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[kaM 5 ifjp; 

ikB~;Øe dk ikapok [kaM ^lekdyu* dks lekfiZr gS&;g Hkh dyu xf.kr dh 
,d egRoiw.kZ iz”kk[kk gSA geus [kaM 3 vkSj 4 esa vodyu lh[kk gS& ;g ge 
lekdyu ls ifjfpr gksaxsA bl [k.M esa nks bdkb;ka gSaA bdkbZ 13 esa vfuf”pr 
lekdyksa ij ppkZ djrs gq, ;g fn[kk;k x;k gS fd fdl #i esa lekdyu 
vodyu dh foijhr fØ;k gksrh gSA okLro esa vfuf”pr lekdyu dks dbZ ckj 
izfrvodyu Hkh dg nsrs gSA bdkbZ esa lekdyksa ds xq.k /keksZa ij ppkZ dh xbZ gSA 
vkidks ;gh lekdyu dh dqN rduhdksa & izfrLFkkiu }kjk] [k.Mksa }kjk vkfn ls 
ifjfpr djk;k x;k gSA ikB~;Øe dh vU; bdkb;ksa dh gh Hkkafr ;gka Hkh 
vFkZ”kkL= bu fof/k;ksa ds vuqiz;ksx le>k, x, gSaA 

bdkbZ 14 dk “kh’kZd fuf”pr lekdy gS&;g lekdyu ds izfr ,d vU; 
nf̀’Vdks.k gh gS ftlesa lekdy dh fdlh ;ksx Qy dks ifjJfed eku ds :i esa 
O;k[;k dh tkrh gSA ;s fuf”pr lekdy fdlh oØ ds v/khuLFk {ks=Qy ds 
vkadyu esa cgqr mi;ksxh jgrs gSA ;gha ge ,d fo”ks’k izdkj ds fuf”pr 
lekdy&^jheu lekdy* ij Hkh ppkZ dj jgs gSSA fuf”pr lekdyks ds xq.k/keksZa 
ds lkFk lkFk vFkZ”kkL= esa miHkksDrk ds vfrjsd] Mksej ds lao`f) izfreku vkfn 
vo/kkj.kkvksa esa ge buds vuqiz;ksxks ij Hkh ;gha ppkZ dj jgs gSaA 
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bdkbZ 13  vfuf”pr lekdyu* 

lajpuk 

13-0 mÌs”; 

13-1 fo’k;-izos”k 

13-2 lekdyu] vodyu ds O;qRØe ds :i esa (Integral as Anti-Derivative) 

13-3 lekdyu ds dqN fu;e (Some Rules of Integrals) 

13-4 lekdyu dh fof/k;k¡ (Techniques of Intergration) 

 13-4-1 izfrLFkkiu }kjk lekdyu (Integration by Substitution) 

 13-4-2 [kaM”k% lekdyu (Integration by Parts) 

13-4-3 vkaf”kd fHkUuksa }kjk lekdyu (Integration by Partial Fractions) 

13-5 lekdyuksa ds vFkZ”kkL= esa dqN vuqiz;ksx (Some Economic Applications of 
Integrations) 

13-6 lkj-la{ksi 

13-7 cks/k iz”uksa ds mÙkj@ladsr 

13-0 mÌs”; 

bl bdkbZ dks i<+us ds i”pkr~ vki] l{ke gksaxs & 

• lekdyu dh ladYiuk dh O;k[;k djus esa( 

• vfuf”pr lekdyu dks vodyu ds O;qRØe izØe ds :i esa le>kus esa( 

• vfuf”pr lekdyuksa ds dqN xq.k/keksZa dk o.kZu djus esa( 

• vfuf”pr lekdyuksa dks Kkr djus dh dqN fof”k’V fof/k;ksa] tSls izfrLFkkiu 
}kjk lekdyu] [kaM”k% lekdyu rFkk vkaf”kd fHkUuksa }kjk lekdyu bR;kfn dk 
iz;ksx djus esa( rFkk 

• lekdyu ds dqN fof”k’V vuqiz;ksxksa ds fo’k; esa ppkZ dj ikus esaA 

13-1 fo’k;-izos”k 

bdkbZ 7 ls bdkbZ 10 esa vkius vodyu xf.kr ¼fMQjsa”ky dSYdqyl½ ds ckjs esa i<+k 
rFkk [kaM 4 esa bldk mi;ksx vHkh’Vrehdj.k ds fy, fd;k gSA vkius ;g ns[kk fd 
fdlh Qyu F(x) dk vodyt ,d vU; Qyu F´(x) gksrk gSA nwljs “kCnksa esa] F′(x) 
= f (x) gksrk gSA D;k ;g izØe mRØe.kh; gS\ vFkkZr~ ;fn gesa Qyu f (x) fn;k gks] 
rks D;k ge mlls og ewy Qyu F(x) Kkr dj ldrs gS fd F′(x) = f (x) gks \ 
vodyu ds ,sls izfrorhZ dk;Z dks izfr-vody ;k lekdyu dgrs gSaA ,sfrgkfld 
:i esa lekdyu dh ladYiuk vodyu dh ladYiuk ls igys fodflr gqbZ gSA ;g 
rks cgqr le; i”pkr~ lkeus vk;k fd vodyu vkSj lekdyu ,d-nwljs dh 
izfrorhZ fØ;k,¡ gSaA bl bdkbZ esa ge bdkbZ esa ge izfr vodyu dh ladYiuk dk 
ifjp; ns jgs gSaA bl bdkbZ dk /;s; ikBd dks lk/kkj.k lekdyu ds fo’k; esa dqN 
izkjafHkd fopkjksa ls ifjfpr djokuk gSA 

 

*Jh lkSxrks lsu 
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vxys Hkkx esa] ge lekdyu dks vodyu ds O;qRØe izØe ds :i esa foLrkj ls 
le>saxsA ;gk¡ ;g tku ysuk egÙoiw.kZ gS fd bl fof/k dks lekdyu dgrs gSa tcfd 
;g ladYiuk lekdy ds uke ls tkuh tkrh gSA bl Hkkx esa dqN egÙoiw.kZ Qyuksa 
ds lekdyu Hkh crk, x, gSaA lkFk gh] bl [kaM esa lekdyu dh dqN egÙoiw.kZ 
fof/k;ksa ds ckjs esa Hkh crk;k x;k gS ftlesa fdlh Qyu dk lekdyu ml fLFkfr esa 
izkIr fd;k tk lds tc mldk lekdyu izR;{k fof/k ls vkdfyr ugha gks ik jgk 
gksA ,slh rhu izeq[k fof/k;k¡] ftuds ckjs esa ;gk¡ ppkZ dh xbZ gS] os gSa % izfrLFkkiu 
}kjk lekdyu] [kaM”k% lekdyu rFkk vkaf”kd fHkUuksa }kjk lekdyuA varr%] bl 
bdkbZ esa vfuf”pr lekdyu ds vFkZ”kkL= esa gksus okys dqN vuqiz;ksxksa dh ppkZ Hkh 
dh xbZ gSA 

13-2 lekdyu] vodyu ds O;qRØe izØe ds :i esa (Integral 
as Anti-Derivative) 

;kn djsa fd bdkbZ 9 esa geus i<+k Fkk fd ;fn ,d Qyu F(x) dk vodyu fd;k 
tk, rks gesa Qyu f (x) izkIr gksrk gSA izrhdkRed :i ls bls F′(x) = f (x) fy[kk tk 
ldrk gSA bl bdkbZ esa] ge blds O;qRØe izØe dk v/;;u djsaxs % ,d fn, gq, 
Qyu f (x) ds fy,] ge ,d ,slk Qyu F(x) Kkr djuk pkgsaxs ftldk vodyt f 
(x) ds cjkcj gks] vFkkZr~ 

F′(x) = f (x) 

ifjHkk’kk 1 % ,d Qyu F(x), ,d fn, gq, Qyu f (x) dk varjky [a, b] ij izfr 
vodyt dgykrk gS ;fn varjky ds izR;sd fcanq ds fy, F′(x) = f (x) 
gksA 

mnkgj.k %  Qyu f (x) = x2 dk izfr vodyt Kkr dhft,A  

gy % ifjHkk’kk 1 ls ge ns[k ldrs gSa fd 
3

)F(
3xx = ] Qyu f (x) dk ,d izfr 

vodyt gS] D;ksafd F′(x) = f (x) gSA 

2

3

)
3

( 
x

dx

xd
=  

fdUrq ge ljyrk ls ;g Hkh ns[k ldrs gSa fd ;fn fdlh fn, gq, Qyu f (x) dk 
izfr vodyt vfLrRo j[krk gS rks og vf}rh; ugha gksrkA mijksDr mnkgj.k esa 
fuEufyf[kr Qyuksa dks Hkh f (x) = x2 ds izfrvodyt ds :i esa fy;k tk ldrk gS %     

,1
3

)F(
3

+=
xx 9

3
)F(

3

+=
xx  ;k] F(�) = Cx

+
3

3

O;kid :i esa  ¼tgk¡ C LosPN 

vpj gS½ 

pw¡fd 2

3

)
3

(
x

dx

Cxd
=

+
 gksrk gS] Cx

+
3

3

 izdkj ds Qyu esa x2 ds lHkh izfr vodyt 

lfEefyr gSaA 



 

 
261

vfuf”pr lekdyu

∫ += CxFdxxf )()(

O;kidr%] ;fn fdlh fn, gq, Qyu F(x) dk ,d izfr vodyt f (x) Kkr gks tk, 
rks mlds fdlh Hkh izfr vodyt dk izk:i F(x) + C gksxk tgk¡ C ,d vpj gSA  

mijksDr ppkZ esa geus ns[kk fd lekdyu] vodyu dk O;qRØe izØe gSA ;g ;ksx 
djus dk izØe gSA bl izØe dh nks ewyHkwr ladYiuk,a gSaA 

d½ vfuf”pr lekdyu 

[k½ fuf”pr lekdyu 

fuf”pr lekdyu ij ge vxyh bdkbZ esa ppkZ djsaxsA bl bdkbZ esa ge viuh ppkZ 
vfuf”pr lekdyuksa rd lhfer j[ksaxsA 

ifjHkk’kk 2 % vfuf”pr lekdyu& ;fn Qyu F(x), Qyu f (x) dk izfrvodyt gS] 
vFkkZr~] ;fn F′(x) = f (x), gS] rks O;atd F(x) +C, Qyu  f (x) dk vfuf”pr lekdyu 
gksrk gS] rFkk bls lekdyu ds fpUg ∫ ls O;Dr djrs gSaA vr%] ifjHkk’kk ds vuqlkj 

 

fVIif.k;k¡ % 

i½ ftl izdkj 
�

��
 ;k 

��
��

  vodyu ds fpUg gSa] ml izdkj ∫ lekdyu dk fpUg 

gSA ;g vaxzst+h ds v{kj 'S' dk fodr̀ :i gS tks vaxzst+h ds “kCn "sum" ¼;ksx½ 
dk izFke v{kj gSA okLro esa] loZizFke] lekdyu dks ,d fuf”pr vuar 
Ükà[kyk ds ;ksx ds :i esa ifjHkkf’kr fd;k x;k FkkA  

ii½ Qyu f (x), ftldk lekdyu fd;k tkuk gS] lekdY; dgykrk gSA blh 
izdkj] x lekdyu dk pj rFkk C lekdyu dk vpj dgykrk gSA 

iii½ /;ku jgs fd dx, d vkSj x ds xq.kuQy dks ugha O;Dr djrk vfirq ;g bl 
ckr dk izrhd gS fd lekdyu x ds lkis{k fd;k tkuk gSA 

iv½  dk vFkZ Qyu f(x) dk ¼x ds lkis{k½ lekdyu gS vFkkZr~ ;g 

lekdY; f(x) dk lekdyu gSA  

v½ fdlh Qyu dk lekdy fudkyus dh izfØ;k dks lekdyu dgrs gSaA 

vi½ lekdyu dh izfr vodyt ds :i esa ifjHkk’kk ls ;g Li’V gS fd 

   

vFkkZr~ fdlh Qyu ds lekdyu dk vodyt Lo;a og Qyu gh gksrk gSA 

izlaxo”k] ;g lekdyu dk igyk fu;e gSA pw¡fd �
��

(��) = 2x gS blfy, 

;k 2× ��

�  = x2 gSA 

vii½ ,d vfuf”pr lekdyu y = F(x) + C ds izdkj ds Qyuksa dk ifjokj gksrk 
gSA T;kferh; nf̀’Vdks.k ls] ,d vfuf”pr lekdyu ,sls oØksa dk lewg gS] 
ftuesa ls izR;sd fdlh ,d oØ dks] y-v{k ds lkis{k] Åij ;k uhps] vius 
lekukarj LFkkukarfjr djus ls izkIr fd;k tk ldrk gSA 

f x dx

d f x dx f x
dx

2 2x dx x dx 2 2x dx x dx
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;gk¡ ij ,d iz”u mBrk gS % D;k izR;sd Qyu f (x) ds izfr vodyt ;k vfuf”pr 
lekdyu fo|eku gksrs gaS\ mÙkj gS ughaA rFkkfi ;fn dksbZ Qyu fdlh varjky [a, 
b] ij larr gksrk gS] rks bl Qyu dk izfr vodyt ¼vr% vfuf”pr lekdyu½ 
fuf”pr :i ls gksrk gSA 

;fn fdlh izkFkfed Qyu dk vodyt ,d izkFkfed vodyt gks] rks ;g vko”;d 
ugha gS fd ml izkFkfed Qyu ds izfr vodyt dks izkFkfed Qyuksa dh lhfer 
la[;k }kjk fu:fir fd;k tk ldsA 

Lkkjka”k :i esa % 

1½ fdlh vfuf”pr lekdyu dk vodyt] lekdY; ds cjkcj gksrk gS] vFkkZr~ 
;fn F′(x) = f (x) gS] rks  

 ljy Hkk’kk esa] fdlh izfr vodyt dk vodyt] lekdY; ds cjkcj gksrk gSA 

2½ fdlh vfuf”pr lekdyu dk vodyu djus ls gesa lekdyu ds fpUg ds 
Hkhrj dk O;atd izkIr gksrk gSA vFkkZr~ 

 /;ku nsa fd ;g ifj.kke Åij fcanq ¼1½ esa fn, x, O;atd ls lh/ks-lh/ks Kkr 
fd;k tk ldrk gSA 

3½ fdlh Qyu ds vodyu dk vfuf”pr lekdyu] ml Qyu rFkk ,d vpj 

ds ;ksx ds cjkcj gksrk gS % 

;g ge Åij fn, x, O;atd ds nksuksa i{kksa dk vodyu djds fl) dj ldrs gSaA 

13-3 lekdyu ds dqN fu;e (Some Rules of Integrals) 

vc ge lekdyu ds dqN ewyHkwr fu;eksa dk mYys[k mUgsa izekf.kr fd, fcuk dj 
jgs gSaA ikBdksa ls vis{kk gS fd os bUgsa Hkyh-Hkk¡fr le>dj] vko”;drkuqlkj budk 
iz;ksx djsaxsA 

fu;e 1 % fdlh Qyu ds lekdyu dk vodyt] Lo;a Qyu gh gksrk gS] izrhdr%]  

   

fu;e 2 % fdlh Qyu vkSj fdlh vpj ‘k’ ds xq.kuQy dk lekdyu] Qyu ds 
lekdyu rFkk vpj k ds xq.kuQy ds cjkcj gksrk gSA izrhdr%] 

� � � (�)�� = � × � �(�)�� 

.d f x dx f x
dx

( ) ( ) )()F()( xfCxdxxf =′+=
′

∫

( ) )()( xfdxxfd =∫

Cxdxxd +=∫ )F()( F 



 

 
263

vfuf”pr lekdyufu;e 3 % nks Qyuksa ds ;ksx vFkok varj dk lekdyu] mu Qyuksa ds lekdyuksa ds 
;ksx vFkok varj ds cjkcj gksrk gSA izrhdr%  

  

vc ge uhps dqN ekud Qyuksa ds lekdyt ns jgs gSa tks lekdyu ds izØe esa 
cgqr mi;ksxh lkfcr gksaxsA D;ksafd bu lekdyuksa dk iz;ksx gesa ckj-ckj djuk 
iM+sxk] gesa bUgsa vPNs ls daBLFk dj ysuk pkfg,A 

1½ pw¡fd 
�

��
�����

���
� = �� ] blfy, ∫ ��  �� =  ����

���
 + c   

2½ pw¡fd ] blfy,   

3½ pw¡fd �
��

[��] = ��] blfy,  

4½ pw¡fd �
��

����

�
� = ��� ] blfy,

 
���

�
  + c  ;k ���

�
�� (��)

 +  � 

5½ pw¡fd ] blfy,  

 

6½ pw¡fd log � ,  blfy, ∫ �� �� = ��

��� �
+ �,   � > 0 

7½ pw¡fd 
�

��
����(����)

�
� = �

����
 ] blfy,  

  

8½ pw¡fd ] blfy,  

vc ge Åij fn, lw=ksa ds vk/kkj ij dqN mnkgj.k ysrs gSa %  

1½  c = �
�

�
+ � 

2½  

... ...f x g x x dx f x dx g x dx x dx

1logd x
dx x

1 logdx x c
x

n ne dx e c

ax axe dx a e c

1

1

n
nax bd ax b

dx a n
1 1

, 1
1 1

n n
n ax b ax b

ax b dx c c nda n n ax b
dx

x x ad a a e
dx

log log1 ax b ax b
dx or dax b a ax b

dx

1d x
dx

1 dx x c

5 1 6
5

5 1 6
x xx dx c

3 3
3

33

x x
x e ee dx c cd x

dx



 

 

lekdyu 

264 

3½ + c 

4½  + c = 
��
��� + c 

5½  

6½  eku Kkr dhft, 

  

�
��
� �� + 9 ∫ �

�
�� 

 

 

+2�
�
� + 9 log � + � 

7½ eku Kkr dhft, 

   

+ 217 

�� − 245�)�� 

   +217 ∫ ���� − 245 ∫ � �� 

                 = �12 × ��

�
� − �62 × ��

�
� + 70� − �42 × ��

�
� + �217 × ��

�
� −

�245 × ��

�
� + � 

                 = 4�� − 31�� + 70� − ����

�
+ �����

�
− �����

�
+ � 

                = − ����

�
 + �����

�
− �����

�
+ 70� + �        

 8½  lekdyu dhft,   

 

3 5 3 5
3 5

33 5

x x
x e ee dx cd x

dx

5 1 4
5

5 4

1 1
5 1 4 4

x xdx x dx c c
x x

7 7 1 7dx dx x c

4 3 2 1 93 5 3x x x dx
xx

4 3 23 5 3 9I x dx x dx x dx x dx dx

1 14 1 3 1 2 1 2
3 5 3 9log14 1 3 1 2 1 1

2

x x x x x c

1
2

5 2 33 5 3 9log15 2 3
2

xx x x x c

5 3
2

3 5
5 2

x x x x c
x

2 7 5 3 7 2I x x x dx

22 7 6 31 35I x x x 2 3 212 62 70 42 217 245dx x x x x x dx

2 3 212 62 70 42 217 245x dx xdx dx x dx x dx xdx

3
2

2

1x
x
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;g ifjorZu geus lw=  ∫(� � +
 �)��� =  (�� � �)���

� (� ��)
dk mi;ksx 

djrs gq, fd;k gSA    

 

dx =  

 

 

 

9½ ∫(���� �� + ���� �� ) �� Kkr dhft, 

  

[fVIi.kh % ����� � = �  vkSj ge ;g eku jgs gSa fd ‘log’ vk/kkj ‘e’, ij 
fudkyk x;k gS]  

lekdyu ds Kkr lw=ksaa ds vk/kkj ij ge izkIr djrs gSa fd ∫ �� �� =
��

��� �
+ �,   � > 0, 

vr%] ge ikrs gSa fd
��

��� �
+ �    

10½  Kkr dhft,A 

ge dks  ds in esa fy[krs gSaA blds fy, gesa dks 

ls xq.kk djuk gksxk rFkk O;atd dks larqfyr djus ds fy,
 

 tksM+uk 

gksxkA 

 

 

 

  

This transformation is meant to use the standard integration form 

3
2 6 4 2

2 6 2 4

1 1 1 1I x x x x dx
x x x x

6 2 6 6 2 2
6 2

1 33 3 3x x dx x dx x dx x dx x dx c
x x

7 5 3
13 3

7 5 3
x x x x c

7
3

5

1 3
7 5
x x c

x x

a x a xI x a dx x dx a dx

1

1 log

a xx aI c
a

7 2 3 2  x x dx

7 2x 3 2x 3 2x
7
3

20
3

1
2

7 203 2 3 2
3 3

I x x dx

1 1
2 2

7 203 2 3 2 3 2
3 3

x x x dx

13
22

7 203 2 3 2
3 3

x dx x dx

5 3
2 23 2 3 27 20

353 3 33
22

x x
c

2 6 4 2
2 6 2 4

1 1 1 13 3I x x x x dx
x x x x
I x x x x dx
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21 1 1
2 4 8

3

3 21
2

21
2

21 1
2 4

1
4
1 1
4 8

1
8

2 1
x x

x x
x x

x
x x

x
x

 
 

1

1

n
n ax b

ax b
a n

 

 

 

 

11½ eku Kkr dhft,   dks  ds in esa O;Dr 

dhft, ftlls ds lekdyu ds lw= dk iz;ksx fd;k tk lds 

 

��
�

(����)
�
�
 dx 

 [nksuksa lekdY; ds izdkj 

ds gSa]  

 

 

12½  dk lekdyu dhft,  

 gy % 

 

 

 

 

 

 

 

5 3
2 2

7 2 20 23 2 3 2
3 15 3 9

x x c

5 3
2 2

14 403 2 3 2
45 27

x x c

3
2

2 7 203 2 3 2
9 5 3

x x c

3 4
2 7
x

I dx
x

3 4x 2 7x

nax b

1
2

3 132 7
2 2

2 7

x
I dx

x
1 1
2 2

3 2 7
2

2 7 2 7

x
dx

x n

1 1
2 2

3 132 7 2 7
2 2

x dx x dx
nax b

1 11 1
2 22 7 2 73 13

1 12 21 2 7 1 2 7
2 2

x x
c

d dx x
dx dx

3 1
2 21 132 7 2 7

2 2
x x c

3

2 1
x
x

3

2 1
xI dx
x
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( )∫ + dxx 15  3

∫ dxx  5  15

∫ dx
x5
1

( )∫ + dxx3x 2  3e

∫ dxx 5

¼/;ku nsa fd ;g ,d ,slk chth; O;atd gS ftlds va”k esa x dh ?kkr] gj esa x dh 
?kkr ls vf/kd gSA vr%] ge x3 dks (2x + 1) ls yach Hkkx fof/k }kjk foHkkftr djrs 

gSa] tks fd ,d ljy rFkk mi;ksxh fof/k gS½ 

      � =  ∫[ (�
�

�� − �
�

� + �
�
) + (− �

�
× �

(����))]��  

[ ∵ HkkT;@Hkktd = HkkxQy $ “ks’k × 1@Hkktd ] 

+ �
� ∫ 1 �� − �

� ∫ �
����

��     

 = ��
�

× ��

�
� − ��

�
× ��

�
� + ��

�
�� − ��

�
���(����)

�
� + � 

 = ��

�
− ��

�
+ �

�
− ���(����)

��
+ � 

Ckks/k iz”u 1 

1½ fuEufyf[kr lekdyu vkdfyr dhft, % 

 d½      

 [k½ ∫(� − 4�
�
�) �� 

 x½    ¼tgk¡ S ,d fLFkj vad gS½ 

 ?k½ 

2½ fuEufyf[kr lekdyu Kkr dhft, % 

i) 

ii) 

iii) 

iv)   

v)   

13-4 lekdyu dh fof/k;k¡ (Techniques of Integration) 

Hkkx 13-3 esa geus dqN ekud Qyuksa ds lekdyu ds ckjs esa ppkZ dh FkhA buesa 
vf/kdrj os Qyu lfEefyr Fks tks dqN Qyuksa ds vodyt gSa] vr% muds 
lekdyu ljyrkiwoZd Kkr fd, tk ldrs gSaA ,slh fLFkfr esa lekdyu dqN 
izekf.kd lw=ksa ls Kkr fd, tk ldrs gSaA ijarq lHkh Qyuksa ds lekdyu bl izdkj 
ugha fudkys tk ldrsA fQj Hkh ,slh dbZ fLFkfr;k¡ gksrh gSa tgk¡ fn, gq, 

3

2 1
xI dx
x

21 1 1 1 1
2 4 8 8 2 1

x dx x dx dx dx

  
2∫ − xs

dx

  )1(10∫ − dxxx

( )∫ +− dxee xx 55
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lekdY;@lekdyuksa dks izkekf.kd lw=ksa ds :i esa ifjofrZr djds muds lekdyu 
Kkr fd, tk ldrs gSaA bl Hkkx esa ge ,slh dqN fof/k;ksa ds ckjs esa tkusaxs ftuesa 
fn, gq, lekdY; dks bl izdkj ifjofrZr fd;k tk lds fd lekdyu ds izkekf.kd 
lw=ksa dk mi;ksx fd;k tk ldsA ;s fof/k;k¡ gSa & 

i½ izfrLFkkiu }kjk lekdyu 

ii½ [kaM”k% lekdyu 

iii½ vkaf”kd fHkUuksa }kjk lekdyu 

vkb,] ge ,d-,d djds bu fof/k;ksa dks mnkgj.kksa }kjk le>sa % 

13-4-1 izfrLFkkiu }kjk lekdyu (Integration by Substitution) 

;g fof/k mu lekdY;ksa esa mi;ksxh gksrh gS ftuesa nks Qyu lfEefyr gksrs gSaA ,slh 
fLFkfr esa] ge fn, gq, ,d pj dks ,d u, pj ls bl izdkj izfrLFkkfir djrs gSa fd 
u, O;atd dk lekdyu ljy gks tk,A mnkgj.kkFkZ] ;fn fn;k gqvk lekdY; 

gS rks ge eku ldrs gSa rFkk uhps fn, gq, lw= dk iz;ksx dj 

ldrs gSa %  

 

vFkkZr~] fn, gq, Qyu dk lekdyu ,d vU; Qyu vkSj mlds vodyt

ds xq.kuQy ds lekdY; ds cjkcj gksrk gSA vkb, ge pj.kc) :i esa uhps 

fn, Qyuksa ds lekdyu Kkr djsa %  

1½  

gy % 

pj.k 
%  

1½  Hkhrj okys O;atd dks ge ,d u, 
pj] eku yhft,] t ds cjkcj j[krs 
gSa 

1½  

 2½  Kkr djsa 2½  

 3½   dks  ds in eas Kkr dhft, 3½  

 4½   lekdyI; esa (5x + 7) rFkk  
dk eku t rFkk dt ds :i esa j[ksa 

4½ 
 

 5½   I dk lekdyu t ds :i esa Kkr 
djsa 

5½ 

 

y f x x g z

f x dx g z g z dz

f x g z
g z

55 7I x dx

5 7x t

dt
dx

is 5dt
dx

dx dt
5
dtdx

dx 5 51
5 5
dtI t t dt

6 61
5 6 30

t tc c
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 6½   izkIr ifj.kke dks okil x ds :i 

esa fy[ksa 
6½ + c visf{kr 

mÙkj gS
 

2½ dk lekdyu Kkr djsa 

gy %  j[kus ij gesa izkIr gksrk gS 

 ��
��

 =  8 vFkkZr~  �� = ��
�

  

+ c 

3½ lekdyuksa ¼d½  rFkk  ¼[k½  dk 

eku Kkr dhft, &  

gy % d½       

j[ksa  

vFkkZr~  rFkk  

vFkok  vkb,] ge ∫ ��

(��� �)
 ��  dks ∫ ��

(����)�  × � �� 

ds :i esa fy[ksa 

  dt  

   + c =  

vFkok  = . 

gy % [k½  

   j[kus ij gesa izkIr gksrk gS  

vFkok     ge ‘t’ dk eku izfrLFkkfir dj 

vafre gy Kkr dj ldrs gSaA 

ge fy[k ldrs gSa fd  

61 5 7
30

x

8 5xe

8 5x t

8 51 1 1
8 8 8 8

t t t xdtI e e dt e c e

3

32 1

x dx
x

24 2 1x x x dx

3

32 1

xI dx
x

2 1t x

21t x 0 2dt x
dx

2
dtx dx

3 3 3 3

1 1 1 1 1
2 2 2

t dt t tI dx dt dt
t t t t3 3 3 3

1 1 1 1 1
2 2 2

t dt t tI dx dt dt
t t t t

1 2
2 31 1 1 1 1 1

2 2 2 1 2 2 2 4
t tt dt t dt c

1 2

2

1 1 1 1 1 1
2 2 2 1 2 2 2 4

t tt dt t dt c
t t

1 11
2 2

c
t t

24 2 1x x x dx

2 2 1t x x 2 2 1dtt x
dx

2 1 2x dx t dt

1
2 22 2 1 1I x x x dx
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vFkok   × ��

�
 + c = ���

�
+ � 

� = (�� + � + 1)
�
� j[kus ij ge ikrs gSa fd  

4½ ∫ ��������� ���� ��
������� � �� Kkr djsaA 

 gy% /;ku nsa fd bl O;atd esa va”k gj dk vodyt gS rFkk 

10� log� 10. 

vr%] ge j[krs gSaA blds ifj.kkeLo:i ge ikrs gSa fd 

10� log� 10  vFkok dt = (10�� + 10� log� 10) dx 

bl izdkj ge ns[k ldrs gSa fd  

= log(��� + 10�) + � 

13-4-2 [kaM”k% lekdyu (Integration by Parts) 

lekdyu dh ;g fof/k izfrLFkkiu fof/k ls Hkh vf/kd l”kDr gSA ;g vodyu ds 
xq.kuQy lw= ij vk/kkfjr gSA bl fof/k esa ge fn, gq, lekdY; dks ,d ,sls 
lekdY; esa :ikarfjr djrs gSa ftldk lekdyu ljyrk ls Kkr fd;k tk ldsA 
[kaM”k% lekdyu dk lw= gS % 

� �(�). �(�)�� = �(�) × � �(�)�� – � ���(�) × � �(�)��� �� 

 “kCnksa esa bl lw= dks bl izdkj O;Dr fd;k tk ldrk gS % 

nks Qyuksa ds xq.kuQy dk lekdyu] igys Qyu dks nwljs Qyu ds lekdyu ls 
xq.kk djus ij izkIr xq.kuQy esa ls igys Qyu ds vodyu rFkk nwljs Qyu ds 
lekdyu ds xq.kuQy ds lekdyu dks ?kVkdj izkIr gksrk gSA vFkkZr~ 

nks Qyuksa ds xq.kuQy dk lekdyu = ¼izFke Qyu½ × ¼f}rh; Qyu dk 
lekdyu½ & [¼izFke Qyu dk vodyu xq.kkad½ × ¼f}rh; Qyu dk lekdyu½] 
dk lekdyu 

tgk¡ f vkSj g nks vodyuh; Qyu gSaA 

bl fof/k ls lekdyu izkIr djus ds dqN mnkgj.k nsus ls iwoZ] ge ikBdksa dk /;ku 
dqN egÙoiw.kZ fcanqvksa dh vksj fnykuk pkgsaxsA  

1½ ;g fof/k mu lekdY;ksa ds fy, mi;ksxh gksrh gS tks fdlh pj x esa nks 
vodyuh; Qyuksa ds xq.kuQy :i esa fn, gksaA  

2 32 2 4 4 1I t t dt t dt t c

3
2 24 1

3
x x c

10 10 logx x ad
dx

10 10xt x

9 1010 10 logdt x
dx

dtI t c x
t

log log 10dtI t c x
t
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vfuf”pr lekdyu2½ igys Qyu ds :i esa x dh ?kkr vFkok x esa cgqin dks ysa rFkk nwljk Qyu 
,slk pqusa ftldk lekdyu ljyrk ls Kkr fd;k tk ldsA 

3½ ge lekdY; esa fn, gq, nks Qyuksa esa ls fdlh dks Hkh lqfo/kk ds vuqlkj] 
izFke rFkk f}rh; Qyu ds :i eas ys ldrs gSaA 

4½ ;fn fn;k gqvk lekdY; nks Qyuksa dk xq.kuQy u Hkh gks rks Hkh ge bls 1 ls 
xq.kk djds] 1 dks f}rh; Qyu ys ldrs gSaA vFkkZr~ ge 

fy[k ldrs gSaA ge ns[ksaxs fd ,slk djuk dbZ 

fLFkfr;ksa esa mi;ksxh fl) gksrk gSA 

5½ tc lekdY; esa fn, gq, Qyuksa esa fuEufyf[kr Qyuksa esa ls dksbZ mifLFkr gks 
% (I) izfrykse] (L) y?kqx.kdh; Qyu] (A) chth; Qyu] (T) f=dks.kferh; 
Qyu] (E)  pj?kkrkadh; Qyu] rc izFke Qyu ds :i esa ml Qyu ds pquk 
tk,xk tks bl Øe ILATE esa igys vkrk gksA 

6½ ;fn dksbZ lekdY; esa ,sls Qyu gksa ftudk lekdyu Kkr u gks rks ge 
Qyu dk dksbZ ,slk Hkkx ¼xq.ku[kaM½ <wa<+us dk iz;kl djrs gSa ftldk 
lekdyu gesa Kkr gksA 

vkb,] vc ge [kaM”k% lekdyu fof/k dks dqN mnkgj.kksa dh lgk;rk ls le>us dk 
iz;kl djsa & 

1½ fuEufyf[kr Qyuksa dks [kaM”k% lekdyu fof/k }kjk Kkr dhft,A 

a)  b)  c)  d)  

gy % 

d½  

ILATE ¼vkbysV½ fu;e ds vuqlkj] ge dks izFke Qyu pqurs gSaA vr%] 

dx  

  

vafre O;atd ds nwljs Hkkx esa ,d ckj iqu% ILATE fu;e yxkus ij] ge 
ikrs gSa fd 

                       

                 = ���� − 3[���� − 2(��� − ∫ ��)] 

    = ���� − 3[���� − 2(��� − ��)] + c 

 +  

1f x dx f x dx

3 xx e logx x 2

log x
x

4 logx x

3 xI x e dx

3x

3 3x xdI x e dx x e dx
dx

x xI x e dx x e dx

3 2 3 23 3x x x xx e x e dx x e x e dx

3 23 2x x xI x e x e x e dx

3 23 6 6x x x xx e x e x e e c3 6 6x x x xx e x e x e e c
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[k½ dx 

log x dks igyk Qyu ysus ij] ge ikrs gSa fd  

�
�

��  

 ×  

 . 

x½  dks  ds :i esa fy[kk tk ldrk gSA 

 ge  dks izFke rFkk dks f}rh; Qyu ds :i esa ysrs gSaA vr%  

[ ] dx 

  

  

  

?k½    � = ∫ �� log � �� 
 

;gk¡ ge  dks izFke rFkk  �� dks nwljs Qyu ds :i esa ysrs gSa 

× ��

�
− ∫[ ����] ��   

 = �
�

�� log � − ∫ ��
�

× ��

�
� �� 

= �
�

�� log � − �
� ∫ ����                  

 = �
�

�� log � − �
�

× ��

�
+ �   = ��

�
�log � − �

�
� + � 

vkb,] vc ge dqN ekud lekdyuksa dh ppkZ djsaA 

logI x x dx

2 2

log log
2 2 2 2
x xI x x dx x x dx

2 21 1 1log log
2 2 2 2
x xI x x dx x x dx

2 2
21 1 1log log

2 2 2 2
x xI x x dx x x dx

x

2 21 1 1 1log log
2 2 2 2 2

x x x dx x x c
21 1 1 1

2 2 2 2 2
xx x x dx x x c

2 21 1log
2 4

x x x c

2

log xI dx
x 2

1log x dx
x

log x 2

1
x

2 2log logI x x dx x x dx2 2log logdI x x dx x x dx
dx

1 11log
1 1

x xx dx
x

1
1 2 loglog

1
x xx x x dx c

x

log 1 1 log 1x c x c
x x x

log x

log logI x x x dxlog log
1

x dI x x x dx
x dx
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1)  [loZlfedk : =

] 

  

   

 . 

2)  [loZlfedk: =

] 

  

  

  

 . 

3)  

  j[kus ij ge izkIr djrs gSa  

 

 

 or 
��

�(�����)��
 

 

 

2 2

1 1 1 1
2

I dx dx
x a a x a x a

2 2x y x y x y

2 2x y x y x y

1 1 1
2

dx dx
a x a x a

1 log log
2

x a x a c
a

1 l o g
2

x a
c

a x a

2 2

1 1 1 1
2

I dx dx
a x a a x a x

2 2x y x y x y

2 2x y x y x y

1 1 1
2

dx dx
a a x a x

log1 log
2 1

a x
a x c

a

1 log log
2

a x a x c
a

1 log
2

a x
c

a a x

2 2

1I dx
x a

2 2x x a t

d dtx x a
dx dx

2 211 2 1
2

x a x
1
2d dtx x a

dx dx

1
2 2 2

2 2

11 2 1
2

dt x dtx a x
dx dxx a

2 2

2 2

x a x dt
dxx a

dx x a2 2dx x a
x a x

2 2

2 2 2 2

1 log
dt x a dtI t c

tx a x a x

2 2log x x a c
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4)  

 ge  j[krs gSa ftlesa  

 

 ;k  

  

  

13-4-3  vkaf”kd fHkUuksa }kjk lekdyu (Integration by Partial 
Fractions) 

Ekku yhft, vkSj esa nks cgqin gaSA vr%]  ,d ifjes; fHkUu :ih 

Qyu gksxkA fdlh ifjes; fHkUu :ih Qyu dk lekdyu] mls nks ;k nks ls vf/kd 
vkaf”kd fHkUuksa esa foHkkftr djds ljyrk ls fd;k tk ldrk gSA vkb,] ge bl fof/k 
ds fofHkUu pj.kksa dks le>saA mnkgj.k ds :i esa] ge lkFk-lkFk pj.k”k% 

 dk Hkh lekdyu djsaxs ftlls fof/k ds izR;sd pj.k dks Li’V 

:i ls le>k tk ldsA 

pj.k 1% ifjes; Qyu dh gj ds xq.ku[kaM 
dhft,A ;s xq.ku[kaM nks ;k nks ls vf/kd 
gks ldrs gSaA 

 

pj.k 2 % fn, gq, lekdY; dks] tks fd ,d 
fHkUu ds :i esa gS] nks ;k nks ls vf/kd 
fHkUuksa ds ;ksxQy ds :i esa fyf[k,A 
izR;sd fHkUu esa gj ds :i esa pj.k 1 esa 
izkIr ,d xq.ku[kaM gksxk rFkk va”k ds 
:i esa okLrfod vpj A, B,… bR;kfn 
gksaxs] ftudk eku gesa Kkr djuk gksxkA 

pj.k 3 % otzxq.ku djsaA ,slk djus ij ck,a vkSj 
nk,a nksuksa i{kksa ds ifjes; O;atdksa esa gj 
leku gksxkA vr%] muds va”k Hkh leku 
gksaxsA bl izdkj] gesa ,d lehdj.k izkIr 

;k % 

2 2

1I dx
x a

2 2t x x a
1

2 2 211 2
2

dt x a x
dx

2 2

2 2 2 2
1

x a xdt x
dx x a x a

2 2x adx
dt t

1
2 2 2dtdx x a

t

2 2

2 2

1 logdt dtI x a t c
t tx a

2 2log x x a c

f x g x f x
g x

2

1
4 5

x dx
x x

2 4 5 1 5x x x x

1
1 5 1 5
x A B

x x x x

1 5 1 5
1

1 5
A x x B x x

x
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vfuf”pr lekdyugksrk gS ftlesa nkbZa vkSj vpj A, B,… 
bR;kfn gksaxs tSlk fd ge mnkgj.k esa 
ns[k ldrs gSaA 

 

pj.k 4% vc ,d-,d djds A,B,.. bR;kfn dk 
eku Kkr djsaA bldh ,d ljy fof/k 
;g gS % A dk eku Kkr djus ds fy, 
,d ,slh la[;k pqfu, ftlls A dks 
NksM+dj ckdh lHkh vpjksa ds xq.kkad “kwU; 
gks tk,aA vkSj bls pj.k 3 esa izkIr 
lehdj.k esa izfrLFkkfir djrs gSaA½ 

            x - 1, B dk xq.kkad gSA ;fn ge x – 1 = 
0 ;k x = 1 ysaxs rks A dk eku izkIr gks 
tk,xkA  

       blh izdkj] x + 5 = 0 vFkkZr~ x = 5 ysus 
ij gesa B dk eku izkIr gks tk,xkA 

d½  

 

[k½  

pj.k 5% bl izdkj] izkIr vpj A,B,.. bR;kfn ds 
eku dks pj.k 2 esa j[kus ij gesa 
lekdY; dk vkaf”kd fHkUuksa esa visf{kr 
foHkktu izkIr gks tk,xkA  

d½   

vFkok   ;k
 

 

[k½  

vFkok &4 = - 6B ;k B = 
��
��

�
�
 

pj.k 6 % pj.k 5 esa vkaf”kd fHkUuksa ds ;ksx dk 
lekdyu Kkr djsaA gesa izR;sd fHkUu dk 
lekdyu vyx-vyx Kkr djuk gksxkA 

 

 

mnkgj.k  ¼1½ %   dk eku Kkr dhft,A   

gy %  fn, gq, Qyu ds gj dks ds :i esa fy[kk tk ldrk gSA  

vc]  

vFkok 4� − 2 = ���+1�(�−2)�
� + ���+1�(�−2)�

�+1 + ���+1�(�−2)�
�−2  

(� − 2   … (1) 

1 5 1x A x B x

1 0, 1x x

5 0, 5x x

1 1 1 5 1 1A B
2 6A

2 1
6 3

A

5 1 5 5 5 1A B

1 1 2 1
3 1 3 5

I dx dx
x x

1 2log 1 log 5
3 3

x x c

3 2

4 2
2

xI dx
x x x

1 2x x x

4 2
1 2 1 2
x A B C

x x x x x x

4 2 1 2 2 1x x x A x n B x x C4 2 1 2 2 1x x x A x n B x x C



 

 

lekdyu 

276 

d½ lehdj.k ¼1½ esa j[kus ij ge ikrs gSa fd 
 

vFkok – 2 = – 2A  ;k A = 1 

[k½ lehdj.k ¼1½ esa  vFkkZr~ ⇒  j[kus ij ge ikrs gSa fd 
% + 0 

– 6 = 3B ;k B =  ��
�

= −2 

x½ lehdj.k ¼1½ esa vFkkZr~ x = 2 j[kus ij ge ikrs gSa fd %  

   

vFkok 6 = 6C ;k  � = 6
6 = 1   

 vc]  

  

  

  (x + 1) + log (x −2) + c 

mnkgj.k ¼2½ % dk eku Kkr djsa 

gy % ekuk  …(1) 

 (otz xq.ku }kjk)  …(2) 

 vc] lehdj.k ¼2½ esa x – 1 = 0 vFkkZr~ x =1 j[ksaA  

  

 blh izdkj] lehdj.k ¼2½ esa (2x + 1) = 0 vFkkZr~ � = − 1
2 j[ksa   

vFkok  

vFkok  

 vr%] , A vkSj B ds eku dks ¼1½ esa] j[kus ij ge ikrs gSa fd 

 

0x
2 0 1 0 2 0 0A

1 0x 1x
4 1 2 0 1 1 2 B

2 0x

2 and 4 2 2 0 0 2 3x C

4 2
1 2 1 2
x A B C

x x x x x x
1 2 1

1 2 1 2x x x x x x

4 2 1 1 12
1 2 1 2
x

dx dx dx dx
x x x x x x

log 2 log 1 log 2x n x C

1 2 1
x dx

x x

1 2 1 1 2 1
x A B

x x x x

2 1 1x A x B x

11 2 1 1 0 or 3A=1 or
3

A B A

1 1 3 10 1 or
2 2 2 2

B B

1 2 1or
2 3 3

B B

1
3

A B

1 1
3 3

1 2 1 1 2 1
x dx dx dx

x x x x
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 c 

 c 

mnkgj.k ¼3½ %  dk eku Kkr dhft,A         …(1) 

gy D;ksafd fn, gq, ifjes; Qyu esa va”k vkSj gj nksuksa gh f}?kkrh; cgqin 
gS] vr% ge igys yach Hkkx }kjk HkkxQy Kkr djrs gSaA vr%  

  …(2) 

                     vkb,] vc ge dks  ds :i esa fy[ksaA otzxq.ku }kjk 

ge ikrs gSa fd 

                …(3) 

 vc lehdj.k ¼3½ esa  j[kus ij ge ikrs gSa  

   

 vFkok    

  blh izdkj] 1 0x  vFkkZr~ 1x  j[kus ij ge ikrs gSa %  
 1 4 1 1 1 1A B  or 5 B  or 5B   

A vkSj B ds eku lehdj.k ¼1½ vkSj ¼2½ esa j[kus ij] ge ns[krs gSa fd 

 
2

2

7 3 1 1 57
1

x x dx dx
x x x x

 

 
1 17 1 5

1
dx dx dx

x x
 

 7 log 5log 1x x x C  

mnkgj.k ¼4½ % vkaf”kd fHkUuksa dh fof/k }kjk 2

1
6

dx
x x

 dk eku Kkr dhft,A 

gy  gj ds xq.ku[kaM djus ij 

2 26 3 2 6x x x x x  3 2 3x x x  

 vFkok  2 3x x  

 vc]   �
������

= �
(���)(���)

= �
(���)

+ �
(���)

 …(1) 

1 1 1 1
3 1 2 1 3 2

dx dx x C
x x

log 2 1
dx dx x C

log 2 11 1 1 1 log 1
3 1 2 1 3 2

x
dx dx x C

1 1log 1 log 2 1
3 6

x x C

2

2

7 3 1x x dx
x x

2

2

7 3 1x x
x x

2 2

7 3 1 1 4 1 47 7
1 1

x x x x
x x x x x

1 4
1
x

x x 1 1
A B x
x x x x

1 4 1x A x Bx

0x

1 4 0 0 1 0A B

1 A
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 otzxq.ku djus ij] ge ikrs gSa % 

1 3 2A x B x      …(2) 

vc lehdj.k ¼2½ esa 3 0x  vFkkZr~ 3x  j[kus ij ge izkIr 
djrs gSa 

 1 3 3 3 2A B vFkok  1 = 5B  ;k   � = 1
5   

blh izdkj] lehdj.k ¼2½ esa 2 0x vFkkZr~ 2x j[kus ij ge 
ikrs gSa %  

1 2 3 2 2A B  

vFkok 1 = - 5A   ;k  � = 1
5
   

lehdj.k ¼1½ esa A vkSj B dk eku j[kus ij] ge ikrs gSa fd  

2

1 1
1 1 15 5

6 2 3 5 3 5 2x x x x x x
 

;k 2

1 1 1 1 1
6 5 3 5 2

dx dx dx
x x x x

 

  
1 log 3 log 2
5

x x C  

  
31 log

5 2
x

C
x

. 

mnkgj.k ¼5½ % vkaf”kd fHkUuksa dh fof/k }kjk 
1 x

dx
e

dk eku Kkr dhft,A 

gy % ge loZizFke fn, gq, lekdY;  �
���� esa ��  dks t }kjk izfrLFkkfir 

djrs gSaA ,slk djus ij gesa pj t esa ,d ifjes; Qyu izkIr gksrk gS 
ftldk lekdyu vkaf”kd fHkUuksa dh fof/k }kjk Kkr fd;k tk ldrk 
gSA vkb,] ns[kas % 

xe t ,  
��
��

= �� dtdx
t

 

vr%] ge izkIr djrs gSa fd  

1 x

dx
e

= 1
1

dt
t t

 = 1
1

dt
t t

 

vc] ge  
�

� (���)
  dks vkaf”kd fHkUuksa esa ifjofrZr djrs gSaA 

ekuk] 
�

�(���)
= �

�
+ �

(���)
  (1) 



 

 
279

vfuf”pr lekdyuotzxq.ku }kjk ge ikrs gSa % 

1 1A t Bt  …(2) 

vc] lehdj.k ¼2½ esa 0t  j[kus ij] gesa ikrs gSa %
1 1 0 0A B ;k 1A  

blh izdkj] lehdj.k ¼2½ esa 1 0t  vFkkZr~ t = 1 j[kus ij ge 
ikrs gSa fd 1 1 1 1A B  vFkok 1 = B ;k B = 1 

A vkSj B dk eku lehdj.k ¼1½ esa j[kus ij gesa feyrk gS % 

1 1 1
1 1t t t t

  

blfy,] ∫ �
�(���)

= ∫ �
�

�� + ∫ �
(���)

��  

    log log 1 1t t + C 

 log log 1 log
1

tt t C C
t

 

bl izdkj] izkIr ifj.kke esa] iqu% xt e  j[kus ij] ge ikrs gSa & 

log
1 1

x

x x

dx e C
e e

 

mnkgj.k ¼6½ % lekdyu 
1

2 3
x

dx
x x

Kkr dhft,A 

gy %  ekuk 
1

2 3 2 3
x A B

x x x x
.   …(1) 

  otzxq.ku djus ij ge izkIr djrs gSa fd  

1 3 2x A x B x    …(2) 

vc lehdj.k ¼2½ esa x – 3 = 0 vFkkZr~ x = 3 j[kus ij] ge izkIr djrs gSa  

3 1 3 3 3 2 2A B B  

blh izdkj] lehdj.k ¼2½ esa x – 2 = 0 vFkkZr~ x = 2 j[kus ij] ge ikrs gSa 

2−1 = �(2 − 3) + �(2 − 2) or 1 = −� or � =  −1 

A vkSj B dk eku lehdj.k ¼1½ esa j[kus ij] ge izkIr djrs gSa 
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�
� − 1

(� − 2)(� − 3)
�� = �

−1
(� − 2)

�� + �
2

(� − 3)
�� 

          log 2 2 log 3x x C   

        
2

2 3
log 3 log 2 log

2
x

x x C C
x

 

mnkgj.k  ¼7½ % 
1 2 3
4 5 6

x x x
dx

x x x
 dk eku Kkr dhft, 

gy %  eku yhft,  

1 2 3
1

4 5 6 4 5 6
x x x A B C
x x x x x x  

…(1) 

  

Otzxq.ku ls ge izkIr djrs gSa % 

1 2 3 4 5 6 5 6x x x x x x A x x  

 4 6 4 5B x x C x x  …(2) 

vc] lehdj.k ¼2½ esa 4 0x  vFkkZr~ 4x  j[kus ij gesa izkIr 

gksrk gS 

4 1 4 2 4 3 0 4 5 4 6A
4 4 4 6 4 4 4 5B C  

  6 = 2 A    ;k   A = 3 

blh izdkj lehdj.k ¼2½ esa 5 0x  vFkkZr~ 5x  j[kus ij gesa 

feyrk gS & 

 5 1 5 2 5 3 0 5 5 5 6A
5 4 5 6 5 4 5 5B C  

 24 = - B   ;k B = -24 

rFkk lehdj.k ¼2½ esa 6 0x  vFkkZr~ 6x  j[kus ij ge ikrs 

gSa& 

 6 1 6 2 6 3 0 6 5 6 6A
6 4 6 6 6 4 6 5B C  

  60 = 2C    ;k   C = 30 

A, B  vkSj C dk eku lehdj.k ¼1½ esa j[kus ij] ge ikrs gSa  
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�

(� − 1)(� − 2)(� − 3)
(� − 4)(� − 5)(� − 6)

�� =  � �1 +
3

(� − 4)
−

24
(� − 5) +

30
(� − 6)� �� 

= � 1�� + 3 �
1

(� − 4)
− 24 �

1
(� − 5) �� + 30 �

1
(� − 6)

�� 

 = � + 3 log(� − 4) − 24 log(� − 5) + 30 log(� − 6) + � 

mnkgj.k ¼8½ % 2

1
2 1

dx
x x

 dk eku Kkr dhft,A 

gy %  ekuk  2

1 1
2 1 2 1 1 2 1 1

A B
x x x x x x       

…(1) 

otzxq.ku djus ij] ge ikrs gSa]  

1 = A(x + 1) + B (2x −1)     …(2) 

vc lehdj.k ¼2½ esa 1 0x  vFkkZr~ 1x  j[kus ij] ge ikrs gSa] 

1 = � (−1 + 1) + � [(2 × −1)  − 1]   ;k 1 =  0 +  � (−3)      

;k 
1
3

B  

blh izdkj lehdj.k ¼2½ esa 2� −  1 =  0  vFkkZr~ � = �
�
  j[kus ij 

ge ikrs gSa] 

 
1 31 1 0 1
2 2

A B A  

;k 
2
3

A  

A vkSj B dk eku lehdj.k ¼1½ esa j[kus ij ge ikrs gSa fd  

 2

2 1
1 3 3

2 1 2 1 1
dx dx dx

x x x x  

 
   

2 1 1 1
3 2 1 3 1

dx dx
x x   

 
                             = �

�
��� (����)

�
− �

�
log(� + 1) + � 

   
1 1log 2 1 log 1
3 3

x x C  

   
1 log 2 1 log 1
3

x x C  
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2 11 log

3 1
x

C
x

 

mnkgj.k ¼9½ % 
5

3 2
dp

p p  
dk eku Kkr dhft, 

gy %  ekuk] 
5

3 2 3 2
A B

p p p p   
…(1)

 

  otzxq.ku djus ij ge izkIr djrs gSa] 

5 = A (p −2) + B (p + 3) …(2) 

 vc lehdj.k ¼2½ esa 2 0p  vFkkZr~ 2p  j[kus ij ge ikrs 

gSa] 

  5 = �(2 − 2) + �(2 + 3)  ;k  � = 1 

  blh izdkj] lehdj.k ¼2½ eas � + 3 = 0 vFkkZr~ � = −3 j[kus ij] 
ge izkIr djrs gS 

  5 = �(−3 − 2) + �(−3 + 3)  ;k  � = −1 

A vkSj B dk eku lehdj.k ¼1½ esa j[kus ij ge ikrs gSa] 

�
5

(� + 3)(� − 2)
�� = �

−1
(� + 3)

�� +  �
1

(� − 2)
�� 

   = �
1

(� − 2)
�� − �

1

� + 3
�� 

                           log 2 log 3p p C  

                          

2
log

3
p

C
p

 

Ckks/k iz”u 2 

1½ izfrLFkkiu fof/k dk iz;ksx djrs gq, fuEufyf[kr lekdyuksa dk eku Kkr 
dhft, % 

 d½ 3 4xe dx     [k½
3 2 1

x dx
x

  

x½  22

2 7

3 7 6

x dx
x x

  ?k½ 
1 dx

x x
  

2½ 
52 4x x dx  dk eku Kkr dhft,A 
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∫MCdx

∫MRdx

3½ fdlh lekdyu fof/k dk iz;ksx djds fuEufyf[kr lekdyuksa dk eku Kkr 
dhft, % 

d½ 2 3xx e dx   [k½
1

24 7x dx   x½ 57 3
dx

x
 

4½ uhps fn, Qyuksa dk lekdyu izfrLFkkiu fof/k }kjk Kkr dhft, & 

 d½  
2 2

1

x x a
  [k½   ��(1 + �) 

5½ [kaM”k% lekdyu fof/k dk iz;ksx djrs gq, fuEufyf[kr lekdyuksa dk eku 
Kkr dhft, % 

 d½ 1log 1 xx dx   [k½ 2 axx e dx
 
   

x½ ∫ ����

��  ��    ?k½  log 2x dx  

6½ uhps fn, Qyuksa dks vkaf”kd fHkUuksa esa foHkkftr djsa] rFkk bl izdkj mudk 
lekdyu Kkr djas % 

d½ 3

1
x x

   [k½ 
3 2

2

2 13 12
3 10

x x x
x x

 

13-5 lekdyu ds vFkZ”kkL= esa dqN vuqiz;ksx (SOME 
ECONOMIC APPLICATIONS OF INTEGRATION) 

vFkZ”kkL= ds fo|kfFkZ;ksa dks lekdyu dk egÙo crkus ds fy, rFkk blesa mudh #fp 
iSnk djus ds iz;kl esa vc ge vFkZ”kkL= ds {ks= esa lekdyu ds dqN vuqiz;ksxkas ij 
fopkj djsaxsA 

ge tkurs gSa fd lhekar vkxe ¼Marginal Revenue½ dks dqy vkxe ¼Total 
Revenue½ ds ifjorZu dh nj ds :i esa ifjHkkf’kr fd;k tkrk gSA vFkkZr~] MR 
¼lhekar vkxe½] TR ¼dqy vkxe½ dk vodyt gksrk gSA vr%] gekjs ikl ,d Qyu 
F(x) = TR gSA ftldk F'(x) = MR vodyt gSA blfy,] ge dg ldrs gSa fd 

    TR + C = 

tgk¡ C ,d vpj gS ftldk eku bl rF; dk mi;ksx djds izkIr fd;k tk ldrk 
gS fd tc x=0 gks rks TR = 0 gksxkA  

blh izdkj] ge dqy ykxr Hkh fuEufyf[kr lw= ds vuqlkj Kkr dj ldrs gSaA  

TC + C =  

tgk¡] TC ¼Total Cost½ dqy ykxr ds fy, vkSj lhekar ykxr ¼MR½ ds fy, iz;ksx 
fd;k tkrk gSA  
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( )
2

3x
60

2 −+∫

( ) 20
3
60Cor    02

30
60 0  −=

−
=−

+
−

=+∴ C

( ) ( ) x
x

xx
x

2
3

20202
3

60TR  −
+

=+−
+

−
=∴

( )  Qyuekax=−
+

== 2
3

20TRAR
xx

mnkgj.k ¼1½ % eku yhft,  MR Qyu ds :i esa fn;k gSA  

 

TR Kkr dhft, rFkk ekax Qyu dh O;qRifÙk dhft,A 

gy %    

  TR + C = 
� ��
� ��

 –  2(0) 

C Kkr djus ds fy, ge bl rF; dk iz;ksx djsaxs fd ;fn x = 0 gks rks 
dqy vkxe “kwU; gksxkA 

 

 

 

ge tkurs gSa fd] ekax Qyu = vkSlr vkxe ¼AR½ Qyu vr%   

 

mnkgj.k 2 % eku yhft, fd lhekar ekax Qyu MC = 4 + 6x + 30x2 gSA daiuh 
dk dqy ykxr Qyu Kkr dhft, ;fn fLFkfr ykxr ¼Fixed Cost½ 
#-500@& nh gqbZ gSA 

gy % dqy ykxr+ C  = ∫ (4 +  6� +  30�� ) dx  

= 4x + 3x2 +10x3 

ge tkurs gSa fd tc mRiknu “kwU; gks rks mRiknu dh dqy ykxr 
dks fLFkj ykxr dgrs gSaA 

∴500 + C = 4(0) + 3(0)2 +10(0)3 vFkok   C = – 500 

vr%] dqy ykxr= 10x3 + 3x2 + 4x + 500 

fVIi.kh % ;fn fdlh dqy ykxr Qyu dks ,d cgqin }kjk O;Dr 
fd;k tk lds rks lekdyu dk vpj C] fLFkj ykxr dks fu:fir 
djrk gSA 

mnkgj.k 3 % ,d daiuh dks #-110@& dh gkfu gksrh gS ;fn mldk dksbZ Hkh 
mRikn u fcdsA blds lhekar vkxe rFkk lhekar ykxr oØ 
fuEufyf[kr Qyuksa }kjk O;Dr fd, tk ldrs gSa& 

   MR =  50 – 4x     rFkk    MC  =  –10 + x 

( ) ( )∫ ∫ ∫−+
=








−

+
=+ dxdx

x
dx

x
2

3
60   2

3
60    C  TR       22
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( ) ( )[ ]dxxx∫ +−−−∴ )10450= C + (x) π

( )
2

560    560
2xxdxx −=−= ∫

daiuh dk ykHk Qyu rFkk mRiknu dk larqyu fcanq Kkr dhft,A 
lkFk gh] vf/kdre ykHk rFkk ykHk-vykHk mRikn Hkh Kkr dhft,A  

gy %   ykHk Qyu % π(x) =  dqy jktLo & dqy ykxr 

 

 

 

ge tkurs gaS fd “kwU; mRikn ij daiuh dks #-110@& dh gkfu 
gksrh gS] vFkkZr~    π (0) = –110     

    ∴–110 + C = 0 ;k C = 110 

vr% ykHk Qyu cu tkrk gS π(x) = 60x − ���

�
 – 110     

gesa Kkr gS fd fdlh daiuh dk larqyu fcanq rc gksrk gS tc MR = 
MC gksA 

∴50 – 4x = –10 + x 

;k          5x = 60 

vFkkZr~  x = 12  larqyu mRikn gksxkA 

fdlh daiuh dk vf/kdre ykHk larqyu fcanq ij gksrk gSA 

D;ksafd daiuh dks /kukRed ykHk rHkh feyus yxrk gS tc mRiknu 2 

ls vf/kd gksxkA blfy, π (x) = 0 mRikn dk ykHk-vykHk Lrj x =2 
gksxkA  

;k  x2 – 24x + 44 = 0 

;k x = 2   ;k    x = 22 

Lkkjka”k 

d½ dqy mi;ksfxrk (TU) + C =ʃ lhekar mi;ksfxrk dx =ʃMU dx 
[k½ dqy ykxr (TC) =ʃ lhekar ykxr dx =ʃ MC dx 
x½ dqy vkxe (TR) =ʃ lhekar vkxe dx=ʃ MR dx  
?k½ dqy mRikn (TP-Total Product) =ʃ lhekar mRikn dx=ʃ MP dx 

−=−
×

−×=∴ /250.110
2
14451260(12)  Rsπ

0110
2

560
2

=−−⇒
xx



 

 

lekdyu 

286 

Ckks/k iz”u 3 

1½ ,d daiuh dk lhekar vkxe Qyu fuEufyf[kr gS % 

 

 fl) dhft, fd ek¡x oØ dk izfrykse@O;qRØe :i           gksxkA 

2½ ;fn lhekar ykxr Qyu                 rFkk fLFkj ykxr =#-20 gS rks 
15 bdkb;ksa ds mRiknu dh vkSlr ykxr D;k gksxh  

3½ MR = 20x – 2x2  rFkk  MC = 81– 16x + x2 fn;k gSA fLFkj ykxr vpj 
ekurs gq, vf/kdre ykHk mRikn rFkk mRikn ds bl Lrj ij ykHk Kkr 
dhft,A 

13-6 lkj-la{ksi 

;g bdkbZ lekdyu dh nks bdkbZ;ksa esa ls igyh gSA vxyh bdkbZ esa ge fuf”pr 
lekdyuksa ds ckjs esa ppkZ djsaxsA ge ;g tkusaxs fd fuf”pr lekdyu D;k gS rFkk 
os vfuf”pr lekdyuksa ls fdl izdkj fHkUu gSA ;g bdkbZ vfuf”pr lekdyuksa ij 
dsafnzr FkhA geus ns[kk fd lekdyu dks vodyu ds O;qRØe izØe ds :i esa tkuk 
tk ldrk gSA nwljs “kCnksa esa] lekdyu] vodyu dh foijhr izfØ;k gSA geus ns[kk 
fd ;fn ge fdlh Qyu dk vodyt fudkys rks gesa ,d u;k Qyu izkIr gksrk gSA 
vc ;fn bl u, izkIr Qyu dks lekdfyr fd;k tk,] rks gesa ewy Qyu izkIr gks 
tk,xkA 

bl bdkbZ esa geus dqN ekud Qyuksa ds lekdyu Kkr djuk lh[kk rFkk 
lekdyuksa ds dqN fu;eksa rFkk xq.k/keksZa ds ckjs esa Hkh i<+kA rRi”pkr~ geus lekdyu 
dh dqN fof”k’V fof/k;ksa ds ckjs esa ppkZ dhA ;s fof/k;k¡ gSa % izfrLFkkiu }kjk 
lekdyu] [kaM”k% lekdyu vkSj vkaf”kd fHkUuksa }kjk lekdyuA var esa geus ns[kk 
fd lekdyu ds vFkZ”kkL= esa vusd vuqiz;ksx gSA lekdyu dh lgk;rk ls ge 
fdlh lhekar Qyu ls lacaf/kr dqy Qyu Kkr dj ldrs gSaA geus lhekar 
mi;ksfxrk ls dqy mi;ksfxrk rFkk lhekar ykxr ls dqy ykxr Kkr djus ds dqN 
mnkgj.kksa dh ppkZ dhA 

13-7 cks/k iz”uksa ds mÙkj@ladsr 

Ckks/k iz”u 1 

1)  d½   − �
�

���� + �
�

��� 

     [k½   �
�

�
− ��

�
�

�
� + � 

    x½   ��
�

log(� − 2�) + � 

    ?k½  5�� − ��
�

�� + � 

 
b)(

abMR 2−
=

x

  
b

a
x

p
−

=

363x
4MC
+

=
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2)  d½   �
�

�
+ 15� + � 

     [k½   �
�

�� + � 

     x½   ����

�
+ �  

     ?k½  ��� + ��

��� �
+ � 

     ³½  ��

��� �
+ � 

Ckks/k iz”u 2 

1)  d½   �
����

�
+ � 

     [k½  �
�

(�� + 1)
�
� + �         ¼ladsr % t 3 = x2 + 1j[ksa ½ 

     x½   ��
�(�������)

+ �         ¼ladsr % t = �� − 7� + 6 j[ksa ½ 

    ?k½  2 log(1 + √�) + �     ¼ladsr %  1

√�+�
= 2.

1

2√�

1+√�
 tgk¡ 

�
�√�

 rks �1 + √�� dk vody gSA½  

         vr%] t = 1 + √� j[ksaA fQj rks dyuh; in dk Lo:i ;g gks tk,xk % 2
f x

dx
f x

½    

2)   (����)�

��
+ �    ¼ladsr % t = x2 + 4 j[ksa½ 

3)   d½  �
��

�
��� − �

�
�� − �

�
�� +�                  

      [k½  (����)
�
�

�
+ �       ¼ladsr % t 2 = 4x + 7 j[ksa½   

      x½  ��
��(����)� + �          

4)  d½  ��� ��

�√����� + �                 

¼ladsr % t 2 = �� − �� ⟹ � = √�� − �� j[ksa( lkFk gh �� = �� + ��A vc 
gekjs ikl gS t 2 = �� − �� A nksuksa vksj vodyu djus ij gesa feysxk 
2� ��

��
= 2� ⟹ ��� = ��� ⟹ ���

�� = ��
�

⟹ ���
����� = ��

�
A vr% 

∫ �
�√����� ��  gks tkrk gS ∫ �

(�����)�
 ��½  
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  [k½     2 �(���)
�
�

�
− (���)

�
�

�
� + �        ¼ladsr % t 2 = 1 + x j[ksa½ 

5)  d½   (���)�

�
�log(1 + �) − �

�
� + �    

¼ladsr % log(1 + �)(���) dks (1 + x) log (1 + x) ysaA vc  t = (1 + x) 
j[ksaA fQj y?kqxq.kd dks igyk Qyu eku dj va”kksa }kjk dyu djsaA½  

  [k½   �
��

�
��� − �

�
�� − �

�
�� + �             ¼ladsr % x2 dks igyk Qyu ekusa½  

x½  −����� − 2���� − 3��� + �            

?k½  (� + 2) log(� + 2) − (� + 2) + �   

     ¼ladsr %  t = (x + 2) j[ksaA fQj y?kqxq.kd dks igyk Qyu ekudj dyu 
djsaA½  

6)   d½   log � − �
�

log(1 − �) − �
�

log(1 + �) + �    

 ¼ladsr % �
����  dks ifjofrZr dj ysa %A �

�(���)(���)
½ 

      [k½   �
�

�
+ � − �

�
�log (���)

(���)
� + �    

¼ladsr % bl O;atd dks yEch Hktu fØ;k }kjk ljy djsa %
3 2

2

2 13 12
3 10

x x x
x x

= (� + 1) − �
��������

= (� + 1) − �
(���)(���)

 ½ 

Ckks/k iz”u 3 

1½ Hkkx 13-5 ns[ksaA 

2½ #i;s 1-4 ¼yxHkx½ 

3½ vf/kdre ykHk mRiknu = 9 bdkb;k¡( QeZ bl Lrj ij vykHk-gkfu dh n”kk 
esa gksxh] vFkkZr~ mldk ykHk “kwU; gksxkA 
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bdkbZ 14 fuf”pr lekdyu* 

lajpuk 

14-0 mÌs”; 

14-1 fo’k;-izos”k 

14-2 fuf”pr lekdyu dh ladYiuk (Concept of Definite Integral) 
14-2-1 fuf”pr lekdyu % ,d oØ ls f?kjs ¼ds varxZr½ {ks=Qy ds :i esa (Definite 

Integral as area under a Curve) 

 14-2-2 fjeku lekdyu (Riemann Integral) 

14-3 fuf”pr lekdyuksa ds xq.k/keZ (Properties of Definite Integral) 

14-4 vFkZ”kkL= esa fuf”Pkr lekdyuksa ds vuqiz;ksx (Economic Application of 
Definite Integral) 

 14-4-1 miHkksDrk vkf/kD; (Consumer Surplus) 

 14-4-2 mRiknd vkf/kD; (Producer Surplus) 

 14-4-3 vf/kdre ykHk (Profit Maximisation) 

14-5 lkj-la{ksi 

14-6 cks/k iz”uksa ds mŸkj@ladsr 

14-0 mÌs”; 

fiNyh bdkbZ esa vkidks lekdyu ds vk/kkjHkwr fopkj ls ifjfpr djk;k x;k FkkA 
geus ns[kk Fkk fd lekdyu dks vodyu ds foijhr vuqfØ;k ds :i esa Hkh fn[kk;k 
tk ldrk gSA blh dkj.k ls lekdyuksa dks dHkh-dHkh izfrvodyu Hkh dgk tkrk 
gSA bl bdkbZ esa ge fuf”pr lekdyuksa ds ckjs esa tkusaxsA bls i<+us ds i”pkr~ vki 
fuEufyf[kr dks Hkyh-Hkkafr le>us esa l{ke gksaxs& 

• fuf”pr lekdyu dh ladYiuk( 

• jheu lekdyu( 

• fuf”pr lekdyu % ,d ;ksxQy dh lhek ds :i esa( 

• fuf”pr lekdyu ,d oØ ds varxZr {ks=Qy ds :i esa( 

• fuf”pr lekdyuksa ds xq.k/keZ( vkSj 

• vFkZ”kkL= esa fuf”pr lekdyuksa ds vuqiz;ksxA 

14-1 fo’k;-izos”k 

fiNyh bdkbZ esa vkidk ifjp; lekdyu dh ewyHkwr ladYiuk ls gqvkA geus 
lekdyu dks vodyu dh foijhr izfØ;k ds :i esa ns[kkA bl bdkbZ esa ge 
lekdyu ij viuh ppkZ dks ,d vyx :i esa vkxs c<+k,axsA okLro esa] vc ge 
fuf”pr lekdyu dh ckr djsaxsA fuf”pr vkSj vfuf”pr lekdyu esa ewyHkwr varj 
;g gS fd vfuf”pr ds fn, gq, Qyu dk lekdyu iqu% ,d lekdyu gksrk gSA  

 

*Jh lkSxrks lsu 
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geus ns[kk fd ;fn ge ,d Qyu dk vodyu djrs gSa rks gesa ,d u;k Qyu izkIr 
gksrk gSA ;fn ge bl izdkj izkIr u, Qyu dk lekdyu djsa rks gesa iqu% ogh 
iqjkuk Qyu feyrk gSA ftlls geus izkjaHk fd;k FkkA vr%] ,d Qyu dk vfuf”pr 
lekdyu ,d Qyu gksrk gSA nwljh vksj] tSlk fd ge ns[ksaxs] tc ge fdlh Qyu 
dk fuf”pr lekdyu Kkr djrs gSa rks gesa dsoy ,d la[;k izkIr gksrh gSA fuf”pr 
lekdyu xf.kr dh ,d egŸoiw.kZ ladYiuk gS vkSj blds vusd vuqiz;ksx gS] u 
dsoy xf.kr ds vU; {ks=ksa esa cfYd vFkZ”kkL= esa HkhA 

bl bdkbZ dks bl izdkj O;ofLFkr fd;k x;k gS % vxys [kaM esa ge fuf”pr 
lekdyu dh vo/kkj.kk@ladYiuk dh ppkZ foLrkj ls djsaxsA ge ns[ksaxs fd fdlh 
Qyu dk fuf”pr lekdyu ,d vf}rh; la[;k ds cjkcj gksrk gSA vuqxkeh [kaMksa esa 
ge ;g Hkh ns[ksaxs fd fuf”pr lekdyu fdl izdkj oØksa ds varxZr {ks=Qyksa dks 
le>us vkSj Kkr djus esa lgk;d fl) gksrk gSA bl bdkbZ esa ge fuf”pr 
lekdyu dh ,d vU; ladYiuk dh Hkh ppkZ djsaxs ftls bl vo/kkj.kk ds izoŸkZd 
xf.krK jheu ds uke ij] jheu lekdyu ds uke ls tkuk tkrk gSA rRi”pkr~] bl 
bdkbZ esa ge fuf”pr lekdyu ds dqN xq.k/keksZa dk mYys[k djsaxs rFkk mu ij la{ksi 
esa ppkZ Hkh djsaxsA var esa] ge fuf”pr lekdyuksa ds vFkZ”kkL= esa gksus okys dqN 
fo”ks’k vuqiz;ksxksa ij ppkZ djsaxsA 

14-2 fuf”pr lekdyu dh vo/kkj.kk@ladYiuk (Concept of 
Definite Integral) 

vkb,] lcls igys ge ;g tkuus dk iz;kl djsa fd fuf”pr vkSj vfuf”pr 
lekdyu esa ewyHkwr varj D;k gSA ge ,d lrr~ Qyu �(�) ysrs gSa] tgk¡] x ,d 
okLrfod la[;k gSA tc ge bldk ¼vfuf”pr½ lekdyu Kkr djrs gSa rks gesa ,d 
Qyu F(x) rFkk ,d lekdyu vpj c izkIr gksrk gS vFkkZr~ % 

  � �(�)�� = �(�) + �     …(1) 

;fn ge F ds izkar esa dksbZ nks ,sls fcanq a vkSj b ysrs gSa fd (a < b) gks] rFkk 
mijksDr lehdj.k ¼1½ ds nk,a i{k esa x = a  rFkk x = b izfrLFkkfir djds mudk 
varj ysa rks ge ikrs gSa % 

 ��(�) + �] − ��(�) + �] = �(�) − �(�)]    …(2) 

bl izdkj ge ikrs gSa fd gesa ,d fof”k’V la[;kRed eku feyrk gS tks pj x rFkk 
lekdyu vpj c nksuksa ls Lora= gS vFkkZr~ bu nksuksa esa ls fdlh ij fuHkZj ugha gSA 
lekdyu dk ;g fof”k’V eku] Qyu f (x) dk] a ls b rd fuf”pr lekdyu 
dgykrk gSA fcanq a dks lekdyu dh fuEu lhek rFkk b dks lekdyu dh mPp 
lhek dgrs gSaA lekdyu dh lhek,¡ n”kkZus ds fy, ge fuf”pr lekdyu ds fy, 

fpUg �  �
� dk iz;ksx djrs gSaA lehdj.k ¼1½ vkSj ¼2½ ls ge ikrs gSa fd 

   � �(�)�� =�
� � (�)]�

� = �(�) − �(�)   …(3) 

fpUg �  �
� dk vFkZ gS fd f(x) ls izkIr vfuf”pr lekdyu F(x) esa x ds LFkku ij 

Øe”k% a vkSj b dks izfrLFkkfir djds F(b) vkSj F(a) ds eku Kkr djsa rFkk varj 
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fuf”pr lekdyuF(b) −  F(a) Kkr djsa tSlk fd mijksDr lehdj.k ¼3½ ds nk,a i{k esa n”kkZ;k x;k 
gSA ;g lehdj.k fdlh Qyu  f dk a ls b rd] tgk¡ a < b gS] f dk fuf”pr 
lekdyu Kkr djus dk lw= gSA LokHkkfod gS fd geus igys f dk vfuf”pr 
lekdyu F(x) Kkr djuk iM+sxkA /;ku nsa fd bl lw= esa] lekdyu vpj  c dks 
ugha fy[kk x;k gSA okLro esa] ;fn ge F (x) ds LFkku ij F(x) + c Hkh ysa rks Hkh tc 
ge bldk eku b vkSj a ij fudky dj varj ysaxs rks c Lor% lekIr gks tk,xk 
D;ksafd  [F(b) + c] – [F(a) + c] = F(b) – F(c) gksrk gSA vkb,] ge fuf”pr 
lekdyu dks Kkr djus dh fof/k dks mnkgj.kksa }kjk le>saA 

mnkgj.k % 

� 3���� =  ��]�
� = (5)� − (1)� = 125 − 1 = 124

�

�
 

mnkgj.k % 

� ���
�

�
�� 

dk eku Kkr dhft,A 

bl mnkgj.k esa lekdyu dh lhekvksa ds fy, fuf”pr la[;kvksa ds LFkku ij a vkSj 
b fn, gSaA vr% bl lekdyu dk eku Hkh a  vkSj b ds inksa esa gh vk,xk % 

� ����� =  ���]�
� = �(�� − ��)

�

�
 

14-2-1 fuf”pr lekdyu % ,d oØ ls f?kjs {ks=Qy ds :i esa (Definite 
Integral as area under a Curve) 

okLro esa] lekdyu dks ;ksx Kkr djus dh izfØ;k ds :i esa Hkh ifjHkkf’kr fd;k tk 
ldrk gSA bldk “kkfCnd vFkZ gS **NksVs Hkkxksa dks feykdj ,d laiw.kZ cukuk**A ge 
fuf”pr lekdyu dks ,d ;ksx dh lhek ds :i esa Hkh ifjHkkf’kr dj ldrs gSaA 
fuf”pr lekdyu dh ;g O;k[;k gesa y f x tSls oØksa ls f?kjs@oØksa ds varxZr 

{ks=Qy Kkr djus esa lgk;d fl) gksrh gSA tc ge fdlh Qyu dk fcanq a ls fcanq 
b rd fuf”pr lekdyu Kkr djrs gSa rks gesa oØ ds uhps] x-v{k ds Åij rFkk 
x a  rFkk x bds e/; dk {ks=Qy izkIr gksrk gS tSlk fd uhps js[kkfp= 14-1 esa 
n”kkZ;k x;k gSA 
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c
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a 

js[kkfp= 14-1 

y = f (x) 
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;fn f x dx g x gS] rks f x dk fdlh fn, gq, varjky ,a b  ij fuf”pr 

lekdyu oØ ls f?kjs 0 ls b rd ds {ks=Qy esa ls 0 ls a rd dk {ks=Qy ?kVkus 
ij izkIr gksrk gSA bls rduhdh :i ls fuEu izdkj ls fy[kk tk ldrk gS%  

or
b b b

a aa
f x g x g x g b g a ,  tgk¡  b a  

vkb,] ge bl fcanq ij vkSj fopkj djsaA eku yhft, fd y = f (x) ,d lrr~ Qyu 
gS vkSj bldk oØ js[kkfp= 14-2 esa n”kkZ, x, oØ tSlk gSA eku yhft, a vkSj b 
bl Qyu ds izkar esa nks fcanq gSa vkSj gesa bl Qyu ds oØ vkSj x-v{k ds chp dk 
{ks=Qy] fcanq a ls fcanq b rd Kkr djuk gSA bl {ks= dks ∆ xi (i = 1,2,…,n) pkSM+kbZ 
okyh n ifV~V;kas esa foHkkftr fd;k tk ldrk gSA ,slh nks ifV~V;k¡ js[kkfp= esa n”kkZ;h 
xbZ gSA oØ ls f?kjs {ks=Qy yxHkx] varjky [a, b] esa yh xbZ] bu n ifV~V;ksa ds 
{ks=Qyksa ds ;ksx ds cjkcj gksxkA /;ku nsa fd bu ifV~V;ksa dh pkSM+kbZ ftruh de 
gksxh] buds {ks=Qyksa dk ;ksx oØ ds varxZr {ks=Qy ds mruk gh vf/kd fudV 
gksxkA ge ns[k ldrs gSa fd pkSM+kbZ ∆ xi ftruh de gksxh] n mruk gh cM+k gksxkA 

 

 

 

 

 

 

js[kkfp= 14-2 

iV~Vh I  ds {ks=Qy Ai ¼ftls Nk;kafdr {ks= }kjk n”kkZ;k x;k gS½ dk lfUudVu ∆ xi 
(= xi+1 − xi) pkSM+kbZ rFkk yi = f (xi

*) Å¡pkbZ okys vk;kr ds {ks=Qy ls fd;k tk 
ldrk gS] tgk¡ xi

* varjky [xi, xi+1] esa fdlh fcanq dks fu:fir djrk gSA vr% lHkh 
ifV~V;ksa ls izkIr dqy {ks=Qy gksxk % 

/;ku nsa fd mijksDr O;atd esa] ;fn n vuar dh vksj tkrk gS ;k nwljs “kCnksa esa] 
ifV~V;k¡ ftruh ladh.kZ gksaxh] ge oØ] x-v{k vkSj dksfV;ksa x=a rFkk x=b ls f?kjs 
{ks=Qy ds mruk gh fudV gksaxsA 

fn;k gS %   lim�→∞ ∑
=

∆
n

i
ii xxf

1

*)(  

vFkkZr~ ge dg ldrs gSa fd � �(�)���
�  rks ;ksxQy dh lhek gS] tcfd f (x) gks 

vkSj mls a ls b ifjdfyr fd;k tk ldrk gSA lkadsfrd :i esa ge bl fuf”pr 
lekdyu dks] bl izdkj fy[k ldrs gSa % 

y 

x 
0 

y = f (x) 

a b xi xi+1 

∆ xi 

∑ ∑
= =

∆=
n

i

n

i
iii xxfA

1 1

*)(
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fuf”pr lekdyu

� �(�)��
�

�

= lim
�→∞ ∑=

∆
n

i
ii xxf

1

*)(  

fVIi.kh %  

i½ ;fn fn;k gqvk Qyu f (x) lrr gS rks ;g lhek p;u fd, x, fcanq xi
* ij 

fuHkZj ugha djrhA 

ii½ geus ;gk¡ f (x) dks x-v{k ds Åij fy;k Fkk] vFkkZr~ ;g ekuk Fkk fd f (x) 
/kukRed gSA ;fn y = f (x)] x-v{k ds uhps fLFkr gks] vFkkZr~ ;fn _.kkRed 
gks rks blds fuf”pr lekdyu dk eku _.kkRed gksxkA 

14-2-2  jheku lekdyu (Riemann Integral) 

vfuf”pr lekdyu ftldk v/;;u geus fiNyh bdkbZ esa fd;k vkSj ftls ge 
izfrvodyt ds :i esa tkurs gSa] yhcfut+-U;wVu lekdyu ¼Leibniz-Newton 
integral½ dgykrk gSA xf.kr esa vusd izdkj ds lekdyu ifjHkkf’kr gSaA fdlh lrr~ 
Qyu ds fy, ;s lHkh izdkj ds lekdyu ,d gh ifj.kke nsrs gSaA bl mi[kaM esa ge 
fjeku lekdyu ds ckjs esa ppkZ djsaxs vkSj ns[ksaxs ftl fuf”pr lekdyu dk 
v/;;u ge dj jgs gSa] og okLro esa jheku lekdyu gh gSA  

eku yhft, fd g(x) varjky [a, b] ij ifjHkkf’kr ,d ifjc) Qyu gS vkSj n ,d 
izkd̀frd la[;k gSA ge [a, b] esa fcanq bl izdkj pqurs gSa fd 

� = �� < �� < �� < ⋯ < ���� < �� = � 

;s fcanq [a, b] dks n Hkkxksa ¼mi-varjkyksa½ esa foHkkftr djrs gSaA Øe ∆�� = ���� − �� 
ysrs gSa] tgk¡ � = 1,2 … , � gSA izR;sd varjky ���, ����] eas dksbZ Hkh la[;k µi pqfu,A 

;ksxQy                  �(��)∆�� + �(��)∆�� + ⋯ + �(��)∆��   

fn, gq, Qyu ls lac) jheu ;ksxQy dgykrk gSA ;g ;ksxQy] Qyu g(x) ds 
lkFk-lkFk pqus x, var%foHkktuksa ij Hkh fuHkZj djrk gSA ;g ��

ʹ ds p;u ij Hkh fuHkZj 
djrk gSA 

eku yhft, fd n vuar dh vksj vxzlj gS rFkk la[;kvksa ∆��, ∆�� … ∆��  esa ls 
lcls cM+h la[;k “kwU; dh vksj tkrh gS] rks bl ;ksxQy dh lhek dk vfLrRo 
lqfuf”pr gSA bl fLFkfr esa ge dgrs gSa fd Qyu g(x) varjky [a, b] esa jheu-
lekdyuh; gS rFkk ;g lekdyu bl izdkj Kkr djrs gSa % 

� �(�)�� = ��� � �(��)∆��

�

���

�

�
 

bl lekdyu dk la[;kRed eku  �� ds p;u ij fuHkZj ugha djrkA ;g fl) fd;k 
tk ldrk gS fd izR;sd lrr Qyu jheu-lekdyuh; gksrk gS] ;|fi ;g bl 
ikB~;Øe ds fo’k; {ks= ls ckgj gSA  
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cks/k iz”u 1 

1½ bu fuf”pr lekdyuksa dk ewY;kadu djsa % 

d½    � � �
√�

� ���
�  

[k½ � ( �
��)���

�  

x½    � �
���

����
��  

?k½ � ������
�  

---------------------------------------------------------------------------------------------------------------------------------------------------
---------------------------------------------------------------------------------------------------------------------------------------------------
---------------------------------------------------------------------------------------------------------------------------------------------------
---------------------------------------------------------------------------------------------------------------------------------------------------
--------------------------------------------------------------------------------------------------------------------------------------------------- 

2½ budk ewY;kadu djsa & 

d½ � (5�� − 3� + 1)���
�  

[k½ � (4�� − 5�� + 6� + 9)���
�  

x½ � (�� + 2� + 2)����
��  

---------------------------------------------------------------------------------------------------------------------------------------------------
---------------------------------------------------------------------------------------------------------------------------------------------------
---------------------------------------------------------------------------------------------------------------------------------------------------
---------------------------------------------------------------------------------------------------------------------------------------------------
--------------------------------------------------------------------------------------------------------------------------------------------------- 

3½ vki jheSu ;ksx ls D;k le>rs gSa\ 

---------------------------------------------------------------------------------------------------------------------------------------------------
---------------------------------------------------------------------------------------------------------------------------------------------------
---------------------------------------------------------------------------------------------------------------------------------------------------
---------------------------------------------------------------------------------------------------------------------------------------------------
--------------------------------------------------------------------------------------------------------------------------------------------------- 

14-3 fuf”pr lekdyuksa ds xq.k/keZ (Properties of Definite 
Integral) 

fiNys bdkbZ esa geus vfuf”pr lekdyu ds xq.k/keksZa dh ppkZ dhA ;s lHkh xq.k/keZ 
fuf”pr lekdyuksa ds fy, Hkh lR; gSA rFkkfi fuf”pr lekdyuksa ds dqN fof”k’V 
xq.k/keZ Hkh gS ftuesa ls vf/kdrej lekdyu dh lhekvksa ls lacaf/kr gSaA ge uhps 
buesa ls dqN xq.k/keksZa dk mYys[k mnkgj.kksa ds lkFk djsaxsA 
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fuf”pr lekdyuxq.k/keZ 1 %  fdlh fuf”pr lekdyu dh lhekvksa dks ijLij cny nsus ls 
lekdyu dk fpUg cny tkrk gSA 

i.e. 
b a

a b
f x dx f x dx b a  

mnkgj.k 1 %  � ���� =  ��

�
� �

� = �
�

− �
�

= �
�

�
�   

 

131 2

2
2

1 8 7
3 3 3 3
xx dx  

2 12 2

1 2

7
3

x dx x dx  

xq.k/keZ 2 % fdlh fuf”pr lekdyu esa pj dks cnyus ls lekdyu dk eku 
ugha cnyrkA 

vFkkZr~  ( ) ( )
b b

a a
f x dx f t dt=∫ ∫  

;gk¡ x ;k t rnFkZ pjksa tSls gaS vFkkZr~ lekdyu pj ;k mlds uke 
ij fuHkZj ugha djrkA 

mnkgj.k 2 % 
232 2

1
1

8 1 7
3 3 3 3
xx dx  

 
232 2

1
1

8 1 7
3 3 3 3
tt dt  

 ∴ 
2 22 2

1 1
x dx t dt  

xq.k/keZ 3 % ;fn fdlh fuf”pr lekdyu dh lhekvksa vkSj ds e/; dksbZ fcanq gS] 
rks bl lekdyu dks nks fuf”pr lekdyuksa ¼a ls c rd rFkk c ls 
b rd½ ds ;ksx ds :i esa fy[kk tk ldrk gSA 

vFkkZr~   � �(�)�� = � �(�)�� +�
�

�
� � �(�)��,       (� < � < �)�

�  

mnkgj.k 3 % 
2 1 22 2 2

0 0 1
0 1 2x dx x dx x dx  

 L.H.S/ck;k¡ i{k :
232 2

0
0

8 80
3 3 3
xx dx  

 R.H.S/nk;k¡ i{k :
1 2 33 31 22 2

0 1
0 1

21 1 8
3 3 3 3 3 3
x xx dx x dx  
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xq.k/keZ 4 %    � �−�(�)]�� = − � �(�)���
�

�
�  

mnkgj.k 4 % ekuk  2f x x  

        L.H.S/ck;k¡ i{k:
232 2 22 2

1 1 1
1

7
3 3
xf x dx x dx x dx  

 R.H.S/ nk;k¡ i{k:
232 2 2

1 1
1

7
3 3
xf x dx x dx  

 ck;k¡ i{k  = nk;k¡ i{k 

mijksDr xq.k/keZ dh ,d ifjfLFkfr ds :i esa ge ikrs gaS fd] � �(�)�� = 0�
�  

xq.k/keZ 5 %    � �(�)�� = � �(� + � − �)�
�

�
� �� 

xq.k/keZ 6 %    
0 0

a a
f x dx f a x dx   

xq.k/keZ 7 %   2

0 0
2 ,

aa
f x dx f x dx  ;fn  f a x f x  gS 

                          = 0    ;fn  f a x f x  gSa 

xq.k/keZ 8 % � �(�)�� = 2 � �(�)�
�

�
�� ��, ;fn f ,d leQyu gS vFkkZr~ ;fn     

f (– x) = f (x) gS  

    = 0, ;fn f ,d fo’ke Qyu gS vFkkZr~ ;fn f (– x) = – f (x) gSA 

fuf”pr lekdyuksa dk izfrLFkkiu fof/k }kjk ewY;kadu 

izfrLFkkiu fof/k }kjk fuf”pr lekdyuksa ds ewY;kadu esa gesa bu pj.kksa ls xqtjuk 
gksrk gS % 

i½ tSls fd geus bdkbZ&13 esa lh[kk Fkk] igys lekdyuh; O;atd esa fdlh 
mi;qDr izfrLFkkiu }kjk mls lekdyu-ljy cuk,aA 

ii½ izfrLFkkfir ekuksa ds vuqlkj ml O;atd dh ifjlhek,a Hkh ifjofrZr djsa& 
mlds ckn lekdyu djsaA 

iii½ vc ifj.kker% izkIr lekdy ewY;ksa dks mPpre ,oa U;wure ifjlhek ewY;ksa ij 
vkadfyr dj mudk vUrj Kkr dj ysaA 

vkb, ,d mnkgj.k ij fopkj djsa %  

mnkgj.k 5 % eku Kkr djsa � ( �
����

)���
�  

gy % j[ksa t  = �� + 1 A vc nksuksa vksj vodyu ds ckn gesa feyrk gS % 



 

 
297

fuf”pr lekdyu��
��

= 2� ⟹
��
2

= ��� 

tc x = 2, t = 5,  x = 3, t = 10 A vr% pj x ds LFkku ij t j[kus ij ubZ ifjlhek,a 
gSa 5 vkSj 10 

blfy,]   � ( �
����

)���
�  = �

� � (�
�
)����

�  

           = �
�

 log �| ��
�  

              = �
�

(log 10 − log 5) 

                                   = �
�

log 2 

Ckks/k iz”u 2 

1½ eku fudkysa � ����

���� ���
��  

---------------------------------------------------------------------------------------------------------------------------------------------------------
---------------------------------------------------------------------------------------------------------------------------------------------------------
---------------------------------------------------------------------------------------------------------------------------------------------------------
---------------------------------------------------------------------------------------------------------------------------------------------------------
--------------------------------------------------------------------------------------------------------------------------------------------------------- 

2½ buds eku Kkr djsa %  

d½ � |� + 2|���
��  
 

[k½  � �(�)��,   �
��  fn;k gS �(�) =  �6         if � > 1

3��     if � ≤ 1
   

---------------------------------------------------------------------------------------------------------------------------------------------------------
---------------------------------------------------------------------------------------------------------------------------------------------------------
---------------------------------------------------------------------------------------------------------------------------------------------------------
---------------------------------------------------------------------------------------------------------------------------------------------------------
--------------------------------------------------------------------------------------------------------------------------------------------------------- 

3½ izfrLFkkiu fof/k dk iz;ksx dj bu fuf”pr lekdyuksa ds eku Kkr djsa %  

d½  � �������
�    

[k½   � �
√����

���
�  

x½   � ���
√�������

���
�  
---------------------------------------------------------------------------------------------------------------------------------------------
---------------------------------------------------------------------------------------------------------------------------------------------
--------------------------------------------------------------------------------------------------------------------------------------------- 
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14-4 vFkZ”kkL= esa fuf”pr lekdyuksa ds vuqiz;ksx (Economic 
Applications of Definite Intergral) 

bl [kaM esa ge vFkZ”kkL= esa fuf”pr lekdyuksa ds dqN vuqiz;ksxksa ds ckjs esa ppkZ 
djsaxsA O;f’V vFkZ”kkL= ds fl)kar esa miHkksDrk O;ogkj rFkk mRiknu Qyu fo”ys’k.k 
vkfn fo’k;ksa ds varxZr vkidk ifjp; miHkksDrk vkf/kD; rFkk mRiknd vkf/kD; 
tSlh ladYiukvksa ls gqvk gSA vc ge lekdyu dk mi;ksx bu ladYiukvksa dks ,d 
u, <ax ls le>us esa djsaxsA 

14-4-1 miHkksDrk vkf/kD;@vkf/kD; (Consumer Surplus) 

miHkksDrk vkf/kD; ¼consumer surplus½ dh ladYiuk loZizFke ,YQMZ ek”kZy us nh 
FkhA ;g mu ewY;ksa ds varj dk ekSfnzd eki gS tks ,d miHkksDrk fdlh oLrq ;k lsok 
ds fy, pqdkus dks rS;kj gS rFkk tks mls okLro esa pqdkuk iM+rk gS tcfd mldh 
vk; vkSj oLrqvksa dh dhersa Kkr gksaA ewyr%] ;g fdlh miHkksDrk }kjk fdlh oLrq ;k 
lsok dk miHkksx djus ij izkIr gqvk *“kq) ykHk* gSA 

miHkksDrk vkf/kD; ¼CS½ = dher tks dksbZ miHkksDrk nsus dks rS;kj gS &  

                         dher tks mls okLro esa nsuk iM+rk gS 

miHkksDrk vkf/kD; ¼CS½ rFkk lhekar mi;ksfxrk ¼MU½ % fdlh miHkksDrk ds fy, 
Hkqxrku dh rRijrk dk mlds mi;ksfxrk Qyu ds lkFk lh/kk laca/k gSA okLro esa] 
;g lhekar mi;ksfxrk dk ,d Qyu gS ftls uhps fn, lw=ksa ds :i eas O;Dr fd;k 
tk ldrk gS %  

   ,d bdkbZ ds fy,] miHkksDrk vkf/kD; ¼CS½ = lhekar mi;ksfxrk ¼MU½ – dher 

    dqy miHkksDrk vkf/kD; ¼CS½ = lhekar mi;ksfxrkvksa dk dqy ;ksx ¼∑ MU½ & 
dher × miHkksx dh xbZ vFkok [kjhnh xbZ 
bdkb;ksa dh dqy la[;k 

lekdyu ds :i esa] ;fn esa lhekar mi;ksfxrk Qyu ¼MU½] dher ¼P½ rFkk miHkksx 
dh xbZ ¼ekax dh xbZ vFkok [kjhnh xbZ½ bdkb;ksa dh la[;k ¼x½ Kkr gks rks ge 
fuEufyf[kr lw= dk iz;ksx djds miHkksDrk vkf/kD; ¼CS½ eku Kkr dj ldrs gSa % 

0

x
CS MUdx px  

mnkgj.k 6 %   

lhekar mi;ksfxrk Qyu MU(x) = 25 – 2x ds fy, miHkksDRkk vkf/kD; Kkr dhft, 
;fn ;g fn;k gks fd miHkksDrk fdlh oLrq dh 10 bdkb;k¡] #-5@& izfr bdkbZ dh 
dher ij [kjhnrk gSA 

gy %  

10

0 0
25 2 5 10

x
CS MUdx px x dx  
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10 10

0 0
25 2 50dx x dx

 

                   = |25�| ��
� − 2 ���

�
� ��

� − 50 

                  = 250 − 25(0) − 2 ����

�
� + 2 ���

�
� − 50 = 100 

miHkksDrk vkf/kD; rFkk ek¡x oØ % fdlh oLrq ;k lsok ds fy, Hkqxrku dh rRijrk 
okLro esa miHkksDrk ds ekax oØ esa miHkksx dh xbZ ek=k ds }kjk ifjyf{kr dher gh 
gSA vr%] miHkksDrk vkf/kD; dks ekax oØ }kjk n”kkZ xbZ Hkqxrku dh rRijrk rFkk 
ckt+kj dher ds varj ds :i esa Hkh ifjHkkf’kr fd;k tk ldrk gSA 

js[kkfp= 14-3 ij /;ku nsaA blesa ,d ljy js[kh; ek¡x Qyu AD fy;k x;k gSA 
dher OPo ij miHkksDrk ,d oLrq X dh OQo ek=k [kjhnrk gSA oLrq Qo bdkb;ksa 
ds fy,] miHkksDrk {ks= OAEQo ds cjkcj ewY; dk Hkqxrku djus dks rS;kj gS] tks 
fd ekax oØ rFkk x-v{k ds chp 0 ls ysdj Qo rd dk {ks=Qy gSA D;ksafd ckt+kj 
dher OPo gS] miHkksDrk dks dsoy {ks=Qy OPoEQo ds cjkcj Hkqxrku djuk iM+kA 
ifj.kkeLo:i] bl [kjhn esa miHkksDrk dks f=Hkqt ∆APoE ds {ks=Qy ds cjkcj *ykHk* 
gqvk] ftls ge miHkksDrk vkf/kD; dgrs gSa] bls js[kkfp= esa Nk;kafdr {ks= ds :i esa 
n”kkZ;k x;k gSA ;g ekax oØ ds uhps okys ijarq ewY; js[kk ds Åij okys {ks= ds 
cjkcj gSA ge bl lekdyu dk mi;ksx djds ljyrk ls Kkr dj ldrs gSaA 

miHkksDrk vkf/kD; ¼CS½ = {ks=Qy ∆ APoE = {ks=Qy AOQoE – {ks=Qy PoOQoE 

=  � �(�)�� − OP� ×��
� OQ� 

 

 

 

 

 

 

mnkgj.k 7 % 

,d miHkksDrk dk ekax Qyu (Dd), 290p x  gSA ;fn og x dh 5 bdkb;k¡] #- 

50@& izfr bdkbZ ds Hkko ls [kjhnrk gS rks miHkksDrk vkf/kD; Kkr dhft,A 

gy %    
5 5 2

0 0
90CS Dd dx px x dx px  

5 5 2

0 0
90 50 5dx x dx  

js[kkfp= 14-3 

Q0 

ewY
;  

oLrq X 
O 

A 

D = f (x) 
P0 

E 
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535 5 52
00 0

0

90 1 250 90 250
3
xdx x dx x

 

            

31 12590 5 0 5 250 450 250 158.33
3 3

 

14-4-2  mRiknd vkf/kD; (Producer Surplus) 

ftl izdkj miHkksDrk vkf/kD; ckt+kj dh xfrfof/k;ksa esa Hkkx ysus ij ,d miHkksDrk 
}kjk fdlh oLrq vFkok lsok dh [kjhn ij izkIr ykHk gS] mlh izdkj] mRiknd 
vkf/kD; fdlh oLrq ;k lsok dh fcØh ij mRiknd dks gksus okyk *ykHk* gSA bldk 
fu/kkZj.k fdlh mRiknd ;k foØsrk dks fdlh oLrq ;k lsok dh fcØh ls izkIr gksus 
okys dqy vkxe rFkk ftl jkf”k ij og ml oLrq dks cspus ds fy, rS;kj gS] ds 
varj ls fd;k tkrk gSA /;ku jgsa fd dksbZ mRiknd ;k foØsrk fdlh mRikn ;k lsok 
dks ftl dher ij cspus ds fy, rS;kj gksrk gS] mls mRiknd@foØsrk ds vkiwfrZ 
oØ esa ml mRikn dh ykxr ls Kkr fd;k tk ldrk gSA  

js[kkfp= 14-4 esa fn, ljy js[kh; vkiwfrZ oØ [lhekar ykxr Qyu g (x)] ij /;ku 
nhft, ftls ljy js[kk CS ls n”kkZ;k x;k gSA bl js[kkfp= esa geus fLFkj ykxr 
dks “kwU; rFkk lhekar ykxr dks o/kZeku vFkkZr~ c<+rk gqvk ekuk gSA Po og dher gS 
ftl ij ckt+kj esa oLrq dh Xo bdkbZ dh ek=k dh fcØh gksrh gSA ;gk¡ miHkksDrk 
vkf/kD; geas js[kkfp= esa fn, Nk;kafdr {ks= }kjk Kkr gksxk tks fd lhekar ykxr 
¼vkiwfrZ½ oØ ds Åij dk ijarq dher js[kk ds uhps dk Hkkx ¼js[kkfp= 14-4 ns[ksa½ gSA  

 

 

 

 

 

  

 

ge tkurs gSa fd lhekar ykxr oØ ds varxZr {ks=Qy dqy ykxr ds cjkcj gksxkA 
dqy vkxe geas nh gqbZ izfr bdkbZ dher Po rFkk ek=k Xo ds xq.kuQy ls izkIr 
gksrk gSA vr%] mRiknd dks izkIr gksus okyk vkf/kD; ge bl izdkj Kkr dj ldrs 
gSa % 

mRiknd vkf/kD; ¼PS½ = ckt+kj dher × csph xbZ ek=k dqy ykxr 

=  OPoEXo dk {ks=Qy & OCEXo dk {ks=Qy 

= P� × X� − � �(�)�� =  P�X�
��

� − � MC ����
�  

js[kkfp= 14-4 

X0 

d
he
r 

oLrq X 
O 

P0 E 

C 

S = g (x) 
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fuf”pr lekdyu
D;ksafd geus fLFkj ykxr dks “kwU; ekuk gS] lekdyu � �(�)����

�  dk eku dqy 

ifjorhZ ykxr ds cjkcj gksxkA vr%] mRiknd vkf/kD; dks dqy vkxe rFkk dqy 
ifjorhZ ykxr ds varj ds :i esa ns[kk tk ldrk gSA 

mnkgj.k 8 % 

,d oLrq dk vkiwfrZ Qyu � = √9 + � fn;k gSA mRiknd us bl oLrq dh 7 
bdkb;k¡ csphaA mldk vkf/kD; Kkr dhft,A 

gy % 

tc Xo = 7 gS rks izfr bdkbZ dher P� = √9 + 7 = 4 gksxhA 

 ∴   mRiknd vkf/kD;   

  

 

mnkgj.k 9 %  

fuEufyf[kr dk mRiknd vkf/kD; Kkr dhft, 

1½ ekax Qyu % 25 2p x  

2½ vkiwfrZ Qyu %
5 14 10 or
2 4

p x p x  

gy %  

ge lcls igys fn, gq, vkiwfrZ rFkk ekax Qyuksa ls dher rFkk ek=k Kkr djsaxsA 
blds fy, gesa ekax Qyu dks vkiwfrZ Qyu ds cjkcj j[kus ij izkIr gq, lehdj.k 
dks gy djuk gksxkA vki bls gy djds ns[k ldrs gSa fd gesa p = 5 rFkk x = 10 
bdkb;k¡ izkIr gksrh gaSA 

 

  

 

 

 

 

 

vc mRiknd vkf/kD; Kkr djus ds fy, gesa dsoy vkiwfrZ Qyu dk iz;ksx djus dh 
vko”;drk gSA lkFk gh ge Åij izkIr larqyu dher ¼5½ vkSj ek=k ¼10½ dk Hkh 
mi;ksx djsaxs 

( ) ]
bdkbZ3

10                              
3

54
3

12828
3

9228 72
3

=

+−=
+

− o
x

js[kkfp= 14-5 

X = 10 

E 

O 

P = 5 

A 

C 
Sp 

Dd 

CS 

PS 

( )dxxPS ∫ +−×=
7

0
974
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10

0 0

5 15 10
2 4

x
PS px Sp dx x dx  

       = 50 − (�
� � ����

� + �
� � �)����

�  

       = 50 − �
�

|�| ��
� − �

�
���

�
� ��

�      

        = 50 − �
�

× 10 + 0 − �
�

× ���
�

+ 0  

                 = 50 − 25 − 12.5 = 12.5 bdkb;k¡ 

mnkgj.k 10 %   

;fn ekax Qyu 20 5p xrFkk vkiwfrZ Qyu 4 3p x  gS] rks miHkksDrk vkf/kD; 
rFkk mRiknd vkf/kD; Kkr dhft,A 

gy % 

ekax Qyu rFkk vkiwfrZ Qyu dks cjkcj j[kus ij] gesa 2, 10x p izkIr gksrk gS& 

d½  CS = � �� ���
� − �� = � (20 − 5�)�� − 10 × 2 = 20 �  ���

� −�
� 5 � � ���

� − 20 

                 = 20|�| �
� − 5 ���

�
� �

� − 20 = 20 × 2 − 0 − 5 × ��

�
+ 0 − 20 

                 = 40 − 10 − 20 = 10 

[k½  
2 2 2 2

0 0 0 0
10 2 4 3 20 4 3PS px Sp dx x dx dx x dx  

  
22

2

0
0

420 4 3 20 4 2 3 .
2 2
xx  

  20 8 6 6  

14-4-3  vf/kdre ykHk (Profit Maximisation) 

geus vf/kdre ykHk bR;kfn dk fo”ys’k.k blls igys Hkh vody xf.kr dk v/;;u 
djrs gq, fd;k gSA vody xf.kr ds vuqiz;ksxksa esa] gesa dqy vkxe ;k vkSlr vkxe 
rFkk dqy ykxr nh gksrh gS vkSj gesa vf/kdre ykHk Kkr djuk gksrk gSA ijarq ;fn 
buds LFkku ij gesa lhekar vkxe vkSj lhekar ykxr fn, gksa] rks gesa igys lekdyu 
dh lgk;rk ls dqy vkxe (TR) rFkk dqy ykxr (TC) bR;kfn Kkr djus iM+saxsA 
blds i”pkr~ vf/kdre ykHk Kkr djus ds fy, ge vody xf.kr dk iz;ksx djrs 
gSaA izfØ;k ogh gS& igys ykHk Qyu TR TC Kkr djsa rFkk mlds i”pkr~ 

izFke vodyt ijh{k.k vFkok f}rh; vodyt ijh{k.k] fLFkfr vuqlkj tks Hkh 
lqfo/kktud gks] dk iz;ksx djds vf/kdre ykHk Kkr djsaA 

mnkgj.k 11 % 

,d daiuh dk vkSlr vkxe ¼AR½ Qyu 250p x rFkk lhekar ykxr ¼MC½ 

Qyu 21 x gSA miHkksDrk vkf/kD; Kkr dhft,] ;fn 
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fuf”pr lekdyud½ ckt+kj esa iw.kZ izfr;ksfxrk dh voLFkk gks 

[k½ ckt+kj esa ,dkf/kdkj dh voLFkk gks 

gy % 

d½ iw.kZ izfr;ksfxrk esa vkiwfrZ oØ] lhekar ykxr ¼MC½ ds leku gksrk gSA vr% 
larqyu ek=k rFkk larqyu dher Kkr djus ds fy, ge AR ¼ek¡x Qyu½ dks 
MC ¼vkiwfrZ Qyu½ ds cjkcj j[krs gSaA  

2 2 2 2 49 750 1 2 49 or or
2 2

x x x x x  

_.kkRed eku dh mis{kk djus ij ge ikrs gSa fd 
7
2

x  gSA 

blls lacaf/kr p dk eku gksxkA 

2
2 7 49 5150 50 50

2 22
p x  

vr%] larqyu fcanq gksxk 
7 51,

22
x p  

CS = � DD �� −
�

√�
� �� = � (50 − ��)�� −

�
√�

�
��
�

× �
√�

  

             
7 7
2 2

2

0 0

35750
2 2

dx x dx   

  
7
27

2

33

0
0

357 7 1 7 35750 50 0
3 32 2 2 2 2 2
xx = ���

�√�
 

[k½ ,dkf/kdkj dh fLFkfr esa] vf/kdre ykHk rFkk larqyu fcanq rc izkIr gksrs gSa 
tc MR MC gksA 

 vc] lhekar vkxe (MR) = �
��

(TR) 

 tgk¡] dqy vkxe(TR) = izfr bdkbZ ewY; (AR) × ek=k (x) 

3 250 50 3d dMR x AR x x x
dx dx

 

vc] gesa fn;k gS MR = 50 – 3x2  vkSj  MC = 1 + x2  

larqyu ds fy, 2 250 3 1MR MC x x  

2 2 49 49 74 49 or or
4 4 2

x x x  
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_.kkRed eku dh mis{kk djus ij ge ikrs gSa fd
7
2

x gSA x ds bl eku ls 

lacaf/kr p dk eku gksxkA 

2
2 7 49 15150 50 50

2 4 4
p x  

vr%  
7 151,
2 4

x p  

vc  
0

x
CS dd dx px  

vFkkZr~     �� = � (50 − ��) − ���
�

�
�

� × �
�

= 50 � �� − � ���� − ����
�

�
�

�

�
�

�  

   = 50|�|
�
�
� − �

�
|��|

�
�
� − ����

�
= 50 × �

�
− 0 − �

�
(�

�
)� + 0 − ����

�
 

    

343 1057175 175 14.291 132.125 28.584
24 8

 

mnkgj.k 12 

,d QeZ dh fLFkj ykxr #-50@& rFkk lhekar vkxe #-50@& gSA ;fn lhekar 

ykxr Qyu 10
10
x

 gks rks ¼d½ og mRikn Kkr dhft, ftlds fy, ykHk 

vf/kdre gksxk rFkk ¼[k½ vf/kdre ykHk dh jkf”k Kkr dhft,A 

gy   

50 50TR MR dx dx x C
   

[;gk¡ C = 0 gS D;ksafd x = 0 ij TR = 

0 gksxk] 

∴  TR= 50x  

 TC = � �� �� =  �(10 + �
��

)�� = 10� + ��

��
+ � 

vc] tc 0x gS rks TC dqy fLFkj ykxr ds cjkcj gks tk,xh tks fd #-
50@& nh gqbZ gSA 

vFkkZr~  TC=10� + ��

��
+ 50 

d½ vf/kdre ykHk mRikn (�) % ykHk Qyu dk eku gksxk & 
2 2

50 10 50 40 50
20 20
x xTR TC x x x  

vf/kdre ykHk ds fy, izFke vodyt ijh{k.k %   
��
��

= 0 

240 0 0 or 40 0 or 400
20 10

d xx x
dx
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vf/kdre ykHk ds fy, f}rh; vodyt ijh{k.k %  

���
��� < 0 

2

2

1 0
10

d
dx  

vr%] vf/kdre ykHk 400x  dh fcØh ij gksxkA 

[k½ vf/kdre ykHk 
22 400

40 50 40 400 50
20 20
xx  

     =16000 − 8000 − 50 = �� 7950 

mnkgj.k 13 

,d daiuh dk lhekar ykxr (MC) Qyu 81− 16x + x2 gSA ;fn bldk lhekar 
vkxe ¼MR½ Qyu 220 2x x gS rks Kkr dhft, fd mRiknu ds fdl Lrj ij 
daiuh dk ykHk mPpre gksxk rFkk vf/kdre ykHk dh dqy jkf”k D;k gksxh\ 

gy  

larqyu ds fy, MR MC gksuk pkfg,A vr%] 

20 x – 2x2 = 81 – 16x + x2 ⇒ 3x2−36x + 81 = 0  

vFkok  2 12 27 0 3 9 0 or 3, 9x x x x x x  

gesa ijh{k.k djuk gksxk fd vf/kdre ykHk dgk¡ gksxk 3x vFkok 9x ijA blds 
fy, ge f}rh; vodyt ijh{k.k dk mi;ksx djsaxsA ge ns[kuk pkgrs gSa fd x ds 

fdl eku ds fy, 
2 2

2 2

d R d C
dx dx  

gksxkA 

vFkkZr~  
d dMR MC
dx dx

 gksxkA 

fLFkfr 1 % tc 3, 20 4 20 4 3 8dx MR x
dx

 gS    

   vkSj 16 2 16 2 3 10d MC x
dx

 

ge ikrs gS fd bl fLFkfr esa f}rh; vodyt ijh{k.k vlQy jgrk gSA vr%] ykHk 
3x ds fy, vf/kdre ugha gSA 

fLFkfr 2 % tc 9, 20 4 20 4 9 16dx MR x
dx  

gS 

 vkSj 16 2 16 2 9 16 18 2d MC x
dx

 

ge ikrs gSa fd 9x ds fy, f}rh; vodyt ijh{k.k lQy jgrk gSA vr%] 9x ij 
ykHk mPpre@vf/kdre gksxkA 

vf/kdre ykHk dh x.kuk % 9x  
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ykHk  (π) = TR – TC  [tgk¡ TR = � MR �� �
� vkSj TC = � MC �� �

� ] 

   
9 2 2

0
20 2 81 16x x x x dx  

    
9 92 2 2

0 0
20 2 81 16 36 3 81x x x x dx x x dx  

               = 36 � � ���
� − 3 � ���� − 81 � �� = 36 ���

�
� �

� −�
�

�
� 3 ���

�
� �

� − 81|�| �
�            

    2 318 9 9 81 9 1458 729 729 0  

      x = 9 ij dqy ykHk = 0  

cks/k iz”u 3 

1½ ,d oLrq ds fy, miHkksDrk dk ek¡x Qyu gS % p = 20 – 2x – x2 A ;fn og 
oLrq dh 3 bdkb;k¡ [kjhn jgk gks rks ml miHkksDrk dk vkf/kD; vkadfyr 
djsaA 

---------------------------------------------------------------------------------------------------------------------------------------------------
---------------------------------------------------------------------------------------------------------------------------------------------------
---------------------------------------------------------------------------------------------------------------------------------------------------
---------------------------------------------------------------------------------------------------------------------------------------------------
--------------------------------------------------------------------------------------------------------------------------------------------------- 

2½ ;fn larqyu dher #i;s 36 vkSj vkiwfrZ Qyu p = x2 gks rks miHkksDrk dk 
vkf/kD; D;k gksxk\ 

---------------------------------------------------------------------------------------------------------------------------------------------------
---------------------------------------------------------------------------------------------------------------------------------------------------
---------------------------------------------------------------------------------------------------------------------------------------------------
---------------------------------------------------------------------------------------------------------------------------------------------------
--------------------------------------------------------------------------------------------------------------------------------------------------- 

3½ ,d ,dkf/kdkjh ds le{k ek¡x Qyu gS % x = 210 – 3p tgk¡  p = dher vkSj  
x =ekaxh xbZ ek=kA mldk ldy ykxr oØ gS % x2 + 6x + 10A larqyu dh 
fLFkfr esa miHkksDrk dk vkf/kD; D;k gksxk\ 

---------------------------------------------------------------------------------------------------------------------------------------------------
---------------------------------------------------------------------------------------------------------------------------------------------------
---------------------------------------------------------------------------------------------------------------------------------------------------
---------------------------------------------------------------------------------------------------------------------------------------------------
--------------------------------------------------------------------------------------------------------------------------------------------------- 

4½ ;fn ekax Qyu gks � =  ��
�

− �
�

 � rFkk vkiwfrZ Qyu gks 5p x  rks 

miHkksDrk vkSj mRiknd ds vkf/kD; D;k gksaxs\ 
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---------------------------------------------------------------------------------------------------------------------------------------------------
--------------------------------------------------------------------------------------------------------------------------------------------------- 

14-5 lkj-la{ksi 

;g lekdyu ij nwljh bdkbZ FkhA bl bdkbZ esa geus fuf”pr lekdyuksa ds ckjs esa 
i<+kA geus ns[kk fd fuf”pr lekdyu] vfuf”pr lekdyu ls fdl izdkj fHkUu 
gksrs gSaA fuf”pr lekdyuksa esa gy ds :i esa la[;k,¡ izkIr gksrh gSaA ,slk blfy, gS 
D;ksafd fuf”pr lekdyuksa esa lekdyu dh lhek,a gksrh gSaA bl bdkbZ esa geus ns[kk 
fd fdl izdkj ,d fuf”pr lekdyu dks ,d oØ ds varxZr {ks=Qy ds :i esa 
ns[kk tk ldrk gSA ;fn ge xy-ryesa ,d oØ dk vkys[k cukrs gSa rks x-v{k ij 
fdlh fn, gq, varjky] x-v{k vkSj oØ ls f?kjs gq, {ks=Qy dks ,d fuf”pr 
lekdyu ls ifjdfyr fd;k tk ldrk gSA geus ;g Hkh ns[kk fd fuf”pr 
lekdyu esa ftl pj ds lkis{k lekdyu fd;k tkrk gS] og ,d fufeÙk ;k rnFkZ 
pj gksrk gSA ;|fi] izkjaHk esa ge ,d fuf”pr lekdyu dks mlh izdkj gy djrs gSa 
ftl izdkj ,d vfuf”pr lekdyu dks rFkkfi varr% og pj] ftlds lkis{k esa 
lekdyu Kkr fd;k x;k gS] Øe”k% lekdyu dh mPp ,oa fuEu lhek }kjk 
izfrLFkkfir dj fn;k tkrk gS rFkk mudk varj Kkr dj fy;k tkrk gSA bl bdkbZ 
esa] geus dbZ mnkgj.k Hkh ns[ksaA geus jheu lekdyu dh ladYiuk dh Hkh O;k[;k 
dh vkSj ;g Hkh tkuk fd fdlh Qyu ds fy, jheu lekdyuh; gksus dk D;k vFkZ 
gksrk gSA 

rRi”pkr~] ikBdksa dks fuf”pr lekdyuksa ds dqN fof”k’V xq.k/keksZa ls Hkh voxr 
djok;k x;kA geus ns[kk fd ;g xq.k/keZ izeq[kr% lekdyu dh lhekvksa ls lac) gSaA 
lkFk gh] vfuf”pr lekdyuksa ds lkekU; xq.k/keZ] fuf”pr lekdyuksa ij Hkh ykxw 
gksrs gSaA var esa] bl bdkbZ esa fuf”pr lekdyuksa ds vFkZ”kkL= esa dqN vuqiz;ksxksa ij 
ppkZ dh xbZ ftuesa miHkksDrk vkf/kD;] mRiknd vkf/kD; rFkk vf/kdre ykHk Kkr 
djuk izeq[k FksA 

14-6  cks/k iz”uksa ds mÙkj@ladsr 

Ckks/k iz”u 1 

1½ d½  2 

     [k½  �
�
 

 x½ log �
�
 

 ?k½ 
��

�
− �

�
 



 

 

lekdyu 
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2½ d½ 
��
�
 

 [k½ 
��
�
 

 x½ 
�
�
 

3½ ns[ksa Hkkx 14-2-2 vkSj mRrj fy[ksaA 

Ckks/k iz”u 2 

1½ 0; ;gk¡  f (−�) = f (�) vr% gekjs ikl x dk ,d fo’ke Qyu gSA fo”ks’krk&8 ls 
ge tkurs gSa fd � �(�)�� = 0�

�� ( tc fd f (x) fo’ke gksA 

2½ d½ 29 

 gy % gekjs ikl gSa % |� + 2| =  � � + 2,         if � ≥ −2
−� − 2,       if � < −2 

  

            ∴  � |� + 2|���
�� = � |� + 2|����

�� + � |� + 2|���
��   ¼fo”ks’krk 3 dk iz;ksx 

dj½ 

                                                            = � (−� − 2)����
�� + � (� + 2)���

��  

          =   �− �2

2 − 2��� −2
−5 +  ��2

2 + 2��� 5
−2 

= 29  (mi;qZDr ekukas dk iz;ksx dj mudk vUrj ysus ij) 

   [k½   21 

gy % ge fy[k ldrs gSa]  � �(�)���
�� = � �(�)���

�� + � �(�)���
�    ¼fo”ks’krk 

3 dk iz;ksx dj½                   

                                           = � 3�����
�� + � 6 ���

�  

                                      =   �3� 1
−2 +  (6�)| 3

1 

           = 21    

3½ d½  �
�

(� − 1)   (ladsr % j[ksa Put x 2 = t) 

[k½  √2 − 1               (ladsr % j[ksa  t  = √1 + ��) 

x½  (c)  2(√7 − √3)          

cks/k iz”u 3 

1½ miHkksDrk dk vkf/kD; = 27 bdkb;k¡   
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fuf”pr lekdyu ¼ladsr %  x = 3 ij ckt+kj dher Po dk eku ge ekax Qyu esa x = 3 j[kdj 
Kkr dj ldrs gSa] vFkkZr~] ∴Po = 20 – 6 – 9 = 5 bdkb;k¡½  

2½ miHkksDrk dk vkf/kD; = 144  

 ¼ladsr % ge dher ij p = 36 ij fcfØr bdkb;ksa (x) dk vkadyu vkiwfrZ 
Qyu esa p = 36 j[kdj Kkr dj ldrs gSaA vr% x = √�� = 6½ 

3½ miHkksDrk dk vkf/kD; = 96  

 ¼ladsr % ,dkf/kdkj esa larqyu dh “krZ dk iz;ksx dj ge tku ldrs gSa fd 
larqyu mRiknu = 24 vkSj larqyu dher = 62½ 

4½ miHkksDrk dk vkf/kD; = 100, mRiknd dk vkf/kDr = 12.5  

 ¼ladsr % ;gk¡ ekax Qyu gS x f p A vius miHkksDrk ,oa mRiknd ds 

vkf/kD; ds lw=ksa dk iz;ksx djus ds fy, gesa igys bls foykse ekax oØ 
p f x  esa ifjofrZr djuk gksxkA vr% gekjk ekax Qyu gks tk,xk % 

50 8p x ½A 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 




