij dsafnzr dj jgs gSaA 
vFkZ”kkL= esa vlarr Qyuksa ds vusd mnkgj.k LoHkkfod :Ik ls lkeus vkrs gSaA 
;|fi fl)karksa ds v/;;u dks ljy cukus ds fy, dbZ ckj ge ;g eku ysrs gS fd 
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lkarR;vFkZ”kkL= esa iz;qDr gksus okys Qyu larr gSaA ijarq fQj Hkh dbZ fLFkfr;ksa esa] ;fn 
Qyu vlarr gS rks mls vlarr :i esa ysuk gh vf/kd mfpr gksrk gS D;ksafd ;g 
laHko gS fd Qyu dks larr eku ysus ls vFkZ”kkL=h; laca/kksa dk fo—r :i lkeus 
vk, ;k lgh :Ik lkeus u vk,A  

,d ,slh fLFkfr ij fopkj dhft, ftlesa ,d vkxr x }kjk ,d mRikn y izkIr gksrk 
gSA vr%] mRiknu Qyu y = f(x) izdkj dk gksxkA ;fn ge ;g dgsa fd f(x) fdlh 
fcanq x = a ij larr gS] rks bldk vFkZ gksxk fd f(x) okLrfod la[;kvksa ds ,d 
foo`r varjky ij] ftlesa fcanq a Hkh lfEefyr gks] ifjHkkf’kr gSA bldk vFkZ gS fd x 
vuar :Ik ls foHkkT; gSA ijarq mRiknu esa ,slh fLFkfr;ka gks ldrh gSa vkxr vkSj 
mRikn vlarr gksaA mnkgj.k ds fy, dkjksa ds mRiknu esa iz;ksx fd, tkus okys uV-
cksyVksa dh la[;k vlarr gksrh gSA bl izdkj ds vU; mnkgj.k Hkh ns[ks tk ldrs gSaA 
eku yhft, fd ,d QeZ fcØh deZpkfj;ksa dh HkrhZ djrh gSA eku yhft, fd QeZ 
budk Hkqxrku uhps fn, x, fu;e ds vuqlkj djrh gS& fdlh Hkh fcØh deZpkjh ds 
osru ds rhu fgLls gksaxs % a½ 800 :- dh ,d vk/kkjHkwr jkf”k] b½ 10% deh”ku rFkk 
c½ ;fn deZpkjh 20000 : ls Åij dh fcØh djrk gS rks 500 : dk ,deq”r cksul 
;fn ge eku ysa fd fdlh fcØh deZpkjh dk osru P ls rFkk mlds }kjk dh xbZ 
fcØh S ls fu:fir dh tkrh gS] rks mlds }kjk dh xbZ fcØh vkSj mlds osru ds 
e/; laca/k dks bl izdkj O;Dr fd;k tk ldrk gS %  

                          P = 800 + 0.1S,  ;fn S < 20,000 

                    P  =   800 + 0.1S,  ;fn S ≥ 20,000 

                                   800 + 0.1S + 500, ;fn S ≥ 20,000 

;g Qyu fcanq 20000 ij vlarr gSA 

,d vkSj mnkgj.k ds rkSj ij vkbZ, ge ,d vk; leFkZu ¼income support 
programme½ dk;ZØe ij fopkj djsaA dbZ ns”kksa esa ljdkjsa xjhc csjkst+xkj O;fDr;ksa 
dks vkfFkZd lgk;rk ds :i esa ,d eq”r ekfld Hkqxrku djrh gSA tSls gh O;fDr 
dh fdlh vU; lzksr ls vk; izkjaHk gksrh gS ;g lgk;rk jkf”k can dj nh tkrh gSA 
eku yhft, gekjs lkeus ;g fLFkfr gSA ,d L=h tks ,dy-vfHkHkkod gS ljdkj ls 
2000 :- izfr ekg dh lgk;rk jkf”k ikrh gS] ;fn mlds ikl vk; dk dksbZ vkSj 
lk/ku ugha gksA ijarq ;fn mls dksbZ ukSdjh fey tk,a rks ;g lgk;rk-jkf”k can dj 
nh tkrh gSA eku yhft, og ukSdjh@dke feyus ij 80: izfrfnu dek ysrh gSA 
vc ;fn mlus eghus esas d fnu dke fd;k rks mldh dqy ekfld vk;] y 
fuEufyf[kr :Ik ls O;Dr dh tk ldrh gS %  

                                            

( )
( )

2000 if 0

80  if 0

y d d

y d d d

= =

= >
 

;g Qyu fcanq 0 ij vlarr gSA 

8-5 e/;orhZ-eku izes; [Intermediate-Value Theorem] 

bl vuqPNsn esa ge larr Qyuksa ls lacaf/kr ,d vR;ar egRoiw.kZ izes;] ftls 
e/;orhZ-eku izes; dgrs gSa] ds ckjs esa ppkZ djsaxsA bl izes; ds vFkZ”kkL= rFkk vU; 
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vodyu xf.kr fo’k;ksa esa Hkh vusd vuqiz;ksx gSaA vFkZ”kkL= esa ge bl izes; dk iz;ksx larqyu tSlh 
egRoiw.kZ ladYiuk ds v/;;u esa djrs gSaA vki ^O;f’V vFkZ”kkL= ds fu;e* ds 
v/;;u ls tkurs gh gSa fd *larqyu* vFkZ”kkL= dh izeq[k vo/kkj.kkvksa esa ls ,d gSA 
ge igys bl izes; ls ikBdksa dk ifjp; djokrs gSa vkSj mlds i”pkr~ ns[ksaxs fd ;g 
fdl izdkj ls larqyu ds v/;;u esa mi;ksxh gSA  

izes; dk dFku  

ge izes; dh ,d ljy O;k[;k ls izkjaHk djrs gSaA eku yhft, Qyu � = �(�) 
varjky [a, b] ij larr gS] tgk¡ b > a gSA blls ge ikrs gSa fd Qyu �(�), �(�) 
vkSj �(�) ds chp dk izR;sd eku ysxk] tgk¡ �(�) vkSj �(�) varjky [a, b] ds 
vaR;fcanqvksa � vkSj � ij Qyu  �(�) ds eku gSaA ;g ifj.kke e/;orhZ-eku izes; 
dgykrk gS D;ksafd � = � rFkk � = � ds ekuksa ds chp � ds eku ds fy, Qyu 
�(�) vkSj �(�) ds e/; dk izR;sd eku ysrk gSA ;fn Qyu vlarr gS rks bl izes; 
dk lR; gksuk vko”;d ugha gSA vc ge bl izes; dks vkSipkfjd :Ik esa izLrqr 
djrs gSa %  

eku yhft, �(�), ,d lao`r varjky [a, b] ij ifjHkkf’kr ,d larr Qyu gS rFkk 
�(�) ≠ �(�) gSA ,slh voLFkk esa] �(�) vkSj �(�) ds e/; fdlh Hkh eku � ds 
fy,] � dk � vkSj � ds e/; de ls de ,d ,slk fcUnq] x = d ¼eku yhft,½ 
vo”; gksxk ftlds fy, � = �(�) gksA  

larqyu fo”ys’k.k esa e/;orhZ eku izes; dk vuqiz;ksx  

e/;orhZ-eku izes; dk mi;ksx vFkZ”kkL= esa fdlh pj ds fof”k’V eku ds vfLrRo dks 
n”kkZus ds fy, cgq/kk fd;k tkrk gSA vkbZ, ge ,d ljy ekax-vkiwfrZ izfreku ij 
fopkj djsaA eku yhft, � = �(�) ,d ekax Qyu gS vkSj � = �(�) ,d vkiwfrZ 
Qyu] tgk¡ � oLrq ds izfr bdkbZ dher dks rFkk � oLrq dh ek=k dks fu:fir 
djrk gSA ,sls izfreku esa larqyu dher] og dher gS ftl ij ekax vkSj vkiwfrZ dh 
ek=k leku gksA nwljs “kCnksa esa] � = �∗ ≥ 0 larqyu dher gksxh ;fn �(�∗) =
�(�∗) gSA ekax ;k vkiwfrZ Qyu esa ls fdlh esa Hkh �∗ dk eku j[k dj ge larqyu 
ek=k] q* ,Kkr dj ldrs gSaA vkys[kh; :i esa] ge dj ldrs gSa fd larqyu ml fcanq 
(�∗, �∗) ij gksxk tgk¡ ekax oØ] vkiwfrZ oØ dks dkVrk gS rFkk �∗ rFkk �∗ nksuksa 
/kukRed gksrs gSaA  

dHkh-dHkh] ekax Qyu vkSj vkiwfrZ Qyu nksuksa ij vyx-vyx fopkj djus ds LFkku 
ij bUgsa feykdj ,d u;k Qyu �(�) = �(�) −  �(�) izkIr fd;k tk ldrk gS 
ftls  vfrfjDr-ekax Qyu dgk tkrk gSA /;ku nsa fd ;fn z(p) > 0 gS rks z(p) dk 
eku �(�) ij �(�) ds vkf/kD; dks fu:fir djrk gSA blh izdkj ;fn z(p) < 0 gS 
rks z(p) dk fujis{k eku �(�) ij �(�) ds vf/kD; dks fu:fir djrk gSA vr%] 
vfrfjDr ekax Qyu ds lanHkZ esa ge dg ldrs gSA fd �(�∗) = 0 gksxk ;fn 
�(�∗) = �(�∗) gks rFkk z(p) ≤ 0 gksxk ;fn �(�∗) = �(�∗) gksA vFkkZr~] larqyu 
dher og dher �∗ > 0 gS ftlds fy, �(�∗) = 0 gks  

vkbZ, ge mu izfrca/kksa ij fopkj djsa tks larqyu dher ds vfLrRo dks lqfuf”pr 
djus ds fy, i;kZIr gSaA bUgsa izkIr djus ds fy, gesa e/;orhZ eku izes; dk mi;ksx 
djsaxsA eku yhft, ge ,d ,slh oLrq ysrs gSa ftlds fy, 0 dher ij vkiwfrZ Hkh 0 
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lkarR;gSA vc eku yhft, fd ekax 0 ls vf/kd gSA vr%] 0 dher ij ge izkIr djrs gSa 
fd  

�(0) = �(0) − �(0) > 0 

vc eku yhft, fdlh cgqr vf/kd dher] �̂, ij daifu;k¡ bl oLrq ds mRiknu dks 
ykHkdkjh ikrh gSa ijarq bl dher dks xzkgd cgqr vf/kd ikrs gSaA vr%] bl dher 
ij vkiwfrZ] ekax ls vf/kd gks tk,xhA vFkkZr~ bl dher ij ge ikrs gS fd   

         �(�̂) = �(�̂) − �(�̂) < 0. 

vc /;ku nsa fd fdl izdkj ge ;gk¡ e/;orhZ&eku izes;dk mi;ksx djrs gSaA ;fn 
ekax vkSj vkiwfrZ Qyu] dherksa ds bl varjky [0, �̂] ij larr gSa] rks z(p) Hkh bl 
varjky [0, �̂] ij larr gksxk D;ksafd nks larr Qyuksa ds ;ksx vFkok varj ls izkIr 
Qyu Hkh ,d larr Qyu gksrk gSA vc] e/;orhZ&eku izes; ds vuqlkj z(0) vkSj 
�(�̂) ds chp dk dksbZ Hkh eku] 0 vkSj �̂ ds chp fdlh u fdlh eku p ij izkIr 
fd;k tk ldrk gSA ;gk¡ D;ksafd �(0) > 0 rFkk �(�̂) < 0 gS] rks gesa 0 vkSj �̂ ds 
e/; p dk ,d ,slk eku] � = � vo”; feysxk ftl ds fy, z(c) = 0 gksxkA ijarq 
ifjHkk’kk ds vuqlkj ;g dher ,d larqyu dher gSA vFkkZr~ �∗ = � gSA vr%] geus 
,d larqyu dher lqfuf”pr dj yh gSA  

Åij dh xbZ ppkZ dks ge bl izdkj lkjc) dj ldrs gSa % ;fn ekax ,oa iwfrZ 
Qyu lar gSa] rks vfrfjDr ekax Qyu Hkh larr gksxkA lkFk gh bl fLFkfr esa uhps 
fn, nksuksa izfrca/k Hkh lR; gksaxsA  

a½  dher 0 ij ekax 0 ls vf/kd gks] rFkk 

b½  dksbZ ,slh 0 ls cM+h dher gks ftl ij vkiwfrZ] ekax ls vf/kd gks tk,] vFkkZr~ 
vfrfjDr ekax Qyu “kwU; ls NksVk gks tk,aA  

rks] gesa ,d ,slh dher] tks fd 0 ls vf/kd gks] izkIr gks tk,xh ftl ij vfrfjDr 
ekax “kwU; gks] vFkkZr~ gesa ,d larqyu dher izkIr gks tk,xhA LoHkkfod :i ls] ;g 
rHkh lR; gksxk ;fn vfrfjDr ekax Qyu larr gksxkA  

cks/k iz”u 3 

1½  e/;orhZ&eku izes; dh O;k[;k dhft,A 

---------------------------------------------------------------------------------------------------------------------------------------------------- 

---------------------------------------------------------------------------------------------------------------------------------------------------- 

---------------------------------------------------------------------------------------------------------------------------------------------------- 

2½  uhps nks ckt+kj ekax vkSj vkiwfrZ Qyu fn, gS % 

D(p) = 50 − 2p;  S(p) = −10 + p  

bl ckt+kj ds fy, larqyu dher (p*) rFkk larqyu ek=k Kkr dhft, vkSj 
n”kkZb, fd ;s ekax ,oa vkiwfrZ Qyu ,d /kukRed larqyu dher ds vfLrRo 
ds fy, i;kZIr izfrca/kksa dks larq’V djrs gSaA  

---------------------------------------------------------------------------------------------------------------------------------------------------- 

---------------------------------------------------------------------------------------------------------------------------------------------------- 
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vodyu xf.kr 8-6  lkj-la{ksi 

bl bdkbZ esa geus lhekvksa ij dsafnzr fiNyh bdkbZ esa dh xbZ ppkZ dks vkxs c<+k;k 
gSA geus ns[kk fd dksbZ Qyu larr gksrk gS ;fn mlds vkys[k esa dksbZ fofPNfr ;k 
fQj Iyqfr u gksA vkSipkfjd :i ls] ,d Qyu ( )f x fdlh fcanq x a=  ij larr 

dgykrk gS ;fn x a=  ij ( )f x  dh lhek dk vfLrRo gks rFkk bl lhek dk eku 

f (a) ds cjkcj gksA fdlh Qyu dh lhek rFkk mldk lkarR; Kkr djus ds fy, 
ge la[;kRed vFkok chtxf.krh; fof/k;ksa dk iz;ksx dj ldrs gSaA  

bl bdkbZ esa larr Qyuksa dh fo”ks’krkvksa rFkk xq.k/keksZa dh foLrkj ls ppkZ dh xbZA 
fdlh Qyu ds vodyuh; gksus ds fy, mlds larr gksus dh vfuok;Zrk ij izdk”k 
Mkyk x;kA vxyh nks bdkbZ;ksa esa ge vodyuh; Qyuksa ds ckj esa foLrkj ls i<+saxsA 
bl bdkbZ esa geus lkarR; dh ladYiuk dks vkSipkfjd rFkk vukSipkfjd nksuksa izdkj 
ls le>kA blds i”pkr~ bdkbZ esa vlkarR; dh vo/kkj.kk ij fopkj fd;k x;k vkSj 
blds fofHkUu izdkjksa ij izdk”k Mkyk x;kA vFkZ”kkL= esa larr vkSj vlarr Qyuksa ds 
dqN vuqiz;ksxksa dh Hkh ppkZ dh xbZA ;|fi vFkZ”kkL= esa Qyuksa dks larr eku fy;k 
tkrk gS rkfd fl)karksa dks ljyrk ls le>k tk lds] rFkkfi geus ns[kk fd gesa 
vFkZ”kkL= esa vDlj vlarr Qyuksa dk iz;ksx Hkh djuk iM+rk gSA var esa bl bdkbZ 
esa geus larr Qyuksa ls lacaf/kr ,d egRoiw.kZ izes;] e/;orhZ&eku izes;] dh O;k[;k 
dh vkSj blds vuqiz;ksx ds :Ik esa larqyu fo”ys’k.k ij ppkZ dhA 

8-7 cks/k iz”uksa ds mÙkj@ladsr 

cks/k iz”u 1 

1½  f (x) fcUnq x = 1 ij larr gS 

2½  vuqPNsn 8-2 i<+s vkSj mÙkj fy[ksa 

3½  (i) − �
�
 ; (ii) ∞ 

4½   ����→ ��
������(���)

�������
 = ���

�→ ��

������(���)
���������

 

                                          = ���
�→ ��

������(���)
(���)(���)

= ���
�→ ��

(���)��������(���)
(���)(���)

 

                                                                            = [(��)�����](��)
�

 = −6 

cks/k iz”u 2 

1½  Qyu x = 3 ij vlarr gS D;ksaafd lim�→� �(�) ≠ f (3) 

2½  Qyu x = 0 ij vlarr gS 

3½  vuqPNsn 8-3 ns[ksa vkSj mÙkj fy[ksas aA 

4½  vuqPNsn 8-3 ns[ksa vkSj mÙkj fy[ksaA 

cks/k iz”u 3 

1½ vuqPNsn 8-5 i<+sa vkSj mÙkj fy[ksaA 

2½  q* = 10; p*  = 20 
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izFke&dksfV vodytbdkbZ 9 izFke-dksfV vodyt* 

lajpuk  

9-0 mís”; 

9-1 fo’k;-izos”k 

9-2 vodyt [Derivatives] 
9-3 Li”kZ js[kk vodyt ds :i esa [Tangent Line as Derivative] 

9-4 vodyu ds fu;e [Rules of Differentiation] 

9-5 vFkZ”kkL= esa izFke dksfV vodytksa ds mi;ksx [Use of first-order derivatives in 
Economics] 

9-6 lkj-la{ksi 

9-7 cks/k-iz”uksa ds mÙkj@ladsr 

9-0 mís”; 

bl bdkbZ ds v/;;u ds i”pkr~ vki dj ik,axs %  

• vodyt ,oa vody dh ladYiukvksa dk o.kZu( 

• fdlh oØ dh Li”kZ js[kk ds ifjlheu eku ds :i esa vodyt dh ifjHkk’kk( 

• vodyuh;rk dh “krsZa vkSj bu “krksZa ds larrrk ls laca/k( rFkk  

• vodyu ds dqN egRoiw.kZ fu;eksa dk o.kZuA 

9-1 fo’k;-izos”k 

geus bdkbZ 7 esa lhekvksa rFkk bdkbZ 8 esa larrrk ds ckjs esa i<+k gSA geus ns[kk fd 
fdu fLFkfr;ksa esa fdlh vuqØe dh rFkk fdlh Qyu dh lhek dk vfLRkRo gksrk gSA 
lhek dh ladYiuk ds vk/kkj ij] geusa larrrk ij ppkZ dhA bl bdkbZ esa geus 
mYys[k fd;k fd fdlh Qyu ds vodyt ds vfLrRo ds fy, larrrk egRoiw.kZ gSA 
okLro esa larrrk fdlh Qyu ds vodyt ds vfLrRo ds fy, vfuok;Z gSA ;g 
bdkbZ Qyuksa ds vodyt Kkr djus ls lac) gSA fdlh Qyu dk vodyt Kkr 
djus dh izfØ;k dks vodyu dgrs gSaA ge ns[ksaxs] fd vodyt] vFkZ”kkL=h; 
?kVukvksa dks le>us ds fy, ,d vR;Ur egRoiw.kZ] cfYd dsanzh;] vo/kkj.kk gSA vkbZ, 
ge vc vodytksa dk v/;;u izkjaHk djsaA ;gk¡ ge ;g mYys[k dj ldrs gSa fd ;g 
bdkbZ dsoy izFke-dksfV vodytksa ls lac) gSA vxyh bdkbZ esa ge vodytksa ds 
vodyt vkSj muds Hkh vodytksa vFkkZr~ mPp-dksfV vodytksa dk v/;;u djsaxsA  

bl bdkbZ ds vxys vuqPNsn esa ge vodytksa dh T;kferh; O;k[;k djsaxsA ge 
ns[ksaxs fd vodyt fdlh oØ dh thok ds lhekar eku ds :i esa ns[kk tk ldrk gS 
D;ksafd lhekar fLFkfr esa thok ml oØ dh ,d Li”kZ js[kk cu tkrh gSA vxys 
vuqPNsn esa] ge vodyt dh vkSipkfjd Hkk’kk nsaxs vkSj vody dh egRoiw.kZ 
ladYiuk dh Hkh ppkZ djsaxsA blls vxys vuqPNsn esa] ge vodyuh;rk dh “krksZa ij 
ckr djsaxs] vFkkZr~ fdlh vodyt ds vfLrRo ds fy, dkSu lh “krsZa vko”;d gSaA 

 

*Jh lkSxrks lsu 
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mlds i”pkr~] bl bdkbZ esa dqN fof”k’V Qyuksa ds vodyt Kkr djus ds fu;eksa 
ij ppkZ dh tk,xhA var esa] bl bdkbZ esa vFkZ”kkL= esa izFke-dksfV vodytksa ds 
mi;ksx ds dqN mnkgj.k izLrqr fd, tk,axsA  

9-2 vodyt [DERIVATIVES] 

ge lhek vkSj larrrk dh ladYiukvksa ls igys ls gh ifjfpr gSaA ;s ladYiuk,a 
vodyu xf.kr dh izeq[k fo’k;oLrq] vFkkZr~] ,d Qyu ds vodyt] dh i’̀BHkwfe 
cukrh gSaA bl vuqPNsn esa ge vodytksa dk v/;;u djsaxsA  

varj vuqikr 

,d Qyu y = f (x) ij fopkj dhft,A eku yhft, fd tc Lora= pj x viuk eku 
x1 ls cnydj x2 djrk gS] fuHkZj pj y viuk eku y1= f (x1) ls cny dj y2= f (x2) 
dj ysrk gSA x ds eku esa ifjorZu] varj x2 & x1 ls izkIr fd;k tk ldrk gSA xf.kr 
esa fdlh Hkh ifjorZu dks xzhd Hkk’kk ds cM+s v{kj ∆  ¼ftls MsYVk dgrs gSa½ ls O;Dr 
fd;k tkrk gSA vr%] x esa gksus okys ifjorZu dkss ∆  x = x2 & x1 ds :i esa fy[kk tk 
ldrk gSA blh izdkj  y esa gksus okys ifjorZu dks ∆  y = y2 & y1= f (x2) & f (x1) 
ds :i esa fy[kk tk ldrk gSA tc x, ∆  x ls ifjofrZr gksrk gS] rks ge ikrs gSa fd 
y, ∆  y ls ifjofrZr gksrk gSA 

blfy,] x esa gq, izfr bdkbZ ifjorZu ds lkis{k y esa gq, ifjorZu dks bl vuqikr 
( ) ( )

12

12

xx
xfxf

x
y

−
−

=
∆
∆

 
ls O;Dr fd;k tkrk gSA D;ksafd ;g HkkxQy nks varjksa dk 

vuqikr gS] bls varj vuqikr dgk tkrk gSA ;g Li’V gS fd ;g varj vuqikr] 
varjky (x

1
, x

2
) ij y  esa gq, vkSlr ifjorZu dk eki gSA vkbZ, ge ,d Qyu 

( )y f x=
 ij fopkj djsa tgk¡ y  ,d fuHkZj pj rFkk x ,d Lora= pj gSA eku 

yhft, x
 
 esa ,d vfr lw{e ¼infinitesimal½ 

ifjorZu xD  gS rFkk y esa ¼x esa gksus okys bl ifjorZu xD ds lkis{k½ gksus okyk vkfr 
lw{e ifjorZu yD  gS bl izdkj dh fLFkfr;k¡ O;kid :i rFkk vFkZ”kkL= laca/kh 

leL;kvksa esa vDlj ikbZ tkrh gSA blds fy,] Qyu dk larr gksuk vko”;d gSA 
dksbZ Qyu dsoy rHkh vodyuh; gksrk gS ¼vFkkZr~ mlds vodyt dk vfLrRo gksrk 
gS rFkk mls izkIr fd;k tk ldrk gS½ tc og larr gksA vkSj dksbZ Qyu larr gksrk 
gS tc mlesa dksbZ foPNsn ¼break½ ugha gksrk vFkkZr~ bls fcuk isu@isafly mBk, 
dkxt+ ij cuk;k tk ldrk gSA  

;fn Qyu y = f (x) dh larrrk nh gqbZ gS rks ge Lora= pj ¼x½ esa gksus okys ifjorZu 
ds lkis{k] fuHkZj pj ¼y½ esa gksus okys ifjorZu dks Kkr djus dk iz;Ru djrs gSaA 
nwljs “kCnksa esa] ge fn, gq, Qyu y = f (x) ls ,d vkSj Qyu Kkr djuk pkgrs gSa] 
,d ,slk Qyu tks  

x vkSj y esa gksus okys ifjorZuksa ds chp laca/k dks O;Dr djsaA bl u, Qyu dks fn, 

gq, Qyu dk vodyt dgrs gSa vkSj bls vusd fpàksa] tSls fd 1, , dyy y
dx  

;k f x

ls O;Dr fd;k tkrk gSA  
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fdlh vodyt 

dy
dx  

¼vFkkZr~ vody xq.kkad½ dks Kkr djus dh izfØ;k dks Qyu dk 

vodyu dgrs gSaA xf.kr dh og “kk[kk tks Qyuksa vkSj muds vodytksa ¼vFkok 
mudh vodyuh;rk½ ls lacaf/kr v/;;u djrh gS] vodyu xf.kr dgykrh gSA 
/;ku jgs ,d Qyu ds vodyt dk vfLrRo dsoy rHkh gksrk gS tc og Qyu 
vodyuh; gksA vkSj ;g rHkh laHko gksxk ;fn Qyu vius izkar ij larr gksA 

,d Qyu f x  dk] pj x ds lkis{k vody xq.kkad] x esa ifjorZu ds QyLo:i 

f x  esa gq, ifjorZu dh rkRdkfyd nj ds cjkcj gksrk gSA 

vkbZ, ge Qyu y = f (x)     …(1)  ysaA 

eku yhft, x esa ,d lw{e ifjorZu ∆  x, gS] ftlds QyLo:i y esa ∆  y ifjorZu 
gksrk gS] vFkkZr~] 

      y y f x x       …(2) 

lehdj.k ¼2½ esa ls lehdj.k ¼1½ dks ?kVkus ij ge izkIr djrs gSA 

                          y f x x f x  

nksuksa i{kksa dks ∆  x ls Hkkx djus ij ge ikrs gSa fd 

∆�
∆�

=
�(� + ∆�) − �(�)

∆�
 

vuqikr  ∆�
∆�

 , tks fd varj vuqikr dgykrk gS] ��
��

  dh vksj tkrk gS] tc ∆� → 0  dh 

vksj tk,A ��
��

  dks y dk x ds lkis{k vodyt ;k vodyu xq.kkad dgrs gSaA  

izrhdkRed :i esa] ��
��

= lim∆�→�
∆�
∆�

= lim∆�→�
�(��∆�)��(�)

∆�
 

bldks bl izdkj i<+rs gSa] ��
��

  , tks fd y = f (x) dk vody xq.kkad dgykrk gS] varj 

vuqikr ∆�
∆�

 ;k �(��∆�)��(�)
∆�

  dk lhekar eku gSA 

izFke fl)kar }kjk vodyt 

vodyu ds izFke fl)kar dks Li’V djus ds fy,] vkbZ, ge ,d ljy lk Qyu ysa 

 2y x  …(1) 

eku yhft, x esa ∆  x o`f) gksrh gS vkSj blds QyLo:i y esa ∆  y ifjorZu gksrk gSA  

vr%] Qyu y = f (x) ls izkIr gksr gSA 

 2y y x x  …(2) 

lehdj.k ¼4½ esa ls ¼3½ ?kVkus ij ge ikrs gSa fd  
2 2y x x x  
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;k   
2 2x x xy

x x       
¼nksuksa i{kksa dks ∆  x ls foHkkftr djus ij½ 

             

2 2 2 22 2x x x x x x x x
x x x

 

;k    ∆�
∆�

= ∆� + 2� 

9-3 Li”kZ js[kk vodyt ds :i esa [TANGENT LINE AS 
DERIVATIVE] 

;|fi vodyt ewYkr% dyu dh ,d ladYiuk gS] bldk ,d jkspd T;kferh; 
fuoZpu gSA vkbZ, js[kkfp= 9-1 ij fopkj djsa vkSj vodyt ds bl T;kferh; 
izfr:i dks le>saA  

 

 

 

  

      

js[kkfp= 9-1 

eku yhft,] E  vkSj F, ,d Qyu ( )xfy =  }kjk of.kZr oØ ij nks fcanq gSaA eku 
yhft, E ds funsZ”kkad ( )11, yx  rFkk F ds funsZ”kkad ( )yyxx ∆+∆+ 11 ,  gSaA ge ;g Hkh 

eku ysrs gSa fd E ,d fLFkj fcanq gS rFkk F ,d xfreku fcanq tks fd oØ ds lkFk-
lkFk fcanq E dh vksj vxzlj gSA ;fn ge fcanqvksa E vkSj F dks ,d ljy js[kk }kjk 
feyk ns arks js[kk E F ,d thok dgykrh gSA tSls-tSls fcanq F, fcanq E dh vksj tkrk 
gS] thok E F dh fLFkfr fujarj cnyrh gSA mnkgj.k ds fy,] F

1 
ij] bldh fLFkfr 

EF
1 
gks tkrh gS vkSj F

2 
ij EF

2 
gks tkrh gSA ge bl js[kkfp= esa ns[k ldrs gSa fd 

tSls-tSls fcanq F, fcanq E dh vksj tkrk gS] thok E ds lkis{k ij okekorZ ?kwerh gSA 
bl ?kweus dh izfØ;k esa] ;g thok fujarj NksVh gksrh tkrh gS rFkk thok vkSj oØ dh 
pki ds e/; dk {ks=Qy fujarj de gksrk tkrk gSA okLro esa] tc fcanq F, fcanq E 
rd igq¡prk gS] thok EF, oØ ds fcanq E ij ,d Li”kZ js[kk ¼eku yhft, ET ½ cu 
tkrh gSA vr%] Li”kZ js[kk ET dh O;k[;k thok EF dh lhekar fLFkfr ds :i es dh 
tk ldrh gS tcfd E fcanq F dh vksj tkrk gksA ijarq] ;g lhekar fLFkfr dk vfLrRo 
dsoy rHkh gksxk tc og oØ fcanq E ij larr gksA 

vkbZ, vc ge bldh tk¡p djsa fd tSls-tSls fcanq F, fcanq E dh vksj tkrk gS rks 
thok EF dh <ky ¼;k izo.krk½ fdl izdkj izHkkfor gksrh gSA ge tkurs gSa fd nks 
fcanqvksa ds chp fdlh js[kk dh <ky] y ds eku esa ifjorZu vkSj x ds eku esa ifjorZu 
ds vuqikr ls izkIr gksrh gSA vr%] ;fn xfreku fcanq dh ewy fLFkfr F gS] rks thok 
EF dh <ky E vkSj F ds fn, gq, funsZ”kkadksa ls izkIr dh tk ldrh gSA bldk eku 

x O 

y 

y = f (x) 

E 

F F1 F2 T 
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x
y

∆
∆

 
izkIr gksrk gSA js[kkfp= ls ;g Li’V gS fd tSls-tSls fcanq F fcanq E dh vksj 

c<+rk gS rks x∆  vkSj y∆  ds ekuksa esa ifjorZu gksrk gS ftlds QyLo:i thok EF  

dh fofHkUu fLFkfr;ksa es fy, bldh <ky 
x
y

∆
∆

Hkh ifjofrZr gksrh jgrh gSA varr%] tc 

fcanq F, fcanq E rd igq¡prk gS vkSj 0→∆x  dh vksj tkrk gS] ;g <ky ,d lhek dh 

vksj igq¡prh gS tks fd 
x
yLim

x ∆
∆

→∆ 0  
}kjk izkIr gksrh gS vkSj tSlk fd geus igys Hkh ppkZ 

dh gS] ;g lhek 
dx
dy

 
dgykrh gSA /;ku ns fd tc F, E dh vksj tkrk gS rks x∆  dk 

eku fujarj de gksrk tkrk gS vFkkZr~ x∆ ,0 dh vksj tkrk gS ftls ge 0→∆x  ls 

O;Dr djrs gSaA  

Åij dh xbZ ppkZ dks ge la{ksi esa bl izdkj j[k ldrs gSaA tSls-tSls fcanq F, fcanq E 
dh vksj tkrk gS] nks jkf”k;k¡@ek=k,a ¼quantities½ ,d lkFk viuh-viuh lhekvksa dh 
vksj tkrh gSa % thok EF  ,d lhekar fLFkfr dh vksj tkrh gS tks fd oØ ds fcanq E 

ij ,d Li”kZ js[kk gS vkSj thok EF  dh <ky 
x
y

∆
∆

 
Hkh viuh lhek dh vksj tkrh gS 

tks fd 
dx
dy

 
ds cjkcj gSA blfy,] ge dg ldrs gSa fd lhek ij Li”kZ js[kk dh <ky 

dx
dy

 
gSA gesa ;g igys ls gh Kkr gS fd 

dx
dy

 
] x ds fdlh Qyu y dk vodyt gSA 

vr%] Qyu ( )xfy =  dk 1xx =  ij vodyt dk fuoZpu fn, gq, Qyu 
( )xfy =  ds oØ ds 1xx =  ds laxr fcanq ij Li”kZ js[kk dh <ky ds :i esa fd;k 

tk ldrk gSA ijarq] vodyt rFkk Li”kZ js[kk nksuksa ds vfLrRo ds fy, ;g vko”;d 
gS fd Qyu vkSj oØ nksuksa gh x ds fn, gq, eku ij larr gksA  

js[kkfp= 9-2 esa ,d Qyu ( )xfy =  dk oØ n”kkZ;k x;k gSA bl oØ ij] ,d nwljs 

ds lehi] ,A x y  vkSj ,B x x y y  nks fcanq fy, x, gSaA AB dks 

feykdj vkxs c<+k;k x;k gS ftlls ;g js[kk] x&v{k dks fcanq D ij dkVrh gS rFkk 
x-v{k ds lkFk dks.k  cukrh gSA  

A vkSj  B dks feykrh gqbZ bl js[kk AB dh <ky  

                                   tan � = △� 
△� 

  vFkkZr~ yac@vk/kkj gSA  

vc] eku yhft, x  , 0 dh vksj tkrk gS vFkkZr~ 0x  gSA blls fcanq B fcanq A 

dh vksj tk,xk ¼vFkkZr~ B →  A gksxk½ vkSj /khjs&/khjs js[kk AB , oØ ds fcanq ,A x y  
ij ,d Li”kZ js[kk cu tk,xh tks fd foLrkj djus ij x&v{k ds lkFk ,d u;k 
dks.k] , cuk,xhA bl Li”kZ js[kk dh <ky tan  gS tks fd tan  dk lhekar eku 

gS tc 0x AC  gksA  
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js[kkfp= 9-2 

lkadsfrd :i esa bls bl izdkj fy[kk tk ldrk gS]  

tanΨ = ���
△�→�

△ �
△ �

=
��
��

  

bls bl izdkj i<+k tkrk gSA  

fdlh Qyu ( )xfy =  dk vody xq.kkad ;k vodyt] varj vuqikr 
y
x  

dk 

lhekar eku gksrk gS tcfd x  “kwU; dh vksj tkrk gSA  

Qyu ( )xfy =  ds fdlh Hkh fcanq A ij] 
dy
dx  

ml fcanq ij Li”kZ js[kk dh <ky  

¼ tan ½ ds cjkcj gksrk gSA vkSj ;fn fdlh fcanq x a  ij varj vuqikr 
y
x  

dh 

lhek dk vfLrRo gks rks ge dg ldrs gSa fd  

• f (x) Qyu x a  ij Qyu ( )xfy =  dh lhek gSA 
• Qyu ( )xfy = , x a  ij larr gSA 

• Qyu ( )xfy = , x a  ij vodyuh; gS  

ge bl bdkbZ esa larrrk ds ckjs esa vkSj foLrkj ls i<+saxsA  

larrrk vkSj vodyuh;rk 

geus Åij ns[kk fd fdlh Qyu ds Lora= pj ds fdlh eku ij vodyt ds 
vfLrRo ds fy, Lora= pj ds ml eku ij Qyu dk larr gksuk vko”;d gSA 
T;kferh; :i esa] bldk vFkZ gS fd fn, gq, Qyu ds oØ ij laxr fcanq ij Li”kZ 
js[kk ds vfLrRo ds fy, oØ ml fcanq ij larr gksuk pkfg,A larrrk vodyuh;rk 
ds fy, ,d vfuok;Z “krZ gS ijarq i;kZIr ughaA ,d ,slk Qyu tks larr Hkh gks vkSj 
vodyuh; Hkh] ,d el̀.k ¼smooth½ Qyu dgykrk gSA  

 

x O 

y 

∆� 

∆� 

A (x, y) C 

B (x+∆�, y +∆�) 

Ψ θ 

D 
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izFke&dksfV vodytcks/k iz”u 1  

1½  fdlh Qyu dh thok vkSj Qyu dh Li”kZ js[kk esa D;k varj gS\ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

2½  fdlh Qyu ( )xfy =  ds fy, vodyt dh ladYiuk fdl izdkj Qyu ds 

oØ dh Li”kZ js[kk ds :i esa le>h tk ldrh gS] O;k[;k dhft,A 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

9-4 vodyu ds fu;e [RULES OF DIFFERENTIATION] 

vodyt dh ladYiuk dks le>us ds i”pkr~ vc ge vodyt Kkr djuk lh[ksaxsA 
dqN fu;eksa dk ikyu djds vodyt Kkr djus dh izfØ;k dks dkQh gn rd 
ljy cuk;k tk ldrk gSA vkbZ,] vc ge bu fu;eksa dk mYys[k djsaA bl fu;eksa 
dh miifÙk gekjs ikB~;Øe ds fo’k; {ks= ls ckgj gSA  

chtxf.krh; Qyu 

loZizFke] ge viuk /;ku chtxf.krh; Qyuksa ij dsfUnzr djrs gSaA eku yhft, gesa 
pj x ds nks Qyu f (x) vkSj g (x) fn, gSaA ge eku dj pyrs gSa fd nksuksa Qyu 
vodyuh; gSaA  

fu;e 1 % ,d vpj dk vodyt 

,d vpj dk vodyt “kwU; gksrk gSA ekuk f (x) = C gS] tgk¡ C ,d vpj gSA bl 
fLFkfr esa  

0d C
dx   

gksrk gSA 

fu;e 2 % ?kkrkad Qyu dk vodyt 

eku yhft, f (x) = x gS] tgk¡ n dksbZ Hkh okLrfod la[;k gSA rc] 1n nd x nx
dx  

gksxkA 

fu;e 3 % ,d ;ksx ;k varj dk vodyt 

nks Qyuksa ds ;ksx ¼varj½ dk vodyt] nksuksa Qyuksa ds vodytksa ds ;ksx ¼varj½ ds 
cjkcj gksrk gSA  
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vFkkZr~  

�
��

��(�) ± �(�)� =
�

��
�(�) ±

�
��

�(�) = � ′(�) ± �(�) 

fu;e 4 % ,d xq.kuQy dk vodyt & xq.kuQy fu;e  

nks Qyuksa ds xq.kuQy dk vodyt] igys Qyu vkSj nwljs Qyu ds vodyt ds 
xq.kuQyu rFkk nwljs Qyu vkSj igys Qyu ds vodyt ds xq.kuQy ds ;ksx ds 
cjkcj gksrk gSA  

;fn .y u v  gS tgk¡ u = f(x) rFkk v = g(x)  gS] rks  

��
��

= �.
��
��

+ �.
��
��

= �(�)�′(�) + �(�)�′(�) 

fVIIk.kh % ;fn Qyu esa nks ls vf/kd Qyuksa dk xq.kuQy gS] rks ge fdUgha Hkh nks 
Qyuksa ds xq.kuQyksa dks igyk Qyu rFkk “ks’k cps Qyu ¼Qyuksa ds xq.kuQy½ dks 
nwljk Qyu eku ysrs gSa vkSj mu ij xq.kuQy fu;e yxkrs gSA  

  

dy df x g x L x L x f x g x
dx dx

 

tgk¡   
d f x g x f x g x g x f x
dx

 gSA 

fu;e 5 % HkkxQy fu;e 

nks Qyuksa ds HkkxQy dk vodyt] va”k ds vodyt vksj gj ds xq.kuQy es ls 
gj ds vodyt vkSj va”k ds xq.kuQy dks ?kVkus ij izkIr gq, ifj.kke dks gj ds 
oxZ ls foHkkftr djus ij izkIr gksrk gSA  

ekuk 
uy
v

, gS tgk¡ u = f(x) rFkk v = g(x) gS] rks 

  
22

du dvv u g x f x f x g xdy dx dx
dx v g x

 

fu;e 6 % Qyu ds Qyu dk vodyt & Ja[kyk fu;e  

vHkh rd geus ,d Qyu dk vodyt ,sls Lora= pj ds lkis{k Kkr djuk lh[kk 
gS tks Qyu dks izR;{k :i ls izHkkfor djrk gSA vc ge ,d Qyu dk vodyu 
,sls Lora= pj ds lkis{k Kkr djus ij fopkj djsaxs tks Qyu dks izR;{k :i ls ugha 
vfirq vizR;{k :i ls izHkkfor djrk gSA eku yhft, y, u dk Qyu gS vkSj u, x dk 
Qyu gS] rks x, y dks vizR;{k :i esa u ds ek/;e ls izHkkfor djrk gSA bl fLFkfr esa 
y dk x ds lkis{k vodyt] y ds u ds lkis{k vodyt vkSj u ds x ds lkis{k 
vodyt ds xq.kuQy ds cjkcj gksrk gSA vFkkZr~ 

   dx
du

du
dy

dx
dy

=  
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izFke&dksfV vodytfu;e 7 % ,d izfrykse Qyu dk vodyt 

eku yhft, ( )xfy =  gSA ;fn ge bl Qyu dh lgk;rk ls x dks y ds Qyu ds 

:i esa O;Dr djsa] rks ;g Qyu y dk izfrykse Qyu dgykrk gSA lkadsfrd :i esa 
ge bls ( )yfx 1−=  ds :i esa fy[krs gSaA ,d Qyu ds izfrykse Qyu dk 

vodyt] ewy Qyu ds vodyt ds O;qRØe ds cjkcj gksrk gS c”krsZ nksuksa Qyuksa 
dk vfLrRo gksA vFkkZr~] 

                                               dx
dydy

dx 1
=  

fu;e 8 % y?kqx.kdh; Qyuksa ds vodyt 

vk/kkj e okys y?kqx.kdh; Qyu ds vodyt dk lw= Kkr djuk vf/kd 
lqfo/kktud gSA blfy, igys ge blh dks ysrs gSaA bl y?kqx.kd dks ge ladsr 
log� � ls O;Dr djrs gSa ¼gesa ;gk¡ /;ku nsuk pkfg, vk/kkj e ds y?kqx.kd Qyu ds 
fy, ,d vU; ladsr lnx dk Hkh iz;ksx fd;k tkrk gS] tgk¡ ln izk—frd y?kqx.kd ds 
fy, iz;qDr gksrk gS½A 

ekuk y = log� �  gSA rks] ��
��

= �
��

(log� �) = �
�
. �

��
(�)  = �

�
  gksrk gSA 

Åij fn, ifj.kkeksa ds vk/kkj ij ge izkIr djrs gSaA  

                             
�

��
(log� ��) = �

��  . �
��

(��)  

                                                               = �
��  . ����� = �

�
 

vkbZ,] vc ge e ds vfrfjDr vU; vk/kkj okys y?kqx.kd Qyuksa dk vodyt Kkr 
djsaA  

ekuk y = log� �  gS tgk¡ � > 0  gSA log� �  dk vFkZ vk/kkj a ij] x dk y?kqx.kd gSA 

bl fLFkfr esa    

            ��
��

= �
��

(log� �) = �
�

log� � = �
������

 gSA 

fu;e 9 % pj?kkrkadh; Qyuksa ds vodyt  

izkjaHk djus ds fy,] vkbZ, ge vk/kkj e okys pj?kkrkadh; Qyu ij fopkj djsaA ekuk 
xey =  gSA  

bl fLFkfr esa]  

  
( ) xx ee

dx
d

dx
dy

==  gSA 

Åij izkIr ifj.kkeksa ds vk/kkj ij ge izkIr djrs gSa %   

                        
ax ax ax axd de e ax e a ae

dx dx
 

vc ge ,sls pj?kkrkadh; Qyuksa ds vodyt ij fopkj djsaxs ftudk vk/kkj e u 
gksdj dksbZ vU; /kukRed la[;k gSA ekuk y = ax  gS tgk¡ a > 0 gSa rks] 
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             ��
��

= �
��

(��) = ��log��   gksxkA  

vkbZ, vc ge bu fu;eksa ij vk/kkfjr dqN mnkgj.k ysaA 

mnkgj.k 1 % ;fn 5y x , gS] rks 5 1 45 5dy x x
dx  

gksxkA ¼fu;e 1½ 

mnkgj.k 2 % ;fn 10y x  gS] rks 10 10 1 10dy d x
dx dx  

gksxkA ¼fu;e 2½ 

mnkgj.k 3 % ;fn 3100y x  gS] rks 

 ��
��

= 100 �
��

(��) = 100 × 3���� = 300��  gksxkA ¼fu;e 3½ 

mnkgj.k 4 % ;fn 100y  gS] rks 0dy
dx   

gksxkA ¼fu;e 4½ 

mnkgj.k 5 % ;fn 5 4 2y ax bx cx gS] rks  

��
��

= �. �
��

(��) + �. �
��

(��) − �. �
��

(��) ¼fu;e 3½ 

     

   = �. 5�5−1 + �. 4. �4−1 − �. 2. �2−1 

                                                   = 5��� + 4��� − 2��  gksxkA  

mnkgj.k 6 % ;fn 6 5 3 23 2 7 3 10y x x x x  gS] rks  

6 5 3 23 2 7 3 10dy d d d d dx x x x
dx dx dx dx dx dx               

¼fu;e 3½ 

     

   6 1 5 1 3 1 2 13 6 2 5 7 3 3 2 0x x x x  

  5 4 218 10 21 6x x x x  gksxkA  

mnkgj.k 7 % ;fn 2 logy x x  gS] rks  
��
��

= ��. �
��

(log�) + log�. �
��

(��) = ��. �
�

+ log� × 2�                  ¼fu;e 4½ 

         2 logx x x  
         1 2 logx x  gksxkA  

mnkgj.k 8 % ;fn 3 2xy x e  gS] rks xq.kuQyu fu;e ls ge izkIr djrs gSa  

 3 2 2 3x xdy d dx e e x
dx dx dx                                 

¼fu;e 4½

       

                           3 2 2 3 1 3 2 2 22 3 2 3x x x xx e e x x e x e  
                         2 2 2 3xx e x    

mnkgj.k 9 % ;fn logxy e x  gS] rks xq.kuQyu fu;e ls ge izkIr djrs gSa  

 log logx xdy d de x x e
dx dx dx                                     

¼fu;e 4½ 
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izFke&dksfV vodyt
      1 1log logx x xe x e e x

x x
  

mnkgj.k 10 % ;fn 2

log xy
x  

gS] rks HkkxQy fu;e ls ge izkIr djrs gSa  

 

2 2

22

log logd dx x x xdy dx dx
dx x

                                            

¼fu;e 5½ 

      

2

4 4

1 log 2 2logx x x x x xx
x x

 

      4 3

1 2 log 1 2 logx x x
x x   

 

mnkgj.k 11 % ;fn 4

20
3

y
x  

gS] rks HkkxQy fu;e ls ge izkIr djrs gSa  

��
��

=
���× �

��
(��)���× �

�������

(���)� = ����×����

���

                      

¼fu;e 5½  

                               

 = ������

��� = ���
���     

mnkgj.k 12 % 21y x dk x ds lkis{k] Jà[kyk fu;e dk iz;ksx djrs gq,] 

vodyt Kkr dhft,A gesa 
1

2 21y x
 
fn;k gSA  

21 x u  j[ksa ftlls 
1
2y u  gks tk,A  

vkSj 
1
2

1
2

1 1
2 2

dy u
du u  

izkIr gksrk gSA  

D;ksafd 21u x gS] vr%] 2du x
dx  

gSA  

1
2 2 2

1 22
2 2 1 1

dy dy du x xx
dx du dx u x x  

mnkgj.k 13 % J̀a[kyk fu;e ds iz;ksx }kjk  
53 23 5 1x x x

 
dk 

dy
dx   

Kkr djsaA  

ekuk 3 23 5 1u x x x  gSA blls ge ikrs gSa fd 5y u  gS rFkk 

29 10 1du x x
dx  

gSA  

lkFk gh]  

 
44 3 25 5 3 5 1dy u x x x

du
 

 ��
��

 = ��
��

. ��
��

 = (9x2−10x+1) × 5(3x3 −5x2+x−1)4 

      = 5(3x3−5x2+x−1) (9x2−10x+1) 
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mnkgj.k 14 % ;fn y=a x ln x
 gS] rks lw= 

dy dy du
dx du dx  

dk iz;ksx djrs gq, 
dy
dx  

Kkr 

djsaA 

u=x ln x j[ksaA vr% 
��
�� 

= x. �
�

+  ln � = 1 + ln � gksxkA  

lkFk gh] uy a  gS vkSj 
��
�� 

= au ln �
 
gSA vr%] ge ikrs gSa fd  

dy dy du
dx du dx   

= (a x ln x ln a) (l + ln x) gkssxkA 

vLi’V vFkok fufgr Qyuksa ds vodyt 

,d vLi’V vFkok fufgr Qyu ,d ,slk Qyu gS tks nks pjksa x vkSj y esa ijLij 
fuHkZjrk dks O;Dr djrk gSA x ds izR;sd eku ds fy, y dk ,d iwoZfu/kkZfjr vFkok 
fuf”pr eku gksrk gS rFkk bldk foykse dFku Hkh lR; gksrk gSA ,d pj dkeku 
nwljs pj ds eku ls Kkr fd;k tk ldrk gSA ,sls Qyu dk ,d mnkgj.k gS %  

 
2 2, : 2 3 10 5 0f x y x xy y  

vkbZ, vc ge bldk x ds lkis{k vodyt Kkr djsaA  

  4 3 3 20 0 0dy dyx x y y
dx dx

 

  4 3 20 3 0dy dyx x y y
dx dx

     ( 
dy
dx

 okys inksa dks ,d lkFk fy[kus ij)  

 3 20 4 3 0dy x y x y
dx   

 

  3 20 4 3dy x y x y
dx

 

;k         
4 3

3 20
x ydy

dx x y
 

vkbZ, ge ,d vkSj Qyu �� + (� + � + 6)� = 0 dk x ds lkis{k vodyu Kkr 
djsaA /;ku jgs ;gk¡ ge y dks x dk Qyu eku jgs gSaA vc] x ds lkis{k vodyu 
djus ij gesa izkIr gksrk gSA 

�.
��
��

+ �. 1 + 4(� + � + 6)� ×
�

��
(� + � + 6) = 0 

�
��
��

+ � + 4(� + � + 6)� × �1 +
��
��

+ 0� = 0 

��
��

�� + 4(� + � + 6)�� = −�� + 4(� + � + 6)�� 

��
��

= − �
� + 4(� + � + 6)�

� + 4(� + � + 6)�� 
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izFke&dksfV vodytizkpfyd lehdj.k vkSj muds vodyt 

nks pjksa x vkSj y ds chp x f t  vkSj y f t  ds :i esa O;Dr laca/k dks 

izkpfyd :i esa O;Dr laca/k dgrs gSaA ;gk¡ pjksa x vkSj y ds chp Li’V laca/k ugha 
gksrk vfirq os ,d vU; pj] tSls fd ;gk¡ t] ds ek/;e ls lacaf/kr gksrs gSaA rhljs pj 

t dks izkpy ¼parametric½ dgrs gSaA ,slh fLFkfr esa 
dy
dx  

bl izdkj O;Dr fd;k tkrk gS 

dy
dy dy dtdt

dxdx dt dx
dt

 

mnkgj.k % ;fn 28 7x t t  rFkk 
2 10 2y t t  gS rks 

dy
dx  

Kkr dhft,A  

gy % ;gk¡ 28 7x t t  rFkk 
2 10 2y t t  gS vr%  

16 1dx t
dt

, 2 10dy t
dt

 

                   
2 10
16 1

dy
dy tdt

dxdx t
dt

 

cks/k iz”u 2  

1½  mm xxy 63 1 += +
 dk vodyt Kkr dhft,A 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

2½  
12

1
2 ++

=
xx

y
 
dk vodyt Kkr dhft,A 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 
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3½  ;fn ( )21 xy +=  gS] rks fl) dhft, fd 0=− x
dx
dyy

 
gSA 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

4½  24 2 += xy  ls 
dy
dx

  
Kkr dhft,A  

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

5½  22log xy +=  dk vodyt Kkr dhft,A  

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

6½  ( )12log2 += xey x
 dk vodyt Kkr dhft,A 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

7½  y = 2m2 + 6m + 1 dk vodyt  m2 + 5 ds lkis{k Kkr dhft,A  

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

----------------------------------------------------------------------------------------------------------------------------------------------------- 
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izFke&dksfV vodyt9-5 vFkZ”kkL= esa izFke dksfV vodytksa ds mi;ksx [USE OF 
FIRST ORDER DERIVATIVES IN ECONOMICS] 

vFkZ”kkL= esa ,d dqy ek=k Qyu ds ifjorZu dh nj dy
dx

mlds lhekar Qyu dks 

fu:fir djrh gSA vFkkZr~  

lhekar Qyu = �
��

 ¼dqy Qyu½ 

mnkgj.k ds fy,] 

1½  lhekar mi;ksfxrk ¼MU½ = �

��
  [dqy mi;ksfxrk (TU)] 

2½  lhekar ykxr ¼MC½ = �
��

  [dqy ykxr (TC)] 

3½  lhekar vkxe ¼MR½= �
��

  [dqy vkxe (TR)] 

4½  lhekar mRikn ¼MP½= �
��

  [dqy mRikn (TP)] 

vodyt ,oa lhekar fo”ys’k.k 

vFkZ”kkL= rFkk vU; lacaf/kr fo’k;ksa esa] gekjh :fp vDlj nks jkf”k;ksa x vkSj y ds chp 
Qyfud laca/k esa gksrh gSA mnkgj.k ds fy,] gekjh fnypLih ykxr vkSj mRiknu ds 
chp laca/k tkuus esa gks ldrh gSA lkekU;r% bl izdkj ds laca/kksa ds v/;;u esa nks 
izdkj dh ladYiukvksa dk mi;ksx fd;k tkrk gS % vkSlr dh ladYiuk rFkk lhekar 
dh ladYiukA vkSlr dh ladYiuk dqy jkf”k;ksa x vkSj y ij dsfUnzr gksrh gSA vr%] 
;fn gesa mRiknu dh dqy ykxr rFkk dqy mRikn fn;k gks] rks ge mRiknu dh 
vkSlr ykxr dk fu/kkZj.k dj ldrs gSa tks ,d izdkj ls gesa dqy mRikn ds fy, 
izfr bdkbZ ykxr dk vuqeku nsrh gSA nwljh vksj lhekar dh ladYiuk dk laca/k 
lhek ij y vkSj x ds ekuksa esa ifjorZu ls gSA vr%] ge vDlj lhekar ykxr dks 
mRikn dh ,d vfrfjDr bdkbZ dh of̀) ds lkis{k] dqy ykxr esa gksus okys ifjorZu 
ds :i esa ifjHkkf’kr djrs gSA ;fn dqy ykxr esa ifjorZu dks C∆  ls O;Dr fd;k 

tk,a rFkk mRikn esa ifjorZu ds q∆  ls O;Dr fd;k tk,a] rks lhekar ykxr 
q
C
∆
∆

 
ls 

ekih tk,xhA ;|fi] lhekar ykxr dk Bhd&Bhd eki mRiknu esa o`f) dks ¼ftruk 
de gks lds½ de djds izkIr fd;k tk ldrk gSA ,slh fLFkfr esa] lhekar ykxr dk 

eku 
q
C
∆
∆

 
dh lhek ds cjkcj gksxk tcfd ∆q → 0  gksA ;fn ge vuqPNsn 9-2 esa dh 

xbZ ppkZ dks Lij.k djsa rks ik,axs fd lhekar ykxr okLro esa ifjorZu dh rkRdkfyd 
nj gS vkSj ,d vodyt ds :i esa O;Dr dh tk ldrh gSA ;fn dqy ykxr Qyu 
C = f (q) Hk`’k.k gS] rks lhekar ek¡x mRikn ds lkis{k dqy ykxr ds vodyt ds :i 

esa ifjHkkf’kr dh tkrh gS rFkk bls 
��
��

 ls O;Dr fd;k tkrk gSA vFkZ”kkL= rFkk 

O;olkf;d v/;;u esa cgq/kk iz;ksx gksus okyh dqN vkSj lhekar ladYiuk,a uhps nh 
xbZ gSa %  
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lhekar mi;ksfxrk % ;fn dqy mi;ksfxrk ¼U½ mi;ksx dh xbZ oLrq dk ek=k ¼q½ dk 

,d Qyu gS] rks lhekar mi;ksfxrk 
��
��

 }kjk izkIr gksxhA 

lhekar mRikn % ;fn mRiknu Qyu dqy mRikn ¼Q½ mRiknu ds fdlh dkjd ¼x½ ds 

Qyu ds :i esa fu:fir gS] rks mRiknu ds ml dkjd ds fy, lhekar mRikn 
��
��

 ls 

izkIr gksrk gSA  

lhekar vkxe % ;fn dqy vkxe ¼R½] fcØh dh xbZ mRikn dh ek=k ¼q½ dk Qyu gS] 

rks lhekar vkxe 
��
��

  }kjk izkIr gksxkA  

mnkgj.k % ;fn ek¡x dk fu;e 510
−=

q
p

 
gS] tgk¡ p dher vkSj q ek¡x dh ek=k gS] 

rks fl) dhft, fd tSls&tSls mRiknu q c<+rk gS dqy laizkfIr de gksrh gS ;fn 
lhekar vkxe ,d _.kkRed vpj gksA  

gy % eku yhft, fd dqy vkxe R gSA rks  

qq
q

qq
q

pqR 510510510
−=







 −
=








−== gksxkA  

ge ;g Li’Vr% ns[k ldrs gSa fd tSls&tSls q c<+rk gS] 10 & 5q de gksrk tkrk gSA 
vr%] tSls&tSls mRiknu q c<+rk gS] dqy vkxe R de gksrk tkrk gSA  

lkFk gh] lhekar vkxe  

MR= ��
��

 = �
��

 (10 & 5q) = &5 gSA vr%] lhekar vkxe ¼MR½ ,d _.kkRed vpj gSA  

mnkgj.k % ,d oLrq ds mRiknu dh ykxr Qyu 2

25
13100 qqC ++= }kjk 

fu:fir gS] tgk¡ C dqy ykxr rFkk q mRikn dh ek=k gSA mRiknu dk og Lrj Kkr 
dhft, ftl ij vkSlj ykxr vkSj lhekar ykxr cjkcj gks tk,aA  

gy % lhekar ykxr] qqq
dq
d

dq
dCMC

25
23

25
13100 2 +=






 ++==  gSA  

vkSlr ykxr] 
25

3100 q
qq

CAC ++==  gSA q dk og eku izkIr djus ds fy, 

ftlds fy, AC = MC gksxk] ge fy[krs gSa %  

 
 

 

  ;k  
���

�
 =  �

��
 

100 23 3
25 25
q q

q
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izFke&dksfV vodyt;k q2 = 2500 

;k q = 50    ¼ q ds _.kkRed ekuksa ij ge fopkj ugha djrs½ 

Qyu dh yksp 

eku yhft, gesa ,d Qyu ( )xfy =  fn;k gS vkSj ge] x esa ,d Kkr ifjorZu ds 

lkis{k y dh laosnu”khyrk ds eki esa :fp j[krs gSaA x ds lkis{k y dh yksp ftls ge 
lkekU;r% η ¼xzhd v{kj bZVk½ ls fu:fir djrs gSa ljyrk ls Kkr dh tk ldrh gSA 
fdlh Qyu dh yksp fuHkZj pj esa vuqikfrd ifjorZu ds Lora= pj esa vuqikfrd 
ifjorZu ds vuqikr ds :i esa ifjHkkf’kr dh tkrh gSA  

/;ku jgs fd dHkh-dHkh okD;k¡”k ^vuqikfrd ifjorZu* ds LFkku ij ^izfr”kr ifjorZu* 
dk Hkh iz;ksx fd;k tkrk gSA eku yhft, fd Lora= pj ds ewy eku x esa x∆ ds 
cjkcj ifjorZu gksrk gS vkSj blds ifj.kke Lo:i] fuHkZj pj ds ewy eku esa y∆  ds 

cjkcj ifjorZu gks tkrk gSA bl izdkj Lora= vpj esa vuqikfrd ifjorZu 
x
x∆

 
rFkk 

fuHkZj pj esa vuqikfrd ifjorZu 
y
y∆

 
gSA vr% Qyu dh yksp  

                                                      
x
y

y
x

x
x

y
y

yx ∆
∆

×=
∆

∆

=η
 

gksxhA yksp dk ;g eki fcanq yksp dgykrh gS D;ksafd ;g Qyu ds oØ ij ,d fn, 
gq, fcanq ij yksp dk eki iznku djrh gSA ;g Li’V gS fd yksp dk Bhd-Bhd eki] 
ge x esa gksus okys ifjorZu dks ftruk laHko gks mruk NksVk djds izkIr dj ldrs 
gSaA bl fLFkfr esa fcanq yksp dk eku gks tkrk gSA 

                                            dx
dy

y
x

x
yLim

y
x

x
y

y
xLim

xxyx ×=
∆
∆

=







∆
∆

×=
→∆→∆ 00

η  

vr%] ,d Qyu ( )xfy =  dh fcanq yksp dks x vkSj y ds izkjafHkd ekuksa ds vuqikr 

vkSj y ds x ds lkis{k vodyt ds xq.kuQy ds :i esa ifjHkkf’kr fd;k tk ldrk 
gSA lkadsfrd :i esa bl fuEu :i esa O;Dr fd;k tk ldrk gS %  

                                                   dx
dy

y
x

yx ×=η  

ge vFkZ”kkL= vkSj O;olkf;d v/;;u esa yksp dh ladYiuk dk iz;ksx vDlj djrs 
gSaA vkbZ, ge vFkZ”kkL= esa ik,a tkus okys dqN Qyuksa dh yksp Kkr djsaA 

1½ ek¡x dh dher yksp 

ek¡x dh dher yksp] dher esa ifjorZu ds lkis{k ek¡x dh ek=k dh 
laosnu”khyrk dk eki gSA lkekU;r% ek¡x dh yksp dk vFkZ ek¡x dh dher 
yksp gh gksrk gSA bls ek¡x dh ek=k esa vuqikfrd ifjorZu vkSj dher esa 
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vuqikfrd ifjorZu ds vuqikr ds :i esa ifjHkkf’kr fd;k tkrk gSA eku 
yhft,] ( )pfq =  ,d fn;k gqvk ek¡x Qyu gS] tgk¡ q ek¡x dh ek=k rFkk p] 
dher dks fu:fir djrk gSA bl fLFkfr esa ek¡x dh dher yksp 

dp
dq

q
p

qp ×−=η
 
ls O;Dr dh tkrh gSA pw¡fd ek¡x dh ek=k vkSj dher esa 

izfrykse laca/k gksrk gS] 
dp
dq

 
_.kkRed gksxkA blfy, yksp ds eki dks /kukRed 

cukus ds fy,] ge blds lw= esa _.k fpà yxkrs gSaA 

vkSlr vkxe] lhekar vkxe vkSj ek¡x dh dher yksp esa laca/k 

vkbZ, ge ,d ek¡x Qyu ( )pfq =  ij fopkj djsaA eku yhft, R ( = pq) 
dqy vkxe] AR vkSlr vkxe] MR lhekar vkxe rFkk qpη  ek¡x dh dher yksp 

gS rks ge ikrs gSa fd  

    
( )

dq
dpqppq

dq
d

dq
dRMR +===  

bl lehdj.k ds nk,a i{k dks p ls xq.kk rFkk foHkkftr djus ij ge ikrs gSa 
fd 

  

 


















+=







+=








+=

dp
dq

q
pp

dq
dp

p
qp

dq
dp

p
q

p
ppMR 111  

vc ge tkurs gSa fd 
dp
dq

q
p

qp −=η
 
rFkk p

q
pq

q
RAR ===

 
gSA bu O;atdksa 

dks Åij fn, MR ds lw= esa izfrLFkkfir djus ij] ge ikrs gSa fd 

   AR
MRAR

AR
MRor

AR
MRor

ARMR

qp

qp

qp

−
=−=

−=











−=

11 

11 

11

η

η

η

   

   MRAR
AR

qp −
=∴η  

2½ vkiwfrZ dh dher yksp 

vkiwfrZ dh dher yksp] dher esa ifjorZu ds lkis{k vkiwfrZ dh xbZ ek=k esa 
ifjorZu dh laosnu”khyrk dk eki gSA bls dsoy vkiwfrZ dh yksp Hkh dgk 
tkrk gSA bls ,d oLrq dh vkiwfrZ dh ek=k esa vuqikfrd ifjorZu vkSj dher 
esa vuqikfrd ifjorZu ds vuqikr ds :i esa ifjHkkf’kr fd;k tkrk gSA eku 
yhft,] ( )pfq =  ,d fn;k gqvk vkiwfrZ Qyu gS] tgk¡ q iwfRkZ dh ek=k rFkk 

p oLrq dh dher gSA bl fLFkfr esa] vkiwfrZ dh dher yksp 
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izFke&dksfV vodyt

   dp
dq

q
p

qp ×=η  

ds }kjk O;Dr gksrh gSA  

3½ ek¡x dh vk; yksp 

ek¡x dh vk; yksp] vk; esa ifjorZu ds lkis{k ek¡x dh laosnu”khyrk dk eki 
gSA bls fdlh oLrq dh ek¡x esa vuqikfrd ifjorZu vkSj miHkksDrk dh vk; esa 
vuqikfrd ifjorZu vkSj miHkksDrk dh vk; esa vuqikfrd ifjorZu ds vuqikr 
ds :i esa ifjHkkf’kr fd;k tkrk gSA eku yhft,] q] ek¡x dh ek=k rFkk y] 
vk; gSA rks] ek¡x dh vk; yksp gksxh %  

   dy
dq

q
y

qy ×=η  

;gk¡ geus ek¡x ds vU; fu/kkZjd rRoksa dks utj vankt dj fn;k gSA  

4½  ykxr dh yksp 

ykxr dh yksp mRikn esa ifjorZu ds lkis{k dqy ykxr dh laosnu”khyrk dk 
eki gSA bls mRikn dh dqy ykxr esa vuqikfrd ifjorZu vkSj mRikn ds 
vuqikfrd ifjorZu ds vuqikr ds :i esa ifjHkkf’kr fd;k tkrk gSA eku 
yhft, fd dqy ykxr Qyu ( )qfC =  gS tgk¡ C dqy ykxr rFkk q mRikn 
dh ek=k gSA bl fLFkfr esa ykxr dh yksp dk eki uhps fn, lw= ls O;Dr 
gksxk %  

   dq
dC

C
q

cq ×=η  

mnkgj.k % ;fn ek¡x dk fu;e 
1

20
+

=
p

q
 
vkSj 3=p  gS] rks ek¡x dh dher yksp 

Kkr dhft,A  

gy % ek¡x dh dher yksp] lw= 
dp
dq

q
p

qp −=η
 
}kjk izkIr gksrh gSA vc gesa] 

1
20
+

=
p

q
 
fn;k gSA vr%] ge ikrs gSa fd  

( ) ( ) ( )

( ) ( )22 1
20

1

120201

1
20

+
−

=
+

+−+
=








+

=
pp

p
dp
d

dp
dp

pdp
d

dp
dq

 

( ) ( )22 1
20

1
20

+
=

+
−

×−=∴
pq

p
pq

p
qpη  
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gSA bl O;atd esa 
1

20
+

=
p

q
 
j[kus ij ge izkIr djrs gS %  

   ( )
( )

( ) 1120
201

1
20

22 +
=

+
+

=
+

=
p

p
p

pp
pq

p
qpη  

tc 3=p  gS] rks 75.0
4
3

13
3

==
+

=qpη
 
gksxkA  

vRk%] 3=p  ij ek¡x dh dher yksp 0-75 gSA 

mnkgj.k % ,d Fkksd foØsrk 500 fdxzk- vkyw dh vkvkiwfrZ 10:- izfr fdyks dh 
dher ij djrk gSA ;fn dher esa 10 izfr”kr dh of̀) gksrh gS] rks og 510 fdxzk- 
dh vkvkiwfrZ djrk gSA eku yhft, fd mRiknd dk vkiwfrZ Qyu jSf[kd gS 
mRiknd dh izkjafHkd dher ds Lrj ij vkiwfrZ dh yksp Kkr dhft,A  

gy % eku yhft, vkiwfrZ dh ek=k q rFkk oLrq dh dher p gSA D;ksafd vkiwfrZ Qyu 
jSf[kd gS] bldk lehdj.k bpaq +=  ds izdkj dk gksxk tgk¡ a vkSj b vpj gSaA 

;g lehdj.k a vkSj b ds izR;sd eku ds fy, ,d ljy js[kk dks O;Dr djrk gSA 
gesa fn;k gS fd tc oLrq dh dher esa 10 izfr”kr dh of̀) gksrh gS] rks ubZ dher 
11:- izfr fdxzk- gks tkrh gSA 

tc dher 10:- izfr fdxzk- gS rks vkiwfrZ dh ek=k 500 fdxzk- gSA bu ekuksa dks 
vkiwfrZ Qyu bpaq +=  esa j[kus ij] ge izkIr djrs gSa %  

    ba 10500 +=  

tc dher 11:- izfr fdxzk- gS] rks vkiwfrZ dh ek=k 510 fdxzk- gSA bu ekuksa dks 
vkiwfrZ Qyu esa j[kus ij ge ikrs gSa fd  

    ba 11510 +=  

gSA bu lehdj.kksa dks a vkSj b ds fy, gy djus ij ge ikrs gSa fd a = 400 rFkk b 
= 10 gSA  

vr%] vkiwfrZ Qyu  

   pq 10400+=  

cu tkrk gSA gesa Kkr gS fd vkiwfrZ dh yksp lw= 
dp
dq

q
p

qp =η
 
}kjk izkIr gksrh gSA 

mDr iwfrZ Qyu ls ge ikrs gSa fd  

    
( ) 1010400 =+= p

dp
d

dp
dq

 

gSA izkjafHkd dher p = 10 ij q = 500 gSA bu ekuksa dks Åij izkIr vkiwfrZ dh yksp ds 
O;atd esa j[kdj ge izkIr djrs gSa %  

    
2.0

5
110

500
10

==×==
dp
dq

q
p

qpη  

vr%] 10:- izfr fdxzk- izkjafHkd dher ij vkiwfrZ dh yksp 0-2 gSA  
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izFke&dksfV vodytmnkgj.k % ,d oLrq dh ek¡x] x] esa blds dher p esa ifjorZu ds lkis{k fu;e  

� = � − ��  ¼tgk¡ �, � > 0  gSa½ }kjk ifjofrZr gksrh gSA ek¡x dh yksp Kkr dhft,A  

gy % D;ksafd ek¡x ¼x½ dher ¼p½ ij fuHkZj gS] blfy, x f p  gSA � = � − ��  ls 

ge izkIr djrs gSa 

  
.px
   

⇒  � = �
�

(� − �) 

          ��
��

= 0 − �
�

= − �
�

  

ifjHkk’kk ds vuqlkj] ek¡x dh yksp xpη
dx p
dp x  

gSA 

   

xpη

   

1 1
1

p p p
p pp

 

mnkgj.k % ,d oLrq dk vkiwfrZ Qyu x a p b  gS] tgk¡ p oLrq dh izfr bdkbZ 

dher] x ek¡x dh ek=k rFkk a, b /kukRed vpj gSaA vkiwfrZ dh yksp Kkr dhft,A 
oLrq dh dher rFkk vkiwfrZ dh yksp esa gesa fdl izdkj dk laca/k izkIr gksrk gS\ 

gy % i½ fn, gq, vkiwfrZ Qyu ls ge izkIr djrs gSa %  

1
2x a p b a p b  

  
1
2

1
2

1 1
2 2

dx aa p b
dp p b

 

xpη 1 1
2 2 2 22

dx p a p ap p
dp x a p b p bp b a p b

 

 ii½  p vkSj xpη
 
esa ,d Li’V laca/k izkIr djus ds fy, ge 

2
p

p b  
dks bl 

izdkj fy[krs gSa 

  

1 1
2 2
p b b b

p b p b
 

vc] tc p ¼tks fd gj esa mifLFkr gS½ c<+rk gS rks p b  dk eku Hkh c<+rk gS] 

vr% �
���

  dk eku de gksrk gS vkSj iwjs O;atd 
1 1
2

b
p b  

tks fd xpη
 
dks 

fu:fir djrk gS] dk eku de gks tkrk gSA vr%] dher ds Lrj esa o`f) ls vkiwfrZ 
dh yksp de gksrh gSA  
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mnkgj.k % lksQklsV~l dh ek¡x ¼x½ fu;e 100 1.5x M  ls izkIr gksrh gS tgk¡ M 
miHkksDrk dh vk; gSA M = 10,000 ds fy, ek¡x dh dher yksp Kkr dhft,A  

gy % ge vk;- ek¡x Qyu 100 1.5x M  fn;k gSA  

 
0 1.5 1.5dx

dM
 

vr%] ek¡x dh vk; yksp gksxh 

�� =
��
��

×
�
�

= 1.5 ×
�

100 + 1.5�
 

                

1.5
100 1.5

M
M

 

10,000M  ds fy,  

1.5 10,000 15000 15 0.0993
100 1.5 10,000 15100 151Me

  
gSA  

mnkgj.k % jSf[kd ek¡x fu;e Qyu 100 .5p x  ds fy, laca/k 
ARe

AR MR  
dh 

tk¡p dhft,A  

gy % fn;k gqvk ek¡x Qyu 100 .5p x  gSA  

vkSlr vkxe] AR = p = 100 −.5x gS]  

dqy vkxe  TR = px = 100x − .5x2 gS] rFkk  

lhekar vkxe MR = �
��

(100x − .5x2) = 100 – x  gSA  

vr%] � = ��
�����

= ����.��
����.��������

= ����.��
�.��

   …(5) gS 

vc ge yksp] lw= 
dx pe
dp x  

}kjk Kkr djrs gSaA  

fn, gq, Qyu ls ge ikrs gSa fd  ��
��

= �
��
��

= ��
.�

  

⟹        e  = �
�.�

× ����.��
�

= ����.��
�.��

  …(6) 

lehdj.k ¼5½ vkSj ¼6½ ls ge ikrs gSa fd laca/k � = ��
�����

 fn, gq, ek¡x Qyu ds 

fy, lR; gSA 

mnkgj.k % ek¡x Qyu 0p ax a  ds fy, fuEufyf[kr iz”uksa ds mÙkj nsa %  

i½  lhekar vkxe ¼MR½ D;k gS\ 
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izFke&dksfV vodytii½  ek¡x dh yksp Kkr dhft,A 

iii½  fdu fLFkfr;ksa esa] fdlh ek¡x Qyu dh yksp 1 gksxh\ 

gy % gesa fn;k gS fd ��: � = ���  (� > 0) gSA  

 i½  dqy vkxe] 1TR px ax  rFkk �� = �
��

(��) = �(� + 1)��    

      = (� + 1)��� = (� + 1)�   gSA 

 ii½  ek¡x dh yksp lw= 
dx pe
dp x  

ls IkzkIr gksrh gSA  

;gk¡ � = ���  gSA vr%] ��
��

 = ������  gksxkA  

    = − 1
����−1 . �

� = − 1
����−1 . ���

� = − 1
� 

  ⟹ 
dx pe
dp x   

 vFkkZr~ ek¡x dh yksp] e = − �
�

  gSA 

 iii½ ;fn � = 1  gS] rks 1 1
 
gksxkA  

 vFkkZr~ 1 gksxkA 

cks/k iz”u 3 

1½  ,d ,dkf/kdkjh m|ksxifr ds fy, ek¡x Qyu qp
5
115−=

 
gS] tgk¡ p dher 

rFkk q ek¡x dh ek=k gSA lhekar vkxe Kkr dhft,A  

 D;k bl fLFkfr esa vkSlr vkxe] lhekar vkxe rFkk yksp ds e/; dk laca/k 
lR; gksxk\ fdl dher ij lhekar vkxe “kwU; ds cjkcj gksxhA 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

2½  ,d mRiknd ds fy, ykxr Qyu 
93

10100
3

2 qqqC +−=
 
fn;k gS] tgk¡ C] 

mRiknu dh ykxr rFkk q] mRiknu dk Lrj gSA mRiknu dk og Lrj Kkr 
dhft, ftlds fy, lhekar ykxr] vkSlr ykxr ds cjkcj gksA 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 
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3½  ,d mRiknd dk mRiknu x] Je cy dh ek=k L ls laca/k X = 91 L + 16 L2 – 
L3 ls of.kZr gSA  

i½  lhekar mRikn Qyu rFkk vkSlr mRikn Qyu Kkr dhft,A  

------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------ 

ii½  Je dk lhekar mRikn MPL rFkk vkSlr lhekar mRikn APL  Kkr dhft, 
;fn ;g fn;k gks fd mRiknd 200 Jfedksa dks fu;qDr djus dk fu.kZ; 
ysrk gSA  

------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------ 

iii½  ;fn mRiknd pkgrk gks fd MPL = 1200 bdkbZ gks] rks mls fdrus Jfed 
fu;qDr djus pkfg,\ 

------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------ 

iv½  ;fn et+nwjh dh nj 50:- izfr Jfed gks] rks lhekar ykxr dks Je ds 
Qyu ds :i es Kkr dhft,A  

------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------ 

9-6 lkj-la{ksi 

fdlh Qyu dk vodyt] vodyu xf.kr dh dsanzh; ladYiuk gSA ;g ewyr% ,d 
lhek gS vkSj bldk ewY;kadu Qyu dh larrrk ij vk/kkfjr gksrk gSA ;g bdkbZ 
vodytksa ij ppkZ ls izkjaHk gqbZA ,d Qyu ds vodyt dks ifjHkkf’kr djus ds 
fy, lhek dh ladYiuk dks varj HkkxQy ij yxk;k x;kA fdlh Qyu ( )xfy =  

dk varj HkkxQy 
x
y

∆
∆

}kjk izkIr fd;k tkrk gSA ;g x ds vkl&ikl fdlh varjky 
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izFke&dksfV vodytesa] x ds izfr bdkbZ ifjorZu ds lkis{k] y esa gksus okys vkSlr ifjorZu dk eki gksrk 
gSA tc ge varj HkkxQy dh lhek fudkyrs gSa tcfd 0→∆x  gks ¼ ,x∆  0 dh vksj 

tkrk gks½] rks gesa x ds lkis{k y dk vodyt izkIr gksrk gS vkSj bls ge 
dx
dy

 
ls 

O;Dr djrs gSaA ;g x esa gksus okys vfr lw{e ifjorZu ds lkis{k y ds ifjorZu dh nj 
dks n”kkZrk gSA ,d izdkj ls ;g x ds fdlh eku ds fy, y esa gksus okyk vfr lw{e 
;k lhekar ifjorZu gSA T;kferh; :i esa] x ds fdlh eku ds fy,] Qyu ( )xfy =  
dk vodyt] fn, gq, Qyu ds oØ ds laxr fcanq ij Li”kZ js[kk dh <ky ds :i esa 
ns[kk tk ldrk gSA fdlh Qyu ds fdlh fn, gq, fcanq ij vodyt ds vfLrRo ds 
fy,] ml fcanq ij Qyu dh larrrk] ,d vfuok;Z “krZ gSA ijarq ;g ,d i;kZIr “krZ 
ugha gSA vFkZ”kkL= rFkk vU; lacaf/kr fo’k;ksa esa iz;ksx gksus okyh ^lhekar* ladYiuk 
vodyt dk ,d egRoiw.kZ izfr:i gSA  

vodyt xf.kr esa ge ewyr% ,d fn, gq, Qyu ls ,d u;k Qyu izkIr djrs gSaA 
bl izdkj izkIr Qyu dks fn, gq, Qyu dk vodyt dgrs gSa rFkk mldks vusd 
izdkj ls O;Dr fd;k tk ldrk gSA vr%] izfrdkRed :i esa] ;fn ( )xfy =  ,d 

iznÙk Qyu gS] rks mldk vodyt ;k vodyu xq.kkad 1, , dyy y
dx  

vFkok f x  

bR;kfn izrhdksa ls O;Dr fd;k tk ldrk gSA fdlh Qyu dk vodyt Kkr djus 
dh bl izfØ;k dks vodyu dgrs gSaA blds i”pkr~ bl bdkbZ esa vodyt Kkr 
djus ds fofHkUu ekud fu;eksa dh ppkZ dh xbZ ftuesa Qyuksa ds ;ksx ;k varj dk 
vodyu] xq.kuQy dk fu;e] HkkxQy dk fu;e] Js.kh fu;e bR;kfn lfEefyr gSaA  

var esa geus ns[kk fd fdl izdkj vodyu dk iz;ksx vFkZ”kkL= esa lhekar Qyu tsls 
fd lhekar vkxe] lhekar ykxr bR;kfn dks Kkr djus esa rFkk yksp dh ladYiuk dks 
le>us esa fd;k tk ldrk gSA blds vfrfjDr] bl bdkbZ esa] izFke&dksfV vodytksa 
ds vFkZ”kkL= esa gksus okys vU; vuqiz;ksxksa dh ppkZ Hkh dh xbZA 

9-7 cks/k-iz”uksa ds mÙkj@ladsr 

cks/k iz”u 1  

1½  Hkkx 9-3 i<+sa vkSj mÙkj fy[ksaA   

2½  Hkkx 9-3 i<+sa vkSj mÙkj fy[ksaA   

cks/k iz”u 2  

1½  3(m + 1) xm + 6m xm – 1   

2½  ��
(���)�

 

3½  Hkkx 9-4 i<+sa vkSj mÙkj fy[ksaA   

4½  ��
��

= �
��

 

5½  �
���� 

6½  2��� � �
(����) + log(2� + 1)� 
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7½  ����
�

 

cks/k iz”u 3  

1½  Hkkx 9-5 i<+sa vkSj mÙkj fy[ksaA   

2½  Hkkx 9-5 i<+sa vkSj mÙkj fy[ksaA   

3½  i½  MPL =  91 + 32 L – 3 L2 ; APL = 91 + 16 L – L2 

        ii½  vf/kdre ds fy, j[ksa % �(���)
��

 = 0 ⇒ 16 − 2� = 0 ⟹ � = 8 

 iii½  vf/kdre ds fy, j[ksa % �(���)
��

 = 0 ⇒ 32 − 6� = 0 ⟹ � = 6 vc 

f}rh; vodyt dk vk¡dyu djsa ;gka ��(���)
��� = −6 < 0  A ,d 

_.kkRed eku ^vf/kdre* dk ladsr djrk gSA 

gzkleku lhekar izfr izkfIr dk Øe ds vf/kdre Lrj dh izkfIr ds ckn izkjaHk 
gksrk gS& vFkkZr~ tc ge 6 ls vf/kd O;fDr;ksa dks dke ij j[krs gSaA  

4½  lhekar ykxr = etnwj@ ��� = 50

91 + 32 � – 3 �2 
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mPPk&dksfV vodytbdkbZ 10 mPPk-dksfV vodyt*  

lajpuk 

10-0  mís”;  
10-1 fo’k;-izos”k  

10-2 vodytksa ds vodyt [Derivatives of Derivatives] 

10-3 mÙkyrk ,oa voryrk [Convexity and Concavity] 

10-4 Vsyj J̀a[kyk lw= rFkk vkSlr eku izes; [Taylor Series formula and Mean 
Value Theorem] 

10-5 lkj-la{ksi  

10-6 cks/k-iz”uksa ds mÙkj ladsr 

10-0 mís”; 

bl bdkbZ ds v/;;u ds i”pkr~] vki fuEufyf[kr ladYiukvksa ls Hkyh-Hkk¡fr voxr 
gks tk,axs % 

• ,d vodyt ds vodyt dh ladYiuk( 

• mÙkyrk] voryrk dh ifjHkk’kk,a( 

• Vsyj J̀a[kyk lw=( rFkk 

• vkSlr-eku izes;A 

10-1 fo’k;-izos”k  

fiNyh bdkbZ esa geus xf.kr ds ,d cgqr egRoiw.kZ fo’k;] vodyu] ds ckjs esa 
tkukA geus ns[kk fd vodyu dh lgk;rk ls geas Lora= pj esa ifjorZu ds 
QyLo:i fuHkZj pj esa gksus okys ifjorZu dks le>us esa lgk;rk feyrh gSA Lora= 
pj esa vfr lw{e ifjorZu ds QyLo:i fuHkZj pj esa gksus okys ifjorZu dks fuHkZj pj 
dk vodyt dgrs gSaA ;fn y fuHkZj pj rFkk x Lora= pj gS] rks 

( )
0

lim
x

dy yf x
dx x∆ →

∆′= =
∆

 ] y dk vodyt gSA ;g xf.krh; fof/k;ksa dh dsanzh; 

ladYiukvksa esa ls ,d gS vkSj vFkZ”kkL=h; fo”ys’k.k dh vk/kkjf”kyk gSA vFkZ”kkL= esa 
,slh vusd fLFkfr;k¡ gSa tgk¡ vFkZ”kkL=h; ?kVuk,a Qyuksa ds ek/;e ls pjksa ds chp 
laca/kksa ls ds :i esa ifjHkkf’kr gksrh gSaA nks pjksa dh fLFkfr esa ge dgrs gSa fd fuHkZj 
pj y, Lora= pj x ij fuHkZj djrk gSA ijarq dsoy y dh x ij fuHkZjrk dk Kku 
i;kZIr ugha gksrkA ifjorZu dk ifj.kke fu/kkZfjr djuk csgrj gksxkA ;g tkuuk 
csgrj gksxk fd ;fn x ds eku esa ,d bdkbZ dh of̀) gksrh gS rks ¼vFkkZr~ x ds eku esa 
vfr lw{e o`f) gksus ij½ y esa fdruk ifjorZu gksxkA  

vodyt gesa bl izdkj dh varn`Zf’V iznku djrk gSA blds vfrfjDr] vodyt dk 
fpà gesa ;g Hkh crykrk gS Qyu o/kZeku gS ;k gzklekuA  

 

*Jh lkSxrks lsu 



 

 
 

vodyu xf.kr 

206 

;gk¡ rd ge tku pqds gSaA vc gesa ;g ns[kuk gS fd ;fn ge vodyt dk 
vodyt ysa rks D;k gksrk gS\ tc ge igyh ckj ,d Qyu dk vodyt ysrs gSa rks 
;g izFke-dksfV vodyt dgykrk gS vkSj bldk v/;;u ge fiNyh bdkbZ esa dj 
pqds gSaA ge tkurs gSa fd Qyu dk vodyt] Lo;a esa ,d Qyu gksrk gSA bl 
bdkbZ esa gesa ,d vodyt ds vodyt Kkr djus dh fof/k;k¡ vkSj mlds ifj.kkeksa 
dk v/;;u djsaxsA ;s mPp-dksfV ds vodyt dgykrs gSaA mPp-dksfV vodyt ;g 
tkuus esa gekjh lgk;rk djrs gSa fd y esa ifjorZu dh nj D;k gSA izFke-dksfV 
vodyt gesa ek= ;gha crkrk gS fd x esa izfr bdkbZ ifjorZu ds lkis{k y esa fdruk 
ifjorZu gksrk gSA 

nwljs “kCnksa esa] ge ;g tkuuk pkgrs gSa fd x ds eku cM+s gksus dh fLFkfr esa tc x 
ifjofrZr gksrk gS] y Hkh rst+h ls cnyrk gS vFkok ughaA  

bl bdkbZ ds vxys vuqPNsn] vuqPNsn 10-2] esa ge ,d vodyt ds vodyt ¼vkSj 
mlls Hkh vf/kd dksfV ds vodytksa½ ds ckjs esa foLrkj ls ppkZ djsaxsA mlls vxys 
vuqPNsn] vFkkZr~ vuqPNsn 10-3 esa ge oØksa vFkkZr~ Qyuksa ds T;kferh; xq.k/keksZa dh] 
tSls fd mÙkyrk rFkk voryrk dh ppkZ djsaxsA var esa] bl bdkbZ esa] mPp&dksfV 
vodytksa ds iz;ksx ls nks vR;ar egRoiw.kZ ladYiukvksa] Vsyj J̀a[kyk vkSj vkSlr 
eku izes; ij ppkZ dh xbZ gSA 

10-2 vodytksa ds vodyt [DERIVATIVES OF 
DERIVATIVES] 

;g fdlh fn, gq, Qyu ds vodyt dk vodyt gksrk gSA mnkgj.k ds fy, ;fn 

y f x  gS] rks bldk izFke-dksfV vodyt 
dy f x
dx

 gksrk gSA bl Qyu dk 

f}rh;-dksfV vodyt 
d f x f x
dx

 gksxkA bls 2f x  ;k 
2

2

d y
dx  

ls Hkh O;Dr 

fd;k tkrk gSA  

f}rh;-dksfV vodyu ds fy, Hkh ogh fu;e@fl)kar ykxw gksrs gSa tks fd izFke-
dksfV vodyu dh fLFkfr esa iz;ksx gksrs gSaA vkbZ, vc dqN mnkgj.k ysaA  

mnkgj.k 1 %  ;fn 5 4, 5dyy x x
dx

 gS] rks vkSj 
2

3 3
2 5 4 20d y x x

dx  
gksxkA 

mnkgj.k 2 %  ;fn 3 210 , 30dyy x x
dx  

gS] rks 
2

2 30 2 60d y x x
dx  

gksxkA 

mnkgj.k 3 %  ;fn 
2

2100, 0, 0dy d yy
dx dx  

gksxkA  

mnkgj.k 4 %  ;fn 5 4 2 ,y ax bx cx 4 35 4 2dy ax bx cx
dx

gS] rks  

2
3 2

2 20 12 2d y d dy ax bx c
dx dx dx  

gksxkA  
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mnkgj.k 5 %  ;fn 2 log ,y x x  gS] rks 

2 1 log 2dy x x x
dx x  

2 logx x x
 

gSA vr% 

 
�2�

 ��2 =
�

��
(� + 2� log �) = 1 + 2�.

1

�
+ 2. log � 

            1 2 2 log 3 2 logx x  gksxkA  

mnkgj.k 6 %  ;fn log ,xy e x gS] rks 
1 logx xdy e x e

dx x   
vr%  

 

2

2

1 1log logx x x xd y d d de x e e x e
dx dx x dx x dx  

= ���.
�

��
�

1
�

� +
1
�

.
�

��
(��)� + �log �.

�
��

(��) + ��.
�

��
(log �)� 

 

                          
2 2

2 1 2log log
x x

x xe e e x e x
x xx x  

gksxkA  

mPp-dksfV vodyt 

;fn Qyu vodyuh; gS] rks ge r`rh; vodyt ¼ y3 ;k 
��� 
���  ½ prqFkZ vodyt  

¼ y4 ;k 
��� 
���  ½] ik¡pok vodyt]------------------ nok¡ vodyt ¼ yn ;k 

��� 
���  ½ bR;kfn Kkr 

dj ldrs gSaA ;s lHkh vodyt] mPp&dksfV vodyt dgykrs gSaA vFkZ”kkL= esa gesa 
dHkh-dHkh r`rh;-dksfV vodytksa dh vko”;drk iM+rh gSA vf/kdrehdj.k ,oa 
U;wurehdj.k leL;kvksa esa cgq/kk dsoy izFke-dksfV rFkk f}rh;-dksfV vodyt gh 
iz;ksx gksrs gSaA  

cks/k iz”u 1 

1½  � = 3�� + 23�� + 19� dk rr̀h;-dksfV vodyt Kkr dhft,A 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

2½  3 2xy e +=  dk f}rh;-dksfV vodyt Kkr dhft,A 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 
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10-3 voryrk vkSj mÙkyrk [CONCAVITY AND 
CONVEXITY] 

bl vuqPNsn esa ge ,sls Qyuksa ds T;kferh; xq.k/keksZa dh ppkZ djsaxs tks fdlh Qyu 
ds f}rh;-dksfV vodyt gSa vkSj pwafd vodyt Hkh ,d Qyu gksrk gS] blhfy, ,d 
f}rh;-dksfV vodyt Hkh ,d Qyu gksxkA nwljs “kCnksa esa] ;fn y, x dk ,d Qyu 

gS] rks 
dy
dx  

vkSj 
2

2

d y
dx  

Hkh x ds Qyu gksaxsA  

,d c<+rk gqvk@o/kZeku ;k ,d ?kVrk gqvk@gzkleku Qyu] ftlds c<+us ;k ?kVus 
dh nj leku] c<+rh gqbZ ;k ?kVrh gqbZ gks] ;k rks  

a½ jSf[kd  

vFkok  

b½ vjSf[kd gks ldrk gSA  

ge uhps ,sls Qyuksa ds vkys[kh; fu:i.k izLrqr dj jgs gSa ¼js[kkfp= 10-1& A, B, C, 
D, E vkSj F ns[ksa½ 

js[kkfp= 10-1 

 

i½ jSf[kd         i½ jSf[kd 

ii½ ?kVrk gqvk@gzkleku        ii½ c<+rk gqvk@o/kZeku 

iii½ leku nj ij         iii½ leku nj ij 
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i½ vjSf[kd    i½ vjSf[kd 

ii½ ?kVrk gqvk@gzkleku   ii½ ?kVrk gqvk@gzkleku 

iii½ ?kVrh gqbZ nj ij    iii½ c<+rh gqbZ nj ij 

 

 

i½  vjSf[kd       i½ vjSf[kd 

ii½ c<+rk gqvk@o/kZeku      ii½ c<+rk gqvk@o/kZeku 

iii½ c<+rh gqbZ nj ij       iii½ ?kVrh gqbZ nj ij 

izFke-dksfV rFkk f}rh; dksfV vodyt ds fpà gesa vFkZ”kkL=h; fo”ys’k.k esa mi;ksxh 
fofHkUu izdkj dh ifjfLFkfr;ksa dh igpku djus esa lgk;rk djrs gSaA buesa 
fuEufyf[kr fLFkfr;k¡ lfEefyr gSa % 

a½  ,d mÙky Qyu tSls fd leHkko oØ]  

b½  ,d vory Qyu tSls dh mRiknu laHkkouk oØ]  

c½  fdlh Qyu dk mfPp’B] tSls dh dqy mRikn dk vf/kdrehdj.k] 

d½  ufrorZu fcanq bR;kfnA  

fVIi.kh % vki vxyh bdkbZ esa mÙky ,oa vory Qyuksa ds ckjs esa foLrkj ls i<+saxsA  
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vkbZ,] vc ge izFke vkSj f}rh;-dksfV vodytksa ds fpàksa ds fofHkUu la;kstuksa dks 
foLrkj ls le> ysaA eku yhft, y = f (x) ,d ,slk Qyu gS tks de ls de nks ckj 
vodyuh; gSA fuEufyf[kr fLFkfr;k¡ Qyu ds vkys[k vkSj fof”k’Vrkvksa dks] mlds 
izFke vkSj f}rh;-dksfV vodytksa ds fpà ds vk/kkj ij] fpf=r djrh gSaA  

fLFkfr I% 
0

0

f x

f x
      x&v{k ds lkis{k mÙky  

i½ 0f x  dk vFkZ gS] Qyu o/kZeku gS 

ii½ 0f x  dk vFkZ gS] Qyu c<+rh gqbZ nj ls c<+ jgk gS ¼�� > �� gS½A 

c<+rh gqbZ nj ls c<+rk gqvk Qyu gSA js[kkfp= ¼10-2 A ns[ksa½  

 

 

js[kkfp= 10-2 A 

fLFkfr II % 
0

0

f x

f x
            x&v{k ds lkis{k vory 

i½ 0f x  dk vFkZ gS fd Qyu c<+rk gqvk gSA  

ii½ 0f x dk vFkZ gS fd Qyu ?kVrh gqbZ nj ij c<+rk gS ¼�� < ��gS½A  

¼i½ vkSj ¼ii½ nksuksa dks ,d lkFk ns[kus ij ge ikrs gSa fd ;g Qyu ?kVrh gqbZ nj ls 
c<+rk gqvk Qyu gS ¼js[kkfp= 10-2 B ns[ksa½ 
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js[kkfp= 10-2 B 

fLFkfr III % 
0

0

f x

f x
         ewyfcanq ds lkis{k mÙky  

i½  0f x  dk vFkZ gS fd Qyu ?kVrk gqvkA gzkleku gSA  

ii½  0f x  dk vFkZ gS] Qyu c<+rh gqbZ nj ls ?kV jgk gS ¼�� > �� gS½A 

¼i½ vkSj ¼ii½ nksuksa dks ,d lkFk ns[kus ij ge ikrs gSa fd ;g Qyu c<+rh gqbZ 
ls ?kVrk gqvk Qyu gS ¼js[kkfp= 10-2 C ns[ksa½ 

 

 

js[kkfp= 10-2 C 
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fLFkfr IV % 
0

0

f x

f x
       ewyfcanq ds lkis{k vory 

i½ 0f x  dk vFkZ gS fd Qyu ?kVrk gqvkA gzkleku gSA 

ii½ 0f x dk vFkZ gS fd Qyu ?kVrh gqbZ nj ij c<+rk gS ¼�� < ��gS½A 

¼i½ vkSj ¼ii½ dks ,d lkFk ns[kus ij ge ikrs gSa fd oØ dh <ky _.kkRed gS rFkk 
;g ?kVrh gqbZ nj ls ?kVrh gSA vFkkZr~] Li”kZ js[kk@js[kkvksa dk vkufr dks.k fxjrk 
gS@de gksrk gS ¼js[kkfp= 10-2 D ns[ksa½A ewyfcanq ds lkis{k oØ uhps dh vksj vory 
;k Åij ls mÙky gSA mRiknu laHkkouk oØ bl izdkj dk ,d mi;qDr mnkgj.k gSA  

  

js[kkfp= 10-2 D 

fLFkfr V % 
0

0

f x

f x
        vfYi’B fcanq 

i½  ;g ,d LrC/k fcanq ¼stationary point½ gSA bls Økafrd fcanq ¼critical point½ Hkh 
dgrs gSaA ;g r; djus ds fy, gesa f}rh; dksfV-vodyt dh vko”;drk 
gksrh gSA  

ii½  0f x  dk vFkZ gS fd A ds fdlh izfros”k ¼neighbourhood½ esa A vfYi’B 

fcanq@U;wure eku fcanq gSA oØ y f x  U & vkdkj dk gS ftldh rhu 

voLFkk,a gS %  

a½  gzkleku voLFkk % fcanq A ds ckbZa vksj] fcanq A rd oØ gzkleku@fxjrk 
gqvk gS ¼vFkkZr~ bldh <ky _.kkRed gS½A oØ ds bl Hkkx esa 

0f x  gSA  

b½  fcanq A ij oØ dk eku U;wure gSA  
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mPPk&dksfV vodytc½  o/kZeku voLFkk % fcanq A ds i”pkr~ ¼fcanq A ds nkbZa vksj½ oØ o/kZeku gS 
¼vFkkZr~ bldh <ky /kukRed gS½A oØ ds bl Hkkx esa 0f x  gS 

¼js[kkfp= 10-2 E ns[ksa½ 

 
js[kkfp= 10-2 E 

“krZ 0f x  dks izFke-dksfV “krZ ;k vYifu’B fcanq ds fy, vfuok;Z “krZ dgrs gSaA 

/;ku jgs 0f x  lHkh pje ekuksa ds fy, ¼mfPp’B] vfYi’B vkSj ufrifjorZu 

fcanq½ vfuok;Z “krZ gSA ;g tkuus ds fy, fd dkSu lh fLFkfr gS] ge f}rh;-dksfV 
vodyt “krZ dk iz;ksx gSaA mnkgj.k ds fy, vfYi’B ¼U;wure eku½ fcanq ds fy, 

0f x  gksuk pkfg,A ;g ,d i;kZIr “krZ gS vkSj iz—fr ls iqf’Vdkjh gSA vkbZ, 

ge vFkZ”kkL= ls ,d mnkgj.k ysaA eku yhft, y f x vkSlr ykxr oØ ¼AC½ 

gSA eku yhft, ;g laca/k AC = 5�� − 20� + 170 ls fu:fir gSA vkbZ, ge bldk 
U;wure eku fcanq ¼vfYi’B½ Kkr djsaA vfYi’B AC ds fy, LrC/k fcanq Kkr djus ds 
fy, izFke&dksfV dh vfuok;Z “krZ gS % 

           �
��

(AC) = 0 

�
��

(5�� − 20� + 170) = 0 

10� − 20 = 0  

10� = 20  

� = 2 

;g r; djus fd fy, fd ;g fcanq mfPp’B gS ;k vfYi’B f}rh;-dksfV ;k i;kZIr 
“krZ gS %  

                                                                 �
��

� �
��

AC� > 0 

�
��

(10� − 20) > 0 

10 > 0 

vr%] Qyu dk U;wure eku x = 2  ij gSA  
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vkbZ, vc ge AC dk U;wure eku Kkr djsaA blds fy, ge AC Qyu esa x = 2 
j[krs gSaA  

∴  U;wure AC= 5(2)� − 20(2) + 170 = 151 

fLFkfr VI % 
0

0

f x
f x

       mfPp’B fcanq  

i½  tSlk fd geus fLFkfr V esa ns[kk 0f x  dk vFkZ gS fd ,d fof”k’V fcanq ij 

Qyu u rks o/kZeku gS] u gh gzklekuA js[kkfp= 10-2 E esa fcanq A ij Li”kZjs[kk 
{kSfrt gSA bldk vFkZ gS fd Li”kZ js[kk dh <ky “kwU; gSA 

;g ,d LrC/k fcanq gS tks ;k rks ,d vf/kdre eku fcanq gks ldrk gS ;k 
U;wure eku fcanq vFkok ,d ufr ifjorZu fcanqA tSlk fd geus igys ns[kk] 

0f x  dk vFkZ gS fd ,d fof”k’V fcanq ij Qyu u rks o/kZeku gS] u gh 

gzklekuA js[kkfp= 10-2 E esa fcanq A ij Li”kZjs[kk {kSfrt gSA bldk vFkZ gS fd 
Li”kZ js[kk dh <ky “kwU; gSA 

ii½  0f x  dk vFkZ gS fd A ds fdlh izfros”k esa A mfPp’B fcanq [vf/kdre 

eku fcanq] gSA Qyu y f x  }kjk fu:fir oØ mYVs U ds vkdkj dk gS 

ftldk vf/kdre eku fcanq A ij gSA  

bls Li’V djus ds fy,] vkbZ, ge vFkZ”kkL= ls ,d mnkgj.k ysaA eku yhft, 
2500 160 2x x  ,d ykHk Qyu gS] tgk¡ x foKkiu ij fd;k x;k [kpZ 

gSA ge tkuuk pkgrs gSa fd foKkiu ij fd;k tkus okyk [kpZ ¼x½ fdruk gks 
fd ykHk vf/kdre gks tk,A  

 

js[kkfp= 10-2 F 
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mPPk&dksfV vodytvf/kdre ykHk ¼π½ ds fy, LrC/k fcanq Kkr djus ds fy, izFke-dksfV@vfuok;Z “krZ 
gS% 

                                                                 �
��

(π) = 0. 

�
��

(500 + 160� − 2��) = 0 

160 − 4� = 0  

� = 40 

 fcanq ds vf/kdre eku fcanq gksus ds fy, i;kZIr “krZ gS %  

                                                                 �
��

� �
��

π� < 0 

�
��

(160 − 4�) < 0 

−4 < 0 

∴  ;fn foKkiu ij [kpZ ¼x½ 40 bdkbZ ds cjkcj gS rks ykHk vf/kdre gksxkA 

vr% vf/kdre ykHk 

 2500 160 40 2 40 500 6400 3200 3700  

gksxkA vr%] ge ikrs gSa fd ;fn foKkiu ij 40 bdkbZ [kpZ fd;k tk,a rks ykHk 
vf/kdre gksxk tks fd 3700 :- ds cjkcj gSA  

fLFkfr VII % 
0

0

f x

f x
       ufrifjorZu fcanq 

fdlh ,d pj ds Qyu y f x  ds fy,] ,d ufrifjorZu fcanq og fcanq gS tgk¡ 

ij oØ Li”kZ js[kk dh ,d vksj ls nwljh vksj pyk tkrk gSA ,d ufrifjorZu fcanq 
oØrk esa ifjorZu dks n”kkZrk gSA tc oØ fdlh ufrifjorZu fcanq esa ls gksdj 
xqtjrk gS rks mldh oØrk ;k rks mÙky ls vory ;k vory ls mÙky gks tkrh gSA 
js[kkfp= 10-3 ds lHkh Hkkx ;g n”kkZ jgs gSaA  

ufrifjorZu fcanqvksa ds nks oxZ 

oxZ I % oØrk dk mÙky ls vory esa ifjorZu] pkgs Li”kZ js[kk dh <ky dqN Hkh 
¼/kukRed vFkok _.kkRed½ gks] ¼js[kkfp= 10-3 A vkSj B ns[ksa½ 
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       js[kkfp= 10-3 A                   js[kkfp= 10-3 B 

oxZ II % oØrk esa vory ls mÙky esa ifjorZu] pkgs Li”kZ js[kk dh <ky dqN Hkh gks 
¼/kukRed ;k _.kkkRed½ ¼js[kkfp= 10-3 C vkSj D ns[ksa½ 

              

 

js[kkfp= 10-3 C                    js[kkfp= 10-3 D 

Li”kZjs[kk dk lehdj.k 

fdlh Qyu y f x  ds vodyu xq.kkad 
dy
dx  

dk ,d vR;ar egRoiw.kZ iz;ksx] 

Qyu ds oØ ij fLFkr fdlh fcanq 1 1,x y  ij Li”kZ js[kk dk lehdj.k Kkr djuk 

gSA  

¼js[kkfp= 10-4 ns[ksa½ 
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mPPk&dksfV vodyt

 

js[kkfp= 10-4 

;g lehdj.k fcanq <ky lehdj.k ds :i esa fy[kk tk ldrk gS ftldk v/;;u ge 
funsZ”kkad T;kferh esa dj pqds gSaA ;g lehdj.k gS %  

     1 1y y m x x  

tgk¡ m Li”kZ js[kk dh <ky gS rFkk 1 1,A x y ] Li”kZ js[kk dk Qyu y f x  ds 

oØ ls Li”kZ fcanq gSA ge tkurs gS fd fdlh fcanq ij oØ dh <ky] Qyu ds izFke-

dksfV vodyt 
dy
dx  

ds cjkcj gksrh gSA 

vr%] Li”kZ js[kk ds lehdj.k dks bl izdkj Hkh fy[kk tk ldrk gSA 

     
1 1

dyy y x x
dx

 

;fn Li”kZ fcanq ,A a b  gS] Li”kZ js[kk dk lehdj.k bl izdkj fy[kk tk ldrk gS %  

          
1

dyy b x x
dx

 

vkbZ,] vc ge ,d ijoy; 2 3 2y x x  ds ,d fcanq 2,3A  ij Li”kZ js[kk dk 

lehdj.k Kkr djsa ge tkrs gSa fd Li”kZ js[kk dh <ky 
dy
dx  

ds cjkcj gksrk gSA 

           2 3dy x
dx

 

blfy,] vHkh’V lehdj.k gS %  

     1 1
dyy y x x
dx

 

   1 12 3y y x x x  

bl lehdj.k esa fcanq A (2, 3) vFkkZr~ x1=2 rFkk y1=3 j[kus ij ikrs gS fd  
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<ky            2 2 3 7dy
dx

 

Li”kZ js[kk  3 7 2y x  

;k 3 7 14y x    ;k 7 11y x  

cks/k iz”u 2 

1½  fdlh Qyu ds fy, ,d  

a½  Økafrd fcanq  

b½  vfYi’V eku 

c½  mfPp’B eku fcanq 

gksus dh D;k “krsZa gSA 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

----------------------------------------------------------------------------------------------------------------------------------------------------- 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

2½  fdlh Qyu dh voryrk ;k mÙkyrk ds vk/kkj ij Qyu ds ifjorZu dh nj 
ds ckjs esa D;k dgk tk ldrk gSA  

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

10-4 Vsyj J̀a[kyk lw= rFkk vkSlr eku izes; [TAYLOR 
SERIES FORMULA AND MEAN VALUE THEOREM] 

ge tkurs gSa fd vodyd ( )dxxfdy ′=  dk iz;ksx] pj x esa ,d fn, gq, ifjorZu] 
xdx ∆≡ ds lkis{k pj y esa gksus okys ifjorZu ydy ∆≅  dk lfUudVu izkIr djus ds 

fy, fd;k tk ldrk gSA y esa okLrfod ifjorZu y∆  ds LFkku ij dy dks ,d 

lfUudVu ds :i esa iz;ksx djus ds dkj.k gksus okyh izfr”kr =qfV dks LosPN :i ls 
NksVk fd;k tk ldrk gS ;fn ge x esa LosPN :i esa NksVs ifjorZu ysus ds fy, 
rS;kj gksaA ijarq] ;g laHko gS fd ge bl “krZ dks Lohdkj djus ds rS;kj u gksa fd 

x∆  vfr lw{e gks vkSj ;fn pj x  esa ifjorZu vfr lw{e u gks] rks y ds izkIr gksus 
okys lfUudVu dk ifj”kq) gksuk vko”;d ugha gksxkA 

Vsyj J̀a[kyk dk foLrkj gesa bl fo’k; ij xgu v/;;u esa lgk;rk djrk gSA Vsyj 
J̀a[kyk lw= dh ì’BHkwfe esa eq[; fcanq ;g gS fd ;fn gesa fdlh Qyu )(xfy =  dk 
fdlh fof”k’V fcanq x = a  ij eku Kkr gks rFkk lkFk gh Qyu )(xf  ds vodyt 

dk eku Hkh bl fcanq x ij Kkr gks] rks ge fcanq x = a ds fdlh izfros”k esa fLFkr 



 

 
 

219

mPPk&dksfV vodytfdlh vU; fcanq x = x0 ij Qyu dk eku Kkr dj ldrs gSaA eku yhft, f  ,d ,sls 
foo`r varjky ij ifjHkkf’kr ,d Qyu gS ftlesa fcanq a vkSj x lfEefyr gSaA lkFk gh 
;g Hkh eku yhft, fd f  bl varjky ij    (n + 1)  & ckj vodyuh; gSA rks Vsyj 
izes; ds vuqlkj 

( ) ( ) ( )( ) ( )( ) ( )( )( ) ( )( )( )
( ) )(

!
))((...

!4!3!2!1

44332

xR
n

axafaxafaxafaxafaxafafxf n

nn

+
−

++
−

+
−

+
−′′

+
−′

+=

 

gksxk] tgk¡ 
( ) ( )( )

)!1(
)(

11

+
−

=
++

n
axcfxR

nn

n  gS vkSj c, a vkSj x ds chp esa fLFkr dksbZ 

fcanq gSA Åij fn, x, lw= dks Vsyj J̀a[kyk foLrkj lw= dk “ks’kQy Lo:i Hkh 
dgrs gSa] tgk¡ Rn (x)  dks “ks’kQy in dgrs gSaA /;ku jgs f (n)(a) dk iz;ksx] f  ds nosa 
vodyt ds fcanq a ij eku ds fy, fd;k x;k gS vkSj ;g ekuk x;k gS fd bldk 
vfLrRo gSA ge blh lw= dks iqu%] ladyu fpà dk iz;ksx djrs gq,] bl izdkj fy[k 
ldrs gSaA  

( ) ( ) ( )( ) )(
!

1

1
xR

k
axafafxf n

n

k

kk

+






 −
+= ∑

−

=

 Qyu f (x) ds (n+1) &dksfV rd lHkh 

vodytksa dk vfLrRo gS] ;g ekuk x;k gSA tc gesa ;g lw= Kkr gS rks ge ns[k 
ldrs gS fd ;fn gesa Qyu f (x) dk eku x = x0 ij Kkr gks vkSj ge bl lw=  

( ) ( ) ( )( ) )(
! 0

1

1

0
0 xR

k
axafafxf n

n

k

kk

+






 −
+= ∑

−

=  
dk iz;ksx] Qyu dk eku fdlh vkSj 

fcanq x = x0 ij Kkr djus ds fy, djsa rks ;g] ;g Kkr djus ds leku gksxk fd x esa 
axx −=∆ 0  ds cjkcj ifjorZu ds QyLo:i] Qyu f  esa fdl izdkj ifjorZu gksrk 

gSA Åij izkIr O;atd esa in ( )af  dks ckbZa vksj LFkkukarfjr djds ;g ljyrk ls 
ns[kk tk ldrk gS] D;ksafd ( ) ( ) yafxf ∆≡−0  gksxkA  

VsYkj J̀a[kyk lw= dh lgk;rk ls vkSlr eku izes; dk iqudZFku  

ge Åij fn, Vsyj J`a[kyk lw= esa dsoy ,d in ysdj vFkkZr~ n = 0 ysdj] vodyt 
ds fy, vkSlr eku izes; dks Li’V dj ldrs gS % ( ) ( ) ( )axcfafxf −′+= )(  tgk¡ 

c, x vkSj a ds chp dksbZ fcanq gSA bl izdkj ge vkSlr eku izes; izkIr djrs gS %  

;fn f (x) ,d ,slk Qyu gS tks varjky [a, b] ij larr rFkk varjky ¼a, b½ ij 
vodyuh; gS] rks ,slk ,d fcanq c ∈ (a, b) vo”; feysxk ftlds fy,  

  
( ) ( ) ( )f b f a

f c
b a
−

′ =
−  

lR; gksA  

inksa dks iqu% O;ofLFkr djus ij] ge izkIr djrs gSa %  

f (b) = f (a) + f ´(c) (b − a) ;g ,d izdkj ls n = 0 ds fy, Vsyj izes; gh gSA  
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cks/k iz”u 3  

1½  Vsyj J̀a[kyk lw= dh O;k[;k dhft,A bldk D;k egRo gS\  

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

2½  vkSlr eku izes; rFkk Vsyj J̀a[kyk lw= esa D;k laca/k gS\ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

------------------------------------------------------------------------------------------------------------------------------------------------------ 

10-5 lkj-la{ksi 

bl bdkbZ esa geus fiNyh bdkbZ esa vodytksa ij dh xbZ ppkZ dks vkxs c<+k;kA ;g 
bdkbZ mPp-dksfV vodytksa ij dsafnzr FkhA geus bl bdkbZ esa vodytksa ds 
vodyt Kkr djus lh[ks rFkk mPp dksfV vodytksa ds vFkZ”kkL= esa dqN vuqiz;ksxksa 
dh ppkZ dhA blds i”pkr~ geus Qyuksa ds vR;ar egRoiw.kZ  T;kferh; xq.k/keksZa] 
mÙkyrk rFkk voryrk] dh ppkZ dhA geus ns[kk fd ;fn fdlh Qyu ds f}rh; 
vodyt dk fpà _.kkRed gS rks Qyu mÙky gksxkA bl bdkbZ esa geus Qyuksa ds 
vory ;k mÙky gksus ds rkRi;ZA izHkko dks le>us dk iz;kl fd;kA varr%] bl 
bdkbZ esa geus nks ,sls egRoiw.kZ ifj.kkeksa dh ppkZ dh tks gesa fdlh Qyu dk fdlh 
fcanq ij lfUudVu Kkr djus esa lgk;rk djrs gSaA ;s nks egRoiw.kZ ifj.kke Fks % Vsyj 
J̀a[kyk rFkk vkSljr eku izes;A  

10-6 cks/k-iz”uksa ds mÙkj@ladsr 

cks/k iz”u 1  

1½  180 

2½  9e3x+2 

cks/k iz”u 2 

1½  a½  0f x   

 b½   0f x  vkSj 0f x  

c½  0f x  vkSj 0f x  

2½  Hkkx 10-3 i<+s vkSj mÙkj fy[ksaA 

cks/k iz”u 3  

1½  Hkkx 10-4 i<a+s vkSj mÙkj fy[ksaA 

2½  Hkkx 10-4 i<a+s vkSj mÙkj fy[ksaA 

 




