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jSf[kd varj lehdj.k
bdkbZ 15 jSf[kd varj lehdj.k*  

lajpuk 

15-0 mÌs”; 

15-1 fo’k;-izos”k 
15-2 izkjafHkd vo/kkj.kk,¡ (Preliminary Concepts) 

15-3 ,d-?kkrh; varj lehdj.k (First Order Difference Equations) 

 15-31 iqujko`Ÿkh; fof/k (The Iterative Method) 

 15-3-2 lkekU;@O;kid fof/k (The General Method) 

15-4 f}?kkrh; varj lehdj.k (Second Order Difference Equations) 

15-5 vFkZ”kkL= esa vuqiz;ksx (Economic Applications) 

 15-51 eDdM+ tky (dkWcosc izfreku The Cobweb Model) 
15-5-2 lSE;qylu xq.kd-Roj.k ¼ijLij izHkko½ izfreku (Samuelson Multiplier-

Accelerator Interaction Model) 

15-6 lkj-la{ksi 

15-7 cks/k iz”uksa ds mŸkj@ladsr 

15-0 mÌs”; 

bl bdkbZ dks i<+us ds i”pkr~] vki l{ke gksaxs % 

• ifjfer varjksa dh ladYiuk djus esa( 

• vlrr~ vkfFkZd izfØ;kvksa dh O;k[;k djus esa( 

• fdlh varj lehdj.k dh ?kkr@Øe dh ifjHkk’kk djus esa( 

• ?kkr ,d rFkk nks ds varj lehdj.k dh igpku djus esa( 

• le?kkrh vkSj vle?kkrh varj lehdj.k esa varj djus esa( 

• ,d-?kkr rFkk f}-?kkr okys varj lehdj.kksa dks gy djus dh fof/k;k¡ le>kus 
esa( rFkk 

• vllr~ le; esa gksus okyh vkfFkZd izfØ;kvksa ds varj lehdj.kksa ds :i esa 
fu:i.k rFkk muds gy djus esaA  

15-1  fo’k;-izos”k 
vc rd vki vodyu xf.kr rFkk lekdyu dk v/;;u dj pqds gSa vkSj budh 
lgk;rk ls vFkZ”kkL= ls lacaf/kr leL;kvksa@iz”uksa dk gy Kkr djuk Hkh lh[k pqds 
gSaA vkius ;g Hkh ns[kk fd fdl izdkj lekdyu] vodyu dk O;qRØe izØe gSA 
;fn ge ;g tkuuk pkgsa fd ,d fn;k gqvk Qyu o/kZeku gS vFkok gzkleku] rks ;g 
fuHkZj pj ds Lora= pj ds lkis{k vodyt ds fpUg ds vk/kkj ij Kkr fd;k tk 
ldrk gSA ;fn ge fdlh fn, gq, Qyu ds vf/kdre vFkok U;wure eku ds ckjs esa 
fu.kZ; djuk pkgsa rks Hkh ge Qyu ds fofHkUu vodytksa dh lgk;rk ysrs gSaA  

 

*Jh txeksgu jkW; 
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vUrj&lehjd.k vr%] vodyu xf.kr dh lHkh fof/k;k¡ vodyt dh ladYiuk ij vk/kkfjr gSA ijarq 
;fn y, x dk ,d Qyu gS rks ge bldk vodyt rHkh Kkr dj ldrs gSa tc x ,d 
lrr~ pj gks vFkkZr~ x esa ifjorZu vR;ar gh lw{e gksaA ,slh fLFkfr esa] ,d varjky eas 
x ds izR;sd eku ds fy, y ifjHkkf’kr gksrk gSA ijarq ;g vko”;d ugha fd fLFkfr 
lnk ,slh gh gksA 

vFkZ”kkL= esa] gesa vusd ckj ,slh fLFkfr;ksa dk lkeuk djuk iM+rk gS tc Lora= pj 
lrr u gksdj vlrr gksA vFkkZr~ ;g laHko gS fd x nks eku 2 vkSj 4 rks ysa] ijarq 2 
vkSj 4 ds chp esa dksbZ vksj eku u ysaA ,slh fLFkfr esa] ;fn y, x  dk ,d Qyu gS rks 
y iwjs varjky ¼2] 4½ ij ifjHkkf’kr ugha gksxk vfirq ;s x = 2 rFkk x = 4 ij gh 
ifjHkkf’kr gks ik,xkA mnkgj.k ds fy,] eku yhft, ge ,d ifjokj }kjk dh tkus 
okyh cpr ds ckjs esa v/;;u dj jgs gSa vkSj ge fuf”pr le; ds varj ij] tSls 
fd izfro’kZ vk¡dM+s bdV~Bk djrs gSaA bl izdkj] ;fn S ifjokj dh] le; varjky t 
ij] cpr dks fu:fir djrk gS gesa S = S(t) ds :i esa izkIr gksrk gS tgk¡ t, 
0,1,2…bR;kfn eku ysrk gSA vr%] t ,d vllr pj gSA gekjh #fp Lora= pj ds 
eku esa ifjorZu djus ls] y ds eku esa gksus okys ifjorZu dk v/;;u djus esa gks 
ldrh gSA ijarq vodyt dh ladYiuk ;gk¡ dke ugha djsxh D;ksafd ;gk¡ Lora= pj 
lrr u gksdj vlrr gSA tc fdlh Qyu esa Lora= pj dqN ifjfer la[;k,¡] NksM+-
NksM+ dj ifjofrZr gksrk gS] rks bl izdkj izkIr Qyu ds ekuksa ds chp laca/k ifjfer 
varj Qyu ¼finite differences½ dh fo’k;-oLrq gSA  

ge bl rFkk vxyh bdkbZ esa varj lehdj.kksa ds ckjs esa tkusaxs rFkk mUgsa gy djus 
dh fof/k;k¡ lh[ksaxsA ge vFkZ”kkL= dh dqN ,slh fLFkfr;ksa dk Hkh v/;;u djsaxs tgk¡ 
varj lehdj.k mi;ksxh fl) gksrs gSaA bl bdkbZ esa ge varj lehdj.kksa dh gh ppkZ 
djsaxsA 

15-2 izkjafHkd vo/kkj.kk,¡@ladYiuk,¡ (PRELIMINARY 
CONCEPTS) 

vc ge ,sls Qyuksa ij fopkj djsaxs ftuesa Lora= pj lrr u gksdj vlrr~ gS( ,sls 
Qyu ftuesa y fuHkZj pj rFkk x ,d iw.kkZad eku ysus okyk pj gksxkA ,slh fLFkfr esa 
fuHkZj pj y esa ifjorZu dk Lo:i dk fu/kkZjd Qyu y(x) ds vodyt ds LFkku ij 
*varj* ds }kjk fd;k tk,xkA 

eku yhft, y = f (x) gS] vFkkZr~ y, x dk ,d Qyu gS tgk¡ x leku nwjh ij fLFkr 
¼lenwjLFk½ iw.kkZad eku x0, x0+h, x0+2h,…, x0+nh ysrk gSA 

vr% f (x0), f (x0+h), f (x0+2h),…, f (x0+nh), x ds ekuksa ds laxr y ds eku gksaxs 
ftUgsa y0, y1, y2,..., yn ls O;Dr fd;k tkrk gSA 

varj y1 −  y0, y2 −  y1,…, yn −  yn–1  Qyu y = f (x) ds izFke vxz varj dgykrs gSa 
ftUgsa ge Øe”k% ∆ y0, ∆y1, …,∆yn O;Dr djrs gSaA ;gh og varj gSa rks vlrr pj 
x esa gksus okys ifjorZuksa ds lkis{k y ds ifjorZuksa dks fu:fir djrs gSaA 

O;kid :i esa izFke vxz varj dks ∆ yn = yn+1 −  yn,  vFkok ∆ f (x) = ∆ f (x + h) 
− f (x), }kjk ifjHkkf’kr fd;k tkrk gS] ;gk¡ h varj dk varjky gSA 
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jSf[kd varj lehdj.kvFkkZr~ ;g x ds nks Øekuqxr ekuksa ds chp dk varj gSA 

blh izdkj ∆ y ;k ∆ f (x) ewy :i esa] vlrr Lora= pj ds nks Øekuqxr ekuksa ij 
Qyu y = f(x) ds ekuksa dk varj gSA 

mnkgj.k ds fy,] ,d vuqØe −5, −1, 3, 7,….., (4x + 3),…. ysaA 

;gk¡] y = f (x) = 4x + 3 rFkk h = 4 gS ¼;g vuqØe ds fdUgha nks Øekuqxr ekuksa dk 
O;odyu djds Kkr fd;k tk ldrk gS½ 

     ∆ y or ∆ f (x) = ∆ f (x + h) − f (x) 

               = [4(x +h) + 3] – [4x + 3] 

               = 4x + 4h + 3– 4x – 3 

               = 4h = 16  [∵ h = 4 ¼ifjdfyr eku½] 

blh izdkj gSa f}rh; vxz varj] ∆2 yn dks ∆(∆ yn) ds :i esa ifjHkkf’kr djrs gSa] 
vFkkZr~ 

   

2
n+1

2 1 1

2 1

( ) = (y )
( ) ( )

2

n n n

n n n n

n n n

y y y
y y y y

y y y
+ + +

+ +

∆ = ∆ ∆ ∆ −
= − − −
= − +

 

blh izdkj ge vkSj vf/kd mPp Øe@?kkr ds vxz varjksa dks ifjHkkf’kr dj ldrs 
gSaA D;ksafd gekjk eq[; mÌs”; vFkZ”kkL= laca/kh iz”uksa@leL;kvksa dk v/;;u djuk 
gS] gekjh #fp cgq/kk le; ds lkFk gksus okys ifjorZu ds fdlh izfr:i ds 
lkis{k@vuq:i] pj y ds fy, ,d le;-iFk Kkr djus esa gksxhA blds fy, ge 
Lora= pj dks t ls fu:fir djrs gSa vkSj 1 .t t t

y y y+∆ = − fy[krs gSaA vr%] fiNys 

mnkgj.k esa ge fy[k ∆ yt = 16 ldrs gSaA ,sls lehdj.k varj lehdj.k dgykrs gSaA 
fdlh varj lehdj.k dh ?kkr] ml lehdj.k esa mifLFkr lcls vf/kd ?kkr okys 
varj dh ?kkr ds cjkcj gksrh gSA mnkgj.k ds fy,] ∆2 yt = 4 ,d f}?kkrh varj 
lehdj.k gSA  

varj lehdj.k    ∆ yt = 16     …(a) 

dks fuEu :i esa Hkh fy[kk tk ldrk gS  

yt+1 −  yt  = 16  ;k   yt+1 = yt + 16              …(b)  

blh izdkj] varj lehdj.k         0.3t ty y∆ = −    …(c) 

dks yt+1 −  yt  = − 0.3 yt    ;k     yt+1 = 0.7 yt        …(d) 

ds :i esa Hkh fy[kk tk ldrk gSA 

,d varj lehdj.k le?kkrh dgykrk gS ;fn bldk vpj in ¼og in ftlesa y 
mifLFkr u gks½ “kwU; gks fdUrq vpj in dh mifLFkfr mls vle?kkrh cuk nsrh gSA 
vr% ge ,d varj-lehdj.k dks ,d ,sls lehdj.k ds :i esa ifjHkkf’kr dj ldrs gS 
ftlesa ,d Lora= pj] ,d fuHkZj pj vkSj fuHkZj py ds Øfed varj gksaA lkFk gh] 
geus ns[kk fd fdlh fuHkZj pj ds Øfed varj] mlds Øfed ekuksa ds inksa esa O;Dr 
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vUrj&lehjd.k fd, tk ldrs gSaA mnkgj.k ds fy,] lehdj.k ¼a½ dks lehdj.k ¼b½ ds :i esa rFkk 
lehdj.k ¼c½ dks lehdj.k ¼d½ ds :i esa fy[kk tk ldrk gSA vr%] ge ,d varj 
lehdj.k dks ,d ,sls lehdj.k ds :i esa ifjHkkf’kr dj ldrs gSa tks ,d Lora= pj 
rFkk fuHkZj pj ds Øfed ekuksa ds chp laca/k dks O;Dr djrk gSA bl :i esa ¼vFkkZr~ 
lehdj.kksa ¼a½ vkSj ¼b½ ds :i esa½ O;Dr varj lehdj.kksa dks gy djuk vf/kd 
lqfo/kktud gSA /;ku nsa fd 2 4ty∆ =  dks 2 12 4t t ty y y+ +− + = ds :i esa fy[kk tk 

ldrk gSA 

fdlh varj lehdj.k dk gy Lora= vkSj fuHkZj pjksa ds chp eas ,d ,slk laca/k gksrk 
gS tks fn, gq, lehdj.k dks larq’V djsaA n ?kkr okys fdlh varj lehdj.k ds 
O;kid gy esa n ;knf̀PNd vpj gksrs gSaA mnkgj.k ds fy,] ∆2yt = 0 ,d ?kkr-2 dk 
le?kkrh varj lehdj.k gS vkSj ∆yt = 4 ,d ?kkr-2 okyk vle?kkrh lehdj.k gSA 
,d varj lehdj.k jSf[kd dgykrk gS ;fn lehdj.k esa mifLFkr izR;sd y dh ?kkr 
1 gksA ge loZizFke ?kkr 1 okys varj lehdj.kksa dks gy djuk lh[ksaxsA vkb,] ge 
fofHkUu izdkj ds varj lehdj.kksa ds ckjs esa tkusa vkSj ,d-,d djds mUgsa gy djuk 
lh[ksaA 

15-3 ,d-?kkrh; varj lehdj.k (First Order Difference 
Equations) 

bl [kaM esa ge ?kkr 1 okys varj lehdj.kksa dks gy djuk lh[ksaxsA ge loZizFke 
?kkr 1 okys varj lehdj.kksa dks gy djus dh iqujkof̀Ÿk djus okyh fof/k lh[ksaxsA 

15-3-1  iqujkòŸkh; fof/k (The Iterative Method) 

ge bl fof/k dh O;k[;k ,d mnkgj.k ds ek/;e ls djsaxsA ,d varj lehdj.k ∆yt 
= 4 yhft,A 

tSlk fd ge ns[k pqds gSa] bls fuEu :i esa fy[kk tk ldrk gS 

  yt + 1 = yt + 4      …(i) 

lehdj.k ¼i½ esa t = 0, 1, 2, 3,..... j[kus ij] ge izkIr djrs gSa % 

  y1 = y0 + 4 

  y2 = y1 + 4 = (y0 + 4) + 4 = y0 + 2(4) 

  y3 = y2 + 4 = y0 + 2(4) + 4 = y0 + 3(4)  

O;kid :i esa] ge ikrs gSa 

yt = y0+ 4t      …(ii) 

vc eku yhft, y0 = 20 gSA lehdj.k ¼ii½ esa y0  dk ;g eku j[kus ij] ge ikrs gSa 
fd  

                         yt = 20 + 4t                             …(iii) 
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jSf[kd varj lehdj.ky0 dk dfYir eku y0 ij fn, gq, varj lehdj.k ∆yt = 4 dk] ,d gy gSA /;ku nsa 
fd lehdj.k ¼iii½ esa izkIr gy gesa t ds izR;sd eku ds fy, y dk eku nsrk gSA ;fn 
izkajfHkd eku y0 u fn;k gks] rks gy y0 ds inksa esa izkIr gksxkA 

mnkgj.k ds fy,] varj lehdj.k   

    ∆ yt = − 0.3 yt     …(iv)  

dks ge 

  yt+1 – yt = − 0.3 yt   ;k   yt+1 = 0.7 yt   …(v) 

ds :i esa fy[k ldrs gSa rFkk bls iqujko`Ÿkh; fof/k ds }kjk fuEufyf[kr :i ls gy 
fd;k tk ldrk gS % 

lehdj.k ¼v½ esa t = 0, 1, 2, .... bR;kfn j[kus ij] ge izkIr djrs gSa % 

1 0

2
2 1 0

3
3 0

0.7
0.7 (0.7)
(0.7)

y y
y y y
y y

=

= =

=  

bR;kfnA O;kid :i esa] ge ns[krs gSa fd 

   yt  = (0.7)t 0y  

tks y0 ds inksa esa varj lehdj.k ¼iv½ dk gy gSA  

vc ge ?kkr ,d ds fdlh varj lehdj.k dks gy djus dh lkekU; fof/k@izeq[k 
fof/k dk o.kZu djsaxsA 

15-3-2  lkekU; fof/k (The General Method) 

Ekku yhft,  yt+1 + a0 y1 = a    …(vi) 

?kkr ,d dk ,d varj lehdj.k gS] tgk¡ a0 vkSj a vpj gSA varj lehdj.k ¼vi½ ds 
O;kid gy esa nks Hkkx gksrs gSa % ,d fof”k’V@fo”ks’k lekdyu yp rFkk ,d iwjd 
Qyu yc .  iwjd Qyu] fn, gq, varj lehdj.k ¼vi½ ls lacaf/kr le?kkrh varj 
lehdj.k ¼vii½ ds O;kid gy dks dgrss gSaA 

        yt+1  + a0 yt = 0     …(vii) 

tcfd] fof”k’V lekdyu] yp fn, gq, vle?kkrh; varj lehdj.k ¼vi½ dk dksbZ Hkh 
,d gy gksrk gSA lehdj.k ¼vi½ dk O;kid gy yc rFkk yp dk ;ksx gksrk gSA ;g 
fof/k lkekU; fof/k dgykrh gS D;ksafd ;g gesa] ?kkr 1 ds lcls O;kid :i esa fn, 
gq, jSf[kd varj lehdj.kksa dks gy djus esa lgk;rk djrh gSA dsoy bruk gh ugha] 
;g fof/k ,d ls vf/kd ?kkr okys jSf[kd varj-lehdj.kksa ij Hkh ykxw gksrh gSA 
D;ksafd gesa ?kkr 2 okys varj lehdj.kksa dk Hkh v/;;u djuk gS rFkk muds gy 
Kkr djus gSa vkSj D;ksafd ;g fof/k ?kkr 1 vkSj ?kkr 2 okys jSf[kd varj lehdj.kksa 
ds fy, leku gS] ge bl fof/k dh ppkZ ckn esa djsaxs ftlls vko”;d iqujkof̀Ÿk ls 
cpk tk ldsA okLro esa] ;g fof/k nks ls vf/kd ?kkr okys varj lehdj.kksa ds fy, 
Hkh ekU; gSA 
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vUrj&lehjd.k cks/k iz”u 1 

1½ le?kkrh rFkk vle?kkrh varj lehdj.kksa esa D;k varj gS\ Li’V djsaA 

--------------------------------------------------------------------------------------------------------------------------------------------------- 

--------------------------------------------------------------------------------------------------------------------------------------------------- 

--------------------------------------------------------------------------------------------------------------------------------------------------- 

--------------------------------------------------------------------------------------------------------------------------------------------------- 

--------------------------------------------------------------------------------------------------------------------------------------------------- 

2½ uhps fn, jSf[kd varj lehdj.kksa dks gy dhft, % 

 i) 1 6 0t ty y+ − =  

ii)    ∆�� = 0 

iii)      ���� = 10 + �� 

iv)      ∆�� = 2��  

--------------------------------------------------------------------------------------------------------------------------------------------------- 

--------------------------------------------------------------------------------------------------------------------------------------------------- 

--------------------------------------------------------------------------------------------------------------------------------------------------- 

--------------------------------------------------------------------------------------------------------------------------------------------------- 

--------------------------------------------------------------------------------------------------------------------------------------------------- 

15-4 f}?kkr varj lehdj.k (Second Order Difference 
Equations) 

,sls varj lehdj.k ftuesa yt ds yt+2 ls vf/kd Øfed eku mifLFkr u gksa] f}?kkrh; 
varj lehdj.k dgykrs gSaA f}?kkrh varj lehdj.kksa ds dqN mnkgj.k bl izdkj gSa % 

i) ut + 2 − 3ut + 1 + 5ut = 10t 

ii)       2 4 0t ty y+ − =  

iii) 2 13 4 6t t ty y y t+ +− + = +
 

iv) 2 1 2 12t
t t ty y y+ ++ − =  

O;kid :i esa] dksbZ Hkh vpj xq.kkadksa okyk f}?kkrh jSf[kd vle?kkrh varj lehdj.k 
bl izdkj dk gksrk gS % 

                     2 1 1 2 ( )t t ty a y a y tφ+ ++ + =                           …(viii) 

tgk¡] a1 rFkk a2 vpj gS avkSj ( )tφ dsoy t dk dksbZ Qyu gSA ;fn  ( )tφ  = 0 gks rks 
ge ikrs gSa  

2 1 1 2 0t t ty a y a y+ ++ + =                                           … (ix) 
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jSf[kd varj lehdj.kTkks fd vpj xq.kkadksa okyk ?kkr 2 dk jSf[kd] le?kkrh varj lehdj.k gSA lehdj.k 
¼viii½ dk O;kid gy Hkh yc + yp izdkj dk gksrk gS tgk¡ yc lehdj.k ¼ix½ dk O;kid 
gy gS rFkk py ¼viii½ dk dksbZ Hkh gy gSA ge igys lehdj.k (ix) dks gy djus dh 

fof/k lh[ksaxsA ;g fof/k iw.kZr;k O;kid gS D;ksafd bldk mi;ksx fdlh Hkh ?kkr okys 
le?kkrh jSf[kd varj lehdj.k dks gy djus ds fy, fd;k tk ldrk gS] ftlesa 
,d?kkr okys lehdj.k ¼i½ Hkh lfEefyr gSaA ;g fof/k bl izdkj gS % 

pj.k 1 % varj lehdj.k (ix) esa yt ds LFkku ij 1, yt+1 ds LFkku ij dksbZ Hkh pj] 
mnkgj.k ds fy,] b rFkk yt+2  ds LFkku ij b2 j[ksaA blls gesa uhps fn;k gqvk 
vfHkyf{.kd lehdj.k izkIr gksrk gS % 

 b2 +a1 b +a2 = 0                 …(x) 

pj.k 2 % vfHkyf{.kd lehdj.k ¼x½ dks gy djsaA bl izdkj izkIr b ds ekuksa dks 
vfHkyf{.kd ewy dgrs gSaA 

pj.k 3 % lehdj.k (ix) dk O;kid gy pj.k 2 esa izkIr fof”k’V ewyksa dk iz;ksx 
djds izkIr fd;k tk ldrk gSA ;g gy vfHkyf{.kd ewyksa dh izd`fr ij vk/kkfjr 
gksrk gSA gekjs ikl rhu laHkkfor fLFkfr;k¡ gksrh gSa & 

fLFkfr I : ;fn pj.k 2 esa izkIr ewy okLrfod rFkk fHkUu gSa] eku yhft,] b1 
vkSj b2 rks (ix) dk O;kid gy bl izdkj fy[kk tk ldrk gS%  

  1 1 2 2
t ty Ab A b= +       …(xi) 

fLFkfr II : ;fn pj.k 2 esa izkIr ewy okLrfod ijarq leku gS] eku yhft,] 
b1 rFkk  b2 = b1 rks  

1 2 1(  A ) ty A t b= +       …(xii) 

fLFkfr III : ;fn pj.k ¼2½ esa izkIr ewy lfEeJ la[;k,¡ gksa] eku yhft, b1 = 
α + iβ vkSj b2 = α ˗ iβ     

               y = A1(α + iβ)t + A2(α − iβ)t                    … (xiii) 

bls ge bl izdkj Hkh fy[k ldrs gSa % 

                  y = rt (C1 cosθt + C2 sinθt)       …(xiv) 

tgk¡,  r = ��� +  ��  , θ = tan−1��

�
�, C1 = A1 + A2, C2 = i(A1 − A2) 

fVIi.kh % 

1½ A1, A2, C1, C2  ftudk mi;ksx Åij fd;k x;k gS] lHkh vpj gSA 

2½ fLFkfr III esa ewy α + iβ vkSj α − iβ fy, x, gSaA ;gk¡ α vkSj β okLrfod 
la[;k,¡ gSaA okLro esa] tc Hkh fdlh okLrfod xq.kkadksa okys f}?kkr lehdj.k 
ds lfEeJ ewy gksa] rks os α ± iβ  ds izdkj ds gh gksaxsA 
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vUrj&lehjd.k 3½ ;gk¡ ij leku lfEeJ ewyksa okyh fLFkfr dh ppkZ ugha dh xbZ D;ksafd ,sls 
lehdj.k dh ?kkr de ls de 4 gksuh pkfg, vkSj gekjk v/;;u ds dsoy 
nks ?kkr okys lehdj.kksa rd gh lhfer gSA 

4½ tc ge ,sls vle?kkrh varj lehdj.kksa dh ckr djrs gSa tSlk fd lehdj.k 
¼viii½ esa fn;k gS] rks lehdj.k ¼ix½ esa fn, le?kkrh lehdj.k ds O;kid gy 
dks ¼viii½ dk iwjd Qyu dgrs gSa rFkk bls yc ls O;Dr fd;k tkrk gSA vr% 
ge (xi), (xii), (xiii) vkSj (iv) esa izkIr gyksa dks yc esa O;Dr djsaxsA  

vkb,] vc ge dqN mnkgj.kksa ds ek/;e ls bl fof/k dks le>saA 

mnkgj.k 1 yt+2 – 4yt = 0 dks gy dhft,A 

gy % yt = 1 rFkk yt+2 = b2 ysus ij bl varj lehdj.k dk vfHkyf{.kd lehdj.k 
gksxk % 

  b2 – 4 = 0 ⇒ b2 = 4 ⇒ b = ±2 

blds ewy b1 = 2 rFkk b2 = – 2 gSa tks fd okLrfod rFkk fHkUu gSaA vr% fn, gq, 
varj lehdj.k dk O;kid gy gksxk % 

   y = A1 2t + A2 (–2)t     [lehdj.k ¼xi½ dk mi;ksx djus 
ij] 

mnkgj.k 2 yt+2 + 10 yt+1 + 25 yt = 0 dks gy dhft,A 

gy   yt = 1, yt+1 = b rFkk yt+2 = b2 ysus ij 

2 10 25 0b b+ + =    

bl lehdj.k dks gy djus ij] gesa ,d vkofrZ ewy &5 izkIr gksrk 
gSA vr% bl lehdj.k dk O;kid gy gS % 

  y = (A1 + t A2) (−5)t     [lehdj.k (xii) dk mi;ksx djus 
ij] 

mnkgj.k 3 2 14 13 0t t ty y y+ +− + =  dks gy djsaA 

gy  fn, gq, varj lehdj.k ds fy, vfHkyf{.kd lehdj.k gS % 

  2 4 13 0b b− + =  

bls gy djus ij ge ikrs gSa fd blds ewy fuEufyf[kr lfEeJ la[;k,a gSa] 

1 22 3 ,  b 2 3 .b i i= + = −  

∴  α = 2 rFkk β = 3 gSA blls gesa izkIr gksrk gS fd � =  √2� +  3�  = √13  gS 

∴  fn, x, lehdj.k dk O;kid gy gksxk %  

y = √13 (C1 cos θt + C2 sin θt), tgk¡ θ = tan−1�3

�
�   

     [lehdj.k ¼xiv½ mi;ksx djus ij] 
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jSf[kd varj lehdj.kvc ge ¼viii½ ds izdkj dks f}?kkrh; vle?kkrh jSf[kd varj lehdj.kksa ds gy Kkr 
djuk lh[ksaxsA tSlk fd igys crk;k x;k gS fd varj lehdj.k ¼viii½ ds O;kid gy 
esa nks Hkkx yc vkSj yp gksrs gSaA ;gk¡] yc vFkkZr~ iwjd Qyu ¼viii½ ds laxr le?kkrh 
varj lehdj.k ¼ix½ dk O;kid gy gksrk gS ftl fudkyus dh@Kkr izkIr djus dh 
fof/k ge lh[k pqds gSaA vc ge varj lehdj.k ¼viii½ ds fof”k’V lekdyu] yp dks 
Kkr djus dh fof/k ij fopkj djrs gSaA okLro esa] yp dk ifjdyu varj lehdj.k 
¼viii½ ds nk,a i{k esa fn, Qyu ( )tφ ij fuHkZj djrk gSA ge dsoy dqN fo”ks’k izdkj 
ds Qyuksa ( )tφ  ds fy, gh] fof”k’V lekdyu yp Kkr djus dh fof/k;k¡ lh[ksaxsA ;s 

fo”ks’k izdkj] bl izdkj gSa %  

fLFkfr 1 %  tc  ( )tφ ,d vpj Qyu gSA 

fLFkfr 2 %  tc  ( )tφ ,d cgqin Qyu gSA ¼/;ku nsa fd fLFkfr 1] fLFkfr 2 dh 

,d fo”ks’k fLFkfr gS½ 

fLFkfr 3 %  tc  ( )tφ , 
ta  ds izdkj dk ,d ?kkrh; Qyu gS] tgk¡ a ,d vpj 

gSA 

fLFkfr 4 %  tc  ( )tφ , ,d cgqin rFkk ta dk xq.kuQy gS] tgk¡ a ,d vpj gSA 

ge bu fLFkfr;ksa dh ppkZ ,d-,d djds djsaxsA D;ksafd ge varj lehdj.k ¼viii½ ds 
fdlh Hkh gy dks py  ys ldrs gSa] vr% Åij mYysf[kr lHkh fLFkfr;ksa ds fy, py  
Kkr djus dh fof/k;k¡ lh[ksaxsA 

fLFkfr 1 % tc  ( )tφ ,d vpj gS] eku yhft, ¼a½] rks ge ty k= dks lehdj.k ¼iii½ 
dk ,d laHkkfor gy eku ysrs gSa] tgk¡ k ,d vpj gS ftldk eku ¼viii½ esa ty k=  
j[kdj fudkyk tk ldrk gSA 

vkb,] ge bl izfØ;k dks ,d mnkgj.k ds ek/;e ls le>saA  

mnkgj.k 4 2 4 5t ty y+ − =  dks gy djsaA 

gy % /;ku nsa fd gesa ,d vle?kkrh varj lehdj.k fn;k gqvk gSA bl lehdj.k 
ds laxr le?kkrh lehdj.k gS % 

2 4 0t ty y+ − =   

;g ogh varj lehdj.k gS ftls geus mnkgj.k 1 esa gy fd;k gSA vr% gesa bl 
le?kkrh lehdj.k ds vfHkyf{.kd ewy igys ls gh Kkr gS rFkk gesa fuEufyf[kr 
iwjd Qyu izkIr gksrk gS] 

  ∴ �� = ��2� + ��(−2)� 

vc ge fof”k’V lekdyu Kkr djrs gSaA D;ksafd ( ) 5,tφ =  gS 

ty k=  
dks ge fn, gq, lehdj.k dk fof”k’V lekdyu Kkr djus ds fy, ,d ijh{k.k gy 
ds rkSj ij pqurs gSaA 

                           ty k=  = 2ty k+ =   [D;ksafd y ,d vpj Qyu gS] 
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vUrj&lehjd.k vc yt  vkSj yt+2 dks fn, gq, vle?kkrh varj lehdj.k esa j[kus ij] ge izkIr djrs 
gSa 

     � − 4� = 5 

                          � = ��
�

 

          ∴ �� =  ��
�

 

tks fd fn, gq, varj lehdj.k dk fof”k’V lekdyu py  gSA vr%] varj lehdj.k 

2 4 5t ty y+ − = dk iw.kZ gy gS %  

       yt  =  yc + yp    = A1 2t + A2 (–2)t − �
�
 

fLFkfr 2 % tc ( )tφ , t esa ?kkr n dk ,d cgqin gks] rks ge ?kkr n okys O;kid 

cgqin yt = p0 + p1t +……pntn  dks ,d laHkkfor fof”k’V lekdyu ds :i esa 

ysrs gSa vkSj fn, gq, lehdj.k esa ;g j[kdj vpj 0, 1, ....., np p p  vkadfyr 
dj ysrs gSaA   

mnkgj.k 5 %  2
2 110 25 1t t ty y y t+ ++ + = +  dk gy Kkr dhft,A 

gy % bl varj lehdj.k dk iwjd Qyu yc = (A1 + t A2) (−5)t ge mnkgj.k 2 esa 
igys gh Kkr dj pqds gSaA fof”k’V lekdyu Kkr djus ds fy, ge ?kkr 2 dk 
O;kid cgqin yt = p0 + p1t +p2t2  ysrs gSa D;ksafd 2( ) 1 ,t tφ = + ,d ?kkr 2 dk cgqin 

gSA bl mnkgj.k esa fn, gq, varj lehdj.k esa yt ds vfrfjDr] yt+1 rFkk yt+2 okys 
in Hkh mifLFkr gSaA vr% gesa buds eku bl O;kid cgqin ls Kkr djus gksaxs %  

yt+1 = p0 + p1(t + 1) + p2(t + 1)2 

        = (p0 + p1+ p2) + (p1 + 2 p2)t + p2 t2 

yt+2 = p0 + p1(t + 2) + p2(t + 2)2 

                        = (p0 +2 p1+ 4p2) + (p1 + 4 p2)t + p2 t2   

vc yt, yt+1 vkSj yt+2 ds eku vius varj lehdj.k esa j[kus ij] ge izkIr djrs gSa % 

[(p0 +2 p1+ 4p2) + (p1 + 4 p2)t + p2 t2]  + 10 [(p0 + p1+ p2) + (p1 + 2 p2)t + p2 t2] 
+ 25 [p0 + p1t +p2t2] = 1 + t2 

ck;ha vksj ds leku inksa ds xq.kad ,d= dj ge ikrs gSa % 

(36p0 + 12 p1 + 14 p2) + (36 p1 + 24 p2)t + (36 p2)t2 = 1 + t2 

Ckk,a i{k esa ,dleku ?kkr okys inksa dks ,d lkFk fy[kus ij ge izkIr djrs gSa 

0 1 2

1 2

2

36 12 14 1
36 24 0
36 1

p p p
p p
p

+ + =

+ =
=
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jSf[kd varj lehdj.kbu lehdj.kksa dks gy djus ij] ge ikrs gSa fd 

p2 = �
��

,        p1 = ��
��

,       p0 = ���
����

 

vr%] ge fn, gq, varj lehdj.k dk fof”k’V lekdyu  

                 yp = ��� 
����

 + �� 
��

 t + �
 ��

 t2 

ds :i esa izkIr djrs gSaA 

vr% fn, gq, varj lehdj.k 2
2 110 25 1t t ty y y t+ ++ + = +  dk iw.kZ gy gksxk %  

yt = yc + yp 

 yt = (A1 + t A2) (−5)t
 + [

���
����

 + ��
��

 t + �
 ��

 t2]  

fLFkfr 3 % tc ( ) tt aφ = gks] tgk¡ a ,d vpj gSA 

bl fLFkfr esa ijh{k.k Qyu dk p;u bl ckr ij fuHkZj djsxk fd a fn, gq, varj 
lehdj.k ds vfHkyf{.kd lehdj.k dk ewy gS vFkok ughaA ;fn a vfHkyf{.kd 
lehdj.k dk ewy ugha gS] rks ge ,t

ty ca=  dks ijh{k.k Qyu ds :i esa ysaxs] tgk¡ ij 

c ,d ,slk vpj gS ftldk fu/kkZj.k fd;k tkuk gSA  

nwljh vksj] ;fn a vfHkyf{.kd lehdj.k dk ,d ewy gS] rks ge loZizFke tk¡p djrs 
gSa fd ewy a vkorhZ gS vFkok ughaA ;fn a dh iqujkof̀Ÿk m ckj gksrh gS rks ge 

m t
ty ct a= dks ijh{k.k Qyu ds rkSj ij ysrs gSaA mnkgj.k ds fy,] ;fn a dh 

vfHkyf{.kd lehdj.k ds ewy ds :i esa nks ckj vkof̀r gksrh gS rks m = 2 gksxk vkSj 
ge yt = ct2at ijh{k.k Qyu dks ysaxsA ;fn vfHkyf{.kd lehdj.k dk ,slk ewy gS tks 
vkof̀Ÿk ugha gS rks m = 1 gksxk rFkk ge yt = ctat dks ijh{k.k Qyu ds :i esa ysrs gSaA 

ge bl fof/k dks le>us ds fy, nks mnkgj.k ysrs gSaA 

mnkgj.k 6 %  2 15 6 7t
t t ty y y+ +− + = dks gy djsaA 

gy %  ;g ljyrk ls ns[kk tk ldrk gS fd fn, gq, varj lehdj.k ds 
vfHkyf{.kd lehdj.k ds nks okLrfod vkSj fHkUu ewy b1 = 3 rFkk b2 = 2 gksaxsA vr%] 
bldk iwjd Qyu   

yc =A13t  + A22t
  [lehdj.k ¼xi½ dk mi;ksx djus ij] 

gksxkA 

py  Kkr djus ds fy, /;ku nsa fd ;gk¡ ( ) 7ttφ = gS rFkk 7 fn, gq, varj lehdj.k 

ls lacaf/kr vfHkyf{.kd lehdj.k dk ewy ugha gSA vr% ge % 

7t
ty c=       

dk p;u ijh{k.k Qyu ds rkSj ij djrs gSaA bl ijh{k.k Qyu ls ge  yt+1 rFkk 
yt+2 ds eku Kkr djrs gSa vkSj ikrs gSa fd  
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vUrj&lehjd.k 1
1 .7t

ty c +
+ =     

2
2 .7t

ty c +
+ =       

vc yt, yt+1 vkSj yt+2 dk eku fn, gq, varj lehdj.k esa j[kus ij] gesa izkIr gksrk gS % 

c.7t+2 – 5.c.7t+1 + 6. c.7t = 7t  

nksuksa i{kksa dks 7 ,t foHkkftr djus ij] ge izkir djrs gSa 

              49 c – 35 c + 6 c = 1 ⇒ c =  
�

 ��
 

∴yp = �
 ��

 . 7t   visf{kr fof”k’V lekdyu particular integral (PI) gSA 

vr% fn, gq, varj lehdj.k dk iw.kZ gy 2 15 6 7t
t t ty y y+ +− + = izkIr gksrk gSA 

1 2
1    =A 3 2 7
20

t

t t t

y CF PI

A

= +

+ +
 

mnkgj.k 7 yt+2 – 7 yt+1 + 10 yt = 3×5t dks gy dhft,A 

gy % ;gk¡] fof”k’V lehdj.k ds ewy 2 vkSj 5 gSA vr%] gesa iwjd Qyu ¼C.F.½ 

 yc =A12t  + A25t izkIr gksrk gSA  

vc] ∅(�) = 3×5t gS vkSj 5t esa mifLFkfr 5 fof”k’V lehdj.k dk vukorhZ ewy gSA 
vr%] ge t

ty cta= dks ijh{k.k Qyu ds :i esa ysrs gSa D;ksafd ;gk¡ m = 1 gSA vr%  

  yt  = c.t.5t 

⇒   yt+1 = c.(t+1).5t+1 

⇒   yt+2 = c.(t+2).5t+2

 vc] fn, gq, varj lehdj.k esa yt, yt+1 rFkk yt+2 dk eku j[kus ij ge izkIr djrs gSa 

c.(t+2).5t+2– 7. c.(t+1).5t+1+ 10. c.t.5t = 3×5t 

nksuksa i{kksa dks 5t ls foHkkftr djus ij] ge ikrs gSa fd 

25.c.(t+2) – 35.c.(t+1) + 10. c.t = 3 

⇒          (25c – 35c + 10c).t + 50c – 35c = 3 

⇒ 15c = 3 ⇒ c = 
�
 �

 

∴yp = �
 �

t 5t visf{kr fof”k’V lekdyu ¼P.I½ gSA  

blfy,] varj lehdj.k yt+2 – 7 yt+1 + 10 yt = 3×5t dk iw.kZ gy gS % 

    
t

1 2

. . .
1    =A 2 5  t 5
5

t

t t

y C F P I

A

= +

+ +
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jSf[kd varj lehdj.kfLFkfr 4 % tc ∅(�) = (a0+ a1t +…+ antn) at gks] tgk¡ a, a0,…an vpj gSaA bl 
fLFkfr esa ∅(�) fLFkfr 2 rFkk fLFkfr 3 ds Qyuksa dk xq.kuQy gSA blfy, ge py  
ds fy, ijh{k.k Qyu Hkh fLFkfr 2 vkSj fLFkfr 3 esa pqus x, Qyuksa dk xq.kuQy 
ysrs gSaA

 vr%] ;fn ∅(�) = (a0+ a1t +…+ antn) at gS rks ge 1( .... )n t
t ny p p t p t a°= + + dks 

ijh{k.k Qyu ds :i esa pqurs gSa] ;fn a lac) jSf[kd le?kkrh varj lehdj.k ds 

fof”k’V lehdj.k dk ewy ugha gS vkSj 1( .... )m n t
t ny t p p t p t a°= + + dks pqurs gSa ;fn 

a bl fof”k’V lehdj.k dk ,d ewy gS ftldh iqujko`fŸk m ckj gksrh gSA mnkgj.k 
ds fy,] ;fn varj lehdj.k   

2
2 15 6 3 7t

t t ty y y t+ +− + =  

gS rks ge yt = (p0 + p1t + p2 t2) 7t dks fof”k’V lekdyu ds ijh{k.k Qyu ds :i esa 
ysaxs D;ksafd ;gk¡ ∅(�) = 23 7tt , gS] tks fd ,d f}?kkr cgqin rFkk 7t

 dk xq.kuQy 

gS vkSj lac) jSf[kd le?kkrh varj lehdj.k ds fof”k’V lehdj.k dk ewy ugha gSA  

ijarq ;fn gesa varj lehdj.k 2
2 114 49 3 7t

t t ty y y t+ +− + =  fn;k x;k gks 

rks ge ijh{k.k Qyu ds :i esa 2 2
0 1 2( )7t

ty t p p t p t= + +  

dks ysaxs D;ksafd ;gk¡ fof”k’V lehdj.k 2 14 49 0b b− + =  gS] vkSj 7 bldk ,d ewy 
gSA D;ksafd bl ewy 7 dh iqujko`fŸk nks ckj gksrh gS] blfy, xq.kd 2t  dks bl Qyu 
esa lfEefyr djuk vko”;d FkkA Åij fn, ijh{k.k Qyuksa esa ik, tkus okys vpjksa 
p0, p1,…, pn bR;kfn dk eku lacaf/kr varj lehdj.k esa ijh{k.k Qyu dk eku 
j[kdj Kkr dj ldrs gSaA ;fn ijh{k.k Qyu esa m rFkk n ds eku vf/kd gks rks bu 
vpjksa dk ifjdyu dfBu gks tkrk gSA fLFkfr 4 esa fn, varj lehdj.kksa esa ifjdyu 
igys gh dfBu gksrk gSA ijarq m vkSj n ds cM+s eku okys iz”u de gh iwNs tkrs gSaA 
gekjk ikBdksa ls vuqjks/k gS fd bl bdkbZ ds var esa fn, x, iz”uksa dks vo”; gy 
djsa ftlls mUgsa bl Lrj ds iz”uksa dks gy djus dk vH;kl gks tk,A ;gk¡ geus 
?kkr 2 okys varj lehdj.kksa dks gy djus dh ftu fof/k;ksa dh ppkZ dh gS] os izd̀fr 
ls cgqr O;kid gSa vkSj bUgsa fdlh Hkh ?kkr okys jSf[kd varj lehdj.kksa dks gy fd;k 
tk ldrk gSA fo”ks’k :i ls] ?kkr 1 okys jS[kh; varj lehdj.kksa dks bu fof/k;ksa ls 
gy fd;k tk ldrk gSA dqN mnkgj.kksa }kjk ge bls Li’V djrs gSaA 

mnkgj.k 8 varj lehdj.k 1 4 3t ty y+ − = dks gy dhft,A 

gy ;gk¡ fn, gq, varj lehdj.k ls lac) le?kkrh varj lehdj.k gSA  

1 4 0t ty y+ − =  

vr%] fof”k’V lehdj.k 4 0b − = dk dsoy ,d gh ewy b = 4 gksxkA 

∴ vHkh’V iwjd Qyu (C.F) ��  =  �(4)� gSA 

fof”k’V lekdyu ¼P.I.½ Kkr djus ds fy, ge ty k=  dks ijh{k.k Qyu ds :i esa 

ysrs gSa tSlk fd fLFkfr 1 esa crk;k x;k gS D;ksafd ∅(�) = 1 gSA tgk¡] k ,d vpj gS 
ftldk fu/kkZj.k fd;k tkuk gSA 
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vUrj&lehjd.k vc     yt = k  ⇒  yt+1 = k        [D;ksafd yt ,d vpj Qyu gS] 

 k ‒ 4k = 3 ⇒ k = ‒1 

 ∴ vHkh’V fof”k’V lekdyu (P.I) yp = ‒1 gSA 

vr%] fn, gq, varj lehdj.k 1 4 3t ty y+ − = dk iw.kZ gy   

 yt = C.F + P.I ⇒ yt = A(4)t ‒1 izkIr gksrk gSA 

mnkgj.k 9 1 2 12t ty y t+ − =  dks gy dhft, 

  ;gk¡ ∅(�) = 12� gS tks fd ?kkr 1 dk ,d cgqin gSA 

  ∴ ge ijh{k.k Qyu ds :i esa yt = p0 + p1t ysaxsA 

vr%]  yt+1 = p0 + p1(t + 1) gksxkA  

yt vkSj yt+1 ds bu ekuksa dks varj lehdj.k 1 4 3t ty y+ − =  esa j[kus ij ge izkIr 

djrs gSa fd  

   [p0 + p1(t + 1) ‒ 2(p0 + p1t)] = 12 t 

     ⇒ (‒p0 + p1) ‒ p1t = 12t  

nksuksa i{kksa ds xq.kkadksa dh rqyuk djus ij % 

  ‒ p1 = 12 ⇒ p1 = ‒12 

           ⇒ p0 = p1 = ‒12 

∴ gesa yp = ‒12 ‒12t  fof”k’V lekdyu ¼P.I.½ ds :i esa feyrk gSA 

 Li’V :i esa] C.F. = A.2t gSA 

 ∴ fn, gq, varj lehdj.k dk iw.kZ gy 

 
t

. . . .

 A.2 12(1 )
ty C F P I

t

= +

= − +
   

 gksxkA 

mnkgj.k 10  1 5 6t
t ty y+ + = dks gy dhft,A 

gy   bl iz”u esa fn, gq, varj lehdj.k ls lac) le?kkrh varj lehdj.k dk ,d 
ek= ewy &5 gS vkSj ∅(�) = 6t

  fLFkfr 3 esa crk, x, Qyu ds izdkj dk gSA vr%] 
ge .6t

ty c=  dks ijh{k.k Qyu ds :i esa ysrs gSa D;ksafd 6] lac) fof”k’V Qyu dk 

ewy ugha gSA blls gesa 1
1 .6t

ty c +
+ = izkIr gksrk gSA yt vkSj yt+1 ds bu ekuksa varj 

lehdj.k 1 4 3t ty y+ − =  esa j[kus ij ge izkIr djrs gSa %   

c.6t+1+ 5. c.6t = 6t 

nksuksa i{kksa dks 6t ls Hkkx nsus ij] ge izkIr djrs gSa % 

           
6 5 1

1 c =
11

c c+ =

⇒
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jSf[kd varj lehdj.k
∴fof”k’V lekdyu (P.I), 1 6

11
t

py =  gSA 

lkFk gh] . ., ( 5)t
cC F y A= −  gSA 

∴  iw.kZ gy 
1. . . ( 5) 6

11
t t

ty C F P I A= + = − +  gSA 

mnkgj.k 11  1 3 4.(3)t
t ty y+ − =  dks gy dhft,A 

gy % ge ns[k ldrs gSa fd bl fLFkfr esa (C.F) = A.(3)t gksxk D;ksafd 3 
vfHkyf{.kd lehdj.k dk ,dek= ewy gSA gesa ( ) 4.3 ,ttφ = fn;k gS] vr%] ge 

. .3t
ty c t= dks ijh{k.k Qyu ds :i esa ysrs gSa] D;ksafd 3t esa mifLFkr 3] vfHkyf{.kd 

lehdj.k dk ,d vukorhZ ewy gSA  

  . .3t
ty c t=   ⇒  yt +1 = c.(t + 1)3t+1 

vc yt vkSj yt+1 ds ekuksa dks fn, gq, varj lehdj.k 1 3 4.(3)t
t ty y+ − =  esa j[kus ij 

ge izkIr djrs gSa %   

c.(t + 1)3t+1 ‒ 3(c.t.3t) = 4(3)t
 

nksuksa i{kksa dks 3t ls Hkkx djus ij] ge izkIr djrs gSa %  

3c (t + 1) ‒ 3ct = 4 

            

 3c = 4
 3c =4
 c =4/3

 

⇒
⇒
⇒

 

∴     P.I. =  t4  t.(3)
3  

gSA 

∴O;kid gy yt = A.(3)t
 + 

�
 �

 t.(3)t gS 

mnkgj.k 12 1 7 2 5t
t ty y t+ + =  dks gy dhft,A 

gy % ;gk¡ . . ( 7)tC F A= − gksxk vkSj ge P.I. Kkr djus ds fy, ijh{k.k Qyu ds 
:i esa 0 1( )5t

ty p p t= +  dk p;u djrs gSa D;ksafd ( )tφ ?kkr 1 ds ,d cgqin rFkk 

5t dk xq.kuQy gS vkSj 5] ;gk¡ izkIr lac) fof”k’V Qyu dk ewy ugha gSA   

vc] yt ds vk/kkj ij fu/kkZfjr dj ldrs gSa fd yt+1 :  yt+1 =  [p0 + p1(t +1)]5t+1 

gksxkA 

vc yt vkSj yt+1 ds ekuksa dks fn, gq, varj lehdj.k 1 7 2 5t
t ty y t+ + =  esa j[kus ij 

ge izkIr djrs gSa %  [p0 + p1(t +1)]5t+1
 + 7(p0 + p1t )5t = 2t5t 

nksuksa i{kksa dks 5t ls Hkkx nsus ij ge izkIr djrs gSa 

 5 p0 + 5 p1t + 5 p1 + 7 p0 + 7 p1t = 2t  

 12 p0 + 5 p1 + 12 p1t = 2t 
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vUrj&lehjd.k leku inksa ds xq.kdksa dh rqyuk djus ij ge ikrs gSa  

  12 p0 + 5 p1 = 0     rFkk  12 p1 = 2 

      ⇒ p1 = 
�
�
      rFkk     p0 = − 5

72 

∴ gesa P.I.  yp = (− 5
72 + 1

6 �)5t izkIr gksrk gSA 

vr%] O;kid gj yt = A ( −7)t
 + (− 5

72 + 1
6 �)5t gSA 

cks/k iz”u 2 

1½ vki ;g dSls igpkusaxs fd dksbZ fn;k gqvk varj lehdj.k ?kkr 2 dk gS\ 

--------------------------------------------------------------------------------------------------------------------------------------------------- 

--------------------------------------------------------------------------------------------------------------------------------------------------- 

--------------------------------------------------------------------------------------------------------------------------------------------------- 

--------------------------------------------------------------------------------------------------------------------------------------------------- 

--------------------------------------------------------------------------------------------------------------------------------------------------- 

2½ uhps fn, ,d?kkrh varj lehdj.kksa dks gy dhft, % 

i) yt+1 + 2yt = 5  

ii) 
2

1 7 1t ty y t t+ + = + +  

iii) 1 7t ty y t+ + =  

iv) ���� − 4�� = 5(4)� 

---------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 

---------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 

---------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 

---------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 

3½ uhps fn, f}?kkrh varj lehdj.kksa dks gy dhft, % 

i) 2 15 6 0t t ty y y+ +− + =  

ii) 2 14 4 0t t ty y y+ ++ + =  

iii) yt +2 − 11 yt +1 + 28 yt  = 6 

iv) 2 13 40 1t t ty y y t+ +− − = +  

v) yt +2 − 6yt +1 + 9yt  = t + t2 

---------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 

---------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 

---------------------------------------------------------------------------------------------------------------------------------------------------------------------------- 
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jSf[kd varj lehdj.k
15-5 vFkZ”kkL= esa vuqiz;ksx (Economic Applications) 

varj lehdj.kksa ds vFkZ”kkL= esa O;kid vuqiz;ksx gSaA xR;kRed fo”ys’k.k esa] tc 
le; pj t dsoy vlrr eku ysrk gS vkSj ge ,d le;-iFk Kkr djuk pkgrs gSa 
tcfd t ds lkis{k ,d pj y esa ifjorZu dk izfr:i Kkr gS] rks varj lehdj.k dk 
mi;ksx vR;kf/kd lqfo/kktud gksrk gSA bl [kaM esa ge vFkZ”kkL= esa dqN ,slh 
fLFkfr;ksa ij ppkZ djsaxs ftuesa fdlh nh gqbZ leL;k dks ,d varj lehdj.k ds :i 
esa ifjofrZr fd;k tk ldrk gS rFkk bl varj lehdj.k dk gy gesa fopkjk/khu 
leL;k dk gy iznku djrk gSA 

15-5-1 dkWcosc izfreku (The Cobweb Model) 

vkfFkZd fo”ys’k.k esa ,d ,slh fLFkfr ij fopkj dhft, ftlesa fdlh oLrq ds vkiwfrZ 
Qyu rFkk ek¡x Qyu Øe”k% 1( )st t tQ S p c dp −= = − +  rFkk ( )dt t tQ D p a bp= = −  
gSaA ;gk¡ Qdt  le; t ij ekax dh ek=k gS rFkk Qst le; t ij vkiwfrZ dh ek=k gSA pt 
le; t ij oLrq dh dher dks O;Dr djrk gSA vpj a, b, c rFkk d lHkh /kukRed 
gSa] b, le; t ij ekax dh laosnu”khyrk dks rFkk d, le; t – 1 ij vkiwfrZ dh 
laosnu”khyrk dks fu:fir djrk gSA vkiwfrZ Qyu lehdj.k esa] mRiknd }kjk vkiwfrZ 
dh tkus okyh ek=k dks le; vof/k 1t − dh dher ds inksa esa O;Dr fd;k x;k gSA 
vFkZ”kkL= esa ,slh fLFkfr;k¡ mRiUu gksrh jgrh gSaA mnkgj.k ds fy,] dksbZ mRiknd 
Hkfo’; esa vius }kjk fd, tkus okys mRiknu dk fu.kZ; oLrq dh orZeku dher ds 
vk/kkj ij dj ldrk gS ¼vFkkZr~] Qt+1, ptij vk/kkfjr gks ldrh gS½] ;k orZeku 
mRiknu dk fu.kZ; oLrq dh fiNyh dher ds vk/kkj ij dj ldrk gS ¼vFkkZr~] Qt ,  
pt−1 ij vk/kkfjr gks ldrh gS½A 

eku yhft, fd izR;sd le; vof/k esa] dher dk fu/kkZj.k lnSo ,d ,sls Lrj ij 
gksrk gS tgk¡ oLrq dh ek¡x vkSj oLrq dh vkiwfrZ cjkcj gks tk,aA vFkkZr~]  

Qst = Qdt    ….. (1) 

Åij fy, x, lehdj.kksa rFkk ekU;rkvksa ls gesa ,d vdsyh oLrq dk ckt+kj izfreku 
izkIr gksrk gSA Qst vkSj Qdt  dk eku lehdj.k ¼1½ esa j[kus ij ge izkIr djrs gSa %   

1t tc dp a bp−− + = −            

                       ⇒   1t tbp dp a c−+ = +                              

bl lehdj.k esa t ds LFkku t+1 ij j[kus ij] ge ikrs gSa fd  

    ⇒    bpt+1 + dpt =  a + c  

    ⇒   pt+1 + �
�

 pt = ���
�

                            …(xv)      

/;ku nsa fd lehdj.k ¼xv½ okLro esa] ,d ?kkr okyk jSf[kd vle?kkrh varj 
lehdj.k gh gSA vr%] geus ns[kk fd fdl izdkj vFkZ”kkL= esa mRiUu gksus okyh ,d 
fLFkfr dks ,d varj lehdj.k esa ifjofrZr fd;k tk ldrk gSA 
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vUrj&lehjd.k vkb,] vc ge lehdj.k ¼xv½ dks gy djsaA blls laxr le?kkrh varj lehdj.k 

pt+1 + �
�

 pt = 0 

gS rFkk vfHkyf{.kd lehdj.k  

0dx
b

+ =  

gS tks gesa pt = 1 rFkk pt+1 dks x j[kus ij izkIr gksrk gSA 

vfHkyf{.kd lehdj.k dk ,dek= ewy 
d
b

−  gSA 

. . ( )tdC F A
b

∴ = −  

tgk¡ A ,d vpj gSA fof”k’V lekdyu] P.I., Kkr djus ds fy, ge ns[krs gS fd 

lehdj.k ¼xv½ esa ( )tφ = a c
b
+

 
gS] tks fd ,d vpj Qyu gSA vr%] ijh{k.k Qyu ds 

rkSj ij ge pt = k ysrs gSa ftlls gesa pt+1 = k izkIr gksrk gSA pt vkSj pt+1 ds eku 
(xv) esa izfrLFkkfir djus ij] ge izkIr djrs gSa % 

d a ck k
b b

+
+ =  

            ⇒      k = 
���
���

 

vr%] varj lehdj.k ¼xv½ dk O;kid gy gS % 

pt = A (− �
�

)�+ ���
���

                                     …(xvi)      

;fn gesa dksbZ izkjafHkd izfrca/k fn;k gks] tSls fd t = 0 ij ewY; p0 gS] rks ge vpj A 
dk eku Kkr dj ldrs gSaA O;kid gy ds lehdj.k t = 0 j[kus ij ge izkIr djrs 
gSa% 

p0 = A +  ���
���

      ⇒ A = p0 − ���
���

 

vc] lehdj.k ¼xvi½ dks ge bl :i esa Hkh fy[k ldrs gSa % 

 pt = (p0 − ���
���

) (− �
�

)�+ ���
���

   …(xvii)      

lehdj.k ¼xvii½] tks fd varj lehdj.k ¼xv½ dk ,d gy gS] pt ds fy, le; iFk 
dks fu:fir djrk gSA vFkkZr~ t ds fdlh Hkh eku ds fy, ge mlds laxr larqyu 
dher pt izkIr dj ldrs gSaA bl izdkj gesa ,d iznksydh; le; iFk ¼fu;fer vkxs 
vkSj ihNs xfr okyk iFk½ izkIr gksrk gS vkSj bl izfreku dks dkWcosc izfreku dgrs 
gSaA bl izfreku esa rhu izdkj ds iznksyu izfr:i gSaA ;fn d > b gks] rks izfreku 
foLQksVd dgykrk gS] ;fn d = b gks rks izfreku le:i dgykrk gS vkSj ;fn d < b 
gks rks izfreku voeafnr dgykrk gSA bl izfreku dks dkWcosc izfreku dgrs gSaA tc 
ge dher vkSj ek=k dks vuqxkeh varjkyksa esa vkjsf[kr djsa rks ek¡x vkSj iwfrZ oØksa ds 
vkl-ikl ,d edM+h dk tky cu tkrk gSA 
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jSf[kd varj lehdj.kdkWcosc izfreku] vFkZ”kkL= esa ,d ,slh fLFkfr dk mnkgj.k Fkk tks ,d ?kkr okys 
varj lehdj.k dks tUe nsrk gSA vc ge ,d ,slh fLFkfr ij fopkj djrs gSa ftlesa 
gesa ,d ?kkr-nks okyk varj lehdj.k izkIr gksrk gSA 

15-5-2 lSE;qylu xq.kd Roj.k ijLij izHkko izfreku (Samuelson 
Multiplier-Accelerator Interaction Model) 

bl izfreku esa ge ekudj pyrs gSa fd jk’Vªh; vk; yt ds rhu vo;o gSa % 

i½ miHkksx (Consumption - Ct) 

ii½ fuos”k (Investment - It) 

iii½ ljdkjh O;; (Government Expenditure - Gt)                                 

fdlh le; vof/k t esa fd, tkus okys miHkksx (Ct) dks fiNys vof/k esa gqbZ vk; yt 

−1, ds vuqikr esa ekuk tkrk gSA blh izdkj vof/k t esa fd;k tkus okyk fuos”k (It)] 
le; vof/k t –1 esa gq, miHkksx ds lkis{k le; vof/k esa gq, miHkksx esa o`f) ds 
vuqikr esa ekuk tkrk gSA vFkkZr~ It dks Ct − C t −1 ds vuqikr esa ekuk tkrk gSA bu 
ekU;rkvksa ls gesa fuEufyf[kr lehdj.k izkIr gksrs gSa % 

vk; Qyu   yt = Ct + It + G0  

miHkksx Qyu  Ct = γ yt −1  (0 < γ < 1) 

fuos”k Qyu   It = α (Ct − C t −1) (α > 0) 

ljdkjh O;; dks ,d vpj 0G ds cjkcj ekuk tkrk gSA vpj γ lhekar miHkksx dh 

izo`fŸk dks fu:fir djrk gS rFkk α Roj.k xq.kd dks fu:fir djrk gSA 

miHkksx Qyu esa ls Ct dk eku ysdj fuos”k Qyu esa j[kus ij ge izkIr djrs gSa] 

1 2( )t t tI y yαγ − −= −                 

vc Åij izkIr It ds eku dks rFkk miHkksx Qyu ds eku dks] vk; Qyu (yt)a j[kus 
ij ge izkIr djrs gSa % 

yt = γ yt −1+ αγ(yt −1 − yt −2) + G0 

⇒  yt − γ yt −1 − αγ(yt −1 − yt −2) = G0  

⇒ yt − γ (1 + α) yt −1 + αγ yt −2 = G0 

bl lehdj.k esa t ds LFkku ij t + 2 j[kus ij] bls bl izdkj fy[kk tk ldrk gS & 

                                    ⇒          yt+2 − γ (1 + α) yt+1 + αγ yt = G0       

bl izdkj gesa ,d ?kkr 2 okyk vle?kkrh varj lehdj.k izkIr gksrk gS ftls 
ljyrkiwoZd gy fd;k tk ldrk gSA 
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vUrj&lehjd.k D;ksafd 0( )t Gφ =  ,d vpj gS] fof”k’V lekdyu (P.I) Kkr djuk ljy gSA iwjd 

Qyu (C.F) Kkr djus esa dfBukbZ vk ldrh gS D;ksafd bl fLFkfr esa lac) le?kkrh 
varj lehdj.k dk vfHkyf{.kd lehdj.k 

x2 − γ (1 + α) x + αγ = 0 

gS tks yt = 1,  yt+1 = x dk yt+2 = x2 j[kus ij izkIr gksrk gSA bl lehdj.k ds ewy 

x =  
� (� � �) ± ��2(� � �)�����

�
               

gSaA D;ksafd fdlh f}?kkr lehdj.k ds ewy ��� + �� + � = 0 ls izkIr gksrs gSa 

[vFkkZr~ ∵ � = −�±��2−4��
2�

 ]A 

bu ewyksa dh izd`fr vpjksa α vkSj γ ij fuHkZj djrh gSA vr%] dbZ izdkj dh fLFkfr;k¡ 
mRiUu gks ldrh gSaA ge blds tfVy fooj.k esa ugha tkuk pkgrs D;ksafd ge vius 
bl nkos dks igys gh LFkkfir dj pqds gSa fd vkfFkZd fo”ys’k.k esa ,slh fLFkfr;k¡ 
vkrh gSa ftUgsa varj lehdj.kksa ds ek/;e ls lqy>k;k tk ldrk gSA 

cks/k iz”u 3 

1½ uhps fn, dkWcosc izfreku dh fo”ks’k fLFkfr;ksa esa ls izR;sd ds fy, varj 
lehdj.k Kkr djsa rFkk mUgsa gy djsaA 

i) st 118 3 , Q 3 4dt t tQ P P−= − = − +  

ii) ,    15 2 2 5dt t st tQ P Q P−= − = − +  

iii) st 119 7   Q 6 4dt t tQ P P−= − = −  

--------------------------------------------------------------------------------------------------------------------------------------------------- 

--------------------------------------------------------------------------------------------------------------------------------------------------- 

--------------------------------------------------------------------------------------------------------------------------------------------------- 

tgk¡ Qdt ekax dh ek=k dks rFkk Qst vkiwfrZ dh ek=k vkSj P dher dks O;Dr 
djrs gSaA 

2½ uhps [kaM 15-5-2 esa vk;] miHkksx rFkk fuos”k Qyu lehdj.kksa ls izkIr fd, 
x, lSE;qylu xq.kd Roj.k ijLij izHkko izfreku dh dqN fo”ks’k fLFkfr;k¡ nh 
xbZ gSaA buesa ls izR;sd ds fy, varj lehdj.k Kkr dhft, rFkk mUgsa gy 
dhft,A 

i½ � = 2
3
  rFkk  � = 2

3
  ysaA 

ii½ � = 2
3
  rFkk  � = 24

25
  ysaA 

--------------------------------------------------------------------------------------------------------------------------------------------------- 

--------------------------------------------------------------------------------------------------------------------------------------------------- 

--------------------------------------------------------------------------------------------------------------------------------------------------- 
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jSf[kd varj lehdj.k
15-6 lkj-la{ksi 

;g bdkbZ vlrr le; esa gksus okyh xfr”khy vkfFkZd izfØ;kvksa ls lacaf/kr FkhA 
vxyh bdkbZ esa ge bl fo’k; ij vkSj ppkZ djrs gq, ge vjSf[kd izfØ;kvksa dk 
v/;;u djsaxsA bl bdkbZ dk izkjaHk geus lrr rFkk vlrr izfØ;kvksa ds chp varj 
dh O;k[;k ls fd;kA izFke vxz varj dk ifjp; nsus ds i”pkr~ geus varj 
lehdj.kksa dh izd`fr dh O;k[;k dh rFkk le?kkrh ,oa vle?kkrh varj lehdj.kksa ds 
ckjs esa tkudkjh izkIr dhA rRi”pkr~ geus ?kkr ,d rFkk f}?kkr okys varj 
lehdj.kksa ds ckjs esa ppkZ dhA geus bl ppkZ dks dsoy jSf[kd lehdj.kksa rd 
lhfer j[kk rFkk bu varj lehdj.kksa dks gy djus dh fof/k;ksa dk foLrr̀ v/;;u 
fd;kA ?kkr ,d okys varj lehdj.kksa dk gy djus dh iqujko`Ÿkh; fof/k rFkk O;kid 
fof/k dh foLrkj ls ppkZ dh xbZA blh izdkj ?kkr nks okys varj lehdj.kksa dks gy 
djus dh fof/k;ksa dh ppkZ dh xbZ rFkk buls lacaf/kr dbZ mnkgj.k fy, x,A var esa] 
vkfFkZd izfr:i.k esa varj lehdj.kksa ds iz;ksx ij ppkZ dh xbZ rFkk dkWcosc izfreku 
rFkk lSE;qylu xq.kd Roj.k ijLij izHkko izfreku dk v/;;u fd;k x;kA 

15-7 cks/k iz”uksa ds mŸkj@ladsr 

Ckks/k iz”u 1 

1½ ;fn vUrj lehdj.k ds fLFkjkad in vFkkZr~ ftl in esa y pj ugha gks& dk 
eku “kwU; gks rks og lehdj.k le-?kkr dgykrk gS] vU;Fkk fo’ke-?kkrA 

2½ i) �� = 6��� 

 ii) �� = �� 

 iii) �� = 10� + �� 

 iv) �� = 3��� 

Ckks/k iz”u 2 

1½ ftl vUrj lehdj.k esa yt ds yt+2 ls vf/kd eku ds in ugha gksa mls f}rh; 
dksfV vUrj lehdj.k dgk tkrk gSA 

2½ 

i) �� = �(3)� + �
�
 

ii) �� = �(−7)� + � ��
���

+ �
��

� + �
�

��� 

iii) �� = �(−1)� − �
�

+ �
�

� 

iv) �� = �(4)� + �
�

�(4)� 

3) i) �� = ��(2)� + ��(3)� 

 ii) �� = (�� + ���)(−2)� 

 ii) �� = ��(4)� + ��(7)� + �
�
 

 iv) �� = ��(8)� + ��(−5)� + �− ��
����

− �
��

�� 



 

 
334 

vUrj&lehjd.k  v) �� = (�� + ���)(3)� + ��
�

+ �
�

� + �
�

��� 

Ckks/k iz”u 3 

1) 

i) �� = �(− �
�
)� + 3 

ii) �� = �(− �
�
)� + 1 

iii) �� = �(− �
�
)� + ��

��
 

2)    i)   �� = �� ���
��

�
�

+ �� � �
��

�
�

+ 50 �� 

 ii)  �� = � ��
�
�

�
+ 25 �� 

 

 




