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'kCn “chtxf.kr” ls vki igys ls ifjfpr gSa ghA vki ;g Hkh tkurs gksaxs fd ;g vjch 'kCn 
‘vy-tcz’ ls vk;k gSA igys tekus esa chtxf.kr dk laca/k lehdj.kksa ds gy izkIr djus ls 
FkkA blds ckn vk;k ‘vk/kqfud chtxf.kr’, tks ,slk ikfjHkkf"kd 'kCn Fkk tks fpjizfrf"Br 
chtxf.kr ds varxZr gh ckjhd+ Nkuchu ls FkkA ikB~;Øe ‘dyu’ ds [kaM 1 esa vki vk/kqfud 
chtxf.kr dh dqN ladYiukvksa & tSls leqPp; vkSj mu ij lafØ;k,¡] Qyu] leqPp; ij ,d 
f}-vk/kkjh lafØ;k] lery T;kfefr v/;;u djus dh chth; fof/k] lfEeJ la[;kvksa ds xq.k] 
  ij ,d cgqin D;k gksrk gS] rFkk dqN cgqin lehdj.kksa ds gy & dk v/;;u dj pqds 
gSaA bl ikB~;Øe esa vkius ;s lc tks lh[kk] mls uhao ekurs gq, vkidks vkxs ys tk,¡xsA 

  

bl ikB~;Øe esa ge ‘vewrZ chtxf.kr’ ij /;ku dsfUnzr djsaxs] tks fd vk/kqfud chtxf.kr dk 
O;kidhdj.k gSA esa ge ,sls chth; fudk;ksa dk v/;;u djrs gSa tks dsoy 
vfHkxg̀hrksa (axioms) }kjk ifjHkkf’kr gSaA ;s vfHkxg̀hr lkekU;r% okLrfod fLFkfr;ksa ls fodflr 
gksrs gSaA bl ikB~;Øe esa] ftlesa  vki rhu ekSfyd chth; fudk;ksa] 
vFkkZr~] lewgksa] oy;ksa vkSj {ks=ksa dk v/;;u djsaxsA  

 

[kaM 1 esa vki lh[ksaxs fd ,d lewg D;k gksrk gS] rFkk bl chth; fudk; ds vusd mnkgj.kksa 
vkSj xq.kksa dk v/;;u djsaxsA vki vusd izdkj ds lewgksa dk v/;;u djsaxs] ftuesa vusd varj 
rFkk vusd lekurk,¡ gksaxhA ;gk¡ vki ;g Hkh lh[ksaxs fd ,d milewg D;k gksrk gSA iw.kkZadksa 
ds leqPp; ls ,d fof'k"V izdkj dk lewg curk gS] tks pØh; lewg dgykrk gSA ,sls lewg 
ds vusd fo'ks’k xq.k gksrs gSaA blh dkj.k ls ge bl [kaM esa bl ij fo'ks"k /;ku nsaxsA 

 

[kaM 2 esa foHkkx lewg dgykus okys ,d fof'k"V izdkj ds lewg ij ge /;ku dsfUnzr djsaxsA 
tSlk fd vki ns[ksaxs] ,sls lewg ds fy, ,d fof'k"V izdkj ds milewg dh vko';drk gksrh 
gSA vki ,sls milewgksa dk v/;;u Hkh foLr`r :i ls djsaxsA foHkkx lewg dk vlyh egRo rc 
iznf'kZr gksrk gS tc ,d lewg ls ,d vU; lewg rd ,sls Qyu ls lkeuk gksrk gS tks izk¡r 
lewg dh lafØ;k dks ‘cuk, j[kus’ ds xq.k dks larq"V djrk gSA ,sls Qyuksa ds egRo rFkk buds 
foHkkx lewgksa ds lkFk laca/kksa dh ppkZ Hkh bl [kaM esa foLr`r :i ls dh tk,xhA var esa] [kaMksa 
& 1 vkSj 2 esa vkids }kjk lewgksa ds fofHkUu igyqvksa vkSj xq.kksa ds ckjs esa fd, x, v/;;u dh 
,d foLrr̀ fLFkfr v/;;u ds :i esa] vki ,d leqPp; ls Lo;a rd ,dSdh vkPNknd Qyuksa 
dk v/;;u djsaxsA  

 

[kaM 3 esa ge ,d vU;] ijarq lacaf/kr] chth; fudk; ij /;ku dsfUnzr djus ds fy, vkxs 
c<+saxsA ;g oy; dgykrk gSA bl [kaM esa vki oy; dh ifjHkk"kk ds lkFk mlds vusd xq.kksa 
dk v/;;u djsaxsA ;gk¡ vki mioy;ksa dk] rFkk fof'k"V izdkj ds mioy;ksa dk] v/;;u 
djsaxsA ;s mioy; [k+kl blfy, gSa D;ksafd gesa budh enn ls gh foHkkx oy;ksa dks ifjHkkf"kr 
dj ldrs gSaA var esa] bl [kaM esa vki ,d oy; ls nwljs oy; rd ds ,d fo'ks"k izdkj ds 
Qyuksa ds ckjs esa v/;;u djsaxsA tSls-tSls vki bl [kaM dk v/;;u djrs tk,¡xs] oSls-oSls 
vki ns[ksaxs fd fdl izdkj oy;ksa ls lacaf/kr ladYiuk,¡ gSaA izFke nks [kaMksa esa nh xbZ lewgksa 
dh ladYiukvksa ls feyrh-tqyrh gSaA 

 



 

4

[kaM 4 esa mu oy;ksa ij /;ku dsfUnzr gksxk tks dqN fo'ks"k xq.kksa dks larq"V djrs gSaA fof'k"V 
:i ls] vki ,d vU; egRoiw.kZ chth; fudk; dk v/;;u djsaxs tks ,d oy; rks gS] ij 
oy; ls dqN vf/kd Hkh gSA ;g gS {ks= dh ladYiukA vki ns[ksaxs fd okLrfod la[;kvksa ds 
leqPp; ls] rFkk lfEeJ la[;kvksa ds leqPp; ls {ks= curs gSaA bl [kaM esa vkxs] ge   ij] 
  ij] rFkk fdlh Hkh {ks= ij] cgqinksa ds leqPp;ksa ds xq.kksa dh ppkZ djsaxsA  
 
vki 'kk;n lksp jgs gksaxs fd vkidks bl ikB~;Øe dk v/;;u D;ksa djuk pkfg,A tSls-tSls 
vki bu [kaMksa dk v/;;u djrs tk,¡xs] vki vuqHko djsaxs fd vkids lkspus dh fof/k cny 
jgh gSA vki ns[ksaxs fd fdl izdkj vewrZ chtxf.kr dh fof/k;ksa ls ge vusd feyrs-tqyrs 
chth; fudk;ksa dk v/;;u dsoy ,d izfrfuf/k fudk; dk v/;;u djds dj ldrs gSaA blls 
gesa fudk;ksa ds ckjs esa nh?kZ Lrj ij lkspus] ifj'kq) vkSj laf{kIr gksus rFkk vusd lewgksa ;k 
oy;ksa dh lajpuk dks de le; esas le>us esa lgk;rk feyrh gSA 

 

tks dqN vki bl ikB~;Øe esa v/;;u djsaxs] mlds vusd O;kogkfjd vuqiz;ksx gSaA vkb, 
lcls igys ge lewg fl)kar ds dqN vuqiz;ksxksa dh ckr djsaA bl fl)kar dk mi;ksx 
HkkSfrdfon~ksa vkSj jlk;ufon~ksa }kjk fØLVy-foKku] fdj.k-fo'ys"k.k] O;kid vkisf{kdrk] Bksl 
voLFkk HkkSfrdh rFkk ewyd.k ds vk/kqfud fl)kar esa fd;k tkrk gSA oLrqr%] lewg fl)kar ds 
iz;ksx ls gh oSKkfudksa us vksesxk _.k d.k ds vfLrRo dk iwokZuqeku yxk;k FkkA bu d.kksa dh 
vlyh igpku rks 1964 esa tkdj gh gqbZ Fkh] iwokZuqeku ds dkQ+h lkyksa cknA 

 

vkxs vkb, oy;ksa vkSj {ks=ksa ds dqN vuqiz;ksxksa dks ns[ksaA cgqin oy;ksa vkSj vkO;wg oy;ksa dk 
mi;ksx Dok.Ve ;kaf=dh esa fd;k tkrk gSA {ks= fl)kar dk iz;ksx vk¡dM+ksa ds lapkj.k {ks= esa 
=qfV dk irk yxkus ds fy, vkSj =qfV-lq/kkj ds fy, dk;Z{ke dksMksa ds fuekZ.k esa fd;k tkrk 
gSA vkSj] ifjfer {ks= lakf[;dh esa Hkh cgqr mi;ksxh gksrs gSaaA 

 

vc] vki bl lkexzh dk fdl izdkj v/;;u djsa] mlds ckjs esa Hkh ge dqN 'kCn dguk 
pkgsaxsA ‘ ’ 

‘ ’  bu [kaMksa esa 
lkexzh dks dsoy i<+sa gh ughaA vkidks buesa izR;sd fyf[kr js[kk] fopkj] mnkgj.k vkSj iz'u ds 
lkFk okLro esa  pkfg,A tSlk fd vki tkurs gSa] tc Hkh ge vkidk ubZ ladYiukvksa ls 
ifjp; djkrs gSa] rc ge dbZ Bksl mnkgj.k Hkh nsrs gSa ftlls fd vki ladYiuk dks vPNh 
rjg ls le> ldsaA ge ladYiukvksa rFkk izfØ;kvksa dh vkidh le> csgrj djus ds fy, 
vf/kd ek=k esa lacaf/kr iz'u Hkh nsrs gSaA bldk ykHk mBkus ds fy,] vkidks gj iz'u dks rHkh 
gy djus dh dksf'k'k djuh pkfg, tc Hkh vki ml ij igq¡psaA  

 

vc] dqN 'kCn [kaM ds [k+kds ds ckjs esaA izR;sd [kaM esa loZizFke vki ,d [kaM dh izLrkouk 
dks ik,¡xsA mlds ckn ml [kaM esa bLrseky gksus okyh izrhdksa dh ,d lwph gksxhA blds ckn 
ml [kaM dh bdkb;k¡ vk,¡xhA izR;sd bdkbZ ,d izLrkouk ls 'kq: gksxh] ftlesa ml bdkbZ dks 
lh[kus ds visf{kr mís';ksaa dh lwph gksxhA izR;sd bdkbZ dks Hkkxksaa esa ck¡Vk x;k gSA D;ksafd 
fofHkUu bdkb;ksa dh lkexzh ,d-nwljs ls dkQ+h tqM+h gqbZ gS] blfy, ge ckj-ckj ,d nwljs ds 
lanHkZ nsrs jgsaxsA blds fy,] geus x.y   dk mi;ksx fd;k gS] ftldk vFkZ gS 

x  y. vkids }kjk v/;;u fd, x, fiNys xf.krh; ikB~;Øeksa dh rjg] ;gk¡ Hkh 
vki bdkbZ ds mnkgj.kksa] iz'uksa rFkk egRoiw.kZ lehdj.kksa dks ml bdkbZ esa Øe esa vafdr 
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ik,¡xsA lkFk gh] izR;sd bdkbZ esa ikB~;lkexzh ds chp-chp esa iz'u Hkh fn, x, gSaA ;s blfy, 
fn, x, gSa fd vki viuh izxfr dh Lo;a tk¡p dj ldsaA bu iz'uksa ds gy] ;k gy dh 
:ijs[kk ;k dsoy mÙkj] bdkbZ ds var esa fn, x, gSaA  

 rc vki ml bdkbZ ds mís';ksa ij okil vk tk,¡ ¼tks bdkbZ dh izLrkouk esa fn, x, 
gSa½ rFkk  

 

V~;wVksfj;y ds ,d fgLls ds :i esa] geus izR;sd [kaM ds var esa vusd fofo/k mnkgj.k vkSj 
iz'u fn, gSaA ;s iz'u ml [kaM rd vkids }kjk v/;;u dh xbZ lHkh bdkb;ksa ij vk/kkfjr 
gSaA vkidks bu iz'uksa dks Hkh Lo;a gy djuk pkfg,A vkxs] ge vkidks ,d l=h; dk;Z HkstsaxsA 
;g Hkh f'k{k.k dk ,d lk/ku gS] vkSj ewY;kadu dk lk/ku gSA v/;;u dsUnz ij vkidk 
ijke'kZnkrk (counsellor) bldk ewY;kadu djsaxs rFkk mi;qDr foLr̀r fVIif.k;ksa ds lkFk 

 

 

vki bXuw ;wV~;wc vkjdkbo~t+ (archives) ij miyC/k gekjs  “lefefr;ksa ds 
lewg” dks Hkh ns[k ldrs gSaA blesa geus fdlh oLrq dh lefefr dh vo/kkj.kk dk ewrhZdj.k 
djus dk iz;kl fd;k gSA bl ladYiuk ls vki bl ikB~;Øe ds izFke nks [kaMksa esa yxkrkj 
dk;Z djrs jgsaxsA  

 

- (cover) blesa nh xbZ isafVax ,d lqfo[;kr dykdkj 
}kjk dh xbZ gSA ;g n'kkZrk gS fd vki rFkk vkids lgikBh ,d laqnj ou ¼tks chtxf.kr gS½ 
esa lqanj chth; ladYiukvksa vkSj izfØ;kvksa dks <aw<rs gq, tk jgs gSaA  

 

bl ikB~;Øe esa nh xbZ lkexzh ds vfrfjDr ;fn vki vkSj vf/kd i<+uk pkgrs gSa] rks 
gSa% 

i) A First Course in Abstract Algebra, by J. B. Fraleigh, Pearson. 

ii) Contemporary Abstract Algebra, by J. A. Gallian, Narosa. 

iii) Abstract Algebra, by Hodge, Schlicker and Sundstrom, CRC Press. 

 

bl ikB~;Øe ls tqM+s fdlh Hkh iwNrkN ds fy, vki gels directorsos@ignou.ac.in ij 
laidZ dj ldrs gSaA  

vkidk v/;;u dk ;g vuqHko vPNk jgs] ;g gekjh mEehn gS!  
 

ikB~;Øe ny  
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* 

 
izks- j'eh Hkkj}kt       izks- ehuk lgk; 
th-th-,l banzizLFk fo'ofo|ky;] fnYyh     y[kuÅ fo'ofo|ky; 

MkW- lquhrk xqIrk       MkW- 'kfp JhokLro 
fnYyh fo'ofo|ky;       fnYyh fo'ofo|ky; 

izks- vEcj gchc       izks- tqxy oekZ  
f'ko ukMkj fo'ofo|ky;       vkbZ- vkbZ- Vh] eqacbZ 
xkSre cq) uxj          

izks- ,l- ,- dk=s      
iq.ks fo'ofo|ky;     

izks- oh- d`".k dqekj  
,u- vkbZ- ,l- bZ- vkj] Hkqous'oj  

MkW- vfer dqyJs"B     
vkbZ- vkbZ- ,l- bZ- vkj] eksgkyh      

izks- vi.kkZ esgjk      
vkbZ vkbZ Vh] fnYyh       

izks- jkgqy jk;      
Hkkjrh; lkaf[;dh laLFkku] fnYyh      
 
* bl lfefr dh vxLr  2016 esa cSBd gqbZ FkhA ;g ikB~;Øe vfHkdYi izksxzke fo'ks"kK lfefr ds lq>koksa rFkk 

;wthlh&lhchlh,l- ds lkaps ij vk/kkfjr gSA     

       
izks- ijohu flaDys;j (laiknd vkSj ys[kd) 
foKku fo|kihB] bXuw 

:   (email: sos@ignou.ac.in) 
 

  
Jh egsUnz 'kadj ¼lsokfuoÙ̀k½    izks- ijohu flaDys;j 
,u-lh-bZ-vkj-Vh-      foKku fo|kihB] ba-xka-jk-eq-fo- 
 

:  
i) ] y[kuÅ fo'ofo|ky;] vkSj ] deyk usg: dkyst] fnYyh 

fo'ofo|ky;] ds izfr] mudh foLr`r fVIif.k;ksa ds fy,A 
ii) ] xzkfQ+d ;wfuV] bZ- ,e- ih- lh-] bXuw] ds izfr] doj dh dykd̀fr vkSj fMt+kbu ds 

fy,A 
iii) Jh ,l- ,l- pkSgku ds izfr bl [kaM esa js[kk vkjs[kksa ds fy,] vkSj Jhefr fouhrk iztkifr ds izfr bl 

[kaM dh lh- vkj- lh- ds fy,A 

iv) bXuw ds iwoZ Lukrd ikB~;Øe] vewrZ chtxf.kr ¼,e- Vh- bZ-06½] dh dqN lkexzh dk bl [kaM esa 
mi;ksx fd;k x;k gSA  

  
 
 
 
 
 
 
 
 
 

 
 

izks- ,e- ,l ukFkkor (funs'kd) 

MkW- nhfidk 
izks- ijohu flaDys;j 

Jh iou dqekj 
izks- iwf.kZek feÙky 

izks- lqtkrk oekZ 
MkW- ,l- osadVjkeu 
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lewg ,d ,slk chth; fudk; gS tks ,d leqPp;] vkSj ml ij ifjHkkf"kr ,d f}-vk/kkjh 
lafØ;k] ls curk gSA lewgksa dk v/;;u xf.krKksa }kjk nks lkS o’kksZa ls vf/kd le; ls fd;k 
tk jgk gSA mUuhloha 'krkCnh ds iwjs le; dky esa lewg fl)kar dk v/;;u Øep;ksa vkSj 
izfrLFkkiuksa (substitutions) dk v/;;u jgkA vius orZeku vewrZ :i esa ;g /khjs-/khjs fodflr 
gqvkA 

 

vius orZeku :i esa] lewg fl)kar ekSfyd xf.krh; lajpukvksa ds fo'ys’k.k djus esa lgk;rk 
djrk gSA xf.kr dh fofHkUu 'kk[kkvksa esa dk;Z djus okys xf.krK vius Lo;a ds xf.krh; {ks= 
esa vkxs c<+us ds fy, lewg fl)kar dh fof/k;k¡ vkSj lk/kuksa dk mi;ksx djrs gSaA xf.krK gh 
ugha] vfirq HkkSfrdfon~ vkSj jlk;ufon~ Hkh v.kqvksa vkSj fØLVyksa dh lajpukvksa dk fo'ys"k.k 
djus ds fy,] ;k cgqr tfVy bysDVªkWfudksa ds Bksl ifjiFkksa ds v/;;u djus esa lewg fl)kar 
dk mi;ksx djrs gSaA vkbUlVkbu (Einstein) us fof'k"V lkis{krk ds fo'ys"k.k djus ds fy, 
gkWysaM ds ,d HkkSfrdfon~ ykWjsar~t+ (Lorentz) }kjk fudkyk x;k chth; :ikarj.kksa ds lewg dk 
mi;ksx fd;k FkkA blh jkspd vkSj mi;ksxh fl)kar dh ewy /kkj.kkvksa ls ge bl [kaM esa] rFkk 
[kaM 2 esa] vkidk ifjp; djkuk pkgrs gSaA   

 

bl [kaM esa ge chth; oLrqvksa dh vkidh vc rd dh le> ds vk/kkj ij gh vkxs c<+saxsA 
;kn dhft, fd vkius vius igys lsesLVj ds ikB~;Øe ds [kaM 1 esa leqPp;ksa] Qyuksa] lfEeJ 
la[;kvksa rFkk   ij cgqinksa dk v/;;u fd;k FkkA vkxs] vkius vius rhljs lsesLVj ds 
ikB~;Øe ds [kaM 1 esa miifÙk ds dbZ rjhd+ksa dk v/;;u fd;k FkkA vc] vkxs c<+us ls igys 
vkidks mu lHkh bdkb;ksa ij ,d ljljh ut+j Mky ysuh pkfg,A 

 

bl [kaM esa pkj bdkb;k¡ gSaA bdkbZ 1 esa ge iw.kkZadksa dh foHkkT;rk ds xq.kksa ls lacaf/kr dqN 
ekSfyd /kkj.kkvksa dk lkjka'k nsaxsA blds ckn ge foHkktuksa ls vkidk ifjp; djk,¡xs rFkk 
buds rqY;rk laca/kksa ls tqM+s gksus dh ppkZ djsaxsA var esa] ge vkidk ifjp; nks ubZ chth; 
oLrqvksa] vkO;wgksa vkSj Øep;ksa] ls djk,¡xsA ge bu oLrqvksa ds dqN ekSfyd xq.kksa dh Hkh ppkZ 
djsaxsA  

 

bdkbZ 2 esa vki lewg fl)kar ds v/;;u dks 'kq: djsaxsA bl bdkbZ esa vki ns[ksaxs fd ,d 
lewg D;k gksrk gS rFkk bl chth; fudk; ds dqN ekSfyd xq.kksa dk v/;;u djsaxsA vki ;g 
Hkh tkusaxs fd vusd ifjfpr leqPp;] tSls iw.kkZadksa vkSj ifjes; la[;kvksa ds leqPp;] ;ksx ds 
lkis{k lewg gksrs gSaA ;gk¡ ge vkidk ifjp; dqN ,sls lewgksa ls Hkh djk,¡xs tks vkids lEeq[k 
bl ikB~;Øe esa izk;% vkrs jgsaxs] tSls iw.kkZadksa ekWM~;wyks n  dk lewg] Øep; lewg] f}ry lewg] 
vkO;wg lewg] ,d ds nosa ewyksa }kjk cuk lewg] rFkk nks ;k vf/kd lewgksa dks la;ksftr djds 
,d jkspd rjhd+s ls izkIr ,d vU; lewgA 

 

bdkbZ 3 esa vki lewgksa ds ,sls mileqPp;ksa dk v/;;u djsaxs tks Lo;a vius lewg gksrs gSaA ;s 
milewg dgykrs gSaA ;gk¡ vki milewgksa ds xq.kksa dk v/;;u djsaxs] ftuesa ;g xq.k Hkh 
lfEefyr gS fd milewgksa dk dSlk O;ogkj jgrk gS tc mu ij leqPp; lafØ;k,a ykxw gksrh 
gSaA 
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bl [kaM dh vafre bdkbZ] bdkbZ 4 esa ge ,d fof'k"V izdkj ds lewg ij /;ku dsfUnzr djsaxsA 
;g pØh; lewg dgykrk gS] ftldk dkj.k vkidks bldk v/;;u djrs le; Li"V gks 
tk,xkA tSlk fd vki ns[ksaxs] iw.kkZadksa dk leqPp; ,d izfrfuf/kd pØh; lewg gSA bu lewgksa 
dk v/;;u djrs le;] fdlh Hkh lewg esa varfuZfgr leqPp; ds vo;o dh dksfV dh 
ladYiuk dh Hkwfedk egRoiw.kZ gSA vki bl bdkbZ esa bl ladYiuk dk Hkh v/;;u djsaxsA 
vkxs] bl bdkbZ esa vki pØh; milewg dh /kkj.kk ds ,d O;kidhdj.k dk Hkh v/;;u djsaxsA  

 

vxys [kaM esa vki lewg fl)kar dqN xgjkbZ esa v/;;u djsaxsA mlesa vkidks mu lHkh ckrksa 
dh vko';drk gksxh ftudk v/;;u vkius bl [kaM esa fd;k gSA blfy, bl [kaM dk 
v/;;u lko/kkuhiwoZd dhft,A tks Hkh iz'u vkids lEeq[k vk,] mls gy djus dk iz;kl 
dhft,] rFkk vkxs rHkh cf<+, tc vki mls  gy dj ysaA 
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(  1 ) 
 
Ñi;k ‘dyu’ vkSj ‘okLrfod fo'ys"k.k’ ikB~;Øeksa ds [kaM 1 esa 

A 
 

a(ba    )b  b dks a  foHkkftr djrk gS ( b dks a foHkkftr ugha djrk gS)  

)b,a(  a  vkSj b dk egÙke lekiorZd  

]b,a[  a  vkSj b dk y?kqre lekioR;Z  
)n(modba   ,b  a  ds le'ks"k ekWM~;wy n  gS 

))S(()S( nnm    leqPp; S  ij lHkh nm  vkO;wgksa ( nn vkO;wgksa) dk leqPp; 

)0(0 nm  mi;qDr dksfV (dksfV )nm okyk 'kwU; vkO;wg 

nI  dksfV nn okyk rRled vkO;wg 

),G(   lafØ;k   ds lkis{k lewg G   

)G(o  lewg G dh dksfV 

nS  n  izrhdksa ij lefer lewg 

n2D  dksfV n2 okyk f}ry lewg 
1S  ,dd oÙ̀k 

8Q  prq’V;h lewg 

4K  Dykbu 4-lewg 

n  iw.kkZadksa ekWM~~;wyks n dk lewg 

nU  ,d ds nosa ewyksa dk lewg 

)xxx( r21   yackbZ r  okyk pØ 
tA  vkO;wg A dk ifjorZ 

||A),Adet(  oxZ vkO;wg dk lkjf.kd 
S  },0{\S  tgk¡ leqPp; S , 0  dks vkfo"V djrk gS 

)(GLn     ij dksfV n  okyk O;kid jSf[kd lewg  

)(SLn    ij dksfV n  okyk fof'k"V jSf[kd lewg  

)S(  leqPp; S  ds mileqPp;ksa dk leqPp; 

BA  )A\B()B\A(    

21 GG   lewgksa 1G  vkSj 2G  dk ckg~; vuqykse xq.kuQy 

  dk milewg gS 
/ ,   dk mfpr milewg gS  
  dk milewg ugha gS  

)G(Z  lewg G dk dsUnz 
 x  vo;o x  }kjk tfur pØh; lewg 
 S  leqPp; S  }kjk tfur pØh; lewg 
)x(o  vo;o x  dh dksfV 

w.r.t. ds lkis{k  
s.t. ftlls fd@ftuls fd 
iff ;fn vkSj dsoy ;fn 
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1 
 

                                                        

        

      

1.1 izLrkouk               13 
mÌs'; 

1.2  esa foHkkT;rk          15 

1.3 foHkktu vkSj rqY;rk laca/k        29 

1.4 vkO;wgksa ls ifjp;             33 

1.5 Øep;ksa ls ifjp;             52 

1.6 lkjka'k           57 

1.7 gy / mÙkj          59         

1.1  

bl bdkbZ esa gekjk y{; gS fd vkidks dqN ,sls xf.krh; ladYiukvksa ls ifjfpr 
gksus esa enn djuk ftudk vki bl ikB~;Øe esa dbZ ckj iz;ksx djsaxsA ge vkidh 
iw.kkZadksa ds dqN ,sls igyqvksa dk Lej.k djus esa lgk;rk djsaxs ftudk vki igys 
v/;;u dj pqds gSaA ge vkils *vkO;wg* vkSj *Øep;* dh vo/kkj.kkvksa dk Hkh 
ifjp; djk,¡xsA  

bl bdkbZ esa] rFkk bl ikB~;Øe ds 'ks"k Hkkx esa] ge vkids }kjk izFke lsesLVj ds 
ikB~;Øe *dyu* ds [kaM 1  esa Qyuksa vkSj f}-vk/kkjh lafØ;kvksa ds ckjs esa tks vkius 
i<+k gS mldk lanHkZ izk;% nsaxsA ge izR;{k vkSj vizR;{k :i ls rhljs lsesLVj ds 
ikB~;Øe *okLrfod fo'ys"k.k* dh bdkb;ksa 1 vkSj 2 dk Hkh izk;% lanHkZ ysaxsA vr%] bu 
bdkb;ksa dks bl ikB~;Øe dks i<+rs le; Ñi;k viuh lqfo/kk ds fy, lkFk jf[k,A  

;g bdkbZ okLro esa Hkkx 1.2 ls 'kq: gksrh gSA ;gk¡ ge iw.kkZadksa dh foHkkT;rk ls 
lacaf/kr fofHkUu ladYiukvksa vkSj ,sYxksfjn~eksa dh ppkZ djsaxsA fof'k"V :i ls] vki nks 
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 1                                 
   'kwU;srj iw.kkZadksa dk egÙke lekiorZd Kkr djus ds fy, ;wfDyMh; ,sYxksfjn~e dk 

v/;;u djsaxsA 

dyu esa vki lh[k pqds gSa fd ,d rqY;rk laca/k D;k gksrk gSA Hkkx 1.3  esa ge bl 
le> dks vkxs c<+k,¡xs rFkk bls ,d leqPp; ds foHkktu dh ladYiuk ls lacaf/kr 
djsaxsA  

Hkkx 1.4  eas ge ,d ,slh ladYiuk dh ppkZ djsaxs ftlls vki vius Ldwyh v/;;u 
ls 'kk;n ifjfpr gksaxsA ;g gS vfjDr leqPp; ij ,d vkO;wg dh ladYiukA ge 
okLro esa   (;k   ds mileqPp;ksa)  ckr djsaxsA ;gk¡ vki 

  (;k   ds mileqPp;ksa) ij vkO;wgksa ds leqPp; ij dqN lafØ;kvksa dk v/;;u Hkh 
djsaxsA 

var esa] Hkkx 1.5 esa] ge vkidk ifjp; fdlh leqPp; ds vo;oksa ds Øep; dh 
ladYiuk ls djk,¡xsA fof'k"V :i ls] ge ,d leHkqth; (regular) leryh; vkÑfr 
dh lefefr;ksa dh ppkZ djsaxsA 

geus uhps os vf/kxe (learning) izR;k'kk,¡ nh gSa] ftudks /;ku esa j[kdj bl bdkbZ 
dks cuk;k x;k gSA vki bl bdkbZ dh i<+kbZ /;ku ls djsa] rFkk tSls-tSls vki fn, 
x, lokyksa ij igq¡ps oSls-oSls vki bUgsa gy djus dh iwjh dksf'k'k djsaA rc vki bu 
izR;k'kkvksa dks iwjk djus esa leFkZ gks tk,¡xsA bl rjg i<+kbZ djus esa viuk le; 
yhft,] ijarq bls Lo;a gh dhft,A 

 

bl bdkbZ dh i<+kbZ djus ds ckn] vki fuEufyf[kr dj ik,¡xs %  

   ds fy, foHkktu dyu fof/k dk dFku nsuk] mls fl) djuk rFkk mldk 
vuqiz;ksx djuk( 

 0a,b,a   dk g.c.d  fdUgha n,m  ds fy,] nbma   ds :i dk 

gksrk gS& bldks fl) djuk] rFkk bldk mi;ksx djuk(  

 vadxf.kr dh ewyHkwr izes; dks fl) djuk rFkk mldk vuqiz;ksx djuk( 

 fdUgha nks 'kwU;srj iw.kkaZdksa dk g.c.d. Kkr djus ds fy, ;wfDyMh; ,sYxksfjn~e 
dk vuqiz;ksx djuk( 

 fdlh Hkh vfjDr leqPp; S  dk dksbZ Hkh foHkktu S  ij ,d rqY;rk laca/k 
ifjHkkf"kr djrk gS& bl dFku dks] rFkk bldss foykse dks] fl) djuk vkSj 
mldk vuqiz;ksx djuk( 

 fdlh leqPp; ij vkO;wgksa] rFkk mu ij lafØ;kvksa] dks ifjHkkf"kr djuk vkSj 
muds mnkgj.k nsuk( 

 fdlh leqPp; ds Øep;ksa] rFkk muds la;kstu dks] ifjHkkf"kr djuk vkSj muds 
mnkgj.k nsukA 
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1.2    

vkius vius Ldwy ds le; rFkk mlds ckn Hkh] iw.kkZadksa dk dkQ+h v/;;u fd;k gS 
vkSj mudk bLrseky fd;k gSA bl Hkkx esa ge buls tqM+h ,d ,slh ewyHkwr /kkj.kk 
ij dsfUnzr gksaxs ftlls vki ifjfpr gksaxs] ;kuh] iw.kkZadksa dh foHkkT;rk (divisibility). 

mnkgj.kkFkZ] 30 ds Hkktd (divisor) D;k gSa? ge D;ksa dgrs gSa fd   esa 30 dks 5 

foHkkftr djrk gS rFkk 7 foHkkftr ugha djrk gS? vkSj fQj] D;k 0  fdlh iw.kkZad dks 
foHkkftr djrk gS?  bu iz'uksa ds mÙkjksa ds ckjs esa lksfp,] vkSj fuEufyf[kr ifjHkk"kk 
ij fopkj djsaA  

: eku yhft, fd .0a,b,a   ge dgrs gSa fd b  a  

gS] ;fn ,d ,slk iw.kkZad c  gS ftlls fd .acb   ge bls ba  fy[krs gSa] 

rFkk bls ‘ b   a   (divisor) (;k (factor)) gS] ;k ;g fd  

‘a b  (divisible) gS’, ;k ;g fd  ‘a  b  (multiple) ’  
i<+rs gSaA  

;fn b  dks a  foHkkftr ugha djrk gS] rks ge bls  a   b  ds :i esa fy[krs gSaA 

mnkgj.kkFkZ] 305  gS] D;ksafd 6 ,d ,slk iw.kkZad gS ftlls fd .6530   vkSj] 7   30  

D;ksafd ,slk dksbZ iw.kkZad x  ugha gS ftlls fd x730  gksA 

;gk¡] vki Hkktdksa ds ckjs esa fuEufyf[kr egRoiw.kZ fVIi.kh ij vo'; fopkj djsaA 

1: 0a,b,a   ds fy,] ;fn  ,ba  rks c  ftlls fd bac   gSA 

;g c  gSA bldk dkj.k ;g gS fd ;fn d,c  ds fy,] bac   vkSj 
bad   gS] rks .adac   vc D;ksafd ,0a   blfy, blls dc   izkIr gks tkrk gSA 

(oLrqr%] blds ckjs esa vki vkSj vf/kd [kaM 3 esa v/;;u djsaxsA) 

mijksDr gesa ,d vkSj fVIi.kh dh vksj ys tkrk gSA 

 2: /;ku nhft, fd .z0z0   vr%] ,slk izrhr gksrk gS fd .00  

ijarq] mnkgj.k ds rkSj ij] )1(010   gS vkSj .11   blfy, fVIi.kh 1 dh ckr ls 

gesa ,d varfoZjks/k izkIr gksrk gSA blfy,] 0  }kjk foHkktu dks vFkZghu ekuk tkrk gS] 

rFkk 







0

0
 ifjHkkf"kr ugha gS] tSlk fd vki igys ls gh ;g tkurs gksaxsA 

ge fuEufyf[kr iz'u esa iw.kkZadksa dh foHkkT;rk ds dqN xq.k ns jgs gSaA vki buesa ls 
dqN xq.kksa ls igys ls gh ifjfpr gksaxsA ;gk¡] vkidks bUgsa fl) djus dk ,d volj 
gSA 

E1) eku yhft, fd c,b,a  'kwU;srj iw.kkZad gSaA fl) dhft, fd  

 i) .aa,a1,0a    

 ii) .bcacba    



 

16

 

 1                                 
    iii) ba  vkSj .cacb   

 iv) ba  vkSj .baab   

 v) ac vkSj .y,x)byax(cbc   

vkxs c<+us ls igys] ge vkidks dqN ,sls rqY; dFkuksa dh ;kn fnyk,¡xs ftudk 
vkius ‘okLrfod fo'ys"k.k’ dh bdkbZ 2 esa dqN foLrkj ls v/;;u fd;k gSA blds 
fy, ge vkidks fuEufyf[kr ifjHkk"kk dh Hkh ;kn fnykrs gSaA 

: eku yhft, fd   dk S  ,d vfjDr mileqPp; gSA ,d vo;o Sa  

leqPp; S  dk ,d (;k ;k ) 
dgykrk gS] ;fn Sbba   gSA 

mnkgj.kkFkZ]   dk ,d U;wure vo;o gS] vkSj ;g 1 gSA ijarq   dk dksbZ U;wure 
vo;o ugha gSA okLro esa]    ds vusd mileqPp;ksa] tSls },,3,2,1{,2   

bR;kfn] ds dksbZ U;wure vo;o ugha gSaA 

vc ge iw.kkZadksa ds ,d vfHkx`ghr (axiom) dk dFku nsrs gSa] ftldk ge Li"V :i 
ls vkSj vLi"V :i ls izk;% mi;ksx djasaxsA ;g gS lqØe.k fl)karA ;g gesa dqN ,sls 
leqPp;ksa ds ckjs esa crkrk gS] ftudk ,d U;wure vo;o gksrk gSA 

(Well-ordering Principle):   ds izR;sd vfjDr mileqPp; dk 
,d U;wure vo;o gksrk gSA  

okLro esa] ;g fl)kar fuEu dFku ds lerqY; gS:  

{0}  

tSlk fd vkidks ‘okLrfod fo'ys"k.k’ lss ;kn gksxk] ;g fl)kar okLro esa 
(Principle of Mathematical Induction) ds lerqY; gS] 

ftldk vki foLrkj ls ml dkslZ ds [kaM 1 esa v/;;u dj pqds gSaA vkb, bl 
fl)kar dk ;gk¡ dFku nsaA 

 1 ( ): eku yhft, fd S  ,slk gS fd  

i) ,S1  rFkk  

ii) tc Hkh ,Sk  rc .S1k   

rc] .S   

;g izes; vkxs fuEufyf[kr ifj.kke ds lerqY; gSA 

 2 ( ): eku yhft, fd S  ,slk gS fd  

i) ,Sn0   rFkk  

ge dHkh-dHkh ‘xf.krh; 
vkxeu dk fl)kar’ ds fy, 
laf{kIr esa PMI fy[ksaxsA 
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ii) tc Hkh ,Sk  rc .S1k    

rc] }.nnn{S 0    

pkSFkk lerqY; dFku] ftldk v/;;u vki ‘okLrfod fo'ys"k.k’ esa dj pqds gSa] 
fuEufyf[kr gS %  

3 ( ): eku yhft, fd S  ,slk gS fd  

i) ,Sn0   rFkk  

ii) tc Hkh ,kmnSm 0   rc .Sk  

rc] }.nnn{S 0    

ge bl ikB~;Øe esa] izes; 1, 2 vkSj 3 dk lqØe.k fl)kar ls lerqY;rk dks fl) ugha 
djsaxs] D;ksafd bldh miifÙk dqN rduhdh gSA ijarq] ge izes;ksa  2 vkSj 3 dks iqu% mu 
lerqY; :iksa esa fy[ksaxs] ftuesa lkekU;r% ge budk mi;ksx djsaxsA 

 2  (  PMI): eku yhft, fd fdlh  
/kukRed iw.kkZad n  ds fy, )n(P  ,d ,slk fo/ks; gS fd  

i) fdlh 0n  ds fy,] )n(P 0  ,d lR; dFku gS] rFkk  

ii) tc Hkh fdlh 0nk,k   ds fy, )k(P  lR; gS] rc )1k(P   lR; gSA 

rc] )n(P  mu lHkh n  ds fy, lR; gksxk] ftuds fy, .nn 0   

 3  (PMI ): eku yhft, fd fdlh /kukRed iw.kkZad n  ds fy, 
)n(P  ,d ,slk fo/ks; gS fd  

i) fdlh 0n  ds fy,] )n(P 0  ,d lR; dFku gS] rFkk  

ii) tc Hkh lHkh /kukRed iw.kkZad m  s.t. kmn0   ds fy,] )m(P  lR; gS] rc 

)k(P lR; gSA 

rc] mu lHkh n  ds fy,] )n(P  lR; gksxk] ftuds fy, .nn 0  

Åij fn, x, lerqY; dFku] ‘fo'ys"k.k’ esa vusd ifj.kkeksa dks fl) djus ds fy, 
cgqr mi;ksxh gSa tSlk fd vki ns[k pqds gSaA ;gh ckr vki chtxf.kr dh fLFkfr esa 
Hkh ns[ksaxsA vc ge bldk mi;ksx   ds fy, foHkktu dyu fof/k (division 

algorithm) dks fl) djus esa djsaxsA vki bl fof/k dk mi;ksx vufxur ckj dj 
pqds gSaA mnkgj.kkFkZ] ;fn vkils 365  fnuksa esa lIrkgksa dh la[;k Kkr djus dks dgk 
tk,] rks vki dgsaxs fd 52  gSaA D;ksa? laHkor% blfy, fd 1)527(365   gSA 

gks ldrk gS fd vkius ns[kk gksxk fd 65)507(365   gSA ijarq] pw¡fd 7  ls 65  

cM+k gSA blfy, 'ks"k 65  fnuksa esa dqN lIrkg vkSj gSaA mijksDr dyu fof/k gesa crkrh 

‘okLrfod fo'ys"k.k’  ds 
bdkbZ 2 ls ;kn dhft, 
fd ‘fo/ks;’ ,d ,slk 
okD; )n(P gS tks dqN 

n ds fy, lR; 
dFku gks ldrs gSa] vkSj 
dqN n  ds fy, vlR; 
dFku gks ldrs gSaA 
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   gS fd fdl izdkj ,d vf}rh; 'ks"kQy ij igq¡ps] ftlesa dksbZ vkSj ‘lIrkg 'ks"k ugha 

cps’ A  

 4 ( ): eku yhft, fd .0bb,a  tgk¡  rc] ,sls 
vf}rh; iw.kkZadksa  q  vkSj r  dk vfLrRo gS ftuls fd ,rqba   tgk¡ .br0    

: igys] ge fl) djsaxs fd q  vkSj r  dk vfLrRo gSA blds ckn] ge n'kkZ,¡xs 

fd ;s vf}rh; gSaA buds vfLrRo dks fl) djus ds fy,] ge rhu fofHkUu fLFkfr;ksa 
ij fopkj djsaxs %  

.0a,0a,0a   

 1 0)(a  : 0r,0q   yhft,A rc] rqba   gSA 

 2 0)(a  : bl fLFkfr esa ge izes; 2  dk mi;ksx djsaxsA 

n  ds fy,] eku yhft, fd )n(P  ;g fo/ks; gS fd rqbn   fdUgha ,r,q   

ds fy,] tgk¡ .br0   ge tkuuk pkgrs gSa fd ,n  )n(P  lR; gS ;k ughaA  

vr%] vkb, ns[ksa fd D;k )1(P  lR; gSA 

;fn 1b  gS] rks 0r,1q   ys ldrs gSa] vkSj bl izdkj 01.11   gSA 

;fn 1b   gS] rks 1r,0q   yhft,A blls 1b.01   gSA 

vr%] 1b   dh izR;sd fLFkfr ds fy,] )1(P  lR; gSA 

vc] eku yhft, fd fdlh 2k,k   ds fy, )1k(P   lR; gS] vFkkZr~ 

11 rbq)1k(   fdUgha .br0r,q 111   tgk¡] fy,ds     

),1r(bqk 11   tgk¡ ,1br1   vFkkZr~ b1r1   gSA 

vr%] 








.b1r,0b)1q(

b)1r(),1r(bq
k

11

111

fn;
fn;

 

;kuh fd] )k(P lR; gSA   

blfy,] izes; 2  }kjk] fdlh Hkh n  ds fy,] )n(P  lR; gSA vFkkZr~] vxj 0a   

gS] ,rqba   rks fdUgha .br0r,q   tgk¡] fy,ds   

 3 0)(a  : ;gk¡ 0)a(   gSA blfy,] fLFkfr 2  }kjk] ge fy[k ldrs gSa fd 

,rbq)a(   fdUgha .br0r,q   tgk¡] fy,ds    










.br0),rb(b)1q(

0r,b)q(
a

fn;

fn;
 

bl izdkj] rqba   fdUgha r,q   ds fy,] tgk¡ .br0    

[kaM 4 esa vki cgqinksa ds 
fy, bl ,sYxksfjn~e ds 
,d :i dk v/;;u 
djsaxsA 
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vr%] vkius ns[kk fd   r,q,a  ftuls fd .rqba    

vc] vkb, q  vkSj r   dh vf}rh;rk dks fl) djsaA eku yhft, fd  r,q  bl 
izdkj gSa fd rqba   vkSj ,rbqa   tgk¡ br0   vkSj .br0    

rc] ).qq(brr   bl izdkj] ).rr(b   ijarq .brr   vr% dsoy ,d gh 

laHkkouk gS] ;g fd ,0rr   vFkkZr~ ,rr   vkSj rc .qq   

vr%] geus q  vkSj r  dh vf}rh;rk dks fl) dj fy;k gSA 

tSlk fd ge igys crk pqds gSa] vkius iw.kkZadksa ds lkFk vius igys fd, x, dk;ksZa esa 
mijksDr ,sYxksfjn~e dk cgqr ckj mi;ksx fd;k gksxkA mnkgj.kkFkZ] 62  dks 6  ls Hkkx 
nsus ds fy, vkius 2)106(62   fy[kk gksxkA 

lkFk gh] ;fn vki  25  dks 3  ls Hkkx ns jgs gksaxs] rks vkius 23)9()25(   

izkIr fd;k gksxk] tgk¡ 9q   vkSj .2r   ;gk¡] bl vksj /;ku nhft, fd r  dks 
/kukRed gksuk pkfg,A blfy,] 13)8()25(   ysuk foHkktu dyu fof/k dk 

ifj.kke ugha gksxkA 

;g mnkgj.k gesa ;gk¡ ,d egRoiw.kZ fVIi.kh dh vksj ys tkrk gSA 

 3: foHkktu ,sYxksfjn~e dks dsoy /kukRed Hkktd b  ds fy, fl) fd;k x;k 
gSA vxj ,0b   rks D;k gksrk gS?  tSlk fd fVIi.kh 2  esa ns[kk Fkk] .0b    

;fn ,0b   rks a  vkSj )0(b   ij fopkj dhft,A  

rc] .br0r)b(qa   tgk¡  

         ,br0,rb)q(   D;ksafd bb   gSA  

bl izdkj] vius vf/kdre O;kid :i esa]  fd 
0b,ba,      rq,   

.br0rqba     

ikfjHkkf"kd 'kCnkoyh ds laca/k esa] fuEufyf[kr fVIi.kh ij Hkh fopkj dhft,A 

 4: O;atd ,br0rqba  tgk¡esa]  q  dks b  ls a  dks Hkkx nsus ij izkIr 

 (quotient) dgrs gSa] rFkk  r  dks  (remainder) dgrs gSaA  

vkxs pydj dqN lewgksa dk v/;;u djrs le;] vki izk;% foHkktu dyu fof/k ds 
mi;ksx dks ns[ksaxsA blds vuqiz;ksx esa vH;kl ds fy,] dqN lacaf/kr iz'uksa dks gy 
djus dk iz;kl dhft,A 

E2) ;qXeksa 30,75  vkSj 30,75   ij foHkktu dyu fof/k dk vuqiz;ksx dhft,A 

E3) fl) dhft, fd ;fn a  ,slk gS fd 3   ,a  rks 2a  dks 3  ls Hkkx nsus ij 

'ks"kQy 1 vkrk gSA 
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E4) eku yhft, fd b,a  ,sls gSa fd ).ba(3 22   n'kkZb, fd a3   .b3  

 ( : E3 dk mi;ksx dhft,A) 

vkb, vc Hkktd vkSj xq.ktksa dh ppkZ ij okil vk tk,¡A 

fuEufyf[kr ifjHkk"kkvksa ij x+kSj dhft,A 

: eku yhft, fd .b,a    

i) dksbZ iw.kkZad c  iw.kkZadksa a  vkSj b  dk ,d (common divisor) 

dgykrk gS] ;fn ac  vkSj .bc   

ii) dksbZ iw.kkZad m  iw.kkZadksa a  vkSj b  dk ,d 
(common multiple)  dgykrk gS] ;fn ma  vkSj .mb  

mnkgj.k ds fy,]  2 vkSj 4 dk 2  ,d lkoZ Hkktd gS rFkk nksuksa 4  vkSj 8  2  vkSj 4  
ds lkoZ xq.kt gSaA vkxs] E1(i) ls vki tkurss gSa fd fdUgha b,a  ds fy,] a  vkSj 
b  ds 1 vkSj ,1  lkoZ Hkktd gSaA bl rjg] iw.kkZadksa ds fdlh Hkh ;qXe ds ,d ls 

vf/kd lkoZ Hkktd vkSj lkoZ xq.kt gksrs gSaA blls ge fuEufyf[kr ifjHkk"kkvksa ij 
igq¡prs gSaaA 

: dksbZ iw.kkZad d  nks 'kwU;srj iw.kkZadksa  a  vkSj b  dk ,d  

(greatest common divisor) (la{ksi esa] g.c.d) dgykrk gS] ;fn  

i) ad vkSj ,bd  rFkk  

ii) tc Hkh c  ,slk gS fd ac  vkSj ,bc  rks .dc   

/;ku nhft, fd ;fn a  vkSj b  ds nks g.c.d d  vkSj d  gSa] rks mijksDr ifjHkk"kk dk 
(ii) ;g dgrk gS fd dd   vkSj .dd  bl izdkj] dd   (E1 dks nsf[k,)A  

ijarq rc buesa ls dsoy ,d /kukRed gSA   

bl /kukRed g.c.d.  dks )( ba, gSA 

blh izdkj] fuEufyf[kr ifjHkk’kk ij fopkj dhft, % 

:  dksbZ iw.kkZad   b,a  dk ,d  (least common 

multiple) (laf{kIr esa] l.c.m.) dgykrk gS] ;fn  

i) a   vkSj ,b   rFkk  

ii) tc Hkh m  s.t. ma  vkSj ,mb  rc .m  

g.c.d dh fLFkfr dh gh rjg] vki ;g n'kkZ ldrs gSa fd a  vkSj b  dk 
l.c.m. gksrk gS] ftls b],[a  }kjk O;Dr fd;k tkrk gSA 

;kn dhft, fd 

}.0{\   
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mnkgj.kkFkZ] 1)5,3(   vkSj 4)20,8(    gSA lkFk gh] 15]5,3[   vkSj 

40]20,8[   gSA 

;gk¡ ,d lacaf/kr fVIi.kh ij fopkj dhft,A 

 5: dqN xf.krK b,a  ds g.c.d dks rc Hkh ifjHkkf"kr djrs gSa] tcfd 
muesa ls dsoy ,d dk 'kwU;srj gksuk vko';d gSA ;fn 0b   gS] rks ,b)b,0(    
D;ksafd b  gh 0  vkSj b  nksuksa dk lcls cM+k /kukRed lekiorZd gSA ijarq] bl 

ikB~;Øe esa ge nks 'kwU;srj iw.kkZadksa ds g.c.d  dh gh ckr djsaxsA ;fn vki pkgrs gSa] 
rks vki bldk lR;kiu dj ldrs gSa fd )b,a(  ds ckjs esa os lHkh ifj.kke ftUgsa ge 

;gk¡ fl) djsaxs] rc Hkh oS/k gSa tc iw.kkZadksa ba vkSj  esa ls dsoy ,d gh iw.kkZad 

'kwU;srj gSA  

D;k fdUgha nks 'kwU;srj iw.kkZadksa a  vkSj b  ds fy, )b,a(  dk vfLrRo gS? gk¡] ,slk gh 

gS] tks gesa fuEufyf[kr izes; crkrk gSA 

 5: fdUgha nks 'kwU;srj iw.kkZadksa a  vkSj b  dk ,d egÙke lekiorZd gksrk gSA 
lkFk gh] ,nbma)b,a(   fdUgha n,m  ds fy,A  

: eku yhft, fd }.0)ybxa(,y,xybxa{S     

D;ksafd ,0ba 22   blfy, ,Sba 22   vFkkZr~ S   vr%] lqØe.k fl)kar 
}kjk] S  dk ,d U;wure vo;o gS] eku yhft,] ,nbmad   fdUgha n,m  ds 
fy,A vki ns[ksaxs fd ).b,a(d    

D;ksafd ,Sd  blfy, .0d   vr%] foHkktu dyu fof/k ls] ge 

,rqda  fy[k ldrs gSa] fdUgha r,q  ds fy,] tgk¡ .dr0   

bl izdkj] .b)qn(a)qm1()nbma(qaqdar     …(1) 

vc] ;fn 0r   gS] rks (1) n'kkZrk gS fd ,Sr  tks S  esa d  dh U;wurerk dk 

varfoZjks/k djrk gSA  

vr%] ,0r   vFkkZr~ ,qda   vFkkZr~ .ad   

vki blh izdkj n'kkZ ldrs gSa fd .bd  

vr%] a  vkSj b  dk d  ,d lkoZ Hkktd gSA 

vc] eku yhft, fd c  ,d ,slk iw.kkZad gS fd ac  vkSj .bc  

rc] fdUgha 11 b,a  ds fy,] .cbbcaa 11  vkSj    

ijarq rc .c)nbma(cnbcmanbmad 1111    

bl izdkj] .dc   
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 1                                 
   vr%] geus n'kkZ fn;k gS fd a  vkSj b  dk d  ,d g.c.d gSA D;ksafd 0d  gS] blfy, 

;g vf}rh; /kukRed g.c.d, )b,a(  gSA 

izes; 5 tks gesa crkrk gS] mlds ,d mnkgj.k ds rkSj ij] 7  vkSj 9  ij fopkj 
dhft,A vki tkurs gSa fd buesa 1 vkSj 1  ds vfrfjDr dksbZ lkoZ xq.ku[kaM ugha gSA 
vr%] .1)9,7(   lkFk gh] Hkwy vkSj iz;kl fof/k }kjk] vki ns[k ldrs gSa fd 

.9)3()7)(4(1    

7  vkSj 9  tSls iw.kkZadksa ds ;qXeksa] ftuds g.c.d = 1 gSa] ds fy, ,d fo'ks’k uke fn;k 
tkrk gSA 

: ;fn nks 'kwU;srj iw.kkZad a  vkSj b  bl izdkj gSa fd ,1)b,a(   rks os ,d 

nwljs ds  (relatively prime) ;k  (coprime) dgykrs 
gSaA 

bl ifjHkk’kk lss] rFkk izes; 5 ds mi;ksx ls] ge dg ldrs gSa fd  

a   b    nm,  

 nb.ma1   

vlgHkkT; iw.kkZadksa dk ,d cgqr mi;ksxh xq.k gS] ftldh ckr ge vc djus tk jgs 
gSaA 

6: ;fn b,a  bl izdkj gSa fd ,1)b,a(   rFkk ;fn c  ,slk gS fd 

,acb  rks .cb  

: tSlk fd vki izes; 5 ls tkurs gSa]  n,m  ftuls fd .nbma1   

rc] .nbcmac)nbma(c1.cc     

vc] acb  vkSj .bcb  blfy,] E1(v) ls] ).nbcmac(b   

bl izdkj] .cb   

vkxs c<+us ls igys] l.c.m  ds ckjs esa fuEufyf[kr fVIi.kh ij fopkj dhft,A 

 6: b,a  fn;k jgus ij] ]b,a[  dk lnSo vfLrRo gksrk gSA oLrqr%] 

)b,a(

ab
]b,a[   gksrk gS] ftls ge ;gk¡ fl) ugha djsaxsA blds vfrfjDr] ge vkxs 

l.c.m dh dksbZ ppkZ ugha djsaxsA 

tSlk fd vki 'kh?kz ns[ksaxs] izes; 6 vadxf.kr ds ewyHkwr izes; (Fundamental 

Theorem of Arithmetic) dks fl) djus dk vk/kkj gSA vHkh ds fy,] vkb, dqN 
lacaf/kr ifjHkk"kkvksa dks nksckjk ;kn djsaA 
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: dksbZ izkÑfrd la[;k )1(p   ,d (prime number) 

dgykrh gS] ;fn blds Hkktd dsoy 1 vkSj p  gSaA ;fn dksbZ izkÑfrd la[;k )1(n   

vHkkT; ugha gS] rks og ,d (composite number) dgykrh gSA 

bl izdkj] 10117,5 vkSj  vHkkT; la[;k,¡ gSa] rFkk 4  vkSj 100  HkkT; la[;k,¡ gSaA 

fu%lansg] tSlk fd vki tkurs gSa] 1 u rks vHkkT; la[;k gS vkSj u gh HkkT; la[;k 
gSA 

vc] fuEufyf[kr iz'uksa dks gy djus dk iz;kl dhft,A 

E5) ,sls n,m  Kkr dhft, ftuls fd ,nbma)b,a(   tgk¡  

 i) 21b,7a   

 ii) 271b,5a   

 iii) ;cb,ca   c  ds fy,A  

E6) b,a  ds fy,] )b,a(),b,a(   vkSj )b,a(   ds chp dksbZ laca/k gS rks 

mls Kkr dhft,A  

E7) ;fn p  ,d vHkkT; la[;k gS rFkk ,abp rks n'kkZb, fd ap  ;k .bp  (;g 

vHkkT; la[;k dh ,d gSA) 

E8)  (Euclid’s Lemma) ds 'kfDr'kkyh :i dks fl) dhft,] 
tgk¡ izesf;dk dk dFku fuEu gS % ;fn p  ,d vHkkT; la[;k gS rFkk 

n21 a,,a,a   ,sls gSa fd ,aaap n21   rks fdlh n,,1i   ds fy, 

.ap i    

 ( : PMI dk mi;ksx dhft,A) 

E9) fl) dhft, fd] izes; 4 esa ).r,b()b,a(   

vc la[;k 50  ij fopkj dhft,A tSlk fd vki tkurs gSa] ge bls vHkkT; la[;kvksa 
ds xq.kuQy ds :i esa] 55250   fy[k ldrs gSaA oLrqr%] ge 1 ds vfrfjDr 

fdlh Hkh izkÑfrd la[;k dks vHkkT; la[;kvksa ds xq.kuQy ds :i esa fy[k ldrs 
gSaA ;gh gesa (unique prime factorisation 

theorem) crkrk gSA bl izes; dks vadxf.kr dk ewyHkwr izes; Hkh dgk tkrk gSA 
tSlk fd ge igys dg pqds gSa] ge vc bls izes; 6 dk mi;ksx djrs gq, fl) 
djsaxsA 

 7 ( ): izR;sd iw.kkZad 1n   dks m2,1 p,ppn   ds 

:i esa fy[kk tk ldrk gS] tgk¡ m21 p,,p,p   vHkkT; la[;k,¡ gSaA blds vkxs] 

xq.ku[kaMu esa vHkkT; xq.ku[kaMksa ds Øe ds vykok] ;g fu:i.k vf}rh; gksrk gSA 
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 1                                 
   :  bl izes; ds fu:i.k esa nks Hkkx gSa & vfLrRo vkSj vf}rh;rkA igys] ge 

,sls xq.ku[kaMu ds vfLrRo dks] xf.krh; vkxeu ds fl)kar dk mi;ksx djrs gq,] 
fl) djsaxsA   

eku yhft, fd n  ds fy, )n(P  ;g fo/ks; gS fd 1n   ,d ;k vf/kd vHkkT; 

la[;kvksa dk xq.kuQy gSA   

)1(P lR; gS] D;ksafd 2  Lo;a ,d vHkkT; la[;k gSA 

vc] vkb, ifjdYiuk djsa fd lHkh /kukRed iw.kkZadksa km   ds fy,] )m(P  lR; gSA 
ge ;g n'kkZuk pkgrs gSa fd )k(P  lR; gSA   

;fn 1k   ,d vHkkT; la[;k gS] rks )k(P  lR; gksxkA  

;fn 1k   ,d vHkkT; la[;k ugha gS] rks ge 21mm1k   fy[k ldrs gSa] tgk¡ 
1km1 1   vkSj 1km1 2   gSaA rc )1m(P 1  vkSj )1m(P 2   nksuksa gh lR; 

gSaA bl izdkj] ,qqqmpppm s212r211   vkSj  tgk¡ 

s21r21 q,,q,q,p,,p,p   vHkkT; la[;k,¡ gSa] ftudk vyx-vyx gksuk vko';d 

ugha gSA  

bl izdkj] ,qqqppp1k s21r21   vFkkZr~] )k(P  lR; gSA  

vr%] izes; 3  }kjk] izR;sd n  ds fy, )n(P  lR; gSA 

vc] vkb, n'kkZ,¡ fd ;g xq.ku[kaMu vf}rh; gSA 

eku yhft, fd ,qqqpppn s21t21    tgk¡ s21t21 q,,q,q,p,,p,p   

vHkkT; la[;k,¡ gSaA ge t  ij vkxeu dk mi;ksx djsaxsA 

;fn ,1t    rks .qqqp s211   ijarq 1p  vHkkT; gSA bl izdkj] blds xq.ku[kaM dsoy 

1 vkSj Lo;a og la[;k gSA vr%] 1s   vkSj .qp 11   

vc eku yhft, fd 1t  gS] rFkk vf}rh;rk 1t   vHkkT; la[;kvksa ds xq.kuQy ds 
fy, ykxw gSA  

vc] ,qqqp s211   vkSj blh fy,] E8 }kjk] fdlh s,,1i    ds fy,] i1 qp  gSA 

;fn vko';d gks rks s21 q,,q,q   ds Øe dks cnyus ij] ge eku ldrs gSa fd 

11 qp  gSA  

ijarq 1p  vkSj 1q  nksuksa gh vHkkT; la[;k,¡ gSaA vr%] .qp 11   

ijarq rc .qqpp s2t2    

blfy,] vkxeu }kjk] 1s1t   rFkk t32 p,,p,p   s32 q,,q,q   

gSaaA 

bl rjg] geus xq.ku[kaMu dh vf}rh;rk dks fl) dj fy;k gSA 
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mijksDr izes; ewyHkwr gS] D;ksafd ;g gesa crkrk gS fd dksbZ Hkh /kukRed iw.kkZad 
vHkkT; la[;kvksa ls fufeZr gksrk gSA bl izdkj] vHkkT; la[;k,¡ os vo;o gSa] ftUgas 
‘feykdj’ izkÑfrd la[;k,¡ curh gSa vkSj fQj lHkh 'kwU;srj iw.kkZad curs gSaA 

fdlh la[;k ds xq.ku[kaMu esa ,d ;k T+;knk vHkkT; la[;k,¡ nksgjkbZ tk ldrh gSa] 
tSls fd xq.ku[kaMu 55250   esa 5  nks ckj vk jgk gSA nksgjk, tkus okyh 
vHkkT; la[;kvksa dks ,d lkFk j[kds] ge izes; 7  dk fuEufyf[kr miizes; izkIr 
djrs gSaA 

 1: fdlh Hkh izkÑfrd la[;k )1(n   dks vf}rh; :i ls 
r21 m

r
m
2

m
1 pppn   ds :i esa fy[kk tk ldrk gS] tgk¡ r,,2,1i   ds fy, 

izR;sd im  rFkk izR;sd ip  ,d ,slh vHkkT; la[;k gS fd .ppp1 r21     

izes; 7 ds vuqiz;ksx ds :i esa] ge fuEufyf[kr egRoiw.kZ izes; ns jgs gSa] ftldk Js; 
izkphu ;wukuh xf.krK ;wfDyM (Euclid) dks tkrk gS] ftudk ft+Ø ge igys dj pqds 
gSaA 

 8: vuarr% vusd vHkkT; la[;k,¡ gSaA 

: ge bls varfoZjks/k }kjk fl) djsaxsA vr%] vkb, ifjdYiuk djsa fd vHkkT; 
la[;kvksa dk leqPp; P  ifjfer gS] eku yhft, }.p,,p,p{P n21   izkÑfrd 
la[;k 1)ppp(m n21    ij fopkj dhft,A 

vc] eku yhft, fd dksbZ .mpi  rc] ).pppm(p n21i   vFkkZr~]  ,1pi  tks ,d 

varfoZjks/k gSA  

vr%] ip   .n,,1im   

ijarq] D;ksafd 1m   gS] blfy, izes; 7 ls m  dk ,d vHkkT; xq.ku[kaM vo'; gksuk 
pkfg,A bl izdkj] ge ,d varfoZjks/k ij igq¡p tkrs gSaA  

vr%] gekjh ifjdYiuk fd ‘vHkkT; la[;kvksa dk leqPp; ifjfer gS’ vo'; gh x+yr 
gksxhA 

blfy,] vuarr% vusd vHkkT; la[;k,¡ vo'; gksuh pkfg,aA 

vc] fuEufyf[kr iz'uksa dks gy djus dk iz;kl dhft,A  

E10) fl) dhft, fd ;fn p  ,d vHkkT; la[;k gS rFkk a  ,sls gSa fd  

 i) p   ,a  rks ;1)a,p(   

 ii) ,ap 2  rks .ap  

E11) fl) dhft, fd fdlh Hkh vHkkT; la[;k p  ds fy, p  ,d vifjes; la[;k 

gksrh gSA  

fdlh izes; dk miizes; 
og ifj.kke gS] tks ml 
izes; ls ,d fu"d"kZ ds 
:i esa izkIr gksrk gSA 
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 ( : eku yhft, fd p  ifjes; la[;k gSA rc] .
b

a
p   tgk¡ b,a  

rFkk ge eku ldrs gSa fd .1)b,a(   vc] vHkkT; la[;kvksa ds mu xq.kksa dk 

mi;ksx dhft, ftudh ppkZ geus vHkh-vHkh dh gSA) 

E12) lHkh m,n  ds fy, fl) dhft, fd ;fn m1n /   gS] rks .n m/1   

E13) miizes; 1 dks fl) dhft,A 

E14) vadxf.kr ds ewyHkwr izes; ds iz;ksx ls fl) dhft, fd ;fn ,y   rks ,slh 

,d fo"ke izkÑfrd la[;k x  gS fd fdlh _.ksrj iw.kkZad r  ds fy, .x2y r   

vki ns[k pqds gSa fd izR;sd iw.kkZad dks vf}rh; :i ls vHkkT; la[;kvksa dh ?kkrksa ds 
xq.kuQy ds :i esa fy[kk tk ldrk gSA vr%] tSlk fd vki vius fiNys v/;;uksa 
ls tkurs gSa] vki bl fu:i.k dk mi;ksx fdUgha nks iw.kkZadksa ds  g.c.d.  dks Kkr 
djus ds fy, dj ldrs gSaA 

mnkgj.kkFkZ] 175  vkSj 2205  ds g.c.d. dks Kkr djus ds fy,] ge bu nksuksa dks 
miizes; 1 esa fn, :i esa fy[krs gSaA  

vr%] ).753(2205,75175 22    vkSj   

blds ckn] vki nksuksa iw.kkZadksa dks foHkkftr djus okyh izR;sd vHkkT; la[;k dh 
vf/kdre ?kkr ds xq.kuQy ds :i esa budk g.c.d. izkIr dj ldrs gSaA bl fLFkfr 
esa] ;g 3575 11   gSA 

tSlk fd vki ns[k ldrs gSa] ;gk¡ gesa nksuksa iw.kkZadksa dh vHkkT; la[;kvksa ds xq.kuQy 
ds :i esa xq.ku[kaMu djus dh vko';drk iM+sxhA tc la[;k,¡ T+;knk cM+h gksa] rc 
,slk djuk ljy ugha gSA bls dqN ljy cukus ds fy,] izkphu ;wukfu;ksa us ,d 
,sYxksfjn~e fodflr dhA ,slk izrhr gksrk gS fd bl ,sYxksfjn~e dks loZizFke izkphu 
;wukuh xf.krK ;wfDyM us vius xzaFk ‘,yhesaV~l (Elements)’ esa fn;k FkkA bl xzaFk esaa 
13  iqLrdsa lfEefyr gSa] rFkk bls yxHkx 300  B.C. esa fy[kk x;k FkkA blfy, bl 
,sYxksfjn~e dks ;wfDyM dk uke fn;k x;k gSA ;g foHkktu ,sYxksfjn~e ds fujarj 
vuqiz;ksxksa ij vk/kkfjr gSA  

;g ns[kus ds fy, fd ;wfDyMh; ,sYxksfjn~e fdl izdkj ykxw gksrk gS] ,d mnkgj.k 
ij fopkj dhft,A  

 1: )135,246(  Kkr dhft,A lkFk gh] n,m   Kkr dhft, s.t. 

).135,246()135(n)246(m    

:  E6 ls vki tkurs gSa fd ).135,246()135,246(    

246  vkSj 135  ds fy,] foHkktu ,sYxksfjn~e }kjk] ge izkIr djrs gSa :  

.1111135246         …(2) 

1:  
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vc foHkktu ,sYxksfjn~e dks 135  rFkk (2) esa izkIr 'ks"kQy 111 ij ykxw djds] gesa 
izkIr gksrk gS %  

.241111135         …(3) 

vc] 111 vkSj 24  ij foHkktu ,sYxksfjn~e dk vuqiz;ksx djds izkIr gksrk gS :  

.15424111         …(4) 

vkxs] .911524         …(5) 

vkxs] 61915         …(6) 

vkxs] .3169         …(7) 

vkxs] .0236         …(8) 

,d ckj 'ks"kQy 'kwU; vk tk,] rks ge #d tkrs gSaA 

vc] E9 ls vki tkurs gSa fd  

.3)0,3()3,6()6,9()9,15()15,24()24,111()111,135()135,246(    

bl izdkj] .3)135,246(   

/;ku nhft, fd ;wfDyMh; ,sYxksfjn~e dk izR;sd pj.k nks iw.kkZadksas ds g.c.d. Kkr 
djus dh leL;k dks de ifjek.k okys nks iw.kkZadksa ds g.c.d. dks Kkr djus dh 
leL;k esa cny nsrk gSA 

lkFk gh] izes; 5 ds lanHkZ esa] /;ku nhft, fd (7) ls :  

),915(9693   (6) lsA 

   1592   

  ,15324215)1524(2   (5) lsA 

  ,11132414)244111(3242   (4) lsA 

  ,11117135141113)111135(14   (3) lsA 

  ),24617()13531()135246(1713514   (2) lsA 

bl izdkj] 13531246)17(3   

        .13531)246(17   

bl izdkj] izes; 5 ds lanHkZ esa] 17m  vkSj .31n    

*** 



 

28
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   mijksDr mnkgj.k esa vki ns[k ldrs gSa fd n,m  s.t. )b,a(nbma   Kkr 

djus esa fdl izdkj ;g ,sYxksfjn~e gesa lqfo/kk iznku djrh gSA vU;Fkk] gesa bu 
iw.kkZadksa dks izkIr djus ds fy, dsoy Hkwy vkSj iz;kl fof/k dk iz;ksx djuk iM+rk] 
tSlk fd igys ds mnkgj.kksa esa fd;k FkkA 

vkb, vc vkSipkfjd :i ls ;wfDyMh; ,sYxksfjn~e dks fy[ksaaA 

: fdUgha nks /kukRed iw.kkZadksa a  vkSj 

1n10 q,,q,qb  ] fy,ds  vkSj n10 r,,r,r   s.t. 

 

.rr0,rqrb 01110                                                                                        

.rr0,rqrr 122210   

             

.rr0,rqrr 1nnnn1n2n    

.0qrr 1nn1n     

rc] nr)b,a(   gksrk gSA  

: tSlk fd vkius E9 eas n'kkZ;k Fkk] 
.r)r,r()r,r()r,b()b,a( nn1n100     

mijksDr ,sYxksfjn~e fofHkUu izdkj dh chth; lehdj.kksa dks gy djus ds fy, ,d 
vk/kkj gSA bldk mi;ksx baVjusV lapkj (internet communication) dks lqjf{kr j[kus 
esa rFkk dksfMax fl)kar (coding theory) esa fd;k tkrk gSA 

vc vki bl ,sYxksfjn~e dk vuqiz;ksx Lo;a gh D;ksa ugha djrs\ 

E15) fuEufyf[kr ds fy, )b,a(  Kkr djus ds fy,] ;wfDyMh; ,sYxksfjn~e dks ykxw 

dhft,A  

 i) ,12345b,54321a   rFkk  

 ii) .880b,61880a   

 lkFk gh] izR;sd fLFkfr esa ,sls n,m  Kkr dhft, s.t. .nbma)b,a(    

vHkh ds fy,] ge   esa foHkkT;rk ij viuh ppkZ dks ;gha [k+Re djrs gSaA ijarq] vc 
ge iw.kkZadksa ds ;qXeksa dh foHkkT;rk ds vk/kkj ij ijLij vla;qDr mileqPp;ksa ds :i 
esa   ds vo;oksa dks ,df=r djus dh ,d fof/k ij fopkj djsaxsA 

 

.br0,rbqa 000 
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1.3  

dyu ikB~;Øe ds [kaM 1 esa] vkius laca/kksa rFkk] fof'k"V :i esa] rqY;rk laca/kksa  dk 
v/;;u fd;k FkkA vkb, buls tqM+h ifjHkk"kkvksa dks fQj ls ns[ksaA 

: eku yhft, fd S  ,d vfjDr leqPp; gSA 

i) S  ij ,d SS  dk ,d mileqPp; R  gksrk gSA ge laca/k R  dks  
}kjk Hkh O;Dr djrs gSa] ftls ‘ b~a  iff R)b,a(  ’ }kjk ifjHkkf"kr fd;k tkrk 

gSA 

;gk¡] ge dHkh-dHkh ba ~  dks aRb  ds :i esa fy[krs gSaA 

ii) S  ij laca/k R (reflexive) dgykrk gS] ;fn ,SaR)a,a(   

vFkkZr~] .Saa~a    

iii) S  ij laca/k R  (symmetric) dgykrk gS] ;fn 
,R)a,b(R)b,a(   vFkkZr~] ,a~bb~a    Sb,a   ds fy,A 

iv) S  ij laca/k R   (transitive) dgykrk gS] ;fn  

R)b,a(   vkSj ,R)c,a(R)c,b(   vFkkZr~]  

;c~ac~b,b~a   Sc,b,a   ds fy,A 

v) S  ij laca/k R  ,d (equivalence relation) dgykrk gS] ;fn 
og LorqY;] lefer vkSj laØked gksrk gSA 

vkb, ,d mnkgj.k ij fopkj djsaA 

 2:   ij ‘ b~a  iff |||| ba  ’  }kjk fn, tkus okys laca/k ~ ij fopkj 

dhft,A ;gk¡] }.ba)b,a({R ||||    tk¡p dhft, fd ,R   ij  ,d 

rqY;rk laca/k gS ;k ughaA   

: D;ksafd ,aaa ||||   blfy, ~  LorqY; gSA 

b,a  ds fy,] ;fn ,|||| ba   rks .|||| ab   vr%] ~ lefer gSA  

c,b,a  ds fy,] ;fn |||| ba   vkSj ,|||| cb   rc .|||| ca   vr%] ~ laØked gSA  

bl izdkj]   ij ~ ,d rqY;rk laca/k gS] vFkkZr~]   ij R  ,d rqY;rk laca/k gSA 

*** 

mnkgj.k 2 esa] ,d fuf'pr z  ds fy,]   ds mileqPp; 
}z{]z[ ||||    ij x+kSj dhft,A vr%] ]z[  vkÑfr 2 esa n'kkZ, x, o`Ùk ij 

fLFkr lHkh fcanqvksa dk vifjfer leqPp; gSA vkÑfr 2 ls vki ns[k ldrs gSa fd ;fn 

,|||| 1zz   rks  ]z[]z[ 1  rFkk ;fn ,|||| 1zz   rks ].z[]z[ 1  
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 1                                 
   lkFk gh] ].z[

z 



  bl lfEeyu esa] leku ekikad (modulus) okys lHkh vo;o 

,d mileqPp; esa gks tkrs gSaA rFkk gj ,slk mileqPp; vU; mileqPp;ksa ls 
vla;qDr gSA leqPp; ]z[  ,d fof'k"V fLFkfr gS mldh] ftls ge vc ifjHkkf"kr 

djsaxsA  

: fdlh leqPp; S  ij ,d rqY;rk laca/k R fn;k jgus ij]  
}R)b,a(Sb{ [a] , Sa  dk (equivalence class) dgykrk 

gSA 

/;ku nhft, fd ],a[ S  dk  ,d mileqPp; gSA lkFk gh] ]a[b  iff ],b[]a[    

D;ksafd R  ,d rqY;rk laca/k gSA  

bl izdkj] Sb,a   ds fy,] ]b[]a[   ;k  ]b[]a[   

lkFk gh] fdlh Hkh ].z[zSz   fy,ds  

 S  

 

vkb,] rqY;rk laca/kksa rFkk laxr oxksZa ds dqN vkSj mnkgj.kksa ij fopkj djsaA  

 3: laca/k }m,a)m5a,a({R  ij fopkj dhft,A nwljs 'kCnksa esa] 

R)b,a(   iff   esa )ba(5   gSA n'kkZb, fd R  ,d rqY;rk laca/k gS] rFkk 1 ds 

rqY;rk oxZ esa nks vyx-vyx vo;o Kkr dhft,A 

: D;ksafd ),aa(5   blfy, .aR)a,a(   vr%] R  LorqY; gSA 

vkxs] )ba(5R)b,a(   

    c  s.t. c5)ba(   

   )c(5)ab(   

 )ab(5   

 .R)a,b(   

vr%] R  lefer gSA 

var esa] eku yhft, fd R  esa )b,a(  vkSj )c,b( gSaA  

rc]  n,m  s.t. m5)ba(   rFkk .n5)cb(   bl izdkj] 

),nm(5)cb()ba()ca(   vFkkZr~~] ).ca(5   

vr%] .R)c,a(    blfy,] R  laØked gSA 

bl izdkj] R  ,d rqY;rk laca/k gSA  

2:  0)O(0,  

||z  

 .z   

O 

||z  
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,m5)1a(a{}R)1,a(a{]1[    fdlh m ds fy,}   

    }.m1m5{   

vr%] ]1[  esa nks vyx vo;o Kkr djus ds fy,] ge m  ds nks vyx eku ysrs gSa] 
eku yhft, ;s 0m   vkSj 1m   gSaA rc] gesa ]1[  esa nks vyx vo;o 1 vkSj 6  

izkIr gksrs gSaA 

*** 

vkb, vc mnkgj.k 3 dks O;kidhÑr djsaA 

 4: eku yhft, fd .n   ‘ aRb  iff )ba(n  ’ }kjk fn, tkus okyk   ij 

,d laca/k R  ifjHkkf"kr dhft,A n'kkZb, fd   ij R  ,d rqY;rk laca/k gSA R  ds 
fdrus vyx-vyx rqY;rk oxksZa dk   ,d lfEeyu gS] rFkk D;ksa? 

:  vki mnkgj.k 3  esa viukbZ xbZ izfØ;k ds vuqlkj ;g n'kkZ ldrs gSa fd R  

,d rqY;rk laca/k gSA 

rqY;rk oxksZa dks Kkr djus ds fy,] vkb, foHkktu ,sYxksfjn~e dk mi;ksx djsaA dksbZ 
Hkh a fn;k gksus ij]   esa ,sls q  vkSj r  gSa ftuls fd 

.nr0,rnqa          …(9) 

vc] izR;sd 1n,,1,0i    ds fy,] },mimn{]i[   tSlk fd vkius 

mnkgj.k 3 eas ns[kk FkkA 

lkFk gh] (9) ls ]r[]a[   fdlh r  ds fy,] tgk¡ .nr0   vr%] ]1n[,],1[],0[   

gh lHkh rqY;rk oxZ gSaA 

vkxs] ;fn fdlh j   ds fy,] tgk¡ ,nj0   ]j[]i[   gS] rks fdUgha m,m  ds 

fy,] ).ij(nij)mm(njnmimn   

ijarq nji   gSA    

blfy,] )ij(n   rHkh laHko gS] tcfd 0ij   gks] vFkkZr~] ji   gksA vkSj rc] 

.mm   

vr%] ],1n[,],1[],0[   n  vyx oxZ gSa] rFkk ;s gh lHkh oxZ gSaA  

vr%] ],1n[]1[]0[    tks n  vla;qDr rqY;rk oxksZa dk ,d lfEeyu gSA 

*** 

mnkgj.k 4 esa fn;k rqY;rk laca/k ‘ (congruence modulo n )’ 
dgykrk gSA ge n)(modba   fy[krs gSa (bls ‘a, b  n ’ 

i<+rs gSaA), ;fn mnkgj.k 4 esa ]b[]a[   gS] ;kuh ;fn ).ba(n    
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 1                                 
   ;gk¡ ge lHkh rqY;rk oxksZa ds leqPp; dks n  ls n'kkZrs gSaA vFkkZr~ 

 .]1n[],...,1[],0[n   

mijksDr mnkgj.k gesa fuEufyf[kr ifjHkk’kk dh vksj ys tkrs gSaA 

: ,d vfjDr leqPp; S  dk (partition), Sds vla;qDr vfjDr 
mileqPp;ksa ,Ii,Si   dk ,d laxzg gksrk gS tgk¡ i

Ii
SS


 A ;gk¡ I  lwfpr djus 

okyk leqPp; (indexing set) gSA  

mileqPp; iS  bl foHkktu ds [kkus (cells) dgykrs gSaA 

bl izdkj] ;fn S  dk [kkuksa iS  esa foHkktu gksrk gS] rks S  dk izR;sd vo;o ,d vkSj 

dsoy ,d gh [kkus esa fLFkr gksrk gSA  

,d foHkktu esa vuarr% vusd [kkus gks ldrs gSa] ;k ifjfer la[;k esa [kkus gks ldrs 
gSaA tSls fd] mnkgj.k 4 esa   dk foHkktu n  oxksZa esa gqvk gSA ;gk¡ [kkus gSa 

].1n[,],1[],0[   ijarq mnkgj.k 2 esa   vuarr% vusd [kkuksa esa foHkkftr gqvk gS] 

rFkk buesa ls gj [kkuk  ,d vifjfer leqPp; gSA 

vkb, vc foHkktuksa dks rqY;rk laca/kksa ls tksM+us okys ,d ifj.kke dks fl) djsaA 

 9: ,d vfjDr leqPp; S  dk foHkktu S  ij ,d rqY;rk laca/k ifjHkkf"kr djrk 
gSA foykser%] S  ij ,d rqY;rk laca/k S  ij ,d foHkktu ifjHkkf"kr djrk gSA 

: loZizFke] eku yhft, fd }IiS{ i   leqPp; S  ij ,d foHkktu ds [kkuksa 

dk leqPp; gS] tgk¡ I  ,d lwpdkadh leqPp; gSA 

Sb,a   ds fy,] ‘aRb  iff a  vkSj b  foHkktu ds ,d gh [kkus esa fLFkr gSa’  }kjk S  

ij ,d laca/k R  dks ifjHkkf’kr dhft,A  

bl izdkj] aRa gS] D;ksafd a  Lo;a ds gh [kkus esa fLFkr gSA vr%] R  LorqY; gSA  

vkxs] ;fn aRb  gS] rks a  vkSj b  ds gh [kkus esa fLFkr gSA vr%] b  vkSj a  ,d gh [kkus 
esa fLFkr gSaA bl izdkj] bRa  gSA vFkkZr~] R  lefer gSA  

var esa] ;fn aRb  vkSj bRc  gSa] rks a  vkSj b  ,d [kkus] eku yhft, ,Si  esa fLFkr gSa 
rFkk b  vkSj c  ,d [kkus jS  esa fLFkr gSaA D;ksafd ji SS   esa b  fLFkr gS] blfy, 

 ji SS  bl izdkj] .ji   blfy,] iS  esa nksuksa a  vkSj c  fLFkr gSaA vr%] aRc  

gSA vFkkZr~] R  laØked gSA  

vr%] R  ,d rqY;rk laca/k gSA 

blds foykse dks fl) djus ds fy,] S  ij dksbZ rqY;rk laca/k R  yhft,A eku 
yhft, fd fdUgha Sb,a   ds fy,]  ]b[]a[   

eku yhft, fd ].b[]a[x   rc] xRa  vkSj xRb  gS] ftlls aRx  vkSj xRb  gSaA 
vr%] aRb  gSA vFkkZr~] ].b[]a[   

uksV dhft, fd n  
leqPp;ksa dk leqPp; gS] 
D;ksafd gj U{0}i  ds 

fy, ]i[  ,d leqPp; gSA 
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bl izdkj] lHkh rqY;rk oxZ ,d nwljs ds vla;qDr gSa ;k cjkcj gSaA 

lkFk gh] fdlh Hkh Sa  ds fy,] ].a[a   

vr%] lHkh rqY;rk oxZ feydj S  dk ,d foHkktu cukrs gSaA 

mnkgj.k ds fy,] mnkgj.k 2 esa rqY;rk laca/k   dks vuarr% vusd [kkuksaa esa foHkkftr 
djrk gS] vkSj ;s [kkus  2  esa ldsUnzh; o`Ùk gSa] ftuds dsUnz )0,0(  ij gSa] tSlk fd 

vki vkÑfr 2 esa ns[k pqds gSaA 

vc vki dqN vU; laca/kksa dks nsf[k, vkSj ekywe dhft, fd D;k ;s lac) leqPp;ksa 
ds foHkktu iznku djrs gSa ;k ughaA 

E16) tk¡p dhft, fd fuEufyf[kr laca/k   ij rqY;rk laca/k gSa ;k ugha % 

 i) nRm  iff ,0nm    

 ii) nRm  iff n  vkSj m  ds vk/kkj nl ladsru esa vadksa dh la[;k,¡ leku gSaA  

 tks R  rqY;rk laca/k gSa] muds fy,    ds laxr foHkktu izkIr dhft,A 

E17) n'kkZb, fd lHkh lR; xf.krh; dFkuksa dss leqPp; ij] ‘ BAiffARB  ’ ,d 

LorqY; vkSj laØked laca/k gS] ijarq lefer ugha gSA 

E18) ‘le'ks"krk ekWM~;wyks 8 ’ vkSj ‘le'ks"krk ekWM~;wyks 1’ ds laxr]   ds foHkktuksa ds 
lHkh [kkus Kkr dhft,A    

vkb, vc ,d vU; chth; oLrq ij n`f"V Mkysa] tks chtxf.kr esa vfr jkspd gSA ge 
bu oLrqvksa dk bl ikB~;Øe esa mnkgj.kksa ds :i esa mi;ksx djsaxsA 

1.4  

vkius xf.kr dh vc rd dh i<+kbZ esa fuEufyf[kr tSls dbZ jSf[kd lehdj.kksa ds 
leku gyksa dks Kkr djus dh fof/k;ksa dk v/;;u fd;k gS % 








5y2x3

5y3x2
       …(I) 

bu nksuksa lehdj.kksa dks ,d lkFk ysdj pjksa x  vkSj y  ds xq.kkadksa rFkk vpj inksa dks 

iafDr;ksa vkSj LraHkksa esa fuEufyf[kr rjhd+s ls Hkh O;ofLFkr djds fu:fir fd;k tk 
ldrk gS % 

523

532

yx





j.knwljh lehd
.kigyh lehdj

 invpj xq.kkaddk xq.kkad dk
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 1                                 
   bl rjg ls ge ,d vk;rkdkj O;oLFkk izkIr djrs gSa] ftldh izfof"V;k¡ la[;k,¡ gSa] 

tSls uhps fn;k x;k gS %  









 523

532
  

vki vkxs pydj ns[ksaxs fd bl rjg dh O;oLFkk dk mi;ksx djrs gq,] ge jSf[kd 
fudk; (system) (I) dks D;ksa uhps n'kkZ, vuqlkj fy[k ldrs gSa % 



























5

5

y

x

23

32
 

tSlk fd vki 5osa lsesLVj ds ikB~;Øe esa ns[ksaxs] ,slh O;oLFkk,¡ dqN jSf[kd fudk;ksa 
ds gyksa dks Kkr djus esa cgqr lgk;d jgrh gSaA ;s os fudk; gSa ftuesa pjksa dh 
la[;k cgqr cM+h gksrh gS] rFkk lac) xq.kkadksa dk gLrdkS'ky }kjk ifjdfyr djuk 
ljy ugha gksrk gSA 

,slh vk;rkdkj O;oLFkkvksaa dk chtxf.kr esa cgqr egRo gSA blhfy,] ge vkidk 
ifjp; buls djk jgs gSaA bl Hkkx esa] vki buds dqN ekSfyd xq.kksa dk v/;;u 
djsaxsA vkxs pydj vki buds ckjs esa vkSj v/;;u djsaxsA 

,sfrgkfld :i ls dgk tk,] rks bu ,slh O;oLFkkvksaa dks baXySaM esa 19oha 'krkCnh esa 
chth; egRork izkIr gqbZA xf.krKksa tsEl flYosLVj (James Sylvester) vkSj vkFkZj 
dsyh (Arthur Cayley)  uss loZizFke budk vuqiz;ksx jSf[kd lehdj.kksa ds fudk;ksa ds 
v/;;u ds fy, fd;k FkkA 

vr%] vkb, bu oLrqvksa dks ifjHkkf"kr djsaA 

: eku yhft, S  ,d vfjDr leqPp; gSA  

i)  S  ds mn  vo;oksa dks (square brackets)  m  ysVs 
iafDr;ksa (rows) vkSj n  [kM+s LraHkksa (columns) eas O;ofLFkr djds tks 
vk;rkdkj O;oLFkk izkIr gksrh gS] og S   nm  (matrix) ;k 

 (order) nm   dgykrk gSA 

ii) S  ij ,d nn  vkO;wg S  n  (square 

matrix) dgykrk gSA  

iii) S  ij ,d n1  vkO;wg S  ij ,d (row vector) dgykrk gS 
rFkk S  ij ,d 1n   vkO;wg S  ij ,d (column vector) 

dgykrk gSA 

fdlh leqPp; S  ij lHkh nm  vkO;wgksa ds leqPp; dks (S)nm  }kjk O;Dr 
fd;k tkrk gS] rFkk S  ij  lHkh nn  vkO;wgksa ds leqPp; dks] (S)n  }kjk O;Dr 

fd;k tkrk gSA 

3:  
           (1814-1897) 
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mnkgj.kkFkZ] ,
23

32







   ij dksfV 2  okyk ,d oxZ vkO;wg gSA  









y

x
vkSj ,

5

5










 )(12    esa vkO;wg gSa] tgk¡ .y,x   ;s   ij LraHk lfn'kksa ds 

Hkh mnkgj.k gSaA 

nm  vkO;wg 



















mn2m1m

n22221

n11211

aaa

aaa

aaa









 dks nmij ][a   }kjk] ;k dsoy ],[aij  }kjk (;fn 

m  vkSj n  ij t+ksj nsus dh vko';drk ugha gSA) O;Dr fd;k tkrk gSA  

;gk¡] ija  og vo;o gS tks ioha iafDr vkSj josa LraHk esa fLFkr gS] vFkkZr~ ija  vkO;wg dk 

ok¡)j,i(  vo;o  gSA  

;fn ]a[A ij  dksfV n  okyk ,d oxZ vkO;wg  gS] rks vo;o nn2211 a,,a,a   vkO;wg 

A  ds (diagonal elements) dgykrs gSa] rFkk A  Øfer
leqPp; (ordered set) }a,,a,a{ nn2211   gS] vFkkZr~] blds vo;o fn;s x, Øe esa 

gh gSaA  

mnkgj.kkFkZ] 









43

21
A  dk fod.kZ }4,1{  gS] }1,4{  ugha gSA ;gk¡ 3a12   vkSj 

.2a 21   

vki izk;% )(nm    ds lkFk dk;Z djsaxs] tks mu lHkh nm vkO;wgksa dk leqPp; gS 

ftudh izfof’V;k¡ lfEeJ la[;k,¡ gSaaA 

/;ku nhft, fd ),()()()( nmnmnmnm     D;ksafd 

.    

vkb, vc ,d ,slh jkst+ejkZ ft+Unxh dh (ljyhÑr) fLFkfr ij ǹf"V Mkysa ftlesa ,d 
vkO;wg mRiUu gks ldrk gSA 

 5: fdlh dkWyst ds bfrgkl izHkkx esa 5  iq#"k vkSj 3  efgyk lnL; gSa] 
xf.kr izHkkx esa 4  efgyk vkSj 3 iq#"k lnL; gSa rFkk dEI;wVj foKku izHkkx esa 7 

efgyk lnL; gSaA bl lwpuk dks ,d vkO;wg ds :i esa izLrqr dhft,A  

: bl lwpuk dks izLrqr djus dh ,d fof/k gS fuEufyf[kr 23  vkO;wg % 

















70

43

35

foKkuVjw   dEI;

xf.kr
    bfrgkl

efgykk"iq#

 

,d vU; laHkkouk gS fuEufyf[kr 32  vkO;wg % 



 

36

 

 1                                 
   









035

743

k"   iq#
efgyk

foKkuVjwdEI;xf.krbfrgkl
 

buesa ls izR;sd fu:i.k rqjar gesa crkrk gS fd fn, gq, izHkkxksa esa fdrus lnL; gSa 
rFkk buesa ls fdrus efgyk / iq#"k gSaA 

*** 

vusd nSfud thou dh leL;k,¡ gSa ftudks vkO;wgksa ds mi;ksx ls xf.kr gy djus esa 
lgk;rk djrh gSA buesa ls dqN ds ckjs esa vki 5osa lsesLVj ikB~;Øe esa lh[ksaxsA vHkh 
ds fy,] fuEufyf[kr iz'uksa dks gy djds vkO;wgksa ds dqN vknh gks tk,¡A 

E19) eku yhft, fd 


















700

054

321

A  vkSj .

0230

5145

2352

B
















  fuEufyf[kr crkb,%  

 i) A  vkSj B ds osa)3,2(  vo;o]  

 ii) A  dh rhljh iafDr]   

 iii) A  vkSj B  esa ls oxZ vkO;wgksa ds fod.kZ]   

 iv) B  dk izFke LraHk]  

 v) B  dh pkSFkh iafDrA  

E20) )(\)( 2424    dk ,d vo;o fyf[k,A 

E21)   ij ,d ,slk oxZ vkO;wg nhft, ftldk fod.kZ }1,,i,e{   gS] rFkk 

ftldk ji  ds fy, ok¡)j,i(  vo;o 1 gS] vkSj ji   ds fy,  j,i ok¡ vo;o 

0 gS] tgk¡ .4,3,2,1j,i    

vkb, vc ns[ksa fd nks vkO;wg cjkcj dc gksrs gSaA igys rks vki   ij nks vyx 
22  vkO;wg fy[ksaA D;k fdUgha i  vkSj j  ds fy,] ,d vkO;wg dh oha)j,i(  izfof"V eas 

vkSj nwljs vkO;wg dh oha)j,i(  izfof"V esa dksbZ varj gS? ;fn ugha] rks ;s vkO;wg vyx 
ugha gSaA vfirq os cjkcj gSaA mnkgj.kkFkZ] nks 11  vkO;wg ]2[  vkSj ]2[  cjkcj gSaA ijarq] 
fuEufyf[kr ifjHkk"kk ds vuqlkj] ].2[]2[   

: nks vkO;wg  (equal) gksrs gSa] ;fn  

i) mudh dksfV leku gSa] vFkkZr~] nksuksa dh iafDr;ksa dh la[;k leku gS vkSj nksuksa 
dh LraHkksa dh la[;k Hkh leku gS( rFkk 

ii) lHkh laxr LFkkuksa ij nksuksa ds vo;o leku gSaA 
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fuEufyf[kr mnkgj.k ls vkidks Li"V gks tk,xk fd cjkcj vkO;wgksa ls gekjk D;k 
eryc gSA 

 6: ;fn ,
3z

yx

32

01

















 rks y,x vkSj z  ds eku D;k gSa? 

: loZizFke] /;ku nhft, fd nksuksa vkO;wg leku dksfV] vFkkZr~ 22  ds gSaA  

vc bu vkO;wgksa dks cjkcj gksus ds fy,] lHkh j,i   ds fy, bu nksuksa ds osa)j,i(  

vo;o cjkcj gksus pkfg,A vr%] 0y,1x   vkSj .2z   

*** 

vc] dqN iz'uksa dks gy djus dk iz;kl dhft,A 

E22) D;k   ij dksbZ vkO;wg   ij fdlh vkO;wg ds cjkcj gks ldrk gS\ D;ksa] ;k  

 D;ksa ugha? 

E23) D;k ]43[  vkSj 







4

3
 cjkcj gSa? D;ksa? 

E24) D;k  ?101
101

101












 D;ksa? 

vkb, vc   ij vkO;wgksa dh dqN lafØ;kvksa ij fopkj djsaA 

 

loZizFke] )(32    esa fdlh vkO;wg] eku yhft, ,
25.00

152
A 







 
  ij fopkj 

dhft,A  

vc )(

21

5.05

02

B 23  

















 dks nsf[k,A 

D;k vki A  vkSj B  esa dksbZ laca/k ns[k jgs gSa? A  dh izFke iafDr vkSj B  ds izFke 
LraHk ij fopkj dhft,A D;k ;s leku ugha gSa? blh izdkj] A  dh nwljh iafDr B  

dk nwljk LraHk gSA oLrqr%] ,B A dk ifjorZ gS] tSlk fd vkidks fuEufyf[kr ifjHkk"kk 

crk,xhA  

: eku yhft, fd S  ,d vfjDr leqPp; gSA vkO;wg )S(]a[A nmij    

dk (transpose) ,slk mn  vkO;wg gS ftldh iafDr;k¡ A  ds LraHk gksrs gSa] 
Øe esaA bls tA  }kjk O;Dr fd;k tkrk gSA bl izdkj] ).S(]a[A mnij

t
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mnkgj.kkFkZ] ;fn ,
00i3

0023
A 










  rks .

00

00

i32

3

At





















  /;ku nhft, fd ;gk¡ 























00

00

2i3

3

At  D;ksafd tA  ds LraHkksa dks fy[krs le;] A  dh iafDr;ksa ds Øe dks 

ogh j[kuk gSA  

lkFk gh] /;ku nhft, fd .A
00i3

0023
)A( tt 










  

ifjHkk"kk ls] vki ns[k ldrs gSa fd] mijksDr mnkgj.k dh gh rjg] 
A  A)(A tt   gSA  

vc ‘ifjorZ’ ds ckjs esa fuEufyf[kr fVIi.kh ij fopkj dhft,A 

 7: /;ku nhft, fd t
mnnm A)A(f:)()(:f     ,d lqifjHkkf"kr 

Qyu gSA bldk dkj.k ;g gS fd ;fn ,BA   rks A  dh ioha iafDr B dh ioha iafDr 

gS .m,,1i   blfy, tA  dk iok¡ LraHk tB  dk iok¡ LraHk gS .m,,1i   vr%] 

.BA tt   

vkb, vc   ij nm  vkO;wgksa ds leqPp; ij ,d f}-vk/kkjh lafØ;k ij fopkj 
djsaA  

 

vkb, )(32   esa 










7.0i

112
 vkSj 








 210

5.052
 ij fopkj djsaaA D;k budks 

tksM+us ;k ?kVkus dh dksbZ LokHkkfod fof/k gS? D;k nksuksa ds laxr LFkkuksa ds vo;oksa 
dks tksM+sa? Rkc  

































27.01i0

5.015122

210

5.052

7.0i

112
 

             .
27.01i

5.064











   

okLro esa] ;gh og fof/k gS ftlls vkO;wg ds ;ksx (tksM+us) vkSj O;odyu (?kVkus) dks 
O;kid :i esa ifjHkkf"kr fd;k tkrk gS] tSlk fd vc vki ns[ksaxsA 

 :  )(nm    esa ]a[A ij  vkSj ]b[B ij  ds fy,] BA   dks vkO;wg 

)(nm   ]b[a ijij  ds :i esa ifjHkkf"kr fd;k tkrk gS] rFkk BA   dks vkO;wg 

)(nm   ]b[a ijij ds :i esa ifjHkkf"kr fd;k tkrk gSA 

;g ifjHkk"kk fdlh Hkh ,sls 
leqPp; S ij vkO;wgkas ds fy, 
lR; gS] ftl ij ;ksx vkSj 
O;odyu f}-vk/kkjh lafØ;k,¡ 
gSaaA 
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/;ku nhft, fd bu ifjHkk"kkvksa ls nh xbZ tksM+ vkSj ?kVkuk] )(nm    ij f}-

vk/kkjh lafØ;k,¡ gSaA 

;gk¡ ,d egRoiw.kZ fVIi.kh ij fopkj dhft,A 

 8: nh gqbZ ifjHkk"kk esa] /;ku nhft, fd (order) 

gSA mnkgj.kkFkZ]  53
1

2









 

ifjHkkf"kr ugha gS] D;ksafd 







1

2
 ,d 12  vkO;wg gS rFkk  53  ,d 21  vkO;wg gSA 

vkb, mu lafØ;kvksa ds dqN foLr`r mnkgj.kksa  dks ns[ksa] ftudk vkius vHkh rd 
v/;;u fd;k gSA 

 7: BA,AB,BA   vkSj AB  Kkr dhft,] tgk¡ 

).(

4

32

32

B,

01

i2.0

5.1i

A 23  






































   

lkFk gh] ;g Hkh fuf'pr dhft, fd ABBA   vkSj ABBA   gS ;k ughaA 

: ifjHkk"kk ls] 

,

41

i32.02

5.13i2

AB,

41

3i22.0

35.12i

BA










































   

.

41

i32.02

5.13i2

AB,

41

3i22.0

35.12i

BA










































   

/;ku nhft, fd BA   vkSj AB dh lHkh laxr izfof"V;k¡ leku gSaA vr%] 
.ABBA   

D;ksafd BA   vkSj AB  dh oha)1,1(  izfof"V;k¡ leku ugha gSa] blfy, 

.ABBA   

*** 

 8: eku yhft, fd 










i5i3

512
A  vkSj 

).(
890

712
B 32  











   BA,B,A tt   vkSj t)BA(   Kkr dhft,A D;k 

?BA)BA( ttt   D;ksa? 
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   : loZizFke] BA   ifjHkkf"kr gS] D;ksafd A  vkSj B  dh dksfV;k¡ leku gSaA   

;gk¡] .
i58i93

1220
BA 










   

vc] .

i5812

i92

30

)BA(,

87

91

02

B,

i55

i1

32

A ttt

























































 
   

lkFk gh] .

i5812

i92

30

BA tt





















  

t)BA(   vkSj tt BA   dh laxr izfof"V;ksa dks ns[k dj vki dg ldrs gSa fd  

.BA)BA( ttt   

*** 

 9: ;fn ),(A 32    rks D;k tAA   ifjHkkf"kr gS? m  vkSj n  ij dkSuls 

izfrca/kksa ds v/khu   ij fdlh nm  vkO;wg A  ds fy,] tAA   ifjHkkf"kr gksxk?  

: D;ksafd A  ,d 32  vkO;wg gS] blfy, tA  ,d 23  vkO;wg gSA vr%] A  vkSj 
tA  dh dksfV;k¡ vyx-vyx gSaA vr%] tAA   ifjHkkf"kr ugha gSA 

vkxs] D;ksafd A  ,d nm  vkO;wg gS rFkk tA  ,d mn   vkO;wg gS] blfy, tAA   

dsoy rHkh ifjHkkf"kr gksxk] tc nm   gks] vFkkZr~] A  ,d oxZ vkO;wg gksA 

*** 

mijksDr mnkgj.kksa esa tks vkius ns[kk gS] og fdUgha Hkh nks vkO;wgksa ds fy, lR; gSA 
vkb, bl ifj.kke dk vkSipkfjd :i ls dFku nsaA 

 10: eku yhft, fd ).(B,A nm    rc]  

i) ,ABBA   

ii) .BA)BA( ttt   

: ;gk¡ ge (ii) dks fl) djsaxs] rFkk (i) dks vkids fy, ,d vH;kl dh rkSj ij 
NksM+ jgs gSa (E27 nsf[k,)A 

ii) eku yhft, fd ]a[A ij  vkSj ].b[B ij  rc] ].ba[BA ijij     

vr%] ],c[)BA( ij
t   tgk¡  

ijc  t)BA(   dk ok¡)j,i(  vo;o  
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    BA   dk ok¡)i,j(  vo;o  

  jiji ba   

      A  ds vkSj B ds osa)i,j(  vo;oksa dk ;ksx  

      tA  ds vkSj tB ds osa)j,i( vo;oksa dk ;ksx  

    tt BA   dk ok¡)j,i(  vo;oA  

bl izdkj] .BA)BA( tt   

 vc vki dqN iz'uksa dks gy D;ksa ugha dj ysrs? 

E25) fuEufyf[kr ds ;ksx Kkr dhft, %  

 i) )(2   esa 







10

01
 vkSj ,

10

01











 

 ii) )(nm   esa ,]a[]a[ nmijnmij     

 iii) )(nm    esa ,]a[ nmij 0  tgk¡ 0  og nm  vkO;wg gS ftldh izR;sd 

izfof’V 0  gSA 

E26) mnkgj.k 7 ds A  vkSj B  ds fy,] izes; 10(ii)  dk lR;kiu dhft,A 

E27) eku yhft, fd ),S(C,B,A nm  tgk¡  S,S   rFkk S  ij ''  ,d 

f}-vk/kkjh lafØ;k gSA tk¡p dhft, fd fuEufyf[kr lR; gSa ;k ugha : 

 i) ,ABBA   

 ii) .C)BA()CB(A    

E28) fl) dhft, fd  

i) ,A)A( tt   fdlh Hkh )(A nm   ds fy,A 

ii) ttt AA)AA(   vkSj ,)AA()AA( ttt   izR;sd 

 )(A n   ds fy,A 

 

tSlk fd vki [kaM 1, dyu] ls tkurs gSa] E27(i) dgrk gS fd S  ij vkO;wgksa dk ;ksx 
,d  lafØ;k gS rFkk (ii) dgrk gS fd vkO;wgksa dk ;ksx ,d  

lafØ;k gSA bdkbZ 2 esa] vki bu xq.kksa dk mi;ksx djsaxsA 

vkb, vc ifjHkkf"kr djsa & vfn'k 
xq.ku vkSj vkO;wg xq.kuA 
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vkO;wg 









753

252
A  ij fopkj dhft,A vc 










14106

4104
AA,A2  ds cjkcj 

gSA blh rjg fdlh n  ds fy,] A dks Lo;a ds lkFk n  ckj tksM+us ij izkIr 
vkO;wg gSA blfy,] ;g dguk lkFkZd gS fd  

,
n2n5n3

n7n5n2
nA 








  tgk¡ .n    

bl izfØ;k dks O;kidhÑr djus ij] ge fuEufyf[kr ifjHkk"kk izkIr djrs gSaA 

: fdlh   vkSj )(]a[A nmij    ds fy,]   vkSj A  ds xq.kuQy 

dks  (scalar product), ]a[ ijαA  ls ifjHkkf’kr fd;k tkrk gSA 

/;ku nhft, fd ;fn ]a)1[(A)1(,]a[A ijij  Arks  

                               ].a[ ij  

vfn'k xq.ku ds ,d mnkgj.k ds rkSj ij] fuEufyf[kr ij fopkj dhft,A 

 i32  vkSj  2i0

5i










 dk xq.kuQy gS % 

  






















)i()i32(0)i32(

5)i32(i)i32(

i0

5i
)i32(  

      ,
i230

i1510i23











  D;ksafd .1i2   

bl rjg ds xq.ku ds ckjs esa vc ,d fVIi.kh ij x+kSj dhft,A 

9: Åij ifjHkkf"kr fd;k x;k xq.ku ‘vfn'k’ xq.ku dgykrk gS] D;ksafd ml 
leqPp; ds vo;o ftlesa vkO;wg dh izfof"V;k¡ gSa] bl fLFkfr esa ,  vfn'k dgykrs 
gSaA ;gk¡ xq.ku ,d Qyu )()(: nmnm     gSA bl izdkj] vfn'k 
xq.ku )(nm    ij ,d f}-vk/kkjh lafØ;k gSA 

vkb, dqN mnkgj.kksa ij fopkj djsaA blds lkFk-lkFk vki dqN ,sls izkjafHkd xq.kksa 
dk v/;;u djsaxs tks vc rd vkids }kjk v/;;u dh xbZ vkO;wgksa ij lafØ;kvksa ls 
lacaf/kr gSaA 

 10: eku yhft, fd ).(

85

51

3/13.0

B,

05.0

17

12

A 23  






































   

,B5,A5  )BA(5),BA(5   rFkk tA5  Kkr dhft,A  

;g ifjHkk"kk rc Hkh ykxw 
jgrh gS] tc   dks ,  
;k ls cny fn;k tkrk 
gSA 
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D;k ?B5A5)BA(5   D;k ?A5)A5( tt   vius mÙkjksa ds fy, dkj.k nhft,A 

: .
011

5.072
At












   

.

05.2

535

510

05)5.0(5

)1(575

1525

A5








































        

blh izdkj] .

4025

255

3/55.1

B5




















    

lkFk gh] ,

85.5

48

3/23.2

BA


















  rFkk .

85.4

66

3/47.1

BA


















   

vr%] ,

405.22

3030

3/205.8

)BA(5,

405.27

2040

3/105.11

)BA(5





































  

,
055

5.23510
)A5(,

405.22

3030

3/205.8

B5A5 t






























  

.
055

5.23510

05)1(515

)5.0(57525
A5 t
























  

vkO;wgksa dh laxr izfof"V;ksa dks ns[kus ij] ge Kkr djrs gSa fd  

B5A5)BA(5   vkSj .A5)A5( tt   

*** 

mijksDr mnkgj.k esa tks vkius ns[kk gS] og dsoy bu B,A  vkSj 5  ds fy, gh 

lR; ugha gSA ;g lHkh fLFkfr;ksa ds fy, lR; gS] tks fuEufyf[kr izes; gesa crkrk 
gSA 

 11: eku yhft, fd )(B,A nm    rFkk .,   rc]  

i) ,BA)BA(   

ii) ,BA)BA(   

iii) ,A)A( tt   
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   iv) ).A(A)(   

: ge (i) dks fl) djsaxs] rFkk vkidks bl izes; dh miifÙk iwjh djus dk 
vH;kl ns jgs gSaa (E29 nsf[k,)A  

i) eku yhft, fd ].b[B]a[A ijij   vkSj  rc] 

]ba[)]ba([]ba[)BA( ijijijijijij   

               ]b[]a[]b[]a[ ijijijij   

    .BA    

 vr%] (i) fl) gks x;kA  

vc fuEufyf[kr iz'uksa dks gy dhft,A 

E29) izes; 11(ii), (iii)  vkSj (iv)  dks fl) dhft,A 

E30) ;fn  ,B3A2C)5.0(   tgk¡ 











2121

2121
A  rFkk 

,
)3cos()3sin(

)3sin()3cos(
B 











  rks C Kkr dhft,A 

E31) eku yhft, fd ‘ B~A  iff C5BA   fdlh )(C nm   ds fy,’ }kjk 
)(nm    ij ~ ifjHkkf"kr gSA tk¡p dhft, fd )(nm    ij ~ ,d rqY;rk 

laca/k gS ;k ughaA ;fn gS] rks ][0 Kkr dhft,A vU;Fkk] )(nm   ij ,d 

rqY;rk laca/k ifjHkkf"kr dhft,A 

vkb, vc ns[ksa fd nks vkO;wgksa dks fdl izdkj xq.kk fd;k tkrk gSA 

 

)(32   esa 









253

752
A  vkSj 











113

001
B  ij fopkj dhft,A xq.kk djus 

dh ,d LokHkkfod fof/k ;g gks ldrh gS fd] ;ksx dh rjg] laxr vo;oksa dk xq.kk 
dj fy;k tk,A ijarq] vkidks ;g tku dj vk'p;Z gksxk fd ftl fof/k ls vkO;wg 
xq.ku dks izk;% ifjHkkf"kr fd;k tkrk gS] mlds vuqlkj bu vkO;wgksa dk xq.kk 

gSA vki t+:j lksp jgs gksaxs fd ,slk D;ksa gSA 

ftl izdkj ls vkO;wg xq.ku dks ifjHkkf"kr fd;k tkrk gS og bl rF; ls tqM+k gS fd 
izR;sd vkO;wg ,d Qyu gS] tSls fd vki ik¡posa lsesLVj ikB~;Øe ‘jSf[kd chtxf.kr’ 

esa v/;;u djsaxsA ,slk pyrs] nks vkO;wgksa dk xq.kk djuk bu nksuksa Qyuksa ds la;kstu 
(composition)  ds laxr gksrk gSA vr%] lkekU; vkO;wg xq.ku dks laxr vo;oksa }kjk 
ifjHkkf"kr ugha fd;k tkrk gS] tSlk fd vki 'kh?kz gh ns[ksaxsA ,slk izrhr gksrk gS fd 
vkO;wgksa dks xq.kk djus dh ;g fof/k Ý+kalhlh xf.krK tkd fQ+yhi ekjh chus 
(Jacques Philippe Marie Binet) (1786-1856) }kjk 1812  esa lwf=r dh xbZ FkhA 
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vc vkb, ns[ksa fd nks vkO;wgksa dk xq.kk fdl izdkj fd;k tkrk gSA  

]531[A   vkSj 


















1

2

0

B  ij fopkj dhft,A 

rc] .11)1)(5()2)(3()0)(1(

1

2

0

]531[AB 















   

vr%] ge bl fof/k ls ,d iafDr lfn'k dks ,d LraHk lfn'k ls xq.kk rHkh dj ldrs 
gSa tcfd ge bl xq.ku dk 
mi;ksx nks ,sls vkO;wgksa dk xq.kuQy Kkr djus esa djrs gSa] tks ,d izfrca/k dks 
larq"V djrs gSaA bl izfrca/k dks vki vkxs ns[ksaxsA 











253

752
A  vkSj 















 


72

i0

1

B  ij fopkj dhft,A rks A  ,d 32  vkO;wg gS 

rFkk B  ,d 23  vkO;wg gSA budk vkO;wg xq.kuQy AB  ,d 22  vkO;wg gksxkA 
vkb, ns[ksa fd ge bls fdl izdkj izkIr djrs gSaA 

AB  dk 1)(1,  vo;o A  dh vkSj B ds  dk xq.kuQy 
gksrk gS; bldk 2)(1,  vo;o A  dh vkSj B ds dk 
xq.kuQy gksrk gS;  bldk 1)(2, vo;o A  dh vkSj B  ds 

 dk xq.kuQy gksrk gS; vkSj bldk 2)(2,  vo;o A  dh  vkSj 

B  ds  dk xq.kuQy gksrk gSA vr%] 

   

   








































 































 



















7

i253

2

0

1

253

7

i752

2

0

1

752

A  

   .
i53147

i524916

)7(2)i(5)(3)2(2)0(5)1(3

)7(7)i(5)(2)2(7)0(5)1(2






















   

/;ku nhft, fd AB  dsoy rHkh ifjHkkf"kr gS] tc A  dh izR;sd iafDr esa vo;oksa dh 
la[;k B  ds izR;sd LraHk esa vo;oksa dh la[;k ds cjkcj gksA bldk vFkZ gS fd A  

 B A 

rc] AB  esa iafDr;ksa dh la[;k A  esa iafDr;ksa dh la[;k] rFkk 

 AB  esa LraHkksa dh la[;k B  esa LraHkksa dh la[;kA 
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 1                                 
   O;kid :i esa] fuEufyf[kr ifjHkk’kk ij fopkj dhft,A 

: ;fn )(]a[A nmij    vkSj ),(]b[B snjk    rks 

dh lafØ;k dks fuEu izdkj ls ifjHkkf"kr fd;k tkrk gS %  

:)()()(: smsnnm     ],c[AB)B,A( ik  tgk¡ 

.ba

b

b

b

]aaa[c
n

1j
jkij

nk

k2

k1

in2i1iik 

























  

;gk¡ dqN egRoiw.kZ izs{k.k gSa] ftudk vkidks iqu% /;ku j[kuk pkfg,A 

10: i) nks vkO;wgksa A  vkSj B  dk xq.kk 
fd A  ds LraHkksa dh la[;k B dh iafDr;ksa dh la[;k ds cjkcj u gksA 

ii) /;ku nhft, fd bl ifjHkk"kk }kjk nks nm  vkO;wgksa )nm(   dk xq.kk 
gSA vr%] )(nm    ij -

S]  nm   u gksA 

vkb, dqN mnkgj.kksa ij foLr`r :i ls fopkj djsaA 

 11: D;k 



















057

11

23

A  vkSj 









50

31
B  dk xq.kuQy ifjHkkf"kr gS? 

;fn gk¡] rks Kkr dhft,A lkFk gh] BA  Kkr dhft,] ;fn bldk vfLrRo gS rksA 

: D;ksafd A  ,d 23  vkO;wg gS rFkk B  ,d 22  vkO;wg gS] blfy, AB  

ifjHkkf"kr gS vkSj ;g ,d 23  vkO;wg gSA ijarq AB  dk vfLrRo ugha gS] D;ksafd 
B esa LraHkksa dh la[;k ,32   tks A  esa iafDr;ksa dh la[;k gSA 
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3
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1
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3
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    .

5

21

5

7
21

193























  

*** 

12: ;fn   ij A  vkSj B  Øe'k% nm  vkO;wg vkSj sn   vkO;wg gSa] rks 
n,m  vkSj s  ij dkSuls izfrca/kksa ds v/khu AB  vkSj BA  nksuksa ifjHkkf"kr gksaxs?  rFkk 

rc] D;k ?BAAB   D;ks]a ;k D;ksa ugha? 

: AB  lnSo gh ifjHkkf"kr gksxk] D;ksafd A  ds LraHkksa dh la[;k B  dh iafDr;ksa dh 
la[;k ds cjkcj gSA lkFk gh] AB  ,d sm  vkO;wg gksxkA 

BA  rHkh ifjHkkf"kr gksxk] tc ms   gksA rFkk rc AB  vkSj BA  Øe'k% mm  vkSj 
nn  vkO;wg gksaxsA 

vr%] BAAB   ds fy, loZizFke nksuksa vkO;wgksa dks leku dksfV;ksa dk gksuk gksxk] 
vFkkZr~ nm   t+:jh gSA 

ijarq] nm   gksus ij Hkh gks ldrk gS fd ;s nksuksa cjkcj u gksaA 

mnkgj.kkFkZ] ;fn 






 


02

11
A  vkSj ,

01

01
B 








  rks 






















02

00

)0(0)0(2)1(0)1(2

)0)(1()0(1)1)(1()1(1
AB  rFkk  

.
11

11

)0(0)1(1)2(0)1(1

)0(0)1(1)2(0)1(1
BA 






















   

vr%] .BAAB   

bl izdkj] O;kid :i ls] )(B,A n   ds fy,] .BAAB     

*** 

vc vkb, mnkgj.kksa ds ek/;e ls vkO;wg xq.ku ds dqN xq.kksa ij fopkj djsaA 

 13: eku yhft, fd 












213

012
A  rFkk .

140

020

041

B















 
   D;k AB  

vkSj ttAB  ifjHkkf"kr gSa? ;fn ,slk gS] rks t)AB(  vkSj ttAB  esa ,d laca/k Kkr dhft,A 

vU;Fkk] tk¡p dhft, fd D;k tBAAB   gS ;k ughaA 

: vkidks bldk lR;kiu djuk pkfg, fd AB  vkSj ttAB  nksuksa ifjHkkf’kr gSaA 
lkFk gh]  
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)1)(2()0(1)0(3)4)(2()2(1)4(3)0)(2()0(1)1(3

)1(0)0)(1()0(2)4(0)2)(1()4(2)0(0)0)(1()1(2
AB  

      .
2183

0102











  

vr%] .

20

1810

32

)AB( t


















   

vkxs] 

















100

424

001

Bt  vkSj .

20

11

32

At


















   

tk¡p dhft, fd .

20

1810

32

AB tt


















   

bl izdkj] .AB)AB( ttt    

*** 

 14: eku yhft, fd 





































1

3

2

B,

2

2

4

A  vkSj  .21C   D;k 

BCAC   vkSj C)BA(   ifjHkkf"kr gSa? ;fn gk¡] rks bUgsa Kkr dhft, rFkk buesa 

laca/k Hkh Kkr dhft,A ;fn buesa ls dksbZ ifjHkkf"kr ugha gS] rks Li"V dhft, fd 
D;ksaA 

: ;gk¡ B,A  vkSj BA  , 13  vkO;wg gSa rFkk C  ,d 21  vkO;wg gSA blfy,] 
BC,AC  vkSj C)BA(   ifjHkkf"kr gSa] rFkk ;s lHkh 23  vkO;wg gSaA 

vc] .

21

63

42

BC,

42

42

84

)2)(2()1)(2(

)2(2)1(2

)2(4)1(4

AC































































                     

,

1

5

6

1)2(

32

24

BA








































  ftlls .

21

105

126

C)BA(





















  

lkFk gh] .

21

105

126

21

63

42

42

42

84

BCAC































































   

bl izdkj] .C)BA(BCAC    
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*** 

15: eku yhft, fd 


































i31

i

2

B,
025.0

17i
A  vkSj 

 .1001C   n'kkZb, fd C)AB(  vkSj )BC(A  ifjHkkf"kr gSa] vkSj cjkcj gSaA 

: ;gk¡ /;ku nhft, fd AB  ,d 12  vkO;wg gS] ),(BC 43    rFkk blh fy, 

)(C)AB( 42    vkSj ).()BC(A 42    bl izdkj] C)AB(  vkSj )BC(A  nksukas 

ifjHkkf"kr gSa rFkk leku dksfV;ksa ds gSaA vc] 

























i5.0

i21

i5.0

)i31(i7i2
AB  rFkk .

i3100)i31(

i00i

2002

BC





















   

vr%] 












i5.000i5.0

i2100i21
C)AB(  vkSj  

.
i5.000i5.0

i2100i21
)BC(A 











   

bl izdkj] ).BC(AC)AB(                                                                                                                     

*** 

 16: mnkgj.k 13 ds A  vkSj B  ds fy,] n'kkZb, fd 
.)B(A)AB(B)A(   

: ;gk¡] 

































40

020

04

B,
23

02
A  rFkk 

.
2183

0102
)AB( 











   

lkFk gh] .
2183

0102

140

020

041

23

02
B)A( 



























 












  

blh izdkj] .
2183

0102

40

020

04

213

012
)B(A 












































   

bl rjg] ).B(A)AB(B)A(   

*** 
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 17: n'kkZb, fd ;fn 










021

i3
A  gS rFkk ,

10

01
I 








  rks 

.AIAAI   

: vki bldh tk¡p dj ldrs gSa fd AAI   vkSj .AIA   

*** 

mnkgj.k 13-17 okLro esa mu xq.kksa dh fof'k"V fLFkfr;k¡ gSa tks vf/kd O;kid :i esa 
lR; gSa vkSj ftuds vc ge dFku nsuss tk jgs gSaA ijarq ge bUgsa fl) ugha djsaxs] 
D;ksafd budh miifÙk;k¡ cgqr vO;ofLFkr gks ldrh gSaA vki bu xq.kks a dk mi;ksx 
bl ikB~;Øe dh vU; bdkb;ksa esa ckjackj djsaxsA 

P1  ( ): ;fn   ij B,A  vkSjC Øe'k% pn,nm   vkSj qp  

vkO;wg gSa] rks  ).BC(AC)AB(    

P2 ( ): ;fn   ij A  ,d nm vkO;wg gS rFkk B  vkSj C  nks pn   

vkO;wg gSa] rks .ACAB)CB(A                                                                                

P3 ( ): eku yhft, fd  ,In nn  vkO;wg 



























1000

0100

0100

0010

0001













 gS] vFkkZr~] ],a[I ijn   tgk¡ .
ji,0

ji,1
a ij








   

rc] AAIn   vkSj AAIm   gksrk gS]   ij izR;sd nm  vkO;wg A ds fy,A  

P4 ;fn   rFkk   ij A vkSj B  Øe'k% nm  vkSj pn   vkO;wg gSa] rks 
).B(AB)A()AB(   

P5 ;fn   ij A vkSj B  Øe'k% nm  vkSj pn  vkO;wg gSa] rks .AB)AB( ttt   

vc fuEufyf[kr iz'uksa dks gy djus ds fy,] vki mijksDr xq.kksa dk mi;ksx D;ksa  

ugha djrs? 

E32) ;fn AC,AB  vkSj BC  ifjHkkf"kr gSa rks bUgsa Kkr dhft,] tgk¡ 

tAB,
203

459
A 











  vkSj .

1i

i1

33

C
















     

E33) n'kkZb, fd fdUgha nks nn   vkO;wgksa A  vkSj B  ds fy,] 
.BBAABA)BA( 222    

gkykafd xq.k 5P1P    
ij vkO;wgksa ds ckjs esa gSaA 
ysfdu ;s xq.k   , , ;k 

)n(n    ij vkO;wgksa 
ij  Hkh ykxw gSaA 
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E34) fdlh 'kgj esa rhu iqLrdksa dh nqdkuksa esa ls izR;sd ij nks ikB~;iqLrdksa dh 

eky-lwph (inventory) 


















07

415

129

A   }kjk nh tkrh gSA ;gk¡ A dh iafDr;k¡ 

fofHkUu nqdkuksa ls lac) gSa rFkk A  ds LraHk ml nqdku esa miyC/k izR;sd 
ikB~;iqLrd dh la[;k dks O;Dr djrs gSaA iqLrdksa dh Fkksd ykxr  (` esa) 

 t1200700C   }kjk nh tkrh gSA ACKkr dhft,] rFkk fn, gq, lanHkZ esa 

crkb, ;g D;k n'kkZrk gSA 

E35) fuEufyf[kr jSf[kd lehdj.k-fudk; ij fopkj dhft,A 

 05z4y3x7   

 6y3x2   

 19y4z   

 bls BAX   :i esa fyf[k,] tgk¡ A  ,d 33  vkO;wg gS rFkk X  vkSj B  nks 
13  vkO;wg gSaA 

 ( :  


















z

y

x

X yhft,A)  

tSlk fd vkius   ij vkO;wgksa dks ifjHkkf"kr fd;k gS] ge bUgas fdlh Hkh leqPp; ij 

ifjHkkf"kr dj ldrs gSaA mnkgj.kkFkZ] )(
401

032
632  








 gS] tgk¡ lHkh 

izfof"V;k¡ 6  ls gSaA blh izdkj] ).(
612

573
32  











 ijarq ;fn ge 

)S(nm  esa vkO;wgksa dks tksM+uk pkgrs gSa] tgk¡ S  ,d leqPp; gS] rks ifjHkk"kk ds 

vuqlkj] ge ,slk dsoy rHkh dj ldrs gSa] tc S  ij  ‘ ’ ,d f}-vk/kkjh lafØ;k 
gksA blh izdkj] ;fn ge )S(m esa vkO;wgksa dk xq.kk djuk pkgrs gSa] rks  ‘ ’ vkSj ‘·’ 

dks S ij f}-vk/kkjh lafØ;k,¡ gksuh pkfg,aA 

vr%] mnkgj.kkFkZ] ;fn ),(B,A n2   rc BA   rFkk BA   ifjHkkf"kr gSa] tgk¡ 

n  esa vo;oksa dks tksM+k rFkk mudk xq.kk fd;k tkrk gSA 

bl izdkj]  S  

S   ‘ ’  ‘·’ - gSaA lHkh izes; Hkh S  

ij vkO;wgksa ds fy, lR; gksaxs] vxj S  dqN ,sls izfrca/kksa dks larq"V djs] ftudk 
v/;;u vki bdkbZ 2 esa djsaxsA 

vkO;wgksa dh bl ifjpkRed ppkZ dks ge ;gk¡ lekIr djsaxsA vkb, vc ,d vU; 
izdkj dh chth; oLrq ij fopkj djsa] tks lewgksa  ds v/;;u ds fy, ekSfyd gSA 
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1.5  

vkb, bl ppkZ dks 'kCn ‘lefefr’ ij ǹf"V Mkyrs gq, izkjaHk djsaA vkius bl 'kCn 
dks izÑfr ;k fMt+kbu] dh lqanjrk ds lanHkZ esa vusd ckj lquk gksxkA ;gk¡ ge ,d 
lery  esa dqN f}foeh; (two-dimensional) oLrqvksa dh lefefr;ksa ij ppkZ djsaxsA 

,d est+ ij j[ks gq, fdlh likV oLrq] eku yhft, fd IykfLVd ds cus ,d leckgq 
f=Hkqt] ij fopkj dhft,] ;fn vki bls blds dsUnzd (centroid)  ds ifjr ?kqek,¡] 
;k bls iyV nsa] ;k bls est+ ij /kDds ls vkxs dj nsa] rks D;k bldss vkdkj ;k 
vkeki esa dksbZ ifjorZu gksrk gS? ugha] bu ij dksbZ izHkko ugha iM+rk gSA blh dkj.k 
f=Hkqt ij ;s fØ;k,¡ n<̀+ fiaM xfr;ksa ds mnkgj.k gSa] ftl in dks ge vc ifjHkkf"kr 
dj jgs gSaA 

:  fdlh oLrq X  dh ,d (rigid body motion) X  ij ,d 
,slh fØ;k (action) gS tks mlds vkdkj ;k vkeki esa dksbZ ifjorZu ugha djrh gSA 

bl izdkj] fdlh lery esa ,d oLrq dh ,d n<̀+ fiaM xfr ,d ,slk ,dSdh 
vkPNknd Qyu 22:f    gS ftlls fd lHkh 2y,x   ds fy,] )x(f  vkSj 

)y(f  ds chp nwjh ogh gS tks x  vkSj y  ds chp dh nwjh gSA   

vkb,] vc est+ ij j[ks leckgq f=Hkqt ij okil vk tk,¡A est+ ij bldh ckgjh 
js[kk [khafp,A ;fn vki bl f=Hkqt dks est+ ij /kDdk nsdj cm5  ljdk,¡] rks bldh 
fLFkfr viuh izkjafHkd fLFkfr ls Li"V :i ls cny tk,xhA blh izdkj] bl f=Hkqt 
dks est+ ij blds dsUnzd ds izfr 90  ls ?kqekus dk iz;kl dhft,A iqu%] vki ns[ksaxs 
fd bldh fLFkfr est+ ij [khaph xbZ ckgjh js[kk dks iwjk iwjk ugha <dsxhA ;g cny 
tk,xhA ijarq bls vc 120  ls blds dsanzd ds izfr ?kqekus dk iz;kl dhft,A vki 
D;k ns[krs gSa? D;k bldh fLFkfr cny xbZ gS?  ugha] ,slk ugha gqvk gSA rks ;g fØ;k 
,d mnkgj.k gS mldk ftls ge vc ifjHkkf"kr djus tk jgs gSaA  

: lery esa fdlh oLrq dh ,d (symmentry) ,d ,slh ǹ<+ fiaM 
xfr gS] ftlls ml lery esa ml oLrq dh fLFkfr esa dksbZ ifjorZu ugha gksrk gSA 

bl izdkj] lery esa ,d oLrq X dh ,d lefefr 2  ls 2  rd ,d ,slk ,dSdh 
vkPNknd f  gS ftlls fd .X)X(f   vr%] lefefr dksb ,slh ǹ<+ fiaM xfr ugha gks 

ldrh gS tks ml oLrq dh fLFkfr dks cny ns] vFkkZr~] mls foLFkkfir dj nsA 
mnkgj.kkFkZ] ,d LFkkukarj.k (translation) ,d lefefr ugha gksxhA 

leryh; oLrq dh lefefr dsoy fuEufyf[kr eas ls ,d gks ldrh gS % 

i)  (Reflection): ,d lefefr-js[kk (line of symmetry) lkis{k 
(mnkgj.kkFkZ] leckgq f=Hkqt dk dksbZ Hkh dks.k lef}Hkktd) oLrq X  ds lHkh 
fcanqvksa ds niZ.k izfrfcacksa dks ysukA 

ii)  (Rotation): fdlh lery esa oLrq X  dks ml lery ds fdlh dsUnz 
fcanq ds izfr okekorZ (anti-clockwise) fn'kk esa fdlh dks.k ls ,sls ?kqekuk fd 

fdlh f=Hkqt dk dsUnzd 
mldh rhuksa ekf/;dkvksa 
(medians) dk izfrPNsn fcanq 
gksrk gSA 

1 
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?kw.kZu ds ckn X  dh fLFkfr esa dksbZ cnyko u gks (mnkgj.kkFkZ] leckgq f=Hkqt 
dks mlds dsUnzd ds izfr 120  ds dks.k ls ?kqekuk)A  

vkb, foLr`r :i ls dqN mnkgj.kksa ij nf̀"V MkysaA 

 18: ,d leckgq f=Hkqt dh lefefr;ksa ds leqPp;] 6D  dks izkIr dhft,A 

: 'kh"kksZa 3,2,1  okys leckgq f=Hkqt ij fopkj dhft, (tSlk vkÑfr 4 esa gS)A eku 
yhft, fd ir  'kh"kZ i   ij dks.k ds lef}Hkktd ds izfr ijkorZu dks O;Dr djrk gSA 

mnkgj.k ds rkSj ij] vkÑfr 5 dks nsf[k,A  

 

 

 

 

5:  2   

blfy,] ge dg ldrs gSa fd ,r2 }3,2,1{  ls }3,2,1{  rd  ,d Qyu gS] tks 1 dks  

3  rd] 2  dks 2  rd rFkk 3  dks 1 rd ys tkrk gSA 

eku yhft, fd 120R  f=Hkqt dk mlds dsUnzd ds izfr okekorZ fn'kk esa 120  dk 

?kw.kZu O;Dr djrk gS (vkÑfr 6 nsf[k,)A 

 

 

 

 

6: O  120   

blfy,] }3,2,1{  ls }32,1{  rd 120R  ,d Qyu gS] tks 1 dks 2  rd] 2  dks 3rd 

rFkk 3  dks 1 rd ys tkrk gSA 

vkb, }3,2,1{  ls }3,2,1{  rd ds bu ,dSdh vkPNknd Qyuksa dks fuEufyf[kr nks-

iafDr :i esa fu:fir djsa % 

,
)3(r)2(r)1(r

321
r

222
2 








  vFkkZr~ ,

123

321
r2 








  vkSj .

132

321
R120 








  

rRled Qyu (identity function) Hkh ,d lefefr gS] tks f=Hkqt dks ‘fgyk, fcuk’ 

NksM+ nsrh gSA bls 









321

321
I  }kjk iznf'kZr fd;k tkrk gSA 

bdkbZ  2 esa] vki ns[ksaxs fd 

6D dksfV 6 okyk 

gSA 

1 

2 3 1 2 

3 

2r  

 

1 

2 3 1 2 

3 

120R  

O 
 

4: 
 

1 

O 
2 3 
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 1                                 
   fQj vki bldk lR;kiu dhft, fd leckgq f=Hkqt dh lHkh laHko lefefr;k¡ 

,
231

321
r,I 1 








  ,

312

321
r,

123

321
r 32 

















  




















213

321
R

132

321
R 240120  vkSj gSaA 

bl izdkj] }.R,R,r,r,r,I{D 2401203216   

vc] vxj ge f=Hkqt ij 1r  dk nks ckj iz;ksx djrs gSa rks D;k gksrk gS? 

rc]   2)3(r)2(r,1)1(r)1(rr1r 1
2

1111
2

1    rFkk .3)2(r)3(r 1
2

1   

bl izdkj] .Ir2
1    

blh izdkj] vki bldh tk¡p dhft, fd ,IR,RR,Ir,Ir 3
120240

2
120

2
3

2
2   

,r
123

321
Rr 21201 








 bR;kfnA  

*** 

 19: ,d ,slh oLrq dk mnkgj.k nhft,] ftlesa fuEufyf[kr gks %  

 (i) dksbZ vrqPN ?kw.kZu lefefr ugha]  

(ii) Bhd nks ijkorZu lefefr;k¡A 

: i) v{kj A ij fopkj dhft, (vkÑfr 7(i) nsf[k,)A ;gk¡ dksbZ ,slk fcanq ugha gS 
ftlds izfr 0  vkSj 360  ds chp ds dks.k ls ?kw.kZu djus ij bl v{kj dh 
ogh fLFkfr izkIr gks tk,A 

ii) vleku Hkqtkvksa okys ,d vk;r ij fopkj dhft, (tSlk vkÑfr 7(ii) esa gS)A 
vkidks bldk lR;kiu djuk pkfg, fd bldh dsoy nks ijkorZu lefefr;k¡ 
gSa] vkSj ;s bldh lEeq[k Hkqtkvksa ds e/;-fcanqvksa dks feykus okyh js[kkvksa ds 
izfr gSaA 

*** 

vc] dqN iz'uksa dks gy djus dk iz;kl dhft,A 

E36) nks-iafDr :i esa fuEufyf[kr dh lHkh lefefr;k¡ fyf[k, % 

i)  ,d oxZ] ii)  ,d lef}ckgq f=HkqtA 

E37) v{kjksa N  vkSj B dh lHkh lefefr;k¡ Kkr dhft,A 

vHkh-vHkh vkius tks v/;;u fd;k gS] mldks O;kidhÑr djus ij] ge dg ldrs gSa 
fd n  'kh"kksZa okys }n,,2,1{   ls }n,,2,1{   

(i) 

(ii) 

7 
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rd ,d ,dSdh vkPNknd Qyu gSA bu lHkh lefefr;ksa ds leqPp; dks 2nD ls 

O;Dr fd;k tkrk gSA buds ckjs esa vki vkSj vf/kd vkus okyh bdkb;ksa esa v/;;u 
djsaxsA  

vHkh rd vkius ,d fo'ks"k izdkj ds ,dSdh vkPNknd Qyu dk v/;;u fd;k gSA 
vkb, ,d O;kidhdj.k dh vksj c<+saA 

: eku yhft, fd X  ,d vfjDr leqPp; gSA  

i) X  ls X  rd dk ,d ,dSdh vkPNknd Qyu X  dk ,d 
(permutation) dgykrk gSA ge X  ds lHkh Øep;ksa ds leqPp; dks S(X)  

}kjk O;Dr djrs gSaA 

ii) ;fn },n,,2,1{X   rks )X(S  dks nS  }kjk O;Dr fd;k tkrk gS] rFkk nS  

dk izR;sd vo;o n  dgykrk gSA 

bl izdkj] fdlh oLrq dh lefefr ,d Øep; gksrh gSA ijarq dbZ vkSj rjg ds Hkh 

Øep; gSaA mnkgj.kkFkZ] 4S  esa  







1342

4321
 gSA vFkkZr~] ;g Qyu 

1)4(f,3)3(f,4)2(f,2)1(f:}4,3,2,1{}4,3,2,1{:f   gSA ijarq ;g 

ml leqPp; dk vo;o ugha gS ftls vkius E36(i) esa Kkr fd;k FkkA  

eku yhft, fd gesa nS  esa vo;o f  cukuk gSA ge vkxs dSls c<+s? ge )1(f  dks 
pqurs gq, 'kq: dj ldrs gSaA vc] n  izrhdksa n,,2,1   esa ls dksbZ Hkh ,d )1(f  gks 
ldrk gSA )1(f  dks pquus ds ckn] ge leqPp; )}1(f{\}n,,2,1{   esa ls )2(f  dks 
pqu ldrs gSa] D;ksafd f  ,dSdh gSA bl izdkj] )2(f  dks )1n(    fof/k;ksa ls pquk tk 
ldrk gSA vkxeu ds rjhds+ ls] )i(f  dks pquus ds ckn] ge )1i(f   dks )in(   

fof/k;ksa ls pqu ldrs gSaaA bl izdkj] f  dks !n)n21(    fof/k;ksa ls pquk tk 
ldrk gSA vFkkZr~] nS   n!  

tSlk fd geus lefefr;ksa ds fy, fd;k Fkk] ge nSf   dks nks-iafDr :i esa 









)n(f)2(f)1(f

n21




 }kjk fu:fir dj ldrs gSaA 

mnkgj.kkFkZ] 4S  esa 









1342

4321
f  dks yhft,A Åij dh iafDr ds vo;oksa dks 

fdlh Hkh Øe esa j[k ldrs gSa] ysfdu t+:jh gS fd uhps okyh iafDr esa laxr vo;oksa 
dks mlh Øe esa cny fn;k tk,A  

bl izdkj] 







1324

4312
 Hkh mijksDr Qyu f  dks fu:fir djrk gSA ijarq Qyu 









1342

4213
  vkSj f  vyx gSa] D;ksafd] mnkgj.kkFkZ] ;g Qyu 3  dks 2  rd ys 

tkrk gS] tcfd .3)3(f   
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 1                                 
   vc] vkb, mnkgj.k 18 dh lefefr 3r  ij nf̀"V MkysaA vkius ns[kk Fkk fd .3)3(r3   

vFkkZr~] fuEufyf[kr ifjHkk"kk ds vuqlkj 3  dks 3r  fu;r djrk gSA 

: fdlh leqPp; X  dk ,d Øep; f , Xx  dks (fix) gS ;fn 
,x)x(f   rFkk x,f  dks  djrk gS ;fn .x)x(f    

bl izdkj] mnkgj.k 18 esa ,r1 1 dks  fu;r djrk gS] ,r2 2  dks  fu;r djrk gS rFkk 
,r3 3  dks  fu;r djrk gSA /;ku nhft, fd 120R  fdlh Hkh vo;o dks fu;r ugha 

djrk gS] rFkk I izR;sd vo;o dks fu;r djrk gSA  

vc] mnkgj.k 18 esa vkius ns[kk Fkk fd 









132

321
R120  lefefr;ksa esa ls ,d 

FkhA vFkkZr~] 120R  vo;o 1 dks 2  rd] 2  dks 3 rd] 3 dks 1 rd ys tkrk gSA 
bl izdkj] 120R  ,d ,sls Øep; dk mnkgj.k gS] ftls vc ge ifjHkkf"kr djsaxsA 

: dksbZ Øep; nSf    r   (cycle) (;k r- ), tgk¡ r  

dgykrk gS ;fn }n,,2,1{X   esa ,sls r21 x,,x,x   gSa fd 

,x)x(fx)x(f1ri1 1r1ii   rFkk fy,ds  vkSj r21 x,,x,xt   ds fy, t  
dks f  fu;r djrk gSA bl f  dks )xx(x r21   ls n'kkZrs gSaA 

mnkgj.kkFkZ] 10S)10542(f   ls gekjk rkRi;Z gS fd }10,,2,1{   dk f  ,d 
,slk Øep; gS fd  2)10(f,10)5(f,5)4(f,4)2(f   rFkk 

}10,5,4,2{\}10,,2,1{j   ds fy, .j)j(f     

bl izdkj] 









29876105341

10987654321
f  yackbZ 4  okyk ,d pØ gSA 

nks-iafDr :i dh rqyuk esa f  dks fu:fir djus ds fy,  )10542(  ,d vf/kd 

laqnj vkSj laf{kIr fof/k gS fd ugha?  

,d vU; mnkgj.k ds :i esa] 







31452

54321
 ij fopkj dhft,A ;g 5S  esa 

yackbZ 5  okyk pØ )43521(  gSA 

/;ku nhft, fd ,d pØ ds ladsru esa] ge mu vo;oksa dks ugha fy[krs gSa tks 
Øep; }kjk fu;r gSaA  

vc] yackbZ 1 okyk pØ D;k gS? 7S)2(   ij fopkj dhft,A 

;g 2  dks 2  rd ys tkrk gS] rFkk 6,5,4,3,1  vkSj 7  dks fu;r djrk gSA vr%] 
)2(  }kjk }7,,2,1{   ds lHkh izrhd fu;r gSaA bl izdkj] .I)2(   blh izdkj] dksbZ 

Hkh 1-pØ rRled Qyu gksrk gSA 

bl lanHkZ esa] fuEufyf[kr izs{k.k ij fopkj dhft,A     

 11: ,d pØ dks ;g uke blfy, fn;k x;k gS fd blds v/khu izR;sd 
vo;o vxys vo;o dks xfreku gksrk gS] rFkk vafre vo;o pØ ds igys vo;o  

8:  )xx(x 521   

 

 
3x  

4x  

2x  

5x  



 

57  

 

1                                                                          

dks xfreku gksrk gSA blds ,d fp=h; fu:i.k ds fy, vkÑfr 8 dks nsf[k,A 

vc] dqN iz'uksa dks gy djus dk iz;kl dhft,A 

E38) mnkgj.k 18 dh dkSu-lh lefefr;k¡ pØ gSa? D;k ?SD 36    vius mÙkjksa ds 

fy, dkj.k nhft,A 

E39) 7S  esa ,d 3-pØ] rFkk mldk nks-iafDr fu:i.k] nhft,A 

vc  ‘dyu’ ;kn dhft, fd ge nks Øep;ksa dk la;kstu] vFkkZr~] nks ,dSdh 
vkPNknd Qyuksa dk la;kstu fdl izdkj ifjdfyr djrs gSaA 5S  esa fuEufyf[kr 

mnkgj.k ij fopkj dhft, % 



















21435

54321

13452

54321
  

        










)5()4()3()2()1(

54321
 

        










)2()1()4()3()5(

54321
 

        ),42(
52341

54321









  D;ksafd ;gk¡ 3,1  vkSj 5  dks fu;r fd;k x;k gSA 

vr%]    yackbZ 2  okyk pØ gSA 

bl lanHkZ esa] fuEufyf[kr fVIi.kh ij fopkj dhft,A  

 12: /;ku nhft, fd ;fn   vkSj , X  ds ,dSdh vkPNknu gSa] rks    Hkh 

X  dk ,d ,dSdh vkPNknu gksrk gS] tSlk fd vki ‘dyu’ ls tkurs gSaA  

vc ;g iz'u dks gy dhft,A 

E40) 4S  esa )231(  vkSj )142(  dks nks-iafDr :i esa fyf[k,A bldh tk¡p 
Hkh dhft, fd D;k    ,d pØ gS ;k ughaA vkxs]  2  ,d pØ gS?  
D;k  2  ,d pØ gS?  D;k ?   vius mÙkjksa ds fy, dkj.k nhft,A 

blds lkFk] ge Øep;ksa ds bl ifjp; dh lekfIr djrs gSaA vki bu Qyuksa dk 
v/;;u bdkbZ 2 esa Hkh djsaxs] rFkk foLr`r :i esa bdkbZ 9 esa Hkh djsaxsA 

vkb, vc ns[ksa fd bl bdkbZ esa geus D;k ppkZ dh gSA 

1.6   

bl bdkbZ esa] vkius fuEufyf[kr ladYiukvksa vkSj izfØ;kvksa dk v/;;u fd;k gSA 
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1.   b,a  ds fy,] ab  iff  c  s.t. .bca    

2. i)  ( )% eku yhft, fd  

  .0bb,a  tgk¡  rc] ,sls vf}rh; iw.kkZadksa q  vkSj r  dk vfLrRo  

  gS ftuls fd ,rqba   tgk¡ .br0    

 ii) bl dyu fof/k dh miifÙk vkSj mlds vuqiz;ksxA 

3. i) fdUgha nks vo;oksa b,a  dk g.c.d ,nbma)b,a(   fdUgha 
n,m  ds fy,A (oLrqr%] ),0,a(  dks 0a   ds fy,] Hkh ifjHkkf"kr gS] 

rFkk .a)0,a(  ) 

 ii) fdUgha nks vo;oksa b,a  dk l.c.m. gS .
)b,a(

ab
]b,a[   

4. b,a  ds fy, )b,a(  Kkr djus dh ;wfDyMh; ,sYxksfjn~eA 

5. i)  %  

  izR;sd iw.kkZad 1n   dks n21 pppn   dss :i esa fy[kk tk ldrk gS]  

  tgk¡ n21 p,,p,p   vHkkT; la[;k,¡ gSaA vkxs] ;g fu:i.k vf}rh;  

  gksrk gS dsoy ml Øe dks NksM+rs gq, ftlesa os vHkkT; xq.ku[kaM  

  izdV gks jgs gSaA 

 ii) bl izes; dh miifÙk vkSj mlds vuqiz;ksxA 

6. ,d vfjDr leqPp; S  dk ,d foHkktu S  ij ,d rqY;rk laca/k ifjHkkf"kr 
djrk gSA foykser%] S  ij ,d rqY;rk laca/k S  ij ,d foHkktu ifjHkkf"kr 
djrk gSA 

7. vkO;wgksa ls lacaf/kr mnkgj.k vkSj ekSfyd 'kCnkoyhA 

8. fdlh vkO;wg dk ifjorZ] )(nm    esa nks vkO;wgksa dk ;ksx vkSj O;odyu] 

)(nm    esa vfn'k xq.ku] ,d nm  vkO;wg dk ,d rn vkO;wg ds lkFk 

xq.kuA 

9. fdlh lery esa ,d oLrq dh lefefr dh ifjHkk"kk vkSj mnkgj.kA 

10. fdlh leqPp; X  ds Øep; dh ifjHkk"kk vkSj mnkgj.kA  

11. !.nSn    

12. yackbZ ,r,r   okys pØ dh ifjHkk"kk vkSj mnkgj.kA   

vc ge bl bdkbZ esa fn, iz'uksa ds gy nsus tk jgs gSaA tc vki  bu iz'uksa dks 
gy dj ysa] rHkh bu fn, x, gyksa dks ns[ksaA ;s gy blfy, fn, x, gSa fd vki 



 

59  

 

1                                                                          

vius gyksa dh tk¡p dj ysa fd vkius iz'uksa dks fdl gn rd lgh gy fd;k gSA 
fo'ks"k :i esa] gekjs }kjk fn, x, gy vkidks 

gSaA dqN iz'uksa ds fy, geus dsoy mÙkj 
;k cgqr gh laf{kIr esa gy izLrqr fd, gSaA 

1.7   /   

E1) i) D;ksafd ,00a   blfy, .0a  

  D;ksafd aa1   rFkk ,a)a)(1(   blfy,  a)1(  vkSj .a)a(   

 ii) ,adbba   fdlh d  ds fy,A 

        d)ac(c)ad(bc   

        .bcac   

 iii) ,bec,adb   fdUgha e,d  ds fy,A 

  .adec   blfy,]  .ca   

 iv) ,adbba   fdlh d  ds fy,A 

  ,beaab   fdlh e  ds fy,A 

  ,1deadea   D;ksafd .0a    

  .1e    

  .ba    

  foykser%] ;fn ,ba   rks (i) ls ba  vkSj .ab  

 v) ac  vkSj cdabc   vkSj ,ceb   fdUgha e,d  ds fy,A 

   fdUgha Hkh )eydx(cbyaxy,x  ] fy,ds  vkSj .eydx    

  ).byax(c   

E2) .15)]30(3[)75(,15)302(75   

E3) eku yhft, fd .3r0,rq3a   rc] 1r   ;k .2   

 ;fn ,1r   rks .1)q2q3(31q6q9a 222   

 ;fn ,2r   rks ,1q313q12q94q12q9a 222   tgk¡ 

.1q4q3q 2   
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    bl izdkj] nksuksa fLFkfr;ksa esa] 2a  dks 3  ls Hkkx nsus ij 'ks"kQy 1 gSA 

E4) eku yhft, fd .c3ba 22   fdlh c  ds fy,A  …(10) 

 vc] eku yhft, fd .a3  rc ,a3 2  eku yhft, fd  mm3a 2 fdlh  ds 

fy,A 

 vr%] (10) }kjk] ),mc(3b2    vFkkZr~] .b3 2   

 blfy,] E3 }kjk] .b3   

 blh izdkj] ;fn ,b3  rks .a3   

 vc eku yhft, fd 3   a  vkSj 3   .b  rc] E3 }kjk]  

 1q3a 2   vkSj ,1q3b2   fdUgha q,q  ds fy,A 

 vr%] ,2)qq(3ba 22   vFkkZr~] 3    ),ba( 22   tks ,d varfoZjks/k gSA  

 vr%] a3  ;k .b3  ijarq ;fn 3  buesa ls fdlh ,d dks foHkkftr djrk gS] rks 

vki igys gh ns[k pqds gSa fd 3  nwljs dks foHkkftr djrk gSA 

 vr%] a3)ba(3 22   vkSj .b3  

E5) i) ;gk¡ .210717)b,a(   bl izdkj] 1m   vkSj .0n   

 ii) D;ksafd 5  ,d vHkkT; la[;k gS vkSj 5    ,271  .1)271,5( blfy,

  
  lkFk gh] .154)5()271(   blfy,] ).1)(271()5(541   

  blfy,] ;gk¡ 54m   vkSj .1n    

 iii) ;gk¡ .||c)c,c()b,a(   

  ;fn .c1)c(0c)b,a(,0c  rks  

  ;fn .c0)c(1c)b,a(,0c   rks  

E6) eku yhft, fd ).b,a(d   

 vc] eku yhft, fd )b,a(h   vkSj ).b,a(k   

 D;ksafd ,ad  blfy, ),a(d   vr%] .hd  

 lkFk gh] ,ah)a(h   vr%] .dh  bl izdkj] .dh   

 ijarq .0d,0h   vr% .dh   

 blh izdkj] n'kkZb, fd .hk   
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 bl izdkj] .khd   

E7) eku yhft, fd p   .a  rc] .1)a,p(   blfy,] izes; 6 }kjk] .bp   

E8) eku yhft, fd )n(P  fuEu fo/ks; gS %  

 n21 aaap  fdlh n,,2,1i   ds fy,] .ap i  

 lR;kiu dhft, fd )1(P  lR; gSA 

 eku yhft, fd fdlh 2m   ds fy,] )1m(P  lR; gSA  

 vc] eku yhft, fd .aaap m21   rc] .a)aa(p m1m1    

 E7 }kjk] )aaa(p 1m21   ;k .ap m  

 ;fn ,aaap 1m21   rks fdlh 1m,,1i    ds fy,] iap  (D;ksafd 

)1m(P  lR; gS)A 

  fdlh m,,1i   ds fy,] .ap i   

 )m(P  lR; gSA 

 )n(P  lR; gS lHkh n  ds fy,A 

E9) ;gk¡  r,q,0b  s.t. .rbqa    

 vc eku yhft, fd .d)b,a(   rc ad  vkSj .bd  blfy,] ),bqa(d   

vFkkZr~] .rd   

 lkFk gh] ;fn bc  vkSj ,rc  rks ).rbq(c   vFkkZr~ .ac  blfy,] .dc  

 vr%] ).r,b(d   

E10) i) eku yhft, fd .d)a,p(   rc] .pd  blfy, 1d   ;k .pd   

  D;ksafd ad  vkSj p    ,a  blfy, .pd   vr%] .1d   

 ii) vc] ;fn ,pppa rm
r

2m
2

1m
1   rks .pppa rm2

r
2m2

2
1m2

1
2   

  blfy,] 2ap  fdlh r,,1i   ds fy,] .pp i  vr%] .ap  

E11) eku yhft, fd] blds foijhr] .p    

 rc] ,
b

a
p   tgk¡ 0b,a   rFkk .1)b,a(    
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 rc] .appbap
b

a 222
2

2

   

 vr%] E10(ii) }kjk] .ap  vc eku yhft, fd fdlh c  ds fy, .apc    

 rc] .pbacp 2222   

 vr%] .bpc 22   blfy,] .bp  

 vr%] ),b,a(p  vFkkZr~ ,1p  tks ,d varfoZjks/k gSA 

 blfy,] .p    

E12) ge fn, gq, dFku dk izfr/kukRed fl) djsaxs (Hkkx 1.3, bdkbZ 1, okLrfod 
fo'ys"k.k dks nsf[k,)A vFkkZr~] ge dFku ;fn ,n m/1   rks ,n m/1   

m,n ds fy, dks fl) djsaxsA 

 vr%] eku yhft, fd ,
b

a
n m/1   tgk¡ 1)b,a(   rFkk .1b    

 rc] ,
b

a
n

m

m

  vFkkZr~ .anb mm   

 eku yhft, fd p  ,d ,slh vHkkT; la[;k gS fd .bp m  rc] tSlk fd E10(ii) 

esa] .bp  

 lkFk gh] .apapbp mm   

 vr%] ,1)b,a(p   tks varfoZjks/k gSA 

 bl izdkj] .1b   

 vr%] .n m
1

  

E13) izes; 7 }kjk] ,1t,pp,pn t21    tgk¡ gks ldrk gS fd lHkh ip  vyx-vyx 

ugha gksaA 

 vc] ;fn vko';d gks rks] t21 p,...,p,p  ds Øe esa ifjorZu djus ij] eku 
yhft, fd lHkh ip  esa 1p  U;wure gSA  

 eku yhft, fd .pppp 1mi2i1i1 1111     

 D;ksafd ,j,ipppp ijji   blfy, ge bu i1 pm  dks bdÎk djds] bUgsa 
1m

1p ds :i eas fy[k ldrs gSaA 

 vc] m
p

n
1m

1

  ij nf̀"V Mkfy,A iqu%] mu lHkh ip  esa ls U;wure ip  pqfu,]  
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 ftlesa m  xq.ku[kafMr gqvk gSA bls 2p  jf[k,A /;ku nhft, fd .pp1 21   

vc mu lHkh ip  dks bdëk dhft, tks 2p  ds cjkcj gSa] eku yhft, 2m  ,sls 

ip  gSaA rc .ppppm s1jj
m
2

2    

 vr%] ,pppppn s1jj
m
2

m
1

21   tgk¡ ).1js(mmt 21    

 blh izfØ;k dks tkjh j[krs gq,] ge izkIr djrs gSa %  

 .tmmmpp1,pppn r21r1
m
r

m
2

m
1

r21   tgk¡   

E14) .ppp1,m,1r,pppy r21i
m
r

m
2

m
1

r21     

 ;fn y  le gS] rks .y2  rc] 2p1   gSA rm1  dfg,A 

 rc] ,x2y r  tgk¡ r2 m
r

m
2 ppx  fo"ke gS] D;ksafd 2    .x   

 ;fn yle ugha gS] rks y2y r  gS] tgk¡ .0r    

 vr%] ifj.kke izkIr gks tkrk gSA 

E15) i) 4941)12345(454321       …(11) 

  2463)4941(212345       …(12) 

  15)2463(24941       …(13) 

  3)15(1642463       …(14) 

  .0)3(515    

  .3)12345,54321(   

  vkxs] ),15(16424633   (14) lsA 

        )],2463(24941[1642463   (13) lsA 

        )4941(164)2463(329   

        ),4941(164)]4941(212345[329  (12) lsA 

        )4941822()12345329(   

        )]12345(454321)[822()12345329(   

        ].54321)822[()123453617(        

  bl izdkj] 822m   vkSj .3617n    

 ii) loZizFke] ).880,61880()880,61880(   
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     vc] 280)880(7061880      …(15) 

         40)280(3880       …(16) 

         .0)40(7280   

  .40)880,61880(   

  vkxs] ),280(388040  (16) lsA 

          )],880(7061880[3880   (15) lsA 

              ).880211(]61880)3[(   

  vr%] .211n3m  vkSj   

E16) i) vkidks bldk lR;kiu djuk pkfg, fd R LorqY; vkSj lefer gSA 

 R  laØked Hkh gS] D;ksafd ;fn nRm  vkSj mRp  gS] rks 

,0m)np(0)mp)(nm(0mp,0nm 2    

           0np   D;ksafd .0m2                                    

           nRp gSA 

 ;gk¡] }0nmm{]n[    gSA 

 ;fn ,0n   rks ]n[  _.kkRed iw.kkZadksa dk leqPp; gSA vr%] ].1[]n[   

 lkFk gh] dksbZ Hkh n  ;k rks ]1[  esa gS ;k ]1[  esa gSA 

 vr%] ].1[]1[   

ii) vkidks ;g n'kkZuk pkfg, fd R ,d rqY;rk laca/k gSA 

 lkFk gh] ;gk¡  ]100[]10[]1[  ,d vifjfer lfEeyu gSA 

 bldk dkj.k ;g gS fd gj m  ds fy, m  vadksa okys iw.kkZad gSaA 
rFkk] ,slk dksbZ Hkh iw.kkZad 1m10   ds rqY; gksrk gSA 

E17) ‘okLrfod fo'ys"k.k’ dh bdkbZ 1 lss vki tkurs gSa fd 'qp'   ;g O;Dr djrk 
gS fd ‘;fn p  lR; gS] rks q  lR; gS’A 

 Li"Vr%] ;fn A lR; gS] rks A  lR; gSA vr%] .AA   

 bl izdkj] ''  LorqY; gSA 
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 vkxs] ;fn BA   vkSj .CB   rks B  lR; gS] tc Hkh A  lR; gS rFkk 

C lR; gS] tc Hkh B  lR; gSA vr%]C  lR; gS] tc Hkh A lR; gSA vFkkZr~] 
.CA   

 bl izdkj] ''  laØked gSA 

 vc fuEu A vkSj B  ij fopkj dhft,A 

 ,ba:A   tgk¡ ,b,a    

 rFkk ,ba:B ||||   tgk¡ .b,a   

 rc] ,BA   ijarq AB (tSls fd ,|||| 1  tgk¡   ,d dk ,d lafeJ 

?kuewy gS] ijarq .1 ) 

 bl izdkj] ''  lefer ugha gSA 

E18) mnkgj.k 4 dh gh rjg] vki )8(mod  ds laxr ]7[,],1[],0[   izkIr dj 

ldrs gSaA  

 vc] ;fn ),1(modba   rks ).ba(1   vr%] fdlh n  ds fy, .nba    

 bl izdkj] }.nna{]a[    

 vr%] ],0[  D;ksafd }.nn{]0[   

 bl izdkj] bl fLFkfr esa dsoy ,d oxZ gh gSA 

E19) i) ;ss nwljh iafDr rFkk rhljs LraHk ds vo;o gSaA  

  bl izdkj] ;s Øe'k% 0  vkSj 1 gSaA 

 ii) ].700[   

 iii) dsoy A ,d oxZ vkO;wg gSA bldk fod.kZ }7,5,1{  gSA 

 iv) .

0

5

2
















 

 v) bldk vfLrRo ugha gS] D;ksafd B  esa dsoy 3  iafDr;k¡ gSaA 

E20) ,sls vuarr% vusd vo;o gSaA /;ku nhft, fd ;g ,d 24  vkO;wg gS] 
ftldh izfof"V;k¡   ls gSa] vkSj ftuesa ls  ,d izfof"V   esa ugha 

gksuh pkfg,A 
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 mnkgj.kkFkZ] .

00

025.0

43

21

A




















  ;g )(24    esa ugha gS] D;ksafd .25.0   ijarq 

A dh lHkh izfof"V;k¡   esa gSaA 

E21) D;ksafd fod.kZ esa 4  vo;o gSa] vkO;wg 44  dksfV dk gSA fn, gq, xq.kksa dks 
ns[krs gq, vkO;wg fuEu gksxk % 

                              .

1111

011

00i1

000e






















  

E22) D;ksafd ,   blfy,   ij izR;sd vkO;wg   ij ,d vkO;wg gSA vr%] ;fn 

)(A n   ,slk gS fd n,,1j,ia ij  rks ).(]a[A nij   

E23) D;ksafd ]43[  dksfV 21 dk gS rFkk 







4

3
 dksfV 12 dk gS] blfy, budh 

dksfV;k¡ vyx gSaA vr%] ;s cjkcj ugha gSaA 

E24) ugha] D;ksafd budh dksfV;k¡ vyx gSaA 

E25) i) .
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00

)1(100

00)1(1




















 

 ii) ,]0[ nm 0   tks lHkh izfof"V;ksa 0  okyk nm  vkO;wg gSA  

 iii) .]a[]0a[ nmijnmij    

E26) ,
433

22
B,

0i5.1

12.0i
A tt




















 
  

 .
43i35.1

122.02i
)BA( t













  

 vc] ,)BA(
43i35.1

122.02i
BA ttt 












  D;ksafd laxr 

LFkkuksa esa izfof"V;k¡ leku gSaA 

E27) eku yhft, fd ].c[C]b[B],a[A ijijij  vkSj  

 i) ],ab[]ba[BA ijijijij   D;ksafd S esa   Øefofues; gSA 
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1                                                                          

        .AB   

           ii) ],c)ba[()]cb(a[)CB(A ijijijijijij   D;ksafd S  esa    

  lkgp;Z gSA    

                    .C)BA(    

E28) i) eku yhft, fd .]c[)A(]a[A ij
tt

ij  vkSj   

  loZizFke] /;ku nhft, fd ;fn A  dh dksfV nm  gS] rc tA  dh dksfV 
mn  gSA vr%] tt )A(  dh dksfV nm gksxhA 

  vkxs] n,,1j;m,,1i    ds fy,] 

  ijc tt )A( dh )j,i( oha izfof"V  

       tA dh )i,j( oha izfof"V  

       A dh )j,i( oha izfof"VA  

       .a ij  

  vr%] .A)A( tt   

 ii) ,)A(A)AA( ttttt   izes; 10(ii) }kjkA 

                 ,AAt   mijksDr (i) }kjkA 

             ,AA t  E27(i) }kjkA 

  blh izdkj] vkidks n'kkZuk pkfg, fd .)AA()AA( ttt   

E29) ii) eku yhft, fd ]a[A ij vkSj ].b[B ij  

  rc] ].ba[BA ijij   

  vr%] ]ba[)]ba([]ba[)BA( ijijijijijij   

          ]b[]a[ ijij   

          ]b[]a[ ijij   

          .BA   

 iii) eku yhft, fd nmij ]a[A  gSA rc .]a[A nmij   



 

68

 

 1                                 
    t)A(  dh )j,i( oha izfof"V  

   A dh )i,j( oha izfof"V  

 jia      

  ( tA dh )j,i( oha izfof"V)A  

  ;g izR;sd m,,1i   vkSj n,,1j   ds fy, lR; gSA 

  vr%] .A)A( tt   

 iv) eku yhft, fd ].a[A ij  rc]   

  )]a([]a)[(]a)[(A)( ijijij    

         ).A(]a[ ij   

E30) 
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11
A2  vkSj .

2323

2323

2123

2321
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 vr%] .
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2
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 bl izdkj] .
321

132
C 












   

E31) vkidks ;g n'kkZuk pkfg, fd ~ LorqY;] lefer vkSj laØked D;ksa gSA /;ku 
nhft, fd C  dh izfof"V;k¡   ls gSaA 

 rc] C5A)(A{][ nm   00  , fdlh })(C nm  fy,ds   

    )}.(CC5{ nm    

E32) D;ksafd A  ,d 32  vkO;wg gS rFkk B  vkSj C nks 23  vkO;wg gSa] blfy, AB  

vkSj AC  ifjHkkf"kr gSa] ijarq BC  ifjHkkf"kr ugha gSA 

 ;gk¡] ,
1335

35122

24

05
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203
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E33) D;ksafd ),(B,A n   blfy, ).(BA n  vr%] 2)BA(   ifjHkkf"kr 

gSA vc]  

  ),BA(B)BA(A)BA)(BA()BA( 2   2P ds mi;ksx lsA 

       ,BBBAABAA  2P  ds mi;ksx lsA 

       .BBAABA 22   

E34) ;gk¡ .
1200

700
C 








  vr%]   ,900,4300,15700,20AC

t
  izR;sd nqdku }kjk 

fuosf'kr /kujkf'k;k¡ ;g fu:fir djrk gS nksukas iqLrdksa dh mu dkWfi;ksa ds 
fy, tks fcdh ugha gSaA 

E35) vkb, nh gqbZ lehdj.kksa dks fuEu :i esa iqu% fy[ksa % 

 5z4y3x7   

 6z0y32   

 19zy4x0   

 vc] vki ;fn Hkkx 1.4 ds izkjaHk ds jSf[kd fudk; )I(  ij nf̀"V Mkysa] rks vki 

ns[ksaxs fd bls fdl izdkj ok¡fNr :i esa fy[kk tkrk gSA 

 






















































19

6

5

B

z

y

x

X,

140

032

437

A vkSj  yhft,A 

 rc] tk¡p dhft, fd mijksDr lehdj.kksa dks lerqY; vkO;wg lehdj.k 
BAX   }kjk iznf'kZr fd;k tkrk gSA 

E36) i) tSlk geus ,d leckgq f=Hkqt ds lkFk fd;k Fkk oSlk gh ,d oxZ ds  
 lkFk dhft,A bldh est+ ij ,d ckgjh :i js[kk [khafp,A blds 'kh’kksZa 

dks okekorZ fn'kk esa la[;kvksa ls vafdr dhft,] tSlk vkÑfr 9 esa gSA  

  vc] nsf[k, fd bldh fdruh lefefr-js[kk,¡ gSaA mnkgj.kkFkZ] lEeq[k 
'kh"kksZa dks feykus okyh js[kk,¡ ;k bldh lEeq[k Hkqtkvksa ds e/;-fcanqvksa 
dks feykus okyh js[kk,¡ bldh lefefr-js[kk,¡ gSaA tk¡p dhft, fd D;k 
vkSj Hkh dksbZ lefefr-js[kk,¡ laHko gks ldrh gSaA 

  iqu%] bl oxZ dks blds dsUnz (tks blds fod.kZ dk izfrPNsn fcanq gS) ds 
izfr okekorZ fn'kk eas 90  ls ?kqekb,A vkidks ,d lefefr izkIr gksxhA 
vU; ?kw.kZu lefefr;k¡ D;k gSa? fuEufyf[kr pkVZ esa] ge lHkh lefefr;k¡ 
ns jgs gSa % 

1 1 4 4 

3 3 2 2 

I 

9: 
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R180  

   

  









3214

4321
R 270  

 vki buesa ls fdUgha ds la;kstu ys ldrs gSaA rc vki ik,¡xs fd og 
dsoy buesa ls gh dksbZ gksxkA mnkgj.kkFkZ] 

.R
2143

4321
rr 18021 








  

ii) fdlh lef}ckgq f=Hkqt dh dsoy ,d gh lefefr js[kk gS (vkÑfr 10 dks 
nsf[k,), rFkk bldh dksbZ Hkh vrqPN ?kw.kZu lefefr ugha gSA bl izdkj] 

bl leqPp; esa dsoy nks vo;o] I vkSj ,
231

321








 gSaA 

1 2 3 4 

4 3 2 1 

3r  

 

1 4 3 4 

2 3 2 1 

90R   
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10:  
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1 3 2 2 
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1 1 2 4 
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E37) lR;kiu dhft, fd N  dh dksbZ ijkorZu lefefr ugha gSA bldh nks ?kw.kZu 
lefefr;k¡ IR 0   vkSj 180R  gSaA 

        B  dh rqPN ?kw.kZu lefefr] ,I  gS rFkk bldh {kSfrt js[kk ds izfr ,d ijkorZu 
lefefr gS] tSlk vkÑfr 11 esa n'kkZ;k x;k gSA bl izdkj] N,B  vkSj ,d 

lef}ckgq f=Hkqt esa lefefr;ksa dh la[;k,¡ cjkcj gSaA 

E38) I  ds vfrfjDr] 6D  dk izR;sd vo;o ,d pØ gSA 

 )21(r),31(r),32(r 321   esa ls izR;sd 2-pØ gSA 

 nksuksa )231(R)321(R 240120  vkSj  3-pØ gSaA 

 lkFk gh] /;ku nhft, fd 3S  esa }3,2,1{  ds 6  Øep; gSaA ;s lHkh 6D  esa 
lfEefyr gSaaaA vr%] .DS 63   

E39) vki fdlh dks Hkh pqu ldrs gSa] mnkgj.kkFkZ] ).531(  

 .
7614523

7654321
)531( 








  

E40) .
1342

4321
,

4213

4321

















  

 ),342(
3241

4321









   ,d 3-pØA 

 vkidks bldh tk¡p djuh pkfg, fd )321(2   vkSj ).241(2   

 vkxs]  .431
1423

4321









   

 D;ksafd 1)1(    vkSj ,3)1(    blfy, .   

B 
11 
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  2                                                        

                 
 

             

2.1 izLrkouk              72 

mís'; 

2.2 lewg D;k gS?             73 

2.3 Lkewgksa ds izkjafHkd xq.k         85 

2.4 dqN egRoiw.kZ lewg         94 

iw.kkZad ekWM~;wyks  n 

lefer lewg 

f}ry lewg 

vkO;wg lewg 

,d ds ewy 

vuqykse xq.kuQy 

2.5 lkjka'k  109 

2.6 gy /  mÙkj  110        

2.1  

vHkh rd vkius ftu ikB~;Øeksa dk v/;;u fd;k gS] muesa vkius vusd leqPp;ksa 
rFkk dqN leqPp;ksa ij f}-vk/kkjh lafØ;kvksa ds lkFk dk;Z fd;k gSA bl bdkbZ esa 
vki ,sls leqPp;ksa dk v/;;u djsaxs ftu ij fu;eksa dk ikyu djus okys f}-vk/kkjh 
lafØ;k,¡ ifjHkkf"kr gSaA ;s fu;e lacaf/kr leqPp;ksa ij ,d chth; lajpuk  LFkkfir 
dj nsrs gSaA ge ,slh chth; fudk; dks ,d lewg dgrs gSaA 

lewg fl)kar vewrZ chtxf.kr dh izkphure 'kk[kkvksa esa ls ,d gSA xf.kr esa rFkk 
vU; foKkuksa esa blds vusd vuqiz;ksx gSaA lewg fl)kar us HkkSfrdh] jlk;u vkSj 
dEI;wVj foKku] rFkk fu%lansg xf.kr] ds fodkl esa lgk;rk dh gSA bldh tM+sa 
vBkjgoha 'krkCnh ds xf.krKksa yaxzkt (Lagrange),  :Q+huh (Ruffini)  vkSj xSyksvk 
(Galois) ds dk;ksZa esa feyrh gSaA bl bdkbZ ls] vki bl fl)kar dk v/;;u izkjaHk 
djsaxsA   
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                                                                                                             1
 Hkkx 2.2 esa vki ,d lewg dh ifjHkk"kk dk v/;;u djsaxs] rFkk lewgksa ij dqN 
mnkgj.kksa dk Hkh v/;;u djsaxsA ;gk¡ vki fofo/k izdkj ds lewgksa] tSls ifjfer] 
vifjfer] Øefofues;] vØefofues; vkfn dks Hkh tkusaxsA bl Hkkx esa vki ifjfer 
lewgksa ls lac) f}-vk/kkjh lafØ;kvksa dh lkjf.k;ksa dk Hkh v/;;u djsaxsA    

Hkkx 2.3 esa ge dqN ,slh ekSfyd xq.kksa dh foLr`r :i ls ppkZ djsaxs] ftUgsa fdlh Hkh 
lewg ds vo;o larq"V djrs gSaA   

var esa] Hkkx 2.4 esa vkidk ifjp; N% izdkj ds lqifjfpr lewgksa ls djk;k tk,xkA 
bu lewgksa dk dkQ+h mi;ksx fd;k tkrk gSA  

vkxs vkus okyh bdkb;ksa esa ge lewg fl)kar dks vkxs vkSj c<+k,axsA bl bdkbZ dk 
v/;;u vPNh rjg ls dhft, rkfd 'ks’k ikB~;Øe ds fy, vkidh vk/kkjf'kyk 
etcwr gks tk,A  

,slk djus ls vkidks bl bdkbZ dks lh[kus ds mís';ksa dks izkIr djus esa lgk;rk 
feysxhA budh vc lwph ge ns jgs gSaA 

 

bl bdkbZ dh i<+kbZ ds ckn] vki fuEufyf[kr djus esa leFkZ gks tk,¡xs %  

 lewgksa dks ifjHkkf"kr djuk vkSj muds mnkgj.k nsuk( 

 vkcsyh vkSj vu~vkcsyh lewgksa dks ifjHkkf"kr djuk vkSj muds mnkgj.k nsuk( 

  ifjfer vkSj vifjfer lewgksa esa varj Li"V djuk( 

 lHkh lewgksa ds dqN ekSfyd xq.kksa dks fl) djuk vkSj mudk mi;ksx djuk( 

 iw.kkZadksa ekWM~;wyks n  dk lewg] lefer lewg] f}ry lewg] fdlh lewg ij 
vkO;wgksa dk lewg] bdkbZ ds n ewyksa ( n ds fy,) dk lewg rFkk fdUgha nks 
lewgksa ds vuqykse xq.kuQy & bu lewgksa ds izkjafHkd lewg xq.kksa dh O;k[;k 
djuk vkSj mudk mi;ksx djukA 

2.2 ? 

dyu esa vkius leqPp;ksa ds ckjs esa rFkk f}-vk/kkjh lafØ;kvksa ds ckjs esa v/;;u 
fd;k FkkA bl Hkkx esa vki ,d fo'ks"k izdkj ds chth; fudk; dk v/;;u djsaxs] tks 
,d leqPp; vkSj ml ij ,d f}-vk/kkjh lafØ;k ls curk gSA bl fudk; dks 
le>us ds fy,]   dks yhft,] vkSj ml ij f}-vk/kkjh lafØ;k  ‘ ’  dks yhft,A 
vkius dbZ nQ+k iw.kkZadksa ds fuEufyf[kr xq.kksa dk mi;ksx fd;k gS %  

i) ,c,b,a)cb(ac)ba(   

ii) ,aa0a0a   

iii) a  fn;k jgus ij] gesa  )a(  izkIr gS ftlls fd .0)a(a    

;gh rhuksa xq.k gSa] tks ),(   dks ,d lewg cukrs gSa] tSlk fd vc vki ns[ksaxsA 
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            :  eku yhft, fd G  ,d vfjDr leqPp; gS rFkk G  ij   ,d f}-vk/kkjh 
lafØ;k gSA ;qXe ),G(   ,d (group) dgykrk gS] ;fn  

)1G    gS] vFkkZr~] .Gc,b,a)cb(ac)ba(    

)2G   G esa ,d ,slk vo;o e  gS ftlls fd .Gaaeaea   (;gk¡ ,e   

ds fy, G  dk vo;o (identity element) dgykrk gSA );    

)3G    G ds izR;sd vo;o a  ds fy,] G esa ,d vo;o b  ,slk gksrk gS ftlls fd 
.abeba   (;gk¡   ,b  G esa a  (inverse) 

dgykrk gSA) 

vki ns[k pqds gSa fd ),(   ,d lewg gSA vkb, ,d vU; mnkgj.k ij n`f"V MkysaA  

 1: n'kkZb, fd ),(   ,d lewg gS] ijarq ),(   lewg ugha gSA 

: vki tkurs gSa  fd   ij   ,d lkgp;Z f}-vk/kkjh lafØ;k gSA   ds lkis{k 
,d rRled vo;o 0  gS] rFkk   ds lkis{k r  dk ,d izfrykse )r(  gSA bl 
izdkj] ),(   xq.kksa 2G,1G  vkSj 3G  dks larq"V djrk gSA vr%] ;g ,d lewg gSA 

vc] vki tkurs gSa fd   esa xq.ku ,d lkgp;Z f}-vk/kkjh lafØ;k gS] rFkk 1  
,d xq.kukRed rRled  gSA ijarq D;k   esa izR;sd vo;o dk xq.kukRed izfrykse 
gksrk gS? tSls fd] D;k 0  dk · ds lkis{k dksbZ izfrykse gS? ugha] D;ksafd ,slh dksbZ 
okLrfod r  ugha gS ftlls fd 10r   gksA vr%] ),(  , 3G  dks larq"V ugha djrk 
gSA 

blfy,] ),(   ,d lewg ugha gSA 

*** 

fuEufyf[kr lacaf/kr izs{k.k ij fopkj dhft,A 

 1: ),G(   ,d  (semigroup)  dgykrk gS] ;fn og xq.k 1G  dks 
larq"V djrk gSA bl izdkj] A vr%] ),(   

,d lkfelewg gS] D;ksafd ;g 1G  dks larq"V djrk gSA vr%] ;g 

fuEufyf[kr iz'uksa dks gy djus ls vkidks lewgksa ds dqN vkSj mnkgj.k izkIr gksaxsA 

E1) tk¡p dhft, fd ),(),,(    vkSj ),(   lewg gSa ;k ughaA 

E2) D;k 3S  esa  2-pØksa dk leqPp; Qyuksa ds la;kstu ds lkis{k ,d lewg gS? 

D;ksa] ;k D;ksa ugha? 

vki ns[k pqds gSa fd ;g n'kkZus ds fy, fd ),G(   ,d lewg gS] vkidks ;g n'kkZus 
dh vko';drk gS fd 2G,1G  vkSj 3G  dks G  larq"V djrk gSA 2G  ds fy,] vkidks 
;g n'kkZuk gksrk gS fd ,d ,slk Ge  gS s.t. aea     .aae    blh izdkj] 

3G  ds fy, vkidks ;g n'kkZuk gksrk gS fd Ga fn;k jgus ij Gb  s.t. 

eba   eab   gSA ijarq] tSlk fd vc vki ns[ksaxs] ;g n'kkZuk dkQ+h gS fd 
  fuEufyf[kr vfHkxg̀hrksa dks larq"V djrk gSA 

;kn dhft, fd },0{\SS   
0  dks vkfo"V djus okys fdlh 
Hkh leqPp; S ds fy,A 
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 )1G  lkgp;Z gS (tks 1G gh gS), 

Ge)2G  s.t. ,Gaaea   

)3G    Ga  fn;k gksus ij] Gb  s.t. .eba    

ge tks dg jgs gSa og ;g gS fd vfHkxg̀hrksa ds nksuksa leqPp; 3G,2G,1G  vkSj 
3G,2G,1G   lerqY; gSaA vFkkZr~] ;g n'kkZus ds fy, fd ),G(   ,d lewg gS] gesa 

dsoy ;g fl) djus dh vko';drk gS fd aea   rFkk fdlh Hkh Ga  ds 
izfrykse b  dks dsoy eba   larq"V djus dh vko';drk gSA gesa  aea   

,aae   ;k eba    ,eab  dks n'kkZus dh gSA 

oLrqr%] 2G,1G  vkSj 3G  (,d lkFk feydj) fuEufyf[kr vfHkxg̀hrksa ds Hkh lerqY; 
gSa % 

 )1G  lkgp;Z gS] 

Ge)2G   s.t. .Gaaae   

)3G    Ga  fn;k jgus ij] Gb  s.t. .eab   

fu%lansg] tSlk fd vki ns[k ldrs gSa] ;fn ),G(   xq.kksa 2G,1G  vkSj 3G  dks larq"V 
djrk gS] rks ;g fuf'pr :i ls 2G,1G   vkSj 3G   dks larq"V djrk gSA uhps fn;k 
x;k izes; 1 gesa crkrk gS fd ;fn ),G(   vfHkxg̀hrksa 2G,1G   vkSj 3G   dks larq"V 
djrk gS] rks ;g 2G,1G  vkSj 3G  dks Hkh larq"V djrk gSA ,d ckj izes; 1 fl) gks 
tk,] rks vkidks  3G,2G,1G  rFkk 2G,1G   vkSj 3G   dh lerqY;rk izkIr gks tkrh 
gSA 

(blh rjg] ,d izes; ds vuqlkj 3G2G,1G vkSj  rFkk 3G2G,1G  vkSj  lerqY; 
gSaA)  

 1: eku yhft, fd ),G(   vfHkxg̀hrksa 2G,1G   vkSj 3G   dks larq"V djrk gSA 
rc] .Gaaae    

lkFk gh] Ga  fn;k jgus ij] ;fn Gb  s.t. ,eba   rks eab  gksrk gSA 
bl izdkj] ),G(   vfHkxg̀hrksa 2G,1G  vkSj 3G  dks larq"V djrk gSA                                            

bl izes; dks fl) djus ds fy,] vkb, loZizFke fuEufyf[kr ifj.kke dks fl) djsa] 
ftldh gesa vko';rk gksxhA 

1: eku yhft, fd ),,G(   2G,1G   vkSj 3G   dks larq"V djrk gSA ;fn 
Ga  s.t. ,aaa   rks .ea   

:  3G   }kjk ge tkurs gSa fd Gb  s.t. .eba   

vc] .ebab)aa(   

lkFk gh] .aea)ba(a   

vr%] 1G }kjk] .ea   

 (lemma) ,d fl) 
fd;k gqvk dFku gksrk gS] 
ftldh vko';drk ,d 
izes; dks fl) djus esa iM+rh 
gSA 
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            vc] ge bl izesf;dk dk mi;ksx izes; 1 dks fl) djus ds fy, djsaxsA 

1 : 1G  lR; gS] D;ksafd 1G  vkSj 1G   ,d gh vfHkxg̀hr gSaA   

vkxs ge fl) djsaxs fd 3G  lR; gSA blds fy,] eku yhft, fd .Ga  
Gb3G   }kjk] s.t. .eba   vc]  

,a))ba(b()ab()ab(   1G }kjkA 

                            ,aba)eb(   2G   }kjkA 

vr%] izesf;dk 1 }kjk]  .eab   vr%] 3G  lR; gSA 

vc ge n'kkZ,¡xs fd 2G  lR; gSA blds fy,] eku yhft, fd .Ga  

rc] 2G  }kjk]  .aea   

D;ksafd 3G  lR; gS] blfy, Gb  s.t. .eabba     

rc] .aea)ab(aa)ba(ae   

vFkkZr~] 2G  lR; gSA 

bl izdkj] ),G(   vfHkxg̀hrksa 2G,1G  vkSj 3G  dks larq"V djrk gSA 

vr%] vkius ns[kk fd rhuksa vfHkxg̀hrksa ds leqPp; 3G,2G,1G;3G,2G,1G   rFkk 
3G,2G,1G   lerqY; gSaaA bl lanHkZ esa] fuEufyf[kr egRoiw.kZ fVIif.k;ksa ij fopkj 

dhft, % 

 2: i) D;k vkius bl vksj /;ku fn;k gS fd vfHkxg̀hr 2G,1G  vkSj 3G  ;k 
3G2G,1G  vkSj  fdl Øe esa fn, x, gSa? 2G  vkSj 3G  dk Øe egRoiw.kZ gS] 

D;ksafd 3G  dk dksbZ vFkZ ugha gS] tc rd fd igys 2G  dk dFku ugha fn;k 
x;k gksA ;gh ckr 2G   vkSj ,3G   rFkk 2G   vkSj ,3G   ds fy, Hkh lR; gSA 

ii) /;ku nhft, fd ;fn ),S(   vfHkxg̀hrksa 2G,1G   vkSj ,3G   ;k 2G,1G   vkSj 

,3G   dks larq"V djrk gS] rks bldk gSA 
mnkgj.kkFkZ] }b,a{}b,a{}b,a{:   ij fopkj dhft,] tks 

}b,a{Sy,xxyx   }kjk ifjHkkf"kr gSA  

rc] S  ij ‘ ’ ,d lqifjHkkf"kr f}-vk/kkjh lafØ;k gSA vki bldh tk¡p dj 
ldrs gSa fd ;g 1G  dks larq"V djrk gSA  

lkFk gh] aaa    vkSj bab   gSA blfy,] ge a  dks ,d rRled e  
eku ldrs gSaA bl izdkj] 2G   Hkh larq"V gks jgk gSA  

vkxs] abaaaa  vkSj  gSA vr%] 3G   larq"V gks tkrk gSA  

ijarq] lewg dh ifjHkk"kk ds vuqlkj aab   Hkh gksuk pkfg,] tks lR; ugha gSA  

vr%]  ),S(    ,d lewg ugha gSA 
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 blfy,] vfHkx`ghrksa dh lerqY;rk ds fy, t+:jh gS fd 

ds rhuksa vfHkxg̀hr larq"V gksus pkfg,A   

vc] vki tkurs gSa fd 2G  (;k )2G   ds dkj.k ),G(   dk ,d rRled vo;o gksrk 
gSA mnkgj.kkFkZ] ),(   dk ,d rRled vo;o 0  gSA D;k ),(   dk dksbZ vU; 
rRled gks ldrk gS ;ksx ds lkis{k? gekjk vxyk ifj.kke blh ds ckjs esa gSA 

 2: eku yhft, fd ),G(   ,d lewg gSA rc] G  dk   ds lkis{k ,d 
rRled gksrk gS] rFkk G  ds izR;sd vo;o dk   ds lkis{k ,d izfrykse 
gksrk gSA 

: eku yhft, fd e  vkSj ,e    ds lkis{k G  ds  nks rRled gSaA  

rc] D;ksafd e  ,d rRled gS] blfy,  

.eee           …(1) 

D;ksafd e  ,d rRled gS] blfy,  

.eee          …(2) 

(1) vkSj (2) gesa crkrs gSa fd .ee    

bl izdkj] G  dk   ds lkis{k ,d vf}rh; rRled e  gSA   

vc eku yhft, fd Ga  rFkk   ds lkis{k Gc,b   blds izfrykse gSaA vr%] 
.acecaabeba  vkSj   

rc] )ca(bebb   

         cec)ab(   

         .c  

vr%]   ds lkis{k a  dk ,d vf}rh; izfrykse gSA  

izes; 2 ds dkj.k] ge G dk ‘dksbZ ,d rRled’ ds LFkku ij G dk ‘rRled’ dg 
ldrs gSa] rFkk Ga  ds ‘dksbZ ,d izfrykse’ ds LFkku ij a dk ‘izfrykse’ dg ldrs 
gSaA 

vkb, vc izes; 1 ds iz;ksx ds ,d mnkgj.k ij fopkj djsaA 

 2: tk¡p dhft, fd )),(( 3   ,d lewg gS ;k ughaA 

: loZizFke /;ku nhft, fd   ds lkis{k )(3    (closed) gS] vFkkZr~] 
)(3  ij   ,d f}-vk/kkjh lafØ;k gS] D;ksafd ).(B,A)(BA 33    

nwljh vksj] Hkkx 1.4, bdkbZ 1 ls] vki tkurs gSa fd   lkgp;Z gS] ;kuh 1G   lR; gSA 

rhljs] fdlh )(A 3  ds fy,] ,AA  0  tgk¡ 0  og 33  vkO;wg gS ftldh 
lHkh izfof"V;k¡ 0  gSaA bl izdkj] 2G   lR; gSA 

var esa] )(]a[A 3ij  fn;k jgus ij] )(]a[B 3ij   s.t. 0. BA  

vr%] 3G   Hkh lR; gSA 
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            blfy,] izes; 1 }kjk] )),(( 3   ,d lewg gSA 

*** 

mnkgj.k 2 esa tSlk fd;k x;k gS] mlh rjg vki n'kkZ ldrs gSa fd )),(( n   ,
 S . n   

vc vki dqN iz'uksa dks gy djus dk iz;kl D;ksa ugha djrs?  

E3) tk¡p dhft, fd fuEufyf[kr esa ls izR;sd ,d lewg gS ;k ugha % 

i) ),),(( 32       ii) ),),(( 3      iii) ),,(     iv) ).,( *    

E4) eku yhft, fd   vkSj   Øe'k% /kukRed okLrfod la[;kvksa dk leqPp; 
vkSj _.kkRed okLrfod la[;kvksa dk leqPp; O;Dr djrs gSaA tk¡p dhft, 
fd ),(   vkSj ),(   lewg gSa ;k ughaA  

vHkh rd vkius ,sls lewgksa G  ds mnkgj.k ns[ksa gSa ftuesa G  vifjfer gSA rks D;k 
lHkh lewgksa esa varfuZfgr leqPp; vifjfer gksrs gSa? ,slk ugha gSA ge vc lewgksa ds 
dqN ,sls mnkgj.kksa ij ppkZ djsaxs ftuesa varfuZfgr leqPp; ifjfer gksaxsA blds 
fy,] vkidks ;g tkuus dh vko';drk gksxh fd ,d lafØ;k lkj.kh D;k gksrh gSA 

(Operation Table) 

eku yhft, fd S  ,d ifjfer leqPp; gS rFkk S  ij   ,d f}-vk/kkjh lafØ;k gSA 
ge bl f}-vk/kkjh lafØ;k dks ,d oxZ lkj.kh }kjk fu:fir dj ldrs gSaA bl 
lkj.kh dks lafØ;k lkj.kh] ;k dsyh lkj.kh] dgrs gSaA dsyh lkj.kh dks izfl) vaxzst+ 
xf.krK vkFkZj dsyh (1821-1895)  dk uke fn;k x;k gSA bu lkjf.k;ksa dks dsyh us 
loZizFke 1854 esa vius ,d 'kks/k ys[k esa fn;k FkkA  

bl lkj.kh dks fy[kus ds fy,] ge igys S  ds vo;oksa dks [kM+s LraHk 
esa rFkk ysVh iafDr esa fy[krs gSaA fQj ge a vkSj b

ds izfrPNsnu ij lkj.kh esa ba   fy[krs gSaA mnkgj.kkFkZ] ;fn 
}1,0,1{S   gS rFkk f}-vk/kkjh lafØ;k ·  }kjk O;Dr xq.ku gS] rks lafØ;k ·  dks 

lkj.kh 1 }kjk fu:fir fd;k tk ldrk gSA 

 1 

· 1  0 1 

1  )1()1(   

1  

0)1(   

0  

1)1(   

1  

0  )1(0   

0  

00   

0  

10   

0  

1 )1(1   

1  

01  

0  

11  

1  

 1:  
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 foykser%] ;fn gesa ,d lkj.kh nh gqbZ gS] rks ge S  ij ,d f}-vk/kkjh lafØ;k dks 
ifjHkkf"kr dj ldrs gSaA mnkgj.kkFkZ] ge lkj.kh 2 }kjk }3,2,1{S   ij lafØ;k  ‘ ’ 

dks ifjHkkf"kr dj ldrs gSaA 

 2 

1323

2132

3211

321

 

lkj.kh 2 ls] vki ns[k ldrs gSa fd bldh lHkh izfof"V;k¡ S  ls gSaA vr%] S  ij   ,d 
f}-vk/kkjh lafØ;k gSA 

vkxs] ;g lkj.kh gesa crkrh gS fd 221   vkSj .232   

lkFk gh] 312   vkSj .221   blfy,] ,2112  vFkkZr~] bl mnkgj.k esa   

Øefofues; ugha gSA 

vkxs] 1333)12(   vkSj .232)31(2    

).31(23)12(   blfy,] bl fLFkfr esa   lkgp;Z ugha gSA ns[kk vkius] ,d 
lkj.kh gesa fdruh lwpuk ns ldrh gS! 

lkj.kh 2 esa vkius ns[kk fd   ,d f}-vk/kkjh lafØ;k gS tks Øefofues; ugha gSA 
okLro esa] ,d lafØ;k lkj.kh dks ns[krs gh vki fu.kZ; dj ldrs gSa fd   
Øefofues; gS ;k ughaA vkb, ns[ksa dSls }3,2,1{  ij ,d f}-vk/kkjh lafØ;k ds 
fy,] uhps nh lkj.kh ij fopkj dhft, % 

 3 

3213

2132

1321

321

 

;fn vki lkj.kh 3 dh izfof"V;ksa ij ut+j Mkysa rks vki ns[ksaxs fd ;s izfof"V;k¡ lkj.kh 
dh Åijh ckbZa izfof"V ls 'kq: gksrh gqbZ lkj.kh dh fupyh nkbZa izfof"V rd ds  

fod.kZ] vFkkZr~  

3

1

2
ds izfr lefer gSaA  

;g lefefr n'kkZrh gS fd ,2332,2112  bR;kfnA  

vr%] ;fn fdlh lafØ;k lkj.kh esa ;g lefefr ugha gksxh] rks og lafØ;k Øefofues; 
ugha gksxhA mnkgj.kkFkZ] ;g lefefr lkj.kh 2 esa ugha fn[krhA 

vc] vki ,d NksVs ls iz'u dks gy djus dk iz;kl D;ksa ugha djrs ? 
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            E5) }3,2,1,0{S   ij lafØ;k   ds fy, fuEufyf[kr lkj.kh dks ,slk iwjk dhft, 
ftlls fd S  ij   lao`r gks rFkk S  ij   Øefofues; gks %  

     

203

102

321

32100

3210

 

vkb, vc dqN ifjfer leqPp;ksa ij fopkj djsa rFkk ns[ksa fd D;k bu ij ,slh 
lafØ;k,¡ ifjHkkf"kr dh tk ldrh gSa ftuds lkis{k os lewg cusaA fuEufyf[kr 
mnkgj.k ij n`f"V Mkfy,A 

 3: leqPp; }a,a,a,a{G 4321  ij fopkj dhft,] ftl ij ,d lafØ;k ‘·’ 
uhps nh xbZ dsyh lkj.kh }kjk ifjHkkf"kr gS % 

       4 

· 1a  2a  3a  4a  

1a  1a  2a  3a  4a  

2a  2a  1a  4a  3a  

3a  3a  4a  1a  2a  

4a  4a  3a  2a  1a  

tk¡p dhft, fd ),G(   ,d lewg gS ;k ughaA 

: lkj.kh 4 dh izfof"V;ksa dks ns[kus ls ge fuEufyf[kr lwpuk izkIr djrs gSa%  

i) lHkh izfof"V;k¡ G  esa gSA vr%] G ij  ·  ,d f}-vk/kkjh lafØ;k gSA  

ii) ,aaaa)aa( 432321   rFkk 

.aaa)aa(a 441321   

 bl izdkj] ).aa(aa)aa( 321321   

 blh izdkj]   

 .4,3,2,1k,j,i)aa(aa)aa( kjikji    

bl izdkj] ·  lkgp;Z gSA 

iii) D;ksafd ,4,3,2,1iaaa ii1   blfy, ·  ds lkis{k 1a  rRled vo;o 

gSA 

iv) D;ksafd 133122111 aaa,aaa,aaa  vkSj ,aaa 144   blfy, G   

mnkgj.k  3 dk lewg Dykbu 
4-lewg dgykrk gS] ftls 
xf.krK Q+hfyDl Dykbu 
(Felix Klein) ds uke ij 
j[kk x;k gSA 
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 ds izR;sd vo;o dk  ·  ds lkis{k ,d izfrykse gSA oLrqr%] ;gk¡ izR;sd vo;o] Lo;a  
viuk gh izfrykse gSA 

vr%] ),G(   ,d lewg gSA 

*** 

mnkgj.k 3 dh lkj.kh esa] /;ku nhft, fd fdlh Hkh iafDr ;k LraHk esa dksbZ Hkh vo;o 
,d ls T+;knk ckj ugha gSA fuEufyf[kr fVIi.kh blls gh lacaf/kr gSA  

 3: fdlh Hkh lewg ),G(   dh lafØ;k dh dsyh lkj.kh dh fdlh Hkh iafDr ;k 

LraHk esa ,d gh vo;o nksckjk ugha gks ldrk gSA ;g bl dkj.k gS fd 
cabaGc,b,a  ] fy,ds  ( a dh laxr iafDr esa) iff ,cb   tSlk fd vki ckn 

esa izes; 3 esa ns[ksaxsA 

blh izdkj] bcba   ( b ds laxr LraHk esa) iff .ca   

vc ,d vU; mnkgj.k ij fopkj dhft,] tgk¡ G  ifjfer gSA 

 4: eku yhft, fd .1i},i,1{G   tk¡p dhft, fd xq.ku ds 

lkis{k G  ,d lewg gS ;k ughaA 

: G  esa xq.ku ds fy, dsyh lkj.kh fuEu gS:  

 5 

           

11iii

11iii

ii111

ii111

ii11








 

;g lkj.kh n'kkZrh gS fd G  ij ·  ,d f}-vk/kkjh lafØ;k gSA  

D;ksafd   esa · lkgp;Z gS rFkk ,CG   blfy, G  esa · lkgp;Z gSA 

mijksDr lkj.kh gesa ;g Hkh fn[kkrh gS fd .Gaa1a   blfy,] ·  ds lkis{k 1 

rRled vo;o gSA  

var esa] D;ksafd 1 izR;sd iafDr esa gS] blfy, ;g lkj.kh n'kkZrh gS fd 3G   dks 
),G(   larq"V djrk gSA   

vr%] ),G(   ,d lewg gSA 

*** 

mnkgj.kksa 3 vkSj 4 ls vki ns[k ldrs gSa fd ge izes; 1 ds iz;ksx ls fdlh chth; 
fudk; dks lewg fl) djus ds fy, dh tkus okyh tk¡p dks dSls de dj ldrs gSaA 

vc bu nks mnkgj.kksa ds ckjs esa ,d fVIi.kh ij fopkj dhft,A 

esa nsf[k, fd 

gS] 
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             4: /;ku nhft, fd nksuksa mnkgj.k 3 vkSj mnkgj.k 4 ds lewgksa esa  4 vo;o 
gSaA ijarq ;fn vki mnkgj.k 3 ds 4321 a,a,a,a  dks lkj.kh 4 esa i,i,1,1   ls 

fdlh Hkh Øe esa izfrLFkkfir djsa( rks vki ik,¡xs fd dsyh lkjf.k;k¡ leku ugha gksaxhA 
lkj.kh 4 ls vki tkurs gSa fd mnkgj.k 3 esa .Gaea2   lkj.kh 5 ;g n'kkZrh 

gS fd mnkgj.k 4 esa .1i2   vr%] dsyh lkjf.k;k¡ vyx gksaxh ghA blls iznf'kZr gksrk 
gS fd nksuksa lewgksa ds chth; cukoV vyx gSaA  

vc] tSlk fd vki ns[k pqds gSa] fdlh Hkh lewg dk varfuZfgr leqPp; ifjfer ;k 
vifjfer gks ldrk gSA bl lanHkZ esa] fuEufyf[kr ifjHkk’kkvksa dks nsf[k,A 

: eku yhft, fd ),G(   ,d lewg gSA 

i) ;fn G ,d ifjfer leqPp; gS] ftlesa n  vo;o gSa] rks ),G(    n  

(finite group of order n) dgykrk gSA ;gk¡ ge no(G)   

fy[krs gSa] tgk¡ )G(o  ‘lewg G  dh dksfV’ dks O;Dr djrk gSA 

ii) ;fn G  ,d vifjfer leqPp; gS] rks ),G(   ,d (infinite 

group) dgykrk gSA 

iii) ;fn G  ij   Øefofues; gS] vFkkZr~ ,Gb,aabba   rks ),G(   dks 

(commutative), ;k  (abelian group), 

dgrs gSaA   

iv) ;fn ),G(   ,d vkcsyh lewg ugha gS] rks og ,d (non-abelian) 

;k ,d  (non-commutative)  dgykrk gSA 

bl izdkj] mnkgj.k 4 dk lewg dksfV 4 okyk ,d ifjfer vkcsyh lewg gSA mnkgj.kksa 
1 vkSj 2 ds lewg vifjfer vkcsyh lewg gSaA  

vc] vkb, vu~vkcsyh lewg ds ,d mnkgj.k ij n`f"V MkysaA   

5: eku yhft, fd G  'kwU;srj lkjf.kd okys 22  vkO;wgksa dk leqPp; gS] 

vFkkZr~ .0bcad,d,c,b,a
dc

ba
G





















   n'kkZb, fd ),G(   ,d 

vu~vkcsyh lewg gS] tgk¡ vkO;wg xq.ku ·  gSA 

: igys rks ge ;g n'kkZ,¡xs fd  ·  ,d f}-vk/kkjh lafØ;k gSA Hkkx 1.4, bdkbZ 1, ls 
vki tkurs gSa fd ;fn ,GB,A  rks BA   ,d 22  vkO;wg gksrk gSA  

lkFk gh] vki bldh Hkh tk¡p dj ldrs gSa fd  

,0)B(det)A(det)BAdet(   D;ksafd .0Bdet,0Adet   

vr%] GBA  .GB,A   

 

).B(det)A(det)ABdet(   

;fn ,
dc

ba
A 





  rks 

bcad   dks A dk 

(determinant) dgrs 
gSa] vkSj bls  det A, 
;k ,|A|  fy[krs gSaA 

 2: 

 (1802-1829) 
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bdkbZ 1 ls vki ;g Hkh tkurs gSa fd vkO;wg xq.ku lkgp;Z gksrk gS rFkk 









10

01
I  

xq.kukRed rRled gSA /;ku nhft, fd ,1)Idet(   vkSj blh fy, .GI   

vc] G esa 









dc

ba
A  ds fy,] vkO;wg 





























bcad

a

bcad

c

bcad

b

bcad

d

B  ,slk gS fd 

,0
bcad

1
Bdet 


  rFkk .

10

01
AB 








  bl izdkj] .AB 1   

bl izdkj] ),G(   ,d lewg gSA   

vkxs] vkb, ns[ksa fd G  vu~vkcsyh D;ksa gSA D;ksafd] mnkgj.kkFkZ]  


























34

12

01

10

43

21
 rFkk ,

21

43

43

21

01

10

























 blfy, ge ns[krs gSa fd  

),G(   Øefofues; ugha gSA 

*** 

mnkgj.k 5  esa fn, vifjfer vu~vkcsyh lewg dks izk;% )(GL2   }kjk O;Dr fd;k 

tkrk gS] rFkk bls   ij 2 (general linear 

group of degree 2)  dgk tkrk gSA ge mnkgj.kksa ds fy, bl lewg dk iz;ksx bl 
ikB~;Øe esa vusd ckj djrs jgsaxsA  

vc] vkb, Qyuksa ls lacaf/kr ,d mnkgj.k ij fopkj djsaA 

 6:   ls   rd ds lHkh Qyuksa ds leqPp;   ij fopkj dhft,A tk¡p 
dhft, fd fcanq'k% ;ksx (pointwise addition), vFkkZr~ 

,x)x(f)x(f)x)(ff(::)ff(,f,f 21212121    fy,ds  ds 

lkis{k  ,d lewg gS ;k ughaA 

: loZizFke] ,I  tgk¡ .x)x(I::I    vr%]   

vkxs]  21 f,f ds fy,] 21 ff   Hkh   ls   rd ,d Qyu gSA blfy,]  ij   

,d f}-vk/kkjh lafØ;k gSA  

rhljs] 321 f,f,f  vkSj r ds fy,]  

)r(f)r)(ff()r](f)ff[( 321321        

   ))r(f)r(f()r(f)r(f))r(f)r(f( 321321   

   ).r)](ff(f[ 321    
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            vr%]  esa   lkgp;Z gSA 

pkSFkh ckr]  esa 0  ;ksT; rRled gS] tgk¡ .0)x(::  00   

var esa] f fn;k jgus ij] ,f   tgk¡ ).x(f)x)(f(::)f(     
rc] .)f(f 0  

vr%] ),(   ,d lewg gksus ds fy, lHkh vfHkx`ghrksa dks larq"V djrk gSA 

/;ku nhft, fd   ,d vkcsyh lewg gS] D;ksafd .f,fffff 211221   

*** 

vc vkcsyh lewg ds ,d vU; mnkgj.k ij fopkj dhft,A 

 7: 2  ds lHkh LFkkukarj.kksa ds leqPp; ,T  vFkkZr~] 

),by,ax()y,x(f:f{T b,a
22

b,a    fdUgha b,a  ds fy,} ij 

fopkj dhft,A /;ku nhft, fd  T  ds izR;sd vo;o b,af  dk 2  esa fu:i.k gS 

fcanq ).b,a(  n'kkZb, fd Qyuksa ds la;kstu ds lkis{k T  ,d vkcsyh lewg gSA 

: vkb, igys ns[ksa fd T  ij ,d f}-vk/kkjh lafØ;k gS ;k ughaA  

d,c,b,a  vkSj 2)y,x(   ds fy,] 

)bdy,acx()dy,cx(f)y,x(ff b,ad,cb,a   

           ),dby,cax(   D;ksafd   esa   Øefofues; gSA 

            ).y,x(f db,ca    

.Tfff db,cad,cb,a          …(3) 

D;ksafd  ca  vkSj ,db   blfy, .Tff d,cb,a       

bl izdkj] T ij   ,d f}-vk/kkjh lafØ;k gSA  

vkxs] ,Tfff b,a0,0b,a   (3) ds mi;ksx lsA 

vr%]   ds lkis{k 0,0f  rRled vo;o gSA  

lkFk gh] Tf b,a   ds fy,] ,fff 0,0b,ab,a   (3) ds mi;ksx lsA 

vr%]   ds lkis{k b,af   dk izfrykse gS .Tf b,a    

bl izdkj] ),T(   vfHkxg̀hrksa 2G,1G   vkSj 3G   dks larq"V djrk gSA blh dkj.k ls 
;g ,d lewg gSA 

/;ku nhft, fd .Tf,fffff d,cb,ab,ad,cd,cb,a    vr%] ),T(   vkcsyh gSA 

*** 
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 vc fuEufyf[kr iz'uksa dks gy djus dk iz;kl dhft,A   

E6) fuEufyf[kr esa ls dkSu-ls dFku lR; gSa? vius mÙkjksa ds fy, dkj.k nhft,A 

 i) ),( *   ,d vkcsyh lewg gSA 

 ii) ),( *   ,d ifjfer lewg gSA 

 iii) ),( O   ,d lewg gS] tgk¡ O  fo"ke iw.kkZadksa dk leqPp; gSA 

 iv) ),(  ,d lkfelewg gSA 

 v) ),(   ,d lewg gS] tgk¡   /kukRed ifjes; la[;kvksa dk leqPp; 
gS] rFkk *,     ij ab2ba   }kjk  ifjHkkf"kr gSA 

E7) n'kkZb, fd ),G(   ,d vu~vkcsyh lewg gS] tgk¡ 

}0a,b,a)b,a({G    rFkk , GG  ij 

)dbc,ac()d,c()b,a(   }kjk   ifjHkkf’kr gSA 

E8) fdlh ifjfer leqPp; G  ij ,d f}-vk/kkjh lafØ;k   dh lkj.kh dk ,d 
mnkgj.k nhft,] tks ;g n'kkZrh gS fd ),G(   ,d lewg ugha gks ldrkA 

vius mnkgj.k dh iqf"V dhft,A 

vc ge dqN ,sls ekSfyd xq.kksa ij n`f"V Mkysaxs tks fdlh Hkh lewg ds vo;o larq’V 
djrs gSaA 

2.3  

bl Hkkx esa ge ,d lewg ds vo;oksa ds dqN izkjafHkd xq.kksa dh ppkZ djsaxsA ijarq 
igys ge ladsru dh izFkk dk mYys[k djsaxsA 

 5: vkxs ls] viuh lqfo/kk ds fy,]   ),G(   dks  G  ls 
;fn lacaf/kr lafØ;k ds ckjs esa dksbZ Hkze ugha gks rksA vkSj ge Gb,a   ds 

fy,] ba   ab   rFkk dgsaxs fd ge a  b  

 

vkSj var esa] ge e  ] vkSj Ga   1a  
 

vc] vkb, lewg ds dqN ljy xq.kksa ij fopkj djsaA vki tkurs gSa fd *  ds 
c,b,a  ds fy,] tc Hkh caba   ;k ,acab   rks ge fu"d"kZ fudky ldrs gSa fd 

,cb   vFkkZr~ ge a  dk (cancel)    ldrs gSaA ;g ckr fdlh Hkh lewg 

ds fy, lR; gksrh gS vki vc ns[ksaxsA 

3: fdlh lewg G  esa c,b,a  ds fy,]  
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            i) .cbacab   (bls  (left cancellation law)  dgk 
tkrk gSA) 

ii) .cbcaba   (bls (right cancellation law) dgk 
tkrk gSA) 

: ;gk¡ ge dsoy (i) dks fl) djsaxs] rFkk (ii) dh miifÙk vki ij NksM+ nsaxs (E9 
nsf[k,)A 

i) eku yhft, fd .acab         ...(4) 

 vc] Gd3G }kjk  s.t. .eda   (4) ds nksuksa i{kksa dks ckbZa vksj d  ls xq.kk 
djus ij] )ac(d)ab(d   izkIr djrs gSaA 

 ,c)da(b)da(  1G ds mi;ksx lsA 

 eceb    

 .cb    

;kn jf[k, fd xq.kk djus ls gekjk eryc gS fd ge lafØ;k   ykxw dj jgs gSa] 
ftlds lkis{k G  ,d lewg gSA 

vkxs c<+us ls igys] ,d {k.k ds fy, fVIi.kh 3 ij okil tkb,A vkidks ns[kuk 
pkfg, fd ogk¡ tks uksV fd;k x;k gS] mls ;gk¡ izes; 3 fdl rjg n'kkZ jgk gSA 

vkb, vc vkxs c<+saA   ds fdlh vo;o n  ij fopkj dhft,A vki tkurs gSa fd 
.n)n(   vki ;g Hkh tkurs gSa fd n,m  ds fy,] 

).n()m()nm(    

blh izdkj] 2  ds fy, vki tkurs gSa fd .2)2( 11    

vf/kd O;kid :i esa] fdlh Hkh lewg ds vo;o ds izfrykse ds fuEufyf[kr xq.kksa ij 
fopkj dhft,A 

4: eku yhft, fd G  ,d lewg gSA rc]  

i) izR;sd Ga  ds fy, ,a)a( 11     

ii) lHkh Gb,a   ds fy, .ab)ab( 111     

: i) Ga ds fy,] .Ga 1   eku yhft, fd .b)a( 11   rc] izfrykse dh 
ifjHkk"kk ds vuqlkj]  

.b)a(e)a(b 11          …(5) 

 ijarq] ifjHkk"kk }kjk]  

 .eaaaa 11          …(6) 
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  D;ksafd vo;o dk izfrykse vf}rh; gksrk gS (izes; 2), blfy, ge (5) vkSj (6) 

ls ns[krs gSa fd ,ab   vFkkZr~] .a)a( 11   

ii)  Gb,a  ds fy,] .Gab  vr%] G)ab( 1   ,slk gS fd  

 .e)ab)(ab( 1          …(7) 

 ijarq] ,a)b)ab(()ab)(ab( 1111    1G }kjkA 

     ),a)bb(a( 11   1G }kjkA  

     ,a)ae( 1  D;ksafd .ebb 1   

     ,aa 1  D;ksafd .aae   

     ,e  D;ksafd .eaa 1   

 bl izdkj] .e)ab)(ab( 11        …(8) 

blfy,] (7) vkSj (8) ls] rFkk izfrykse dh vf}rh;rk dks ns[krs gq, ge 
111 ab)ab(    izkIr djrs gSaA 

/;ku nhft, fd fdlh lewg G  ds fy,] Gb,aba)ab( 111    

gS tc G  vkcsyh gksA tSls fd fuEufyf[kr mnkgj.k esa ,slk ugha gSA 

 8: n'kkZb, fd fdlh  )(GLB,A 2   ds fy,] 111 )AB(BA    (nsf[k, 
mnkgj.k 5)A 

:  



















01

11

10

12
BA vkSj  ij fopkj dhft,A 

rc]  .
01

21
AB 










   

lkFk gh] .
11

10
B

10

2121
A 11








 








 
  vkSj  blfy,] .

11

121
BA 11








 
   

bl izdkj] .
10

01

121

123
)BA)(AB( 11


















   

vr%] .)AB(BA 111     

*** 

vc dqN iz'uksa dks gy djus dk iz;kl dhft,A 

E9) izes; 3 ds Hkkx (ii) dks fl) dhft,A 
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            E10) eku yhft, fd   ds lkis{k }a,a,a{G 321  ,d Øefofues; lewg gSA uhps 

nh gqbZ dsyh lkj.kh dks iwjk dhft,A 

     

3

132

1

321

a

aaa

a

aaa

 

E11) ;fn fdlh lewg G  esa ,d ,slk vo;o g gS fd lHkh Gx  ds fy, ,ggx   
rks n'kkZb, fd }.e{G    

E12) fdlh lewg G  esa c,b,a  ds fy,] .cabcab   D;k ;g lR; gS ;k 
vlR; gS? vius mÙkj ds dkj.k nhft,A 

E13) eku yhft, fd n21 a,,a,a   ,d lewg G  ds vo;o gSaA 1
n21 )aaa(   

Kkr dhft,A 

E14) eku yhft, fd fdlh lewg G  esa izR;sd x  ds fy,] .xx2   n'kkZb, fd G  

vkcsyh gSA D;k bldk foykse lR; gS? D;ksa] ;k D;ksa ugha? 

E15) eku yhft, fd fdlh lewg G  esa izR;sd x  ds fy,] ex 2   gSA n'kkZb, fd 
G vkcsyh gSA D;k bldk foykse lR; gS?  

vkb, vc lewgksa ds ,d vkSj xq.k dks fl) djsaA 

5: lewg G  esa vo;oksa b,a  ds fy,] lehdj.kksa bax   vkSj bya   ds G esa 
vf}rh; gy gksrs gSaA 

: igys vki ;g ns[ksaxs fd G  esa bax   dk ,d gy D;ksa gS] rFkk fQj vki 
ns[ksaxs fd ;g gy vf}rh; D;ksa gSA 

Gb,a   ds fy,] Gba 1  ij fopkj dhft,A  

rc] .bebb)aa()ba(a 11     

bl izdkj] ba 1  lehdj.k bax   dks larq"V djrk gS] vFkkZr~ bax   dk G  esa ,d 
gy gSA 

vkxs] vf}rh;rk dks ns[kus ds fy,] eku yhft, fd G esa bax   ds nks gy 21 x,x  

gSaA rc] .axbax 21   oke fujlu fu;e }kjk] ge 21 xx   izkIr djrs gSaA   

bl izdkj] ba 1  gh G esa vf}rh; gy gSA 

blh izdkj] nf{k.k fujlu fu;e dk mi;ksx djrs gq,] vkidks fl) djuk pkfg, fd 
G  esa bya   dk vf}rh; gy 1ba  gSA 

vkb, ns[ksa fd izes; 5 gesa dqN fof'k"V fLFkfr;ksa esa D;k crkrk gSA 
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 9: )(GL2   esa 


















40

51

21

32
BA vkSj  ij fopkj dhft,A ,sls X  

vkSj Y  Kkr dhft, ftuls fd BAX   vkSj .BYA   

:  izes; 5 ls vki tkurs gSa fd .BAX 1  vc]  














21

32
A 1  (mnkgj.k 5 nsf[k,)A 

.X
31

22

40

51

21

32
BA 1 































   

lR;kiu dhft, fd bl X ds fy, BAX   gSA 

blh izdkj] vkidks 1BAY   Kkr djuk pkfg,A 

*** 

vxys mnkgj.k esa ge ,d vlk/kkj.k lewg ij fopkj djsaxsA 

 10: eku yhft, fd S  ,d vfjDr leqPp; gSA )S(  ij fopkj dhft,] 
tks S ds lHkh mileqPp;ksa dk leqPp; gSA bl ij 

)S(B,A)A\B()B\A(BA    }kjk ifjHkkf"kr  Δ ,d 
f}-vk/kkjh lafØ;k gSA  

tk¡p dhft, fd D;k )),S((   vkSj )),S((   lewg gSa ;k ughaA ;fn gSa] rks D;k os 
vkcsyh lewg gSa?  

vkxs] D;k lehdj.kksa BAY   vkSj )S(B,ABAY   ds vf}rh; gy 
gSa?  D;ksa] ;k D;ksa ugha? 

: vkb, igys )),S((   ij fopkj djsaA )S(  ij   ,d lkgp;Z f}-vk/kkjh 
lafØ;k gSA vki bldh tk¡p dyu ds [kaM 1 esa vkids }kjk v/;;u dh xbZ leqPp; 
lafØ;kvksa ds xq.kksa dk mi;ksx djrs gq, dj ldrs gSaaA ;s xq.k gSa %  

),S(B,ABA)BA(,BA)BA(,BAB\A ccccccc   

rFkk   vkSj   Øefofues; vkSj lkgp;Z gSaA   

  Øefofues; Hkh gS] D;ksafd  

)B\A()A\B()A\B()B\A(BA   

          ).S(B,AAB   

;gk¡  ds lkis{k   rRled vo;o gS] D;ksafd ).S(AAA    

vkxs] dksbZ Hkh vo;o Lo;a viuk izfrykse gS D;ksafd ).S(AAA    

bl izdkj] )),S((   ,d vkcsyh lewg gSA 

vki dyu dh bdkbZ 2 
ls] )S(  ls ifjfpr 
gksaxsA 
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            vc] vkb, )),S((   ij fopkj djsaA tSlk fd vki tkurs gSa] )S(  ij   ,d 
lkgp;Z f}-vk/kkjh lafØ;k gSA lkFk gh] ),S(AASA   ftlls fd   ds 
lkis{k S  rRled vo;o gSA ijarq] S  dk ,d mfpr mileqPp; fn;k jgus ij] ,slk 
dksbZ )S(B   ugha gS ftlls fd SBA   gksA 

bl izdkj] )),S((   ,d lewg ugha gSA  

/;ku nhft, fd fdlh Hkh SA),S(A   ds fy,] SAY   dk dksbZ gy ugha 
gSA  

)),S((   esa B,A  ds fy,] ge BAY   dks gy djuk pkgrs gSaA ijarq] ge 

tkurs gSa fd A  Lo;a viuk izfrykse gSA vr%] izes; 5 }kjk] ABABY 1    
vf}rh; gy gSA  

geus ;gk¡ ;g Hkh fl) dj fn;k gS fd )S(  esa fdUgha B,A  ds fy,] 
.BA)AB(     

*** 

vc] fuEufyf[kr iz'uksa dks gy djus dk iz;kl dhft,A 

E16) D;k ),(   ,d lewg gS?  D;k vki  b,a,bxa  ds fy, ,d 
vf}rh; gy izkIr dj ldrs gSa? blls vki izes; 5 ds foykse ds ckjs esa D;k 
fu"d"kZ fudky ldrs gSa? 

E17) ;fn G  ,d lkfelewg gS] ijarq ,d lewg ugha gS] rks D;k lHkh Gb,a  ds 
fy,] bax   dk ,d gy gksxk? D;ksa] ;k D;ksa ugha? 

vkSj vc vkb, ppkZ djsa lewg ds fdlh vo;o dh Lo;a ij lafØ;k ykxw djus dhA 
mnkgj.kkFkZ] ),(n    ij fopkj dhft,A rc] ,n3n)nn(,n2nn   

bR;kfnA  

blh izdkj] n  ds izfrykse] vFkkZr~ n  ij ckj-ckj tksM+ dh lafØ;k ykxw djus ls 
),n(3)n()]n()n[(),n(2)n()n(   bR;kfnA bl lanHkZ esa] 

fuEufyf[kr ifjHkk"kk ij fopkj dhft, % 

: eku yhft, G ,d lewg gSA Ga  vkSj n  ds fy,] ge na dks fuEu 
rjhds+ ls ifjHkkf"kr djrs gSa % 

i) .ea0    

ii) ,aaa 1nn    ;fn .0n   

iii) ,)a(a )n(1n  ;fn .0n    

;gk¡ a  dh (integral power)  na  gS] vkSj n  bldk
(exponent, or index) dgykrk gSA 

bl izdkj] ifjHkk"kk ls] aaa,aaa,aa 2321  , bR;kfn] rFkk  
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 ,)a(a,)a(a 313212    bR;kfnA 

 6: tc f}-vk/kkjh lafØ;k ;ksx gS] rc ,an na  gks tkrk gSA mnkgj.kkFkZ] 
fdlh a  ds fy,] mijksDr ifjHkk"kk dgrh gS fd 

i) ,0na   ;fn ;0n    

ii) n(aaana    ckj), ;fn ;0n    

iii) n()a()a()a(na    ckj), ;fn .0n   

vkb, vc ge lewg ds vo;oksa ds fy,] dqN ?kkrkad fu;eksa dks fl) djsaA 

6: eku yhft, fd G  ,d lewg gSA Ga  rFkk n,m  ds fy,] 

i) ,)a(a)a( n1n1n    

ii) ,aaa nmnm   

iii) .a)a( mnnm   

: ge (i) vkSj (ii) dks fl) djsaaxs] rFkk (iii) dh miifÙk vkids fy, NksM+saxs (E18 

dkss nsf[k,)A 

i) ;fn ,0n   rks ;eaaee)a()a( 0n1101n   (  rFkk 

.e)a()a( 01n1     

 vr%] bl fLFkfr esa] (i) lR; gSA 

 vc] eku yhft, fd 0n   gSA D;ksafd ,eaa 1   blfy, ge ns[krs gSa fd  

 n1n )aa(ee   

   n()aa()aa)(aa( 111    ckj) 

   ,)a(a n1n   D;ksafd a  vkSj 1a  Øefofues; djrs gSaA 

 .)a()a( n11n     

 lkFk gh] ,a)a( nn1    ifjHkk’kk ds (iii) }kjk D;ksafd .0)n(    

 ,a)a()a( nn11n    tc .0n   

 ;fn ,0n   rks 0)n(   rFkk 

 1)n(1n ]a[)a(    

         ,])a[( 11n  0n   dh fLFkfr lsA 
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                     ,a n D;ksafd .Gxx)x( 11   

 lkFk gh] )n(1n1 )a()a(    

           ,])a[( n11  0n   dh fLFkfr lsA 

           ,a n  D;ksafd .a)a( 11    

 vr%] bl fLFkfr esa Hkh  

 .)a(a)a( n1n1n     

ii) igys eku yhft, fd .0m   rc] .nnm   vr%]  

 ,aaaa n0nnm   D;ksafd .ea0   

          .aa nm    

 blh izdkj] ;fn ,0n   rks .aaa nmnm    

  vc] eku yhft, fd 0m   vkSj .0n   rc 4 fLFkfr;ka gks ldrh gSaA 

  1 0(m    0)n  : vkb, bl fLFkfr esa ifj.kke dks n  ij vkxeu 
}kjk fl) djsaA 

 eku yhft, )n(P  ;g fo/ks; gS fd ,aaa nmnm   tgk¡ m  fn;k gqvk gSA 

 ;fn ,1n    rks ,aaa 1mm   ifjHkk"kk }kjkA 

 bl izdkj] )1(P  ,d lR; dFku gSA 

vc] ifjdYiuk dhft, fd )k(P  lR; gS] vFkkZr~ fdlh 1k   ds fy,] 

.aaa kmkm    

 rc] ,aaa)aa()aa(aaa kmkmkm1km    D;ksafd )k(P  lR; gSA 

         .a )1k(m     

 bl izdkj] )1k(P   lR; gSA  

 vr%] vkxeu fu;e }kjk] lHkh 0m    vkSj 0n   ds fy,] (i) lR; gSA 

  2 0(m    0)n  : ;gk¡ 0)m(   vkSj 0)n(   gSA bl izdkj] 

fLFkfr 1 }kjk] .aaaa )nm()mn(mn     

nksuksa i{kksa ds izfrykseksa dks ysdj] rFkk (i) dk mi;ksx djrs gq,] ge izkIr djrs 
gSa fd   

 .aa)a()a()aa(]a[a nm1n1m1mn1)nm(nm    
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   3 0n0,(m   0)nm  : ;gk¡ 0)n(   gSA vr%] fLFkfr 1 

}kjk] .aaa mnnm      

 blds nksuksa i{kksa dks nkbZ rjQ+ 1nn )a(a   ls xq.kk djus ij] rFkk (i) }kjk] 
ge izkIr djrs gSa fd 

  .aaa nmnm   

  4 0n0,(m    0)nm  : fLFkfr 2 ls, .aaa nnmm    nksuksa 

i{kksa dks ckbZa rjQ+ 1mm )a(a   ls xq.kk djus ij] ge izkIr djrs gSa fd 

.aaa nmnm    

 tSlk fd fLFkfr;ksa 3 vkSj 4 esa fd;k x;k gS] mlh izdkj vki mu fLFkfr;ksa ds 
fy, ifj.kke dks fl) dhft,] tc 0m   vkSj .0n     

 vr%] lHkh Ga  vkSj n,m  ds fy,] .aaa nmnm    

vki E18 dks gy dj ysaxs] rc izes; 6 dh miifÙk iwjh gks tk,xhA 

vki izes; 6 dk vuqiz;ksx bl ikB~;Øe ds v/;;u esa cgqr ckj djrs jgasxsA vkb, 
ns[ksaa fd ,d fof'k"V fLFkfr esa ;g D;k crkrk gSA 

 11: eku yhft, fd ),S(A   tgk¡ S   nAn  ekywe dhft,A 

: ;gk¡ lafØ;k   gSA lkFk gh] vki tkurs gSa fd  AAA2  

blfy,] .AA 1    

vc] ;fn ,m,m2n  tgk¡  rks   mm2n )A(A   

;fn ,m,1m2n   tgk¡  rks .AAAAA m2n    

bl izdkj] nA  ;k ,A  tks bl ckr ij fuHkZj gS fd n  le gS ;k fo"keA 

*** 

vc fuEufyf[kr iz'uksa dks gy dhft,A 

E18) izes; 6 (iii) dks fl) dhft,A 

 ( : fLFkfr 0n    ds fy,] n  ij vkxeu }kjk fl) dhft,A blds ckn 

0n   ds fy, fl) dhft,A) 

E19) eku yhft, fd G  ,d vkcsyh lewg gSA fl) dhft, fd  

i)  mabab mm  rFkk  ;Gb,a    

        ii) .mba)ab( mmm    
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            vc ge dqN lewgksa dh ppkZ foLr`r :i ls djsaxsA vki bu lewgksa ds lkFk bl 
ikB~;Øe esa dk;Z djrs jgsaxsA 

2.4  

bl Hkkx esa] ge vkidk ifjp; ,d-,d djds N% izdkj ds lewgksa ls djk,¡xsA budk 
v/;;u lko/kkuhiwoZd dhft,] D;ksafd ge bl ikB~;Øe esa budk mi;ksx vusd ckj 
mnkgj.kksa (vkSj izfrmnkgj.kksa!)  ds :i esa djrs jgsaxsA bu lewgksa ds izdkj gSa % iw.kkZad 
eksM~;wyks n  dk lewg] lefer lewg] f}ry lewg] vkO;wg lewg] ,d ds osan  ewyksa dk 
lewg )n(   rFkk lewgksa dk vuqykse xq.kuQyA 

2.4.1    n 

iw.kkZadksa ds leqPp;   rFkk n  dks yhft,A bdkbZ 1 esa vkius i<+k Fkk fd 
‘le'ks"krk ekWM~;wyks n’  dk laca/k ( vFkkZr~] ‘ aRb  iff ,n  ba   dks foHkkftr djrk gS’ )  

}kjk fn, tkus okyk laca/k R ,d rqY;rk laca/k gSA bl izdkj] bdkbZ 1 ls vki tkurs 
gSa fd ;g   dk vla;qDr rqY;rk oxksZa esa foHkktu djrk gSA ;s oxZ 

n dgykrs gSaA ge r dks varfoZ"V djus okys rqY;rk oxZ dks r  ;k ]r[  ls 
O;Dr djrs gSaA 

bl izdkj] .} )( n modrmmr  {  

vr%] iw.kkZad m  r  esa lfEefyr gksrk gS fdlh ,nr0r  tgk¡] fy,ds  iff 

),n(modrm   vFkkZr~  iff ),rm(n  vFkkZr~ iff fdlh k  ds fy, .knrm   

}.kknr{r   

vkius bdkbZ 1 esa] ;g Hkh ns[kk Fkk fd   ds lHkh le'ks"krk oxZ ekWM~;wyks n  Øe'k% 
1n,,1,0   gSaA  

vkxs] 
1n

0i

i




  (,d vla;qDr lfEeyu)   

eku yhft, fd }.1n,,2,1,0{n    ge  

baba    

}kjk n  ij lafØ;k ‘ ’ dks ifjHkkf"kr djrs gSaA  

D;k ;g lafØ;k lqifjHkkf"kr gS? bl iz'u dk mÙkj nsus ds fy,] gesa ns[kuk gksxk fd 
D;k  n  esa ba   vkSj dc   ls dbca   feyrk gS ;k ughaA   

vc] )n(modba   rFkk ).n(moddc   blfy, ,sls iw.kkZad 1k  vkSj 2k  gSa ftuls fd 
fd nkba 1  vkSj .nkdc 2  ijarq] rc  

.n)kk()dc()ba()db()ca( 21   

/;ku nhft, fd ,i 

i  

leqPp;   dk ,d mileqPp; 
gS]  dk ,d vo;o ughaA  
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.dbca    

bl izdkj] n  esa ‘ ’ ,d lqifjHkkf"kr f}-vk/kkjh lafØ;k gSA  

/;ku nhft, fd fdUgha 1n,,0r    ds fy,] ,rca   D;ksafd .ica
1n

0i





    

mnkgj.kkFkZ] ,15324 esa  D;ksafd 532   vkSj ).4(mod15    

lkFk gh] ,8310711 esa  D;ksafd .01138   

n  esa ;ksx dh viuh le> dks csgrj djus ds fy,] fuEufyf[kr iz'u dks gy 
dhft,A 

E20) 5  ij   ds fy, fuEufyf[kr lafØ;k lkj.kh esa fjDr LFkkuksa dks Hkfj, %  

 + 0  1  2  3  4  

0       

1       

2       

3       

4       

 

vc vkb, n'kkZ,¡ fd ),( n  , n  ds fy,] ,d Øefofues; lewg gSA 

i) c)ba(c)ba()cb(a)cb(a)cb(a   

 ,c,b,ac)ba( n  vFkkZr~ n  esa ;ksx lkgp;Z gSA 

ii) ,aa0a n  vFkkZr~ 0  ;ksx ds fy, rRled vo;o gSA 

iii) nn ana    ] fy,ds  ftlls fd .0nana    

  bl izdkj] n  esa izR;sd vo;o a  dk ;ksx ds lkis{k ,d izfrykse gSA 

iv) ,b,aababbaba n  vFkkZr~ n  esa ;ksx Øefofues; 
gSA 

mijksDr xq.k (i) ls (iv) ;g n'kkZrs gSa fd ),( n    n

gSA 

D;k ge n ij blh izdkj ls xq.ku dks ifjHkkf"kr dj ldrs gSa?  vkb, ns[ksaA 
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            vkb, abba   }kjk n  djsaA  

vkidks ;g fl) djuk pkfg, fd n  ij ;g ,d lqifjHkkf"kr f}-vk/kkjh lafØ;k gSA  

lkFk gh] ,c,b,a)cb(ac)ba( n  rFkk .b,aabba n   

bl izdkj] n  esa xq.ku lkgp;Z vkSj Øefofues; f}-vk/kkjh lafØ;k gSA 

vkidks bldk lR;kiu djuk pkfg, fd n  dk xq.kukRed rRled 1  gSA         

ijarq] ),( n   ,d lewg ugha gSA D;ksa?  bldk dkj.k ogh gS tks ),(   ds lewg u 

gksus dk gSA n  ds izR;sd vo;o dk xq.kukRed izfrykse ugha gSA mnkgj.kkFkZ] 0  dk 
dksbZ xq.kukRed izfrykse ugha gS D;ksafd .r0r0 n   

ijarq] eku yhft, fd ge n  ds 'kwU;srj vo;oksa dks ysrs gSa] ;kuh ).,( *
n   D;k ;g 

,d lewg gS?  nsf[k,] }3,2,1{*
4   ,d lewg ugha gS D;ksafd *

4  ij  · ,d f}-

vk/kkjh lafØ;k Hkh ugha gS pw¡fd .022 *
4  ijarq] fdlh Hkh vHkkT; la[;k p  ds 

fy,] ),( *
p   ,d vkcsyh lewg gksrk gS] tSlk fd vki vc 5p   ds fy, fn[kk,¡xsA 

E21) n'kkZb, fd ),( *
5   ,d vkcsyh lewg gSA 

 ( : dsyh lkj.kh cukb,A) 

E22) i) 
11  ds izR;sd vo;o dk xq.kukRed izfrykse D;k gS? 

 ii) 
p  ds fdlh Hkh vo;o dk xq.kukRed izfrykse D;k gS] tgk¡ p  ,d 

vHkkT; la[;k gS? 

  ( : /;ku nhft, fd  pr   ds fy,] g.c.d. ).1)p,r(   

 iii) n'kkZb, fd ),( p   ,d vkcsyh lewg gS] tgk¡ p  ,d vHkkT; la[;k gSA  

vkb, vc lefer lewg dh ppkZ djsaA 

2.4.2     

vc ge ,d ,sls lewg ij n`f"V Mkysaxs ftlds vo;o fdlh leqPp; ds Øep; gSaA 
bl ladYiuk ls vkidk ifjp; Hkkx 1.5, bdkbZ 1, esa gqvk FkkA bdkbZ 9 esa vki bl 
lewg ds ckjs esa vf/kd foLrkj ls i<+saxsA 

vkb, ,d mnkgj.k ls 'kq: djsaA 

 12:  eku yhft, fd ,B   ls   rd ds lHkh ,dSdh vkPNknd Qyuksa dk 
leqPp; gSA n'kkZb, fd B  Qyuksa ds la;kstu ds lkis{k  ,d lewg gSA 

: B  D;ksafd ,x)x(I::I    B esa gSA 
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 vkxs] dyu ls vki tkurs gSa fd ;fn B  esa f  vkSj g  gSa] rks B  esa gf   Hkh gksrk 
gSA bl izdkj] B  esa   laor̀ gSA  

vki ;g Hkh tkurs gSa fd .Bh,g,f)hg(fh)gf(    bl izdkj] B ij   
lkgp;Z gSA  

D;ksafd ,BffIf   blfy,   ds lkis{k I  rRled gSA 

lkFk gh] ;fn ,Bf   rks ,f    ls   rd ,d ,dSdh vkPNknd Qyu gSA vr%] 
tSlk fd vki tkurs gSa] Bg  s.t. .Igf   

vr%] ),B(   ,d lewg gSA 

*** 

mijksDr mnkgj.k esa ,B   ds Øep;ksa dk leqPp; gSA vf/kd O;kid :i esa] ;fn 
X ,d vfjDr leqPp; gS] rks X ds lHkh Øep;ksa dk leqPp; )X(S  gksrk gSA 

dyu ls vki tkurs gSa fd   vkSj  , X  ls X  rd ,dSdh vkPNknd Qyu gSa] rks 
   Hkh ,dSdh vkPNknd Qyu gksrk gSA   

bl izdkj] Qyuksa dk la;kstu leqPp; )X(S  ij ,d f}-vk/kkjh lafØ;k gSA tSlk 
fd vki dyu ls tkurs gSa] O;kid :i ls ;g f}-vk/kkjh lafØ;k lkgp;Z gSA vr%] 

)X(S  es   lkgp;Z gSA   

rRled Qyu XI  leqPp; )X(S  ds fy, rRled gS] D;ksafd 

).X(SfffIIf XX     

vki ;g Hkh tkurs gSa fd ;fn XX:f   ,dSdh vkPNknd gS] rks XX:g   s.t. 

.Ifggf x   gSA vr% g  Hkh ,dSdh vkPNknd gS] rFkk ge g  dks 1f   }kjk 
O;Dr djrs gSaA 

blfy,] ;fn .)X(Sf)X(Sf 1  rksgS]   

vkb, vHkh tks geus )),X(S(   ds ckjs esa ns[kk gS mls ,d lkFk j[ksa % 

i) )X(S   ij   ,d f}-vk/kkjh lafØ;k gSA  

ii)   lkgp;Z gS]  

iii) XI  rRled vo;o gS] 

iv) fdlh Hkh )X(Sf  ds fy, ,)X(Sf 1  f  dk izfrykse gSA  

bl izdkj] )),X(S(   ,d lewg gSA bls X   (permutation 

group) dgrs gSaA  

vc] bdkbZ 1 ls vki ;g Hkh tkurs gSa fd ;fn X  ifjfer gS] eku yhft, 
},n,,3,2,1{X   rks ge )X(S  dks nS  }kjk O;Dr djrs gSaA 
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            : n  ds fy, ),S( n    dks nizrhdksa ij] (symmetric 

group on n symbols) dgrs gSaA  

bdkbZ 1 ls] vki tkurs gSa fd n!.)o(Sn   

vc] 4S
2413

4321
f 










  yhft,A 1f   dk nks-iafDr :i D;k gksxk? 

D;ksafd ,Iffff 11     blfy, ge tkurs gSaa fd .4,,1ii)i(ff 1    

vr%] )4(f3),1(f2),3(f)1(ff1 1111    rFkk ).2(f4 1  bl izdkj] 

,
4321

2413

3142

4321
f 1


















  vFkkZr~ 1f   izkIr djus ds fy, f  dh Åijh 

vkSj fupyh iafDr;ksa dks ijLij cnyuk gSA ;g O;kid :i esa lR; gS & nS   1f   

 2- nSf   2-

gSA bldk dkj.k gS fd izR;sd nSf  ,d ,dSdh 
vkPNknd Qyu gSA   

vr%] mnkgj.kkFkZ] ;fn ),321(f   rks 1f   D;k gS? 

;kn dhft, fd 3-pØ )321(  og Qyu gS tks 











132

321
f  }kjk fn;k tkrk gSA 

vr%] ,)312(
321

132
f 1 








  tks fQj ,d 3-pØ gS!  

fuEufyf[kr iz'uksa dks gy djus ls vkidks nS  ds vo;oksa ds xq.kuQy vkSj izfrykse 
fudkyus dk dqN vH;kl gks tk,xkA   

E23) ;fn 5S  esa f  pØ )31(  gS] rks 1f   dks 2-iafDr :i esa fyf[k,A lkFk gh] tk¡p 

dhft, fd 1f   ,d pØ gS ;k ughaA 

E24) Hkkx 1.5,  bdkbZ 1, esa vkius 3S  ds lHkh] vFkkZr~ 6 , vo;o izkIr fd, FksA 

),S( 3   ds fy,] dsyh lkj.kh fyf[k,A bl rjg 3S  ds izR;sd vo;o dk 
izfrykse izkIr dhft,A 

E25) 5S  esa )21(   vkSj )542(  ds izfrykse fyf[k,A ;g Hkh n'kkZb, fd 

.)542()21()]542()21[( 111     (;g fQj n'kkZrk gS fd izes; 4 esa ge 

)ba)ab( 111  gSaaA ldrs fy[kugha   

tSlk fd geus bl miHkkx ds 'kq: esa dgk Fkk] ge ),S( n    ds ckjs esa foLr`r :i ls 
ppkZ bdkbZ 9 esa djsaxsA vHkh ds fy,] vkb, bu lewgksa ls lacaf/kr dqN lewgksa dh ppkZ 
djsaA 

2.4.3  

Hkkx 1.5, bdkbZ 1, esa vkius dqN lecgqHkqtksa dh lefefr;ksa ds leqPp;ksa dk v/;;u  
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 fd;k FkkA tSlk fd vki tkurs gSa] n  Hkqtkvksa okys lecgqHkqt dh izR;sd lefefr n  

izrhdksa ij ,d Øep; gksrh gSA vkius bdkbZ 1 ds E38  esa Hkh ns[kk Fkk fd ),S( 3   

,d le 3-Hkqt] vFkkZr~ ,d leckgq f=Hkqt dh lefefr;ksa dk lewg gksrk gSA ijarq 4S  
oxZ dh lefefr;ksa dk leqPp;] ,D8  ugha gSA ,slk blfy, gS D;ksafd 8D  esa 8  vo;o 
gaS] tcfd 4S  esa )24(!4   vo;o gSaA  

oLrqr%] 3n   ds fy,] nS  ,d le n-Hkqt dh lefefr;ksa dk leqPp; ugha gSA ijarq 
,d le n-Hkqt dh lefefr;ksa dk leqPp; nS  dk ,d mileqPp; gS rFkk ;g   ds 
lkis{k ,d lewg gSA bldks ns[kus ds fy, vkb, fQj ls bdkbZ 1 ds E36 esa fn, 
leqPp; dks foLr`r :i ls ns[ksaA  

 13:  n'kkZb, fd ,d oxZ dh lefefr;ksa dk leqPp; ,S    ds lkis{k ,d 
lewg cukrk gSA 

: vkÑfr 3 ij fopkj dhft,A 

 

 

 

 

 

 

 

3: 1r   1  3 90R  

 90   

vkÑfr 3 esa 'kh"kksZa ds ukekadu dks ysrs gq,] vkb, bldh lHkh lefefr;ksa dks 2-iafDr 
:i esa fy[ksaA ;s gSa% 

,
2341

4321
r,

4321

4321
I 1 

















 ,

3412

4321
r,

4123

4321
r 32 

















  

,
1432

4321
R,

1234

4321
r 904 



















.
3214

4321
R,

2143

4321
R 270180 

















   

vc] lafØ;k lkj.kh cukus ds fy,] eku yhft,] 32 rr   dks ns[ksaA 




















)3(r)4(r)1(r)2(r

4321

)4(rr)3(rr)2(rr)1(rr

4321
rr

222232323232
32   

1 

1 1 

1 

2 

2 

2 

2 

3 

3 

3 

3 

4 

4 

4 

4 

1r  

90R  
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         .R

1432

4321
90








  

blh izdkj] vkidks vU; la;kstuksa dks ekywe djuk pkfg,] rFkk tk¡p djuh pkfg, 
fd ok¡fNr lkj.kh gS % 

180902134270270

902703412180180

27018012439090

1321809027044

2411802709033

4132709018022

3249027018011

270180904321

270180904321

RRIrrrrRR

RIRrrrrRR

IRRrrRrRR

rrrIRRRrr

rrrRIRRrr

rrrRRIRrr

rrrRRRIrr

RRRrrrrII

RRRrrrrI

 

 vc] lkj.kh ls vki ns[k ldrs gSa fd  

i) S ij   ,d f}-vk/kkjh lafØ;k gSA  

ii) SI  s.t. .SxxIx   

iii) izR;sd SySx  ] fy,ds  s.t. .Iyx    

lkFk gh] D;ksafd O;kid :i esa Qyuksa dk la;kstu lkgp;Z gksrk gS] blfy, ;gk¡ Hkh 
;g lkgp;Z gSA 

vr%] ),S(   ,d lewg gSA 

lkFk gh] /;ku nhft, fd .RRRR 3
90270

2
90180  vkSj  vkxs] ;fn 1r  dks r  fy[ksa] rks 

904
3
903

2
902 rRr,rRr,rRr   vkSj ,rRrR 3

9090   tgk¡ fVIi.kh 5 ds vuqlkj ge 

Qyuksa ds la;kstu dks xq.ku dk uke ns jgs gSaA 

 blh izdkj ds lehdj.k ykxw jgsaxs vxj ge 1r  ds cnys ,rr 2  ;k ,rr 3  ;k 

4rr   ysrs gSaA vr%] ge }rR,rR,rR,r,R,R,R,I{S 3
90

2
9090

3
90

2
9090  fy[k ldrs 

gSa( tgk¡ 4
90

2 RIr   vkSj .rRrR 3
9090   

***     

mijksDr mnkgj.k esa fn;k x;k lewg ,sls lewg dh ,d fof'k"V fLFkfr gS ftls vc 
ge ifjHkkf"kr djsaxsA 

:  le n-Hkqt dh lefefr;ksa dk lewg  2n
(dihedral) dgykrk gS] tgk¡ .3n   bls 2nD  }kjk O;Dr fd;k tkrk gSA (dqN 
ys[kd bls nD  ls Hkh O;Dr djrs gSaA )  

'kCn ‘dihedral’ ;wukuh 
'kCnksa ‘di’,  ftldk vFkZ 
‘nks’ gksrk gS] rFkk 
‘hedron’, ftldk vFkZ 
i`"B gksrk gS] ls vk;k gSA 
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 mijksDr mnkgj.k 13, rFkk bdkbZ 1 ds mnkgj.k 18 ls] vki le> x, gksaxs fd 

n2)D(o n2   D;ksa gSA bldk dkj.k ns[ksa] igys 5n   dks ysrs gq,A 

vkb, le iapHkqt ds 'kh"kksZa dks 5,,2,1   ls ukekafdr djsa] tgk¡ 1 ds cxy esa 2  gS] 
2  ds cxy esa 3 gS] ..., 4  ds cxy esa 5 gS] vkSj 5 ds cxy esa 1 gS] iapHkqt dh 
Hkqtkvksa ds vuqfn'k okekorZ fn'kk esa pyrs gq,A 

izR;sd lefefr ,d 'kh"kZ dks ,d 'kh"kZ esa ys tk,xhA blfy, 1 dks 5  'kh"kksZa esa ls 
fdlh Hkh ,d 'kh"kZ rd ys tk;k tk ldrk gSA mnkgj.kkFkZ] vkÑfr 4 esa ge iapHkqt 

dks mlds dsUnz ds izfr 










5

360
 ls okekorZ fn'kk esa ?kw.kZu djus ds ckn izkIr 

lefefr dks n'kkZ jgs gSaA ;gk¡ ge 1 dks 2 ij Hkst jgs gSaA 

 

 

 

 

 

4:  




72
5

360







   

,d ckj 1 dk izfrfcac  fu;r gks tk,] rks 2  dks cxy okys 'kh"kZ ij tkuk iM+sxkA 
vr%] 2  ds fy, dsoy 2  fodYi gSaA ,d ckj 2  dk izfrfcac Hkh fu;r gks tk,] rks 
'kh"kksZa 4,3  vkSj 5 ds izfrfcac fu/kkZfjr gks tkrs gSaA bl izdkj] le iapHkqt dh 

1025   lefefr;k¡ gks ldrh gSaA 

blh izdkj] n-  2n  gSaA  

lkFk gh] vkius tks mnkgj.k 13 esa ns[kk Fkk] mldk O;kidhdj.k djus ij] ;fn dksbZ 

le n-Hkqt vius dsUnz ds izfr oekorZ fn'kk esa 










n

360
 ls ?kw.kZu djrk gS] rks gesa ,d 

lefefr izkIr gksrh gSA oLrqr%] gesa n  vyx ?kw.kZu lefefr;k¡ izkIr gksrh gSa – 0  ls  

(tks blds leku gS fd fgyk gh ugha gS)] 










n

360
 ls] 











n

360
2 ls] 











n

360
3  ls] ..., 











n

360
)1n( lsA  

Hkwfy, ugha! ,sls cgqHkqt dh n  vyx ijkorZu  lefefr;k¡ Hkh gksrh gSaA ;g tkuus ds 

fy, fd n  dSls gSa] le n  ds fy, mnkgj.k 13  ij fopkj dhft,A ;gk¡ 
2
n  

lefefr;k¡ lEeq[k Hkqtkvksa ds e/;-fcanqvksa dks feykus okyh js[kkvksa ds izfr gSa] rFkk 
2
n  

lefefr;k¡ lEeq[k 'kh’kksZa dks feykus okyh js[kkvksa ds izfr gSaA  

1 

2 

3 

4 

5 

1 3 

5 4 

2 
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            ;g le>us ds fy, fd n  ds fo’ke gksus ij n  ijkorZu lefefr;k¡ D;ksa gksrh gSa] 
vkÑfr 5 esa fn, iapHkqt ij fopkj dhft,A ;s n  ijkorZu lefefr;k¡ izR;sd 'kh’kZ dks 
mldh lEeq[k Hkqtk ds e/;-fcanq ls feykus okyh js[kk ds izfr gSaA 

bl izdkj] ,d le n-Hkqt dh n  ?kw.kZu lefefr;k¡ vkSj n  ijkorZu lefefr;k¡ gksrh 
gSa] lHkh 3n   ds fy, vr%] .n2)D(o n2    

;fn ge ,d le n-Hkqt dh 










n

360
 ls ?kw.kZu lefefr dks R  }kjk O;Dr djsa] rks 











n

360
2  dk ?kw.kZu R  dk nks ckj vuqiz;ksx djus ij izkIr gksrk gSA vr%] bls 2R  

ls O;Dr djrs gSaA blh izdkj] vU; ?kw.kZu lefefr;k¡ 1n43 R,,R,R   gSa] rFkk 

buds lkFk gesa I  Hkh izkIr gS] tks 
0  ls ?kw.kZu ls izkIr lefefr gS] tc n-Hkqt fgyk 

ugha gSA 

vkxs] bl n-Hkqt dh fdlh Hkh ijkorZu lefefr] eku yhft,] 'kh’kZ 1 ls gksdj tkus 
okyh js[kk ds izfr] lefefr yhft,A bls r  ls O;Dr dhft,A rc] bl js[kk ds izfr 

n-Hkqt ds niZ.k izfrfcac dk niZ.k izfrfcac ysus ij] vkidks n-Hkqt dh 'kq:vkrh fLFkfr 
izkIr gks tk,xhA bl izdkj] .Ir2   ;g fdlh Hkh ijkorZu lefefr ds fy, lR; gSA 

var esa] mnkgj.k 13 dh gh rjg] ge izkIr djrs gSa 
},rR,,rR,rR,r,R,,R,R,I{D 1n21n2

n2
   tgk¡ IR,Ir n2   vkSj 

.rRrR 1n   

vc dqN iz'uksa dks gy djus dk iz;kl dhft,A 

E26) 4S  dk ,slk vo;o crkb, tks 8D  dk vo;o ugha gSA 

E27) ),D( 10   ds fy, dsyh lkj.kh cukb,  A 

E28)  D;k n2D  ,d vkcsyh lewg gS] ?3n   vius mÙkjksa ds fy, dkj.k nhft,A 

vc ge lewgksa ds ,d vU; egRoiw.kZ izdkj dh ppkZ djsaxsA vkidks bldk ifjp; 
bdkbZ 1 esa rFkk bl bdkbZ ds dqN iwoZ mnkgj.kksa esa djok;k tk pqdk gSA 

2.4.4  

Hkkx 1.4, bdkbZ 1, esa vkius vkO;wgksa rFkk mu ij lafØ;kvksa ds ckjs esa lh[kkA 
mnkgj.k 2 vkSj mnkgj.k 5 esa vki ns[k pqds gSa fd fdl izdkj vkO;wgksa ds dqN 
leqPp; vkO;wg ;ksx ;k xq.ku ds lkis{k ,d lewg cukrs gSaA vc vkxs c<us ls igys] 
mu fgLlksa dk nksckjk v/;;u dj ysaA ogk¡ fd, x, vkids v/;;u ds vk/kkj ij 
ge bl miHkkx esa viuh ppkZ dks vkxs c<k,¡xsA 

vkb, ,d mnkgj.k ls 'kq: djsaA 

14: n'kkZb, fd )),(( nm    ,d vkcsyh lewg gSA 

5: 
 5 

 5 
 

1 3 

5 4 

2 
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 : bdkbZ 1 esa vki ns[k pqds gSa fd )(nm   ij ,  

,]ba[]b[]a[ nmijijnmijnmij   tgk¡ n,,1j,m,,1i    ds fy,] ijij b,a   

}kjk ifjHkkf"kr  ,d f}-vk/kkjh lafØ;k gSA  

vki ;g Hkh ns[k pqds gSa fd   lkgp;Z vkSj Øefofues; gSA 

vkxs] fdlh Hkh )(A nm    ds fy,] ,AA  0  tgk¡ 0  og nm  vkO;wg gS 
ftldh lHkh izfof"V;k¡ 0  gSaA 

var esa] )(]a[A nmij    fn;k jgus ij] )(]a[)A( nmij    bl izdkj 

gS fd 0. )A(A   

vr%] )),(( nm    ,d vkcsyh lewg gSA 

*** 

15: n'kkZb, fd )),(( n   ,d lkfelewg gS] ijarq ,d lewg ugha gS] 
tgk¡ .2n   D;k ),)(( n   ,d lewg gS? 

:  bdkbZ 1 ls vki tkurs gSa fd )(n   ij   ,d lqifjHkkf"kr lkgp;Z f}-vk/kkjh 
lafØ;k gSA bl izdkj] )),(( n   ,d lkfelewg gSA 

E3 esa vki ns[k pqds gSa fd )),(( 3   ,d lewg D;ksa ugha gSA blh izdkj] vki ns[k 
ldrs gSa fd ),),(( n   fdlh Hkh n  ds fy,] ,d lewg ugha gSA 

oLrqr%] izR;sd 2n   ds fy,] )(n   esa vuarr% vusd ,sls vkO;wg gSa ftuds dksbZ 

xq.kukRed izfrykse ugha gSaA mnkgj.kkFkZ] 2n   ds fy,] 0









00

0a
A  vkSj  









 )(

bb

bb
B 2

1413

1211   ij fopkj dhft,A 

rc] ,I
10

01

00

abab

bb

bb

00

0a
AB 2

1211

1413

1211 

































  D;ksafd AB  dh 

ok¡)2,2(  izfof"V 0  gS vkSj 2I  dh ;g izfof"V 1 gSA 

bl izdkj] ),)(( 2   ,d lewg ugha gSA 

blh izdkj vki n'kkZ ldrs gSa fd ),)(( n   fdlh Hkh 2n   ds fy, ,d lewg 
ugha gSA 

*** 

 16: n'kkZb, fd )( 823    vkO;wg ;ksx ds lkis{k ,d ifjfer vkcsyh lewg 

gSA bl lewg dh dksfV D;k gS? 
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: .f,,b,a

fe

dc

ba

)( 8823

































    

mnkgj.k 14 dh gh rjg] vkidks bldh tk¡p djuh pkfg, fd ;ksx ,d lqifjHkkf"kr 
lkgp;Z f}-vk/kkjh lafØ;k gSA blds fy, vkius miHkkx 2.4.1 esa tks lh[kk mldk 
mi;ksx djsaA 

;gk¡] 

















00

00
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 gSA 

vr%] )),(( 823    ,d lewg gSA 

ijarq ;g ifjfer D;ksa gS? ;gk¡ izR;sd vkO;wg esa 6 izfof’V;k¡ gSaA izR;sd izfof’V 8  ds 
vo;oksa] vFkkZr~ ,6,5,4,3,2,1,0 7  esa ls dksbZ ,d gSA vr%] izR;sd izfof’V ds 
fy, 8  laHkkouk,¡ gSaA /;ku nhft, fd vkO;wg dh nks vyx izfof’V;k¡ 8  dk ,d gh 
vo;o gks ldrh gSaA bl izdkj] )( 823    esa vo;oksa dh dqy la[;k 68  gSA 

vr%] ;g lewg dksfV 68  dk ,d ifjfer lewg gSA 

var esa] vkidks ;g n'kkZuk pkfg, fd ;g lewg vkcsyh gS] bl ckr dk mi;ksx djrs 
gq, fd ),( 8   vkcsyh gSA 

*** 

vc] vki dqN iz'uksa dks gy D;ksa ugha djrs? 

E29) eku yhft, fd )(2   esa] 










01

10
A  vkSj ,

0i

i0
B 








  tgk¡ .1i   

n'kkZb, fd .BAABIB,IA 44  vkSj  lkFk 

gh] }BA,BA,AB,B,A,A,A,I{Q 3232
8   esa xq.ku ds fy, dsyh lkj.kh 

cukb,A blls n'kkZb, fd ),Q( 8   ,d lewg gSA D;k ;g vkcsyh gS?  )Q(o 8  

D;k gS? 

 (bl lewg dks  (group of quaternions) dgrs gSaA) 

E30) ;fn 
 )(nm   esa xq.ku ]ba[]b[]a[ ijijijij   }kjk ifjHkkf"kr gksrk gS] rks 

tk¡p dhft, fd ),)(( nm 
   ,d lewg gS ;k ughaA 

bl miHkkx esa] vkius vkO;wgksa ds ,sls vusd leqPp;ksa dk v/;;u fd;k gS tks lewg 
cukrs gSaA ;s  (matrix groups) ds mnkgj.k gSaA vki buds ckjs esa vkSj 
vf/kd ikB~;Øe ‘jSf[kd chtxf.kr’ esa lh[ksaxsA vHkh ds fy,] ge vkO;wgksa ds lewgksa ds 
ckjs esa viuh ppkZ dks ;gha lekIr djsaxs] rFkk vkidks ,d vU; izdkj ds lewg ls 
ifjfpr djk,¡xsA bl lewg dk varfuZfgr leqPp;   dk ,d mileqPp; gksrk gSA 



 

105  

 

                                                                                                             1
 2.4.5  

‘dyu' ds [kaM 1 esa vkius ;g ns[kk Fkk fd fdlh lfEeJ la[;k ds rhljs] pkSFks 
ik¡posa] ... ewy dSls ekywe Kkr fd, tkrs gSaA fo'ks"k :i esa] vki tkurs gSa fd fdlh 
Hkh n  ds fy,   esa 1 ds n  vyx-vyx osan  ewy gksrs gSaA vki ;g Hkh 
tkurs gSa fd ;s lHkh ewy ,d lery esa ml o`Ùk dh ifjf/k ij fLFkr gSa ftldk 
dsUnz ewyfcanq ij gS rFkk f=T;k 1 bdkbZ gSA  

vkb, vc ,d ,slk mnkgj.k ns[ksa] tks n'kkZrk gS fd 1 ds nosa ewy fdl izdkj ,d 
lewg cukrs gSaA 

 17: n'kkZb, fd 1 ds lHkh pkSFks ewyksa dk leqPp;] 4U  xq.ku ds lkis{k ,d 
lewg cukrk gSA 

: ‘dyu’ ds [kaM 1 ls vki tkurs gSa fd 1 dk /kqzoh; :i gS 
.k)k20sin(i)k20cos()0sini0(cos    

vr%] 1 ds pkSFks ewyksa dk /kqzoh; :i gS 

2

k
sini

2

k
cos)]k20sin(i)k20[cos( 4/1 




 , 3,2,1,0k   ds fy,A 

bl izdkj] }.i,1,i,1{U4   

vr%] ),U( 4   mnkgj.k 4 esa pfpZr lewg gSA 

*** 

mijksDr mnkgj.k esa] D;k vkius bl vksj /;ku fn;k gS fd },i,i,i,i{U 432
4    

D;ksafd ?1i   ge bldk lanHkZ nksckjk bdkbZ  4  esa nsaxsA 

vkb, mls vc O;kidhÑr djsa tks vki mnkgj.k 17 esa ns[k pqds gSaA blds fy,] 
vkb, igys laf{kIr esa ns[ksa fd 1 ds nosa ewy D;k gSaA ‘dyu’ ds [kaM 1 ls vki tkurs 
gSa fd ,d 'kwU;srj lfEeJ la[;k z  dk /kqzoh; :i )sini(cosrz   gS] tgk¡ 

||zr   rFkk  lfEeJ la[;k z  dk ,d dks.kkad (argument)  gSA 

lkFk gh] ;fn 1z  dk dks.kkad 1  gS rFkk 2z  dk dks.kkad 2  gS] rks 21zz  dk ,d 
dks.kkad 21   gksrk gSA bu rF;ksa dk mi;ksx djrs gq,] vkb, 1 ds nosa ewy Kkr 
djsa] tgk¡ .n    

;fn ),sini(cosrz   1 dk nok¡ ewy gS] rks .1zn    

bl izdkj] n eqvkoz izes; }kjk]  

),nsinin(cosrz1 nn   vFkkZr~  

)nsinin(cosr)k20sin(i)k20cos( n  , k  ds fy,A …(9) 

(9) ds nksuksa i{kksa ds ekikadksa dks cjkcj djus ij] ge izkIr djrs gSa ,1rn   vFkkZr~ 
,1r   D;ksafd ekikad ,d okLrfod la[;k gSA 
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            (9) ds nksuksa i{kksa ds dks.kkadksa dh rqyuk djus ij] ge ns[krs gSa fd )k(k20   

vkSj n  ,d gh lfEeJ la[;k ds dks.kkad gSaA bl izdkj] n  ekuksa  k,k2  esa ls  
dksbZ Hkh ,d eku ys ldrk gSA D;k bldk vFkZ ;g gS fd tc ,k   esa lHkh eku 

ysrk gS] rFkk  n
k2  ij  ds lc eku ysrk gS] rc gesa 1 ds vyx-vyx nosa ewy 

izkIr gksrs gSa? vkb, bldk irk yxk,¡A   

vc] n
m2

sinin
m2

cosn
k2

sinin
k2

cos











 ;fn vkSj dsoy ;fn 

t2n
m2

n
k2







, fdlh t  ds fy,A 

,slk gksxk iff ,ntmk   vFkkZr~ tc ).n(modmk   bl izdkj]  

n   r  nr0  n

n
r2

sinin
r2

cosz





 1  n  

mnkgj.kkFkZ] ;fn ,6n   rks ge 1 ds  Ngksa  6osa ewy 43210 z,z,z,z,z  vkSj 5z  izkIr 

djrs gSa] tgk¡ .5,4,3,2,1,0j,
6

j2
sini

6

j2
cosz j 





  tgk¡  vkÑfr 6 esa vki 

ns[k ldrs gSa fd ;s lHkh ewy ,dd oÙ̀k (unit circle)  (vFkkZr~] f=T;k ,d vkSj dsUnz 
)0,0( okys o`Ùk) ij fLFkr gSaA ;s ewy ,d le"kV~Hkqt (regular hexagon) ds 'kh"kZ gSaA 

 

 

  

 

 

 

6:  6  50 z,,z   

vc] eku yhft, fd .n
2

sinin
2

cos





  rc 1 ds lHkh nosa ewy 1n2 ,,,,1    

gSa] D;ksafd n
j2

sinin
j2

cosj 



 , 1nj0   ds fy, (n eqvkoz izes; ds mi;ksx 

ls)A ge 1 ds nosa ewyksa ds leqPp; dks nU }kjk O;Dr djrs gSaA 

bl izdkj] }.ζ,,ζζ,{1,U 1n2
n

   /;ku nhft, fd .Un     

 ;wukuh v{kj t+hVk ‘zeta’ gSA 

O 

Y 

X 

5z  4z  

0z  3z  

2z  
1z  

O 
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 fuEufyf[kr iz'uksa dks gy djus ij vki 1 ds lHkh nosa ewyksa ls lacaf/kr ,d jkspd 
xq.k dks fl) dj ysaxsA ;g xq.k 1 ds nosa ewyksa ds lkFk dk;Z djrs le; izk;% 
mi;ksx fd;k tkrk gSA 

E31) ;fn 1n   rFkk ,n
2

sinin
2

cos





  rks n'kkZb, fd 

.01 1n32    

E32) n'kkZb, fd )}1(,,1{U3   gS] tgk¡ .
2

3i1
  

vc ge mnkgj.k 17 dks O;kidhÑr djus dh fLFkfr esa gSaA 

 18: n'kkZb, fd nU  xq.ku ds lkis{k ,d ifjfer vkcsyh lewg gSA 

: tSlk fd vkius Åij ns[kk gS] 1 ds nosa ewy n
k2

sinin
k2

coszk





  gSa] tgk¡ 

 .1n,,1,0k    

vr%] nU  esa n  vo;o gSaA 

vc] 





 










 




 n
m2

sinin
m2

cosn
r2

sinin
r2

coszz mr   

   n
)mr(2

sinin
)mr(2

cos





  

   ,n
j2

sinin
j2

cos





  gS] tgk¡ ),n(modj)mr(   fdlh j  ds fy, tgk¡ 

,1nj0   foHkktu dyu fof/k ds mi;ksx lsA 

vr%] nU  ij xq.ku ,d f}-vk/kkjh lafØ;k gSA 

D;ksafd   ij xq.ku lkgp;Z gS rFkk ,Un   blfy, nU  ij xq.ku lkgp;Z gSA 

xq.kukRed rRled 0sini0cos1   gSA 

rz  dk xq.kukRed izfrykse rnz   gS] D;ksafd .1n
n2

sinin
n2

coszz rnr 





  

var esa] D;ksafd   esa xq.ku Øefofues; gS] blfy, ;gh nU ds fy, Hkh lR; gSA 

bl izdkj] ),U( n   ,d ifjfer vkcsyh lewg gSA /;ku nhft, fd n.)o(Un    

***  

vc ,d lacaf/kr iz'u dks gy djus dk iz;kl dhft,A 
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            E33) leqPp; 6U  esa xq.ku ds fy, dsyh lkj.kh cukb,A blls fu.kZ; dhft, fd 
D;k ),U( 6   vkSj ),D( 6   leku lewg gSaA 

vHkh rd vkius fofHkUu izdkj ds vusd lewgksa ds ckjs esa lh[kk gSA vc ge ,d ,sls 
lewg ij fopkj djsaxs] tks nks ;k vf/kd lewgksa ls curk gSA 

2.4.6  

bl miHkkx esa ge fn, gq, lewgksa ls u, lewg cukus dh ,d vfr egRoiw.kZ fof/k ij 
ppkZ djsaxsA mnkgj.kkFkZ] vius fiNys ikB~;Øeksa ls vki leqPp; ,  vFkkZr~ 2  

ls ifjfpr gSaA ;g   dk Lo;a ds lkFk dkrhZ; xq.kuQy gS] tSlk fd vki tkurs gSaA 

vki ;g Hkh tkurs gSa fd ] fy,ds)b,a(),y,x(  

)yb,xa()b,a()y,x(   rFkk ).by,ax()b,a()y,x(   

okLro esa] ),(   ,d lewg gS ftldk rRled )0,0(  gS rFkk )b,a(  dk 
izfrykse )b,a(   gSA ,slh gh izfØ;k dks viukrs gq,] fdUgha nks lewgksa ls ge mu 
ij ifjHkkf"kr f}-vk/kkjh lafØ;kvksa dk mi;ksx djrs gq, ,d lewg cuk ldrs gSaA 
vkb, ns[ksa dSlsA 

eku yhft, fd ),G( 11   vkSj ),G( 22   nks lewg gSaA 1G  vkSj 2G  dk dkrhZ; 
xq.kuQy G  yhft, (ftldk v/;;u vkius ‘dyu’ ds [kaM 1 esa fd;k FkkA) vr%] 

}.Gy,Gx)y,x({GGG 2121    

D;k ge 1G  vkSj 2G ij lafØ;kvksa dk mi;ksx djrs gq,] G  ij ,d f}-vk/kkjh 
lafØ;k dks ifjHkkf"kr dj ldrs gSa? vkb, Li"V fof/k] vFkkZr~~ ?kVdksa ds vuqlkj] ykxw 
djds ns[ksaA vFkkZr~] ge  

2121 Gd,b,Gc,a)db,ca()d,c()b,a(   }kjk G  ij lafØ;k   

ifjHkkf"kr djrs gSaA 

  : eku yhft, fd G  esa ).d,c()d,c(),b,a()b,a(   rc] 
.dd,cc,bb,aa   blfy,  

)db,ca()d,c()b,a( 21  ).d,c()b,a()db,ca( 21    

bl izdkj]   lqifjHkkf"kr gSA 

G     : G)d,c(),b,a(   ds fy, G)d,c()b,a(  D;ksafd 11 Gca   

rFkk .Gdb 22    

vr%] G  ij   ,d f}-vk/kkjh lafØ;k gSA 

;g fl) djus ds fy, fd ),G(   ,d lewg gS] vkidks fuEufyf[kr iz'u dks gy 
djus dh vko';drk gSA 

E34) n'kkZb, fd 21 GGG   ij f}-vk/kkjh lafØ;k   lkgp;Z gSA   ds lkis{k 
rRled vo;o] rFkk G  ds fdlh vo;o )y,x(  dk izfrykse] Kkr dhft,A  
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 vr%] vkius n'kkZ fn;k gS fd   ds lkis{k 21 GGG   ,d lewg gSA ge G  dks 

),G( 11   vkSj ),G( 22   dk (external direct product) 

dgrs gSaA (vxys [kaM esa] vki ‘vkarfjd vuqykse xq.kuQy’ ds ckjs esa v/;;u djsaxsA) 

mnkgj.kkFkZ] ),(   dk Lo;a ds lkFk ckg~; vuqykse xq.kuQy ),( 2   gSA  

,d vU; mnkgj.k gS] vuqykse xq.kuQy ),,(),(    ftl ij lafØ;k 
)xy,nm()y,n()x,m(   }kjk nh tkrh gSA 

blh izdkj ge  3, 4, ;k vf/kd] lewgksa ds ckg~; vuqykse xq.kuQy dks ifjHkkf’kr dj 
ldrs gSa] tSlk uhps n'kkZ;k x;k gSA 

: eku yhft, fd n  lewgksa ),G(,),,G(),,G( nn2211    fn, gSaA budk 
lewg ),G(   gS] tgk¡ n21 GGGG    rFkk 

,Gy,x)yx,,yx,yx()y,,y,y()x,,x,x( iiinnn222111n21n21    

 .n,,1i   

bl izdkj] n  ds fy,] ,n  dh Lo;a ls n  ckj dk ckg~; vuqykse xq.kuQy  

gS( rFkk ,n   dh Lo;a ls n  ckj dk ckg~; vuqykse xq.kuQy  gSA  

vc ge ladsru vkSj 'kCnkoyh ds ckjs esa ,d fVIi.kh nsuk pkgsaxsA 

 7: vkbank] ge fVIi.kh 5 esa dh xbZ ckr dh gh rjg lHkh lafØ;k,¡ 

n1 ,,,    dks xq.ku ekusaxs] tc rd vU;Fkk u dgk tk,A bl izdkj] 

n21 GGGG    ij lafØ;k 

iiinn2211n1n1 Gb,a)ba,,ba,ba()b,,b()a,,a(     

}kjk nh tk,xhA 

lkFk gh] ge G dks  ‘ckg~; vuqykse xq.kuQy’ dgus ds ctk; ‘
’   

vc] fuEufyf[kr iz'uksa dks gy djus dk iz;kl dhft,A 

E35) n'kkZb, fd 21 GG   vkcsyh gS ;fn vkSj dsoy ;fn nksuksa lewg 1G  vkSj 2G  

vkcsyh gSaA 

E36) ;fn 21 GG   vifjfer gS] rks D;k 1G  vkSj 2G  vifjfer gksaxs? ;fn 21 GG   

ifjfer gS] rks D;k 1G  vkSj 2G  ifjfer gksaxs? vius mÙkjksa ds dkj.k nhft,A 

E37) ),SU( 33   ds fy, dsyh lkj.kh cukb,A )SU(o 33  D;k gS? 

blds lkFk gh] ge lewgksa ds bl ifjp; dks [k+Re djrs gSaA fu%lansg] lewgksa ds 
fofHkUu igyqvksa ij ppkZ bl ikB~;Øe esa fujarj tkjh jgsxhA vHkh ds fy,] vkb, 
laf{kIr esa ns[ksa fd bl bdkbZ esa vkius D;k v/;;u fd;k gSA   

2.5  

bl bdkbZ esa vkius fuEufyf[kr ckrksa dh i<+kbZ dh gSA 
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            1. os vfHkxg̀hr tks ,d lewg dks ifjHkkf"kr djrs gSa] rFkk bl chth; oLrq ds 
dqN mnkgj.kA 

2. fdlh lewg ),G(   esa]   ds lkis{k rRled] rFkk   ds lkis{k izR;sd vo;o 
dk izfrykse] vf}rh; gksrk gSA 

3. ,d lewg ds fy, nf{k.k vkSj oke fujlu fu;e lR; gksrs gSaA 

4. ifjfer vkSj vifjfer lewg] vkcsyh vkSj vu~vkcsyh lewg] vkSj ifjfer lewg 
dh dksfV] bu lc dh ifjHkk’kk rFkk dbZ mnkgj.kA 

5. ,d lewg G  esa b,a  ds fy,] 111 ab)ab(    gksrk gSA 

6. lewg ds vo;oksa ds fy, ?kkrkad fu;eA 

7. iw.kkZad eksM~;wyks )n(n   ds lewgksa] lefer lewgksa] f}ry lewgksa] n  ds 
fy, 1 ds nosa ewyksa ds lewgksa] rFkk lewgksa ds vuqykse xq.kuQyksa ls ifjp;A 

2.6 /   

E1) igys bldh tk¡p dhft, fd   ij   ,d f}-vk/kkjh lafØ;k gSA fQj] 
mnkgj.k 1 dh rjg] n'kkZb, fd 3G,2G,1G  dks ),(   larq"V djrk gSA  

mnkgj.k 1 esa] vki ns[k pqds gSa fd 1G  vkSj 2G  dks ),(   larq"V djrk gSA 
vr%] 1G  vkSj 2G  dks ),(   Hkh larq"V djrk gSA  

vc] r ds fy,] r
1  s.t. .rr

11r
1r 













   

vr%] 3G  dks Hkh ),(   larq"V djrk gSA  

bl izdkj] ),(   ,d lewg gSA  

blh izdkj] tk¡p dhft, fd   ij ?kVkus dh lafØ;k ,d f}-vk/kkjh lafØ;k 
gSA fQj tk¡p dhft, fd D;k ;g lkgp;Z gS ;k ughaA mnkgj.kkFkZ] D;k  

)43(24)32(    

D;ksafd 1G  larq"V ugha gks jgk gS] blfy, ),(   ,d lewg ugha gSA 

E2) bdkbZ 1 ls vki tkurs gSa fd 3S  esa 2-pØksa dk leqPp; 
)}32(),31(),21{(S   gSA /;ku nhft, fd ),12()21(  bR;kfnA vr%] 

loky ;g gS fd D;k ),S(   ,d lewg gSA 

 vc] .S)231(
123

321

312

321
)31()21( 
















   

 blfy,] S  ij   ,d f}-vk/kkjh lafØ;k ugha gSA 

 vr%] ),S(   ,d lewg ugha gSA 
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 E3) i) Hkkx 1.4, bdkbZ 1, ls vki tkurs gSa fd ,  )(32    ij lao`r gSA vki 

;g Hkh tkurs gSa fd )(32    ij  lkgp;Z gSA  

  vc] vkidks bldh tk¡p djuh pkfg, fd 









000

000
0 ,   ds lkis{k 

rRled gSA 

  lkFk gh] )(]a[A)(]a[A 32ij32ij    ] fy,ds ,slk gS 

fd 0. )A(A   

  bl izdkj] )),(( 32    ,d lewg gSA 

 ii) Hkkx 1.4, bdkbZ 1, ls vki tkurs gSa fd )(3   ij  ‘·’  ,d lkgp;Z  

f}-vk/kkjh lafØ;k gSA 

  lkFk gh] 

















100

010

001

I lafØ;k ‘·’  ds fy, rRled gSA  

  ijarq] blds izR;sd vo;o dk izfrykse ugha gSA  

  mnkgj.kkFkZ] )(3 0  ds fy, ,slk dksbZ )(A 3   ugha gS ftlls 
fd ,IA 0  D;ksafd ).(AA 3  00   

  vr%] )),(( 3   ,d lewg ugha gSA 

 iii) tSls E1 esa ),(   ds fy, vkius fd;k Fkk] oSls vki gh fn[kkb, fd 

),(    ,d lewg gSA 

 iv) D;k   esa  ‘·’  ds lkis{k 2  dk izfrykse gS? ughaA  

  vr%] ),(   ,d lewg ugha gSA 

E4) .
b

a
b,a    ] fy,ds  vr%]   ij ‘ ’ ,d f}-vk/kkjh lafØ;k gSA 

ijarq] n'kkZb, fd ;g 1G  dks larq"V ugha djrk gSA+ vr%] ),(   ,d lewg 
ugha gSA 

 n'kkZb, fd   ij  ·  ,d f}-vk/kkjh lafØ;k ugha gSA vr%] ),(   ,d 
lewg ugha gSA 

E5) ‘S  ij   laor̀ gS’ crkrk gS fd lkj.kh dh lHkh izfof"V;k¡ S ls gksuh pkfg,A 

 ‘S  ij   Øefofues; gS’ crkrk gS fd lkj.kh dh izfof"V;k¡ fod.kZ ds izfr 
lefer gksuh pkfg,A 
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             bl izdkj] D;ksafd igyh iafDr )3210(  gS] blfy, igyk LraHk ogh] 

vFkkZr~ 























3

2

1

0

 gksuk pkfg,] bR;kfnA vr%] lkj.kh uhps fn, vuqlkj gSA 

     

21033

10322

03211

32100

3210

 

E6) i) tSlk E3(iii) esa fd;k Fkk oSls gh n'kkZb, fd ),(   ,d lewg gSA fQj 
Li"V dhft, fd ;g vkcsyh D;ksa gSA 

 ii) D;ksafd   ifjfer ugha gS] blfy, ;g vlR; gSA 

 iii) ;g vlR; gS] D;ksafd O  ij   ,d f}-vk/kkjh lafØ;k ugha gSA 

 iv) mnkgj.k 1 dh gh rjg Li"V dhft, fd ;g D;ksa lR; gSA 

 v)  tk¡p dhft, fd   ij   laor̀ gS] ;g lkgp;Z gS] bldk rRled 

2
1  gS rFkk a  dk izfrykse a4

1  gSA 

E7) igys tk¡p dhft, fd G  ij ,d f}-vk/kkjh lafØ;k gSA  

 vkxs] G)f,e(),d,c(),b,a(   ds fy,] 
)fe)dbc(,ace()f,e()dbc,ac()f,e())d,c()b,a((   

            ))fde(bce,ace(    

            )).f,e()d,c(()b,a(   

 bl izdkj] 1G   dks   larq"V djrk gSA  

 .G)b,a()b,a()0,1()b,a(   

 bl izdkj] 2G   lR; gSA 

 G)b,a(  ds fy,] ).0,1()ba,a()b,a( 11     

 vr%] 3G   lR; gSA 

 vr%] ),G(   ,d lewg gSA 

E8) uhps nh xbZ lkj.kh ij fopkj dhft,A 
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2313

2132

1321

321

 

 ;gk¡] }.3,2,1{G     dh lafØ;k lkj.kh ls vki ns[k ldrs gSa fd lkj.kh dh 
lHkh izfof’V;k¡ G  ls gSaA vr%] G  ij   ,d f}-vk/kkjh lafØ;k gSA  

 ijarq G  esa ,slk dksbZ vo;o ugha gS tks ds lkis{k rRled gksA bl izdkj] 
2G   dks ),G(   larq"V ugha djrk gSA vr%] ),G(   ,d lewg ugha gSA 

E9) (i) dh miifÙk dh gh rjg] .ead    

 rc] .cbcadbadcaba   

E10) D;ksafd G  ,d lewg gS] blfy, blesa   ds lkis{k ,d rRled e  gSA nh gqbZ 
izfof"V;ksa ls vki tkurs gSa fd 222 aaa   rFkk .aaa 232   vr%] 

.ea,ea 32   blfy, .ea1    

 vkxs] fVIi.kh 3 }kjk] lkj.kh dh izR;sd iafDr vkSj izR;sd LraHk esa izR;sd vo;o 
,d vkSj dsoy ,d ckj izdV gks jgk gSA 

 var esa] D;ksafd ),G(   Øefofues; gS] blfy, ;g lkj.kh 11 aa   ls 33 aa   
rd ds fod.kZ ds lkis{k lefer gSA 

mijksDr fcanqvksa dk mi;ksx djds vki ns[k ldrs gSa fd lkj.kh fuEu gS % 

    

2133

1322

3211

321

aaaa

aaaa

aaaa

aaa

 

E11) G  dk dksbZ Hkh vo;o yhft, eku yhft, fd .a  rc] fn, gq, izfrca/k }kjk] 
.gegga   oke fujlu fu;e }kjk] blls ea   feyrk gSA D;ksafd ,a G  

dk  dksbZ Hkh vo;o Fkk] blfy, ;g iznf'kZr gksrk gS fd }.e{G    

E12) )(GL2   esa 









10

11
A  vkSj 










11

10
B  yhft,A vc] .

11

21
AB 








   

 lkFk gh] 






 


21

10
C  ,slk gS fd .

11

21
BC 








   

 blfy,] ,BCAB   ijarq CA   D;ksafd] mnkgj.k ds fy,] buds )1,1( osa 
vo;o vyx-vyx gSaA 

E13) )aaaa)(aaa( 1
1

1
2

1
1n

1
nn21
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             1
1

1
1n

1
nn1n21 aa)aa(aaa 




   

 1
1

1
1n1n21 aa)e(aaa 
   

 1
1

1
1n1n21 a)aa(aa 
   

   

 .e  

 vr%] .aaaa)aaa( 1
1

1
2

1
1n

1
n

1
n21




     

E14) eku yhft, fd .Gy,x   

 rc] .xyxy)xy(xy 2   

 bl izdkj] ,xyxyyx 22   D;ksafd xx2   vkSj .yy2   

 ,yxxy   ckbZa vksj ls x  dk rFkk nkbZa vksj ls y  dk fujlu djus ijA 

 vr%] G  vkcsyh gSA 

 ;g ns[kus ds fy, fd foykse lR; gS ;k ugha] ),(   ij fopkj dhft,A ;g 
vkcsyh gS] ijarq fdlh Hkh 'kwU;srj x  ds fy,] .xxx   vr%] foykse 
lR; ugha gSA 

E15) Gx ds fy,] ,xxex 12   nksuksa i{kksa dks 1x  ls xq.kk djus ijA  

 vc] Gy,Gx  ds fy,] .Gxy  

 vr%] .yxxy)xy(xy 111    

 bl izdkj] G  vkcsyh gSA 

 ;g n'kkZus ds fy, fd foykse D;ksa vlR; gS] vki ),(   dk mi;ksx dj 
ldrs gSaA 

E16) D;ksafd O;odyu lkgp;Z ugha gS] blfy, ),(   ,d lewg ugha gSA ijarq   

esa bxa   dk ,d vf}rh; gy ba   gSA vr%] izes; 5  dk foykse lR; 
ugha gSA 

E17) ugha] mnkgj.kkFkZ] ),(   dks yhft,A ;g ,d lkfelewg gS] ijarq lewg ugha 
gSA lkFk gh]   esa 3x2   dk dksbZ gy ugha gSA  

E18) tc ,0n   rc .ae)a( 0m0m   vr%] ;g dFku lR; gSA 

 vc eku yhft, fd 0n   gSA ge n  ij vkxeu dk iz;ksx djsaxsA  

 1n   ds fy,] ;g dFku lR; gS] D;ksafd .aa)a( m1m1m     
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  vc] eku yhft, dhft, fd ;g 1k   ds fy, lR; gS] vFkkZr~] fdlh 2k   ds 

fy,]   .a)a( )1k(m1km     

 rc]     m1km11kmkm a)a()a()a(    izes; 6 (ii) lsA 

               ,aa m)1k(m    D;ksafd ;g )1k(   ds fy, lR; gSA 

               ,a )11k(m   izes; 6 (ii) lsA 

               .amk  

 vr%]  (iii), k  ds fy, lR; gSA blfy,] ;g lHkh 0n   vkSj lHkh m  ds 
fy, lR; gSA 

 vc eku yhft, fd 0n   gSA rc] 0)n(   gSA 

 ,])a[()a( 1nmnm   izes; 6  ds (i) }kjkA 

            ,]a[ 1)n(m   0n   dh fLFkfr }kjkA 

            1mn ]a[   

            ,amn  izes; 6  ds (i) }kjkA 

 bl izdkj] ,n,m   (iii) lR; gSA 

E19) i) D;ksafd ,Gb  blfy, .Gbm   vr%] ,abab mm   D;ksafd G vkcsyh 
gSA 

 ii) ;fn .ebea,e)ab(,0m mmm  vkSj rks  vr%] .ba)ab( mmm   

  ;fn ,0m   rks bls fl) djus ds fy, mij vkxeu dk mi;ksx 
dhft,A 

  ;fn ,0m   rks ,ba)ab( mmm    D;ksafd 0)m(   gSA 

  mmm b)ab(a    

  mmm )ab(ba   

  mmm )ab(ab   

  ,)ab(ba mmm   D;ksafd G  vkcsyh gSA 

E20) /;ku nhft, fd 5  ij   ,d f}-vk/kkjh lafØ;k gSA 

 blfy, lkj.kh esa izfof"V;k¡ dsoy 5  ls gksuh pkfg,A bl izdkj] ;g lkj.kh 

fuEu gS % 
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321044

210433

104322

043211

432100

43210

 

 D;k vkius bl vksj /;ku fn;k fd lHkh izfof"V;k¡  00   ls 44   rd ds 
fod.kZ ds izfr lefer gSa? ;g vkidks lafØ;k ds ckjs esa D;k crkrk gS? 

E21) bu iz'uksa ls igys gqbZ ppkZ ls vki tkurs gSa fd 
5  ij  ·  ,d vkcsyh 

lkgp;Z f}-vk/kkjh lafØ;k gS] ftldk rRled 1  gSA bl izdkj] lkj.kh fuEu 
gS % 

     

12344

24133

31422

43211

4321

 

 mijksDr dsyh lkj.kh n'kkZrh gS fd izR;sd  5r   ds fy,]  5s   s.t. 

.1sr   vr%] ),( 5   ,d vkcsyh lewg gSA 

E22) i) vki 
11  ij xq.ku dh dsyh lkj.kh cuk ldrs gSa] rFkk fuEu izfrykseksa 

dks izkIr dj ldrs gSa%
 

,87,59,95,34,43,26,62,11 11111111  

 .1010,78
11 
   

 ii)  pr   ds fy,] ,1ptrs1)p,r(   fdlh t,s ds fy,A 

  .sr)p(mod1sr 1     

  D;ksafd p

1p

0i
m,is  




 s.t. ).1p(m0,ms    

  ijarq] D;ksafd ,1sr   blfy, p  esa .0s   vr%] ,0m   vFkkZr~] 
).1p(m0   

  mnkgj.kkFkZ] ,11 1   D;ksafd .10p11    (;gk¡ .0t  ) 

  iqu%] ,1p)1p( 1    D;ksafd ).p(mod1)1p( 2   (/;ku nhft, fd 
).1)p2(p)1p)(1p(  A 

 iii) 
p  :   ps,r  ds fy,] p  r  vkSj p  .s   
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   D;ksafd p  ,d vHkkT; la[;k gS] blfy, p  .rs  bl izdkj] 

.srrs p
   

  
p   D;ksafd xq.ku p ij Hkh 

,slk gh gSA 1    tSlk fd igys ppkZ dh tk 
pqdh gSA 

   tSlk Åij (ii) esa 
n'kkZ;k tk pqdk gSA 

  bl izdkj] ),( p   ,d vkcsyh lewg gSA 

E23) .
54123

54321
)31(f 








   

 vr%] .f
54123

54321

54321

54123
f 1 

















  

 bl izdkj] 1f   Hkh ,d pØ gSA 

E24) )}.231(),321(),32(),31(),21(,I{S3    

 dsyh lkj.kh fuEu gS %  

  

)321(I)31()21()32()231()231(

I)231()21()32()31()321()321(

)21()31(I)321()231()32()32(

)32()21()231(I)321()31()31(

)31()32()321()231(I)21()21(

)231()321()32()31()21(II

)231()321()32()31()21(I

  

 bl lkj.kh ls ge ns[krs gSa fd ),31()31(),21()21(,II 111     

 ).321()231()231()321(),32()32( 111   vkSj  

E25) tk¡p dhft, fd )21()21( 1   rFkk ).452()542( 1   

 vc] ).1542()542()21(   

 vkidks bldh tk¡p djuh pkfg, fd ).2451()]542()21[( 1    

 lkFk gh] ),2451()1452()452()21()542()21( 11    D;ksafd] 
mnkgj.kkFkZ] )1452( , 2  dks 5   esa ys tkrk gS rFkk )2451( ] 2  dks 1 esa 
ys tkrk gSA 
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            E26) 4S)321(   ij fopkj dhft,A ;g 8D  esa fLFkr ugha gS D;ksafd ;fn vki oxZ 
ds 'kh"kksZa 2,1  vkSj 3  dks fgykrs gSa] rks 'kh"kZ 4  dks Hkh fgykuk gksxkA ijarq 

)321( , 4  dks fu;r j[krk gS] rFkk vU; 3 vo;oksa dks fgykrk gSA 

E27) },rR,rR,rR,rR,R,R,R,R,r,I{D 432432
10   gS tgk¡ IR,Ir 52   

rFkk  .rRrR 4  

  

IRRRrRrRrRrRrRrR

RIRRrRrRrrRRrRrR

RRIRrRrrRrRRrRrR

RRRIrrRrRrRRrRrR

rrRrRrRRRRIrRRR

rRrrRrRRRIRrRRR

rRrRrrRRIRRrRRR

rRrRrRrIRRRrRRR

RRRRrRrRrRrRIrr

rRrRrRrRRRRRrII

rRrRrRrRRRRRrI

4323244

4324233

2443322

324324

4323244

4324233

2443322

324324

432432

432432

432432

 

E28) ughaA tSls fd mnkgj.k 13 dh lafØ;k lkj.kh ls vki ns[k ldrs gSa fd 8D  esa 
,rRRr 190901     D;ksafd .rr 34   

 O;kid :i esa] ,RrrRrR 1n    flok; 2n   ds fy,A 

E29) D;ksafd ,
10

01
A2












  blfy, .I

10

01
A4 








  

 blh izdkj] tk¡p dhft, fd IB,AB 422   vkSj ,BAABBA 3   

D;ksafd .AAAA)I(A 32    

 bl izdkj] ),Q( 8   ds fy, lkj.kh uhps fn, vuqlkj gS % 

  

23233

23322

2323

3223

23233

32322

3232

3232

3232

AAIABABBABABA

AAAIBABABBABA

IAAABABABABAB

AIAAABBABABB

BAABBBAAAIAA

ABBBABAAIAAA

BBABAABIAAAA

BABAABBAAAII

BABAABBAAAI

 

D;ksafd ,ABBA   blfy, 8Q  vkcsyh ugha gSA 
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 lkFk gh] 8Q  esa 8  vo;o gSaA vr%] .8)Q(o 8     

E30) 
 )(nm   ij laxr vo;oksa dk xq.ku ,d lqifjHkkf"kr lafØ;k gSA ijarq] ;g 


 )(nm   ij lao`r ugha gS] D;ksafd mnkgj.kkFkZ]  

,)(
00

10
B,

00

01
A 2


















   ijarq  

.)(
0.00.0

1.00.1
BA 2









 0   

 vr%] ),)(( nm 
   ,d lewg ugha gSA 

E31) /;ku nhft, fd esa ).1)(1(10 1n2n    

 lkFk gh] ,1n
2

sinin
2

cos 





  D;ksafd 1n  gSA 

 vr%] .01 1n2     

E32) 1 ds ?kuewy ,
3

4
sini

3

4
cos,

3

2
sini

3

2
cos,1








vFkkZr~ 2,,1   gSa] 

tgk¡ .
2

3i1

2

3
i

2

1

3

2
sini

3

2
cos











  

 E31 }kjk] .01 2   blfy,] .
2

3i1
)1(2 
   

E33) },,,,,,1{U 5432
6   tgk¡ .

3
sini

3
cos

6

2
sini

6

2
cos











  

 blfy, ),U( 6   ds fy, lkj.kh gS % 

  

43255

32544

25433

54322

5432

5432

5432

1

1

1

1

1

11

1










 

 vc] vki tkurs gSa fd .SD 36    E24 esa vkius bl lewg dh dsyh lkj.kh nh 

FkhA ;fn vki bu lkjf.k;ksa dh rqyuk djsa] rks vki ns[k ldrs gSa fd Åij 
okyh lkj.kh Øefofues; lafØ;k ds fy, gS] tcfd E24 dh lkj.kh ,slh ugha 
gSA vr%] ),U( 6   vkSj ),D( 6   dh lajpuk,a vyx gSaA 
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            E34)   : eku yhft, G)b,a(),b,a(),b,a( 332211   gSaA ;g fl) 
djus ds fy, fd 

)),b,a()b,a(()b,a()b,a())b,a()b,a(( 332211332211   vFkkZr~ 
lkgp;Z gS] bl rF; dk mi;ksx dhft, fd 1  vkSj 2  lkgp;Z gSaA 

   :   ds lkis{k rRled )e,e( 21  gS] tgk¡ 1e  vkSj 

2e  Øe'k% 1G  vkSj 2G  ds rRled gSaA bldk dkj.k gS fd 

.G)b,a()b,a()eb,ea()e,e()b,a( 221121   

   : vkidks bldh tk¡p djuh pkfg, fd G)y,x(   dk 

izfrykse )y,x( 11   gS] tgk¡ .eyy,exx 2
1

21
1

1     

E35) igys vkb, eku dj pysaa fd 21 GG   vkcsyh gSA  

 vc] fdUgha 21 Gd,b,Gc,a   ds fy,]  

 ),b,a)(d,c()d,c)(b,a(   vFkkZr~ ).db,ca()bd,ac(   

 bl izdkj] caac   vkSj .dbbd   

 vr%] 1G  vkSj 2G  vkcsyh gSaA 

 vkidks blds foykse dks fl) djuk pkfg,A blds fy, vki Åij fn, rdZ 
ds vuqlkj foijhr fn'kk esa py ldrs gSaA 

E36) )},0({   vkSj ),(   ij fopkj dhft,A rc] }m)m,0({}0{    

vifjfer gS] ijarq }0{  ifjfer gSA vr%] 21 GG   vifjfer gksus ij ;g 
vko';d ugha gS fd 1G  ;k 2G  nksuksa gh vifjfer gksaA  

 ;fn 1G  ;k 2G  esa ls dksbZ ,d vifjfer gS] rks 21 GG   vifjfer gksrk gSA 
vr%] 21 GG   ds ifjfer gksus ds fy,] nksuksa dk ifjfer gksuk vko';d gSA 

E37) .}Sy,Ux)y,x({SU 3333    

  vc] },,1{U 2
3   (E32 dks nsf[k,)A 

 lkFk gh] ,S3  E24 esa gSA 

 vr%] ,1863SU 33   vFkkZr~] .18)SU(o 33    

 ge vkids fy, lkj.kh dks izkjaHk djsaxsA vki bls iwjh dhft,A 

  









)I,())21(,())21(,(

))21(,()I,1()I,1(

))21(,()I,1(

2
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3.1 izLrkouk            121 

mís'; 

3.2 milewg D;k gksrk gS?              122 

3.3 milewg ds ijh{k.k 124 

3.4 milewgksa ij leqPp;-lafØ;k,¡             134 

3.5 lkjka'k 139 

3.6 gy / mÙkj               140        

3.1  

vc rd vkius iw.kkZadksa dh] ifjes; la[;kvksa dh] okLrfod la[;kvksa dh rFkk] var esa] 
lfEeJ la[;kvksa dh chth; lajpukvksa ds ckjs esa dqN lh[kk gSA vkius bl vksj /;ku 
fn;k gksxk fd u dsoy ,   vfirq bu leqPp;ksa esa ;ksx dh lafØ;k,¡ 

leku gSaA blh rjg] xq.ku dh lafØ;k buesa leku gSaA lkFk gh] ;s lHkh mileqPp; 
,d gh ;ksx ds lkis{k lewg gSaaA bl bdkbZ esa lewgksa ds ,sls gh mileqPp;ksa ij gh 
gekjh ckr gksxhA 

Hkkx 3.2 esa vki ns[ksaxs fd fdlh lewg ),G(   ds mileqPp;ksa dks tks Lo;a   ds 

lkis{k lewg gSaa] G  ds milewg dgykrs gSaA bl Hkkx esa] vki fofHkUu izdkjksa ds 
milewgksa ds vusd mnkgj.kksa dk Hkh v/;;u djsaxsA 

 Hkkx 3.3 esa vki lewg ds ,d mileqPp; ij ,sls izfrca/kksa dk v/;;u djsaxs tks ;g 
lqfuf'pr djsaxs fd og ml lewg dk ,d milewg gSA vkidks bu izfrca/kksa dks ykxw 
djus ds Hkh vusd volj izkIr gksaxsA 

var esa] Hkkx 3.4 esa vki dbZ ,sls iz'uksa ds mÙkjksa dks [kkst jgs gksaxs] tSls D;k nks 
milewgksa dk lfEeyu ,d milewg gksrk gS? D;k nks milewgksa dk izfrPNsnu ,d 
milewg gksrk gS? bl Hkkx esa ge lewg ds nks milewgksa ds xq.kuQy dks Hkh 
ifjHkkf"kr djsaxs rFkk bldh ppkZ djsaxs fd D;k ;g Hkh ,d milewg gS ;k ughaA  
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bl bdkbZ dks /;ku ls if<+, D;ksafd blesa ekSfyd ladYiukvksa dh ckr gks jgh gS] 
ftudk bl ikB~;Øe ds 'ks’k fgLls esa ckj-ckj mi;ksx fd;k tk,xkA Lo;a viuk 
ewY;kadu t+:j djsa ;g lqfuf'pr djus ds fy, fd vkius bl bdkbZ ds uhps fn, 
visf{kr lh[kus ds mÌs';ksaa dks izkIr dj fy;k gSA ,sls djus dh ,d fof/k] tSlk fd 
geus vU; lsesLVjksa ds ikB~;Øeksa esa Hkh dgk gS] ;g gS fd izR;sd iz'u dks rc gh 
Lo;a gy djsa tc vki ml ij igq¡prs gSaA 

bl bdkbZ dh i<+kbZ ds ckn] vki fuEufyf[kr dj ldsaxs%  

 lewg ds milewg dks ifjHkkf"kr djuk] vkSj mlds mnkgj.k nsuk( 

 bldh tk¡p djuk fd ,d fn, gq, lewg dk ,d mileqPp; milewg gksus ds 
izfrca/k dks larq"V dj jgk gS ;k ughaa( 

 milewgksa ds izfrPNsnu] lfEeyu rFkk xq.kuQy ls lacaf/kr ifj.kkeksa dks fl) 
djuk vkSj mudks ykxw djukA 

3.2 ? 

tSlk fd vki tkurs gSa] .  lkFk gh] ),(   vkSj ),(   ,d gh rjg ls 

ifjHkkf"kr lafØ;k   ds lkis{k lewg gSaA tSlk fd vki ns[ksaxs] ;g gesa crkrk gS fd 
),,(  ),(   dk  ,d milewg gSA 

: eku yhft, fd ),G(   ,d lewg gSA G  dk ,d vfjDr mileqPp; 

H lewgG  dk ,d (subgoup) dgykrk gS] ;fn 

i) Hb,aHba   vFkkZr~] H  ij   ,d f}-vk/kkjh lafØ;k gS] rFkk 

ii) ),H(   ,d lewg gSA 

;fn ),,H(  ),G(   dk  milewg gS] rks ge bl rF; dks] izrhdksa esa] 
)(G,)(H,    }kjk O;Dr djrs gSaA 

mnkgj.kkFkZ] ),(),,(    vkSj ),,(   rhuksa lewgksa dk ),(   ,d milewg gSA  

vc bl ladYiuk ds ckjs esa] dqN fVIif.k;ksa ij fopkj dhft,A 

 1: mijksDr ifjHkk"kk ds (ii) ds lanHkZ esa]   dh lkgp;Zrk igys ls gh r; gS] 
D;ksafd ;g G  ds fy, lR; gS vkSj .GH    vr%] okLro esa (ii) dks iwjk djus ds 
fy, H  dks bdkbZ 2 ds 2G   vkSj 3G   (;k 2G  vkSj )3G  dks gh larq"V djus dh 

t+:jr gSA  

 2: milewg dh ifjHkk"kk esa /;ku nhft, fd H  vkSj G  nksuksa dks 
 ds lkis{k lewg gksuk pkfg,A mnkgj.kkFkZ]  *  RkFkk ),(   ,d lewg 

gSA rks D;k   ?  ugha] D;ksafd   ;ksx ds lkis{k ,d lewg gS rFkk *  ;ksx ds 

lkis{k lewg ugha gSA (D;ksa?)   

vc] vki ifjHkk"kk ls bldk lR;kiu dj ldrs gSa fd ).,(),(    blh izdkj] 
vki ns[k ldrs gSa fd G   ).(G,)(G,    bl ckr ls 

fuEufyf[kr ifjHkk"kk tqM+h gSA 



 

 

123

3                                                                                                    

: eku yhft, fd ),G(   ,d lewg gS rFkk ),G(),H(   tgk¡ .
/

GH   

rc]  ,H G  dk  ,d  (proper subgroup) dgykrk gSA ge bls 
G,H   ;k ,/ G  H   }kjk O;Dr djrs gSaA 

ladsru ds ckjs esa] ge ;gk¡ ,d egRoiw.kZ fVIi.kh nsuk pkgsaxsA 

 3: ;fn ),G(   dk ),H(   ,d milewg gS] G   

H  gS ¼vxj lacaf/kr f}-vk/kkjh lafØ;kvksa ds ckjs esa dksbZ Hkze ugha 
gks½A ge bl ckr dks GH   }kjk Hkh O;Dr djsaxsA 

 ;fn G dk H ,d milewg ugha gS] rks ge bls G H  }kjk O;Dr djsaxsA 

vkb, dqN mnkgj.kksa dks foLrkj ls ns[ksaA 

 1: tk¡p dhft, fd  O  vkSj ,E  ),(   ds milewg gSa ;k ugha] tgk¡ 

}n1n2{O    rFkk },nn2{E    vFkkZr~  O  vkSj E  Øe'k% fo"ke 

iw.kkZadksa vkSj le iw.kkZadksa ds leqPp; gSaA 

: igys rks] /;ku nhft, fd O  vkSj ,E    ds  vfjDr mfpr mileqPp; gSaA 
vc] O  ij   dks yhft,A bdkbZ 2 ds E6 esa vki ns[k pqds gSa fd O ij   ,d 
f}-vk/kkjh lafØ;k ugha gSA vr%] .O     

vc] E  ds lanHkZ esa] fdUgha m,n ds fy,] ).mn(2m2n2    

vr%] E ij   ,d f}-vk/kkjh lafØ;k gSA 

D;ksafd   ij   lkgp;Z gS] blfy, ;g E ij Hkh lkgp;Z gSA 

vkxs] ds lkis{k E0   rRled vo;o gSA  

lkFk gh] Ea   ds fy,] fdlh n  ds fy,A ,n2a   vr%] .)n(2a E   

bl izdkj] ifjHkk"kk }kjk] E  mlh lafØ;k ds lkis{k ,d lewg gS] ftlds lkis{k   
,d lewg gSA vr%] .E    

*** 

 2: n'kkZb, fd ),(3   )(3    dk  ,d mfpr milewg gS  (nsf[k, 

miHkkx 2.4.4, bdkbZ  2)A 

: igys rks )(3   rFkk 
/

).()( 33    (D;ksa?) 

vkxs] bdkbZ 2 ls vki tkurs gSa fd )(3   mlh lafØ;k   ds lkis{k  ,d lewg gS 
ftlds lkis{k )(3   ,d lewg gSA  

vr%] ;g )(3   dk ,d mfpr milewg gSA 

*** 

 3: n'kkZb, fd .nn     

: /;ku nhft, fd .},n2,n,0{n     

vc] fdUgha  ny,x   nmx  vkSj ,nry   fdUgha r,m  ds fy,A  
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vr%] ,n)rm(nnrnmyx   D;ksafd .rm    

bl izdkj] n  ij   laor̀ gSA  

vkxs] n  ij   lkgp;Z gS] D;ksafd ;g   ij lkgp;Z gSA 

lkFk gh] n0  ;ksT; rRled gS] D;ksafd ;g   ds fy, rRled gSA 

var esa] nnm  dk ;ksT; izfrykse n)m(nnm   gSA 

bl izdkj] ),n(   ,d lewg gSA 

vr%] .n     

*** 

vc] dqN iz'uksa dks gy djus dk iz;kl dhft,A 

E1) fuEufyf[kr esa ls izR;sd ds fy, ;g tk¡p dhft, fd GH   gS ;k ugha] tgk¡ 
lafØ;k   gS % 

 i) ;G,H     

 ii) },,I,I{H 33 0  tgk¡ ,

100

010

001

I3
















  rFkk );(G 3   

 iii) ;G},nn5{H     

 iv)   G,H n  (nsf[k, miHkkx 2.4.1, bdkbZ 2); 

 v) )(G),(H nmnm    (nsf[k, miHkkx 2.4.4, bdkbZ 2)A 

E2) 82  vkSj 8  ds fy, dsyh lkjf.k;k¡ cukb,A blls fu.kZ; yhft, fd 

882    gS ;k ughaA nksuksa dsyh lkjf.k;ksa esa D;k laca/k gS? 

E3) fl) dhft, fd vkcsyh lewg dk milewg vkcsyh gksrk gSA 

;gk¡ ifjfer milewgksa rFkk laxr dsyh lkjf.k;ksa ds ckjs esa ,d egRoiw.kZ fVIi.kh gSA 

 4: E2 gy djrs le; vkius ns[kk gksxk fd ;fn G ifjfer gS] rFkk ,GH   

rks ),H(   dh dsyh lkj.kh ),G(  dh dsyh lkj.kh dh ,d mi-lkj.kh gSA 

blh ds lkFk vkb, milewgksa ij viuh ;g 'kq:vkrh ppkZ dks lekIr djsaA vc ge 
lewg ds fdlh mileqPp; ij mu izfrca/kksa dks ns[ksaxs ftlls irk pyrk gS fd ;g 
,d milewg gS ;k ughaA ;s izfrca/k gesa milewgksa ds mnkgj.k nsus esa lgk;rk djsaxsA 

3.3  

E1 dks gy djrs le;] vkius izR;sd fLFkfr esa pkj izfrca/kksa dh tk¡p dh gksxh] tks 
gSa &H  ij   f}-vk/kkjh gS ;k ugha] rFkk bdkbZ 2 ds 2G,1G   vkSj .3G   D;k dksbZ 

mileqPp; ,d milewg gS ;k ugha tkuus ds fy, blls dksbZ laf{kIr fof/k gS? gk¡ 
gSA uhps fn;k x;k ,d ifj.kke gS] tks gekjs dk;Z dks dqN de djus esa enn 
djsxkA 
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1: fdlh lewg ),G(   dk ,d vfjDr mileqPp; H  lewg G dk milewg gS 

;fn vkSj dsoy ;fn 

i) H ij   ,d f}-vk/kkjh lafØ;k gS(  

ii) ,He  tgk¡ G  esa   ds lkis{k e  rRled gS(  

iii) ,Hh  H  esa h  dk izfrykse ogh gS tks G  esa h  dk izfrykse gSA 

: igys] vkb, fl) djsa fd ;fn ,GH   rks ;s rhuksa izfrca/k ykxw gksrs gSaA 

vc] ;fn ,GH   rks ,d milewg dh ifjHkk"kk ls] izfrca/k (i) lR; gSA 

(ii) ds ckjs esa] ;fn ),G(   dk ),H(   ,d milewg gS] rks D;k ),H(   dk rRled 
vo;o ),G(   ds rRled vo;o ls vyx gks ldrk gS? vHkh rd vkius ftrus Hkh 

mnkgj.kksa dks i<+k gS] mu lHkh esa ;s leku gSaA ijarq D;k ;g dsoy ,d la;ksx gS? 

vkb, ns[ksaA   

;fn ),H(   dk rRled h  gS] rks fdlh Hkh Ha ds fy,] .aah     

ijarq] .GHa   bl izdkj] ,aae   tgk¡   ds lkis{k G  dk rRled e  gSA  

vr%] G  esa] .aeah     

),G(   esa nk,¡ fujlu ls] ge eh   izkIr djrs gSaA 

bl izdkj] tc Hkh ),G(   dk ),H(   ,d milewg gS] rc .He    

(iii) ds ckjs esa] eku yhft, .Hh  D;k ),H(   esa bldk izfrykse ),G(   esa blds 

izfrykse ls vyx gS? vkb, ns[ksaA  

eku yhft, fd Hh  dk H  esa izfrykse x  gS rFkk G  esa izfrykse y  gSA 

D;ksafd G  esa ,hy 1  blfy, G esa .ehy    

lkFk gh] ,ehx   (ii) }kjkA  

vr%] ,hyhx    vFkkZr~ .hyx 1  vr%] ,Hh 1  ;kuh (iii) lR; gSA 

vc] vkb, foykse dks fl) djsaa] vFkkZr~ fl) djsa fd ;fn (i), (ii) vkSj (iii) lR; gSa] rks 
.GH    

igys] (i)  }kjk] H ij   ,d f}-vk/kkjh lafØ;k gSA  

nwljs] D;ksafd G ij   lkgp;Z gS] rFkk ;gh lafØ;k H  ij gS] blfy, ;g H  ij 
lkgp;Z gh jgrh gSA bl izdkj] Hkkx 2.2, bdkbZ 2 ds 1G   dks H larq"V djrk gSA  

(ii) vkSj (iii) crkrs gSa fd ),H(   Hkkx 2.2, bdkbZ 2 ds 2G   vkSj 3G   dks larq"V djrk 

gSA  
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bl izdkj] ),H(   ,d lewg gSA  

D;ksafd ,GH   blfy, ).,G(),H(    

mijksDr ijh{k.k esa rhuksa izfrca/kksa dks okLro esa ,d gh izfrca/k ds :i esa vkSj laf{kIr 
fd;k tk ldrk gSA fuEufyf[kr ifj.kke esa fn, fud’k ij fopkj dhft,A 

 2 ( ): eku yhft, fd fdlh lewg G  dk H  ,d 
mileqPp; gSA rc] fuEufyf[kr dFku lerqY; gSa% 

i) G  dk H  ,d milewg gSA  

ii) tc Hkh ,Hb,a   rc .Hab 1   

: ;g fl) djus ds fy, fd dFku (i) vkSj (ii) lerqY; gSa] gesa ;g fl) djus 
dh vko';drk gS fd )ii()i(   vkSj ).i()ii(   

:(ii)(i)  vkb, eku ysa fd .GH   rc] fdUgha Hb,a   ds fy,] Hb,a 1 gS] 

izes;1(iii) }kjkA 

vr%] ,Hab 1  izes; 1(i) }kjkA 

:(i)(ii)  D;ksafd ,H  blfy, .Ha  ijarq rc ,Heaa 1   (ii) }kjkA 

fQj] fdlh Hkh Ha  ds fy,] D;ksafd ,He  blfy, ,Haea 11    (ii) }kjkA 

var esa] ;fn ,Hb,a   rks .Hb,a 1  bl izdkj] ,Hab)b(a 11   vFkkZr~] H  

laor̀ gS G dh f}-vk/kkjh lafØ;k ds lkis{kA 

vr%] izes; 1 }kjk] ,H G dk ,d milewg gSA  

izes; 2 esa   ls gesa vc milewgksa ds mnkgj.kksa ds nsus esa 
ljyrk gks tkrh gSA vkb, ns[ksa dSls] mnkgj.k 1 dh fLFkfr dks nksckjk tk¡p djsaA 

 4: bldh tk¡p dhft, fd le iw.kkZadksa dk leqPp; ,E    dk ,d 

milewg gS ;k ughaA 

: loZizFke] E   

vkxs] Eb,a   ds fy,] n2a   vkSj ,m2b   gSA fdUgha m,n  ds fy,A 

bl izdkj] .)mn(2m2n2)b(a E  

vr%] izes; 2 }kjk] .E     

*** 

mnkgj.kksa 1 vkSj 4 ls vki ns[k ldrs gSa fd milewg ijh{k.k gekjs thou dks fdruk 
ljy cuk nsrk gS! vkb, dqN vkSj mnkgj.k ns[ksaA 

/;ku nhft, fd ;ksx dh 
fLFkfr esa] izes; 2(ii) dk 
izfrca/k

Hb,aHba  cu 
tkrk gSA 

/;ku nhft, fd 

.2E     
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 5: lewg ),( *   yhft,A n'kkZb, fd }1zz{S ||   , *  dk ,d 

milewg gSA (S lery esa  (unit circle) dgykrk gS rFkk bls izk;% 1S  

}kjk n'kkZ;k tkrk gSA )  

: loZizFke] S   D;ksafd .S1   

lkFk gh] fdUgha Sz,z 21   ds fy,]  .1
z

1
zzzzz

2
1

1
21

1
21     

vr%] .Szz 1
21    

blfy,] izes; 2 }kjk] .S *  

*** 

 6: n'kkZb, fd   ls   rd ds larr Qyuksa dk leqPp; C  fcan'k% ;ksx ds 
lkis{k  ls   rd ds lHkh Qyuksa ds lewg  dk ,d milewg gS (mnkgj.k 6, 

bdkbZ 2 nsf[k,)A 

: ‘dyu’ ls vki tkurs gSa fd x)x(I::I    ,d larr Qyu gSA vr%] 
.CI  bl izdkj] C   

vkxs] ;fn  ij f larr gS] rks vki ‘dyu’  ls ;g tkurs gSa fd   ij )f(  Hkh 

larr gSA  

var esa] ;fn ,Cg,f   rks   ij gf   Hkh larr gSA vr%] .Cgf   

bl izdkj] izes; 2 }kjk] .C    

*** 

 7: eku yhft, ),(G 32      ij lHkh 32  vkO;wgksa dk lewgA 

n'kkZb, fd 




















 c,b,a

c00

ba0
S , ),G(   dk ,d milewg gSA 

: D;ksafd ,S0  blfy, S   

lkFk gh] S
f00

ed0
,

c00

ba0

















 ds fy,]  

,S
fc00

ebda0

f00

ed0

c00

ba0





























 D;ksafd .fc,eb,da   

vr%] izes; 2 }kjk] .GS   

*** 

1: 

 1S  

1 
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 8: bdkbZ 2 ds mnkgj.k 5 esa fn,] }0)A(det)(A{)(GL 22    

ij fopkj dhft,A  

i) n'kkZb, fd },1)Adet()(GLA{)(SL 22   )),(GL( 2   dk  ,d 

milewg gSA                                                                                                                             

ii) vc }2)Adet()(GLA{H 2    yhft,A D;k ?)(GLH 2   D;ksa? 

: i)  22  rRled vkO;wg )(SL2   esa gS D;ksafd .1
10

01
det 
















        

vr%] )(SL2    

vc] )(SLB,A 2   ds fy,] 

,1
)Bdet(

1
)Adet()Bdet()Adet()ABdet( 11    D;ksafd 1)Adet(   gS rFkk 

.1)Bdet(    

 ).(SLAB 2
1    

 ).(GL)(SL 22    

ii) D;ksafd 







10

02
 dk lkjf.kd 2  gS] blfy, .H

10

02








  

  H   

 ijarq] fdlh Hkh HA  ds fy,] ,HA 1  D;ksafd .
2

1

)Adet(

1
)A(det 1   

 vr%] ).(GLH 2    

*** 

vc] E3 esa vkius n'kkZ;k gS fd vkcsyh lewg dk izR;sd milewg vkcsyh gksrk gSA vc 
loky gS % D;k ,d vu~vkcsyh lewg dk izR;sd milewg vu~vkcsyh gksrk gS? ,slk 
ugha gSA fuEufyf[kr mnkgj.k ij fopkj dhft,A 

 9: eku yhft, fd .b,a
b0

0a
AD





















   n'kkZb, fd 

)(GLD 2   rFkk D vkcsyh gSA bdkbZ 2 ls ;kn dhft, fd )(GL2   vu~vkcsyh 

gSA 

: D;ksafd 







 D,D

10

01
I  blfy,  

lkFk gh] .DAAAI   vr%] I  xq.ku ds lkis{k  rRled gSA 

)(SL2   dks  ij   

2  
 (special linear 

group) dgrs gSaA  
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vkxs] D  esa 





















0

0
B,

b0

0a
A  ds fy,]  

,D
b0

0a
AB 











  D;ksafd .,,b,a    

lkFk gh] ;fn ,
b0

0a
A 








  rks ,

b0

0a
A

1

1
1














  D;ksafd 

,
10

01

bb0

0aa
AA

1

1
1























  tks rRled gSA bl izdkj] .DA 1   

blfy,] izes; 1 }kjk] ).(GLD 2   

vkxs]D  esa fdUgha 





















0

0
B,

b0

0a
A  ds fy,]  

.BA
b0

0a

b0

0a
AB 























   

bl izdkj] D  ,d vkcsyh lewg gSA 

*** 

vc] nks lewgksa ds vuqykse xq.kuQy ij fopkj dhft,] (miHkkx 2.4.6, bdkbZ 2) D;k 
vki lksp ldrs gSa fd blds milewg D;k gks ldrs gSa? ,d rks t+kfgj gS] ftls ge 
vc ns jgs gSaA 

 10: lewgksa 1G  vkSj 2G  dk vuqykse xq.kuQy 21 GG   yhft,A n'kkZb, fd 

,GG}e{G 2121   tgk¡ 2e  gS 2G dk rRledA  

: igys rks }.Ga)e,a({}e{G 1221   D;ksafd 1G  blfy, 

 }e{G 21   

vkxs] eku yhft, fd }.e{G)e,b(),e,a( 2122   rc] 

},e{G)e,b()e,b( 212
11

2    D;ksafd ),e,e()e,bb()e,b)(e,b( 212
1

2
1

2    
tgk¡ 1e  gS 1G  dk rRledA 

blfy,] },e{G)e,ab()e,b)(e,a()e,b)(e,a( 212
1

2
1

2
1

22    D;ksafd 

.Gab 1
1   

vr%] izes; 2 }kjk] .GG}e{G 2121   

*** 

vc] ,d dqN vyx ls mnkgj.kksa ij fopkj dhft,A 
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 11: eku yhft, fd X  ,d leqPp; gS] rFkk X  dk Y  ,d vfjDr 
mileqPp; gSA bdkbZ 2 ds mnkgj.k 10 esa vkius i<+k Fkk fd )),X((   ,d lewg 
gSA n'kkZb, fd ).X()Y(    

: D;ksafd Y   blfy,  )Y(  

vc] fdlh Hkh )Y(A  ds fy,] .XYA   vr%] ).X(A   bl izdkj] 
).X()Y(   

lkFk gh] fdlh Hkh )X(A  ds fy,] ,AA 1   D;ksafd AA   

vr%] )Y(B,A   ds fy,] .YBAAB 1   bl izdkj] ).Y(AB 1   

vr%] izes; 2  }kjk] ).X()Y(   

*** 

 12: tk¡p dhft, fd },b,a3ba{]3[     dk milewg gS ;k 

ughaaA 

: igys rks vki fn[kkb, fd ]3[  vkSj .]3[    

vkxs] ]3[  esa 3ba   vkSj 3dc   ds fy,] 

].3[3)db()ca(    

vr%] .]3[    

*** 

vc] fuEufyf[kr iz'uksa dks gy djus dk iz;kl dhft,A  

E4) n'kkZb, fd fdlh Hkh lewg G ds nks milewg gSa }e{  vkSj .G  ( G dk }e{  

          (trivial) dgykrk gSA) 

E5) ;fn G  ,d ifjfer lewg gS rFkk ,GH   rks )H(o  ds vf/kdre vkSj U;wure 

eku D;k gks ldrs gSa? 

E6) eku yhft, fd 1G vkSj 2G  nks lewg gSaA eku yhft, fd 

1GH  vkSj .GK 2  n'kkZb, fd .GGKH 21   

E7) n'kkZb, fd ),,(),U( n    tgk¡ nU  ,d ds nosa ewyksa dk lewg gSA 

E8) n'kkZb, fd vifjfer lewg   dk dksfV n okyk ,d ifjfer milewg gS] 
izR;sd n  ds fy,A 

E9) iqf"V djrs gq,] fuEufyf[kr dk ,d mnkgj.k nhft, %  
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 i) )(23    dk ,d mfpr vrqPN milewg]  

 ii) )(23    dk ,d mfpr mileqPp;] tks ,d milewg ugha gS] 

 iii)   dk ,d mfpr milewg tks   ,d milewg ugha gSA 

E10) i) eku yhft, fd G ,d lewg gS] G dk H ,d milewg gS rFkk H dk 
K ,d milewg gSA D;k ,K G dk milewg gksxk? vius mÙkj ds fy, 

dkj.k nhft,A 

 ii) eku yhft, fd G  ,d lewg gS rFkk .GH   ;fn GK   s.t. ,KH   

gS] rks D;k ?KH   D;ksa] ;k D;ksa ugha?  

E11) n'kkZb, fd  (mnkgj.k 6 dk)  dk og mileqPp; ftlesa   ij lHkh 
vodyuh; Qyu gSa]  dk ,d milewg gSA 

E12) tk¡p dhft, fd  ]6[  ;k ughaA 

vkb, vc fdlh Hkh lewg ds ,d egRoiw.kZ milewg dh ppkZ djsaA vki bl milewg 
dk mi;ksx bl iwjs ikB~;Øe esa ckjackj djsaxsA vr%] vkb, bl milewg esa varfuZfgr 
leqPp; dks ifjHkkf"kr djsaA 

: fdlh  G ] ftls Z(G)  }kjk O;Dr fd;k tkrk gS] G  ds 

mu vo;oksa dk leqPp; gS tks G ds izR;sd vo;o ls Øefofue; djrs gSaA bl 
izdkj] G}.xgxxgGg{Z(G)   

mnkgj.kkFkZ] ;fn G vkcsyh gS] rks ,G)G(Z   D;ksafd izR;sd Gg izR;sd Gx lss 

Øefofue; djrk gSA 

vc] ge bl ns[ksaxs fd D;ksa izR;sd lewg G  ds fy, .G)G(Z     

 3: fdlh Hkh lewg G dk dsUnz] G dk ,d milewg gksrk gSA 

: D;ksafd ,Ggeggge   blfy, ).G(Ze  vr%] )G(Z    

vkxs] ).G(Za  

Gxxaax   

Gxxaaaxa 11    

,Gxxaax 1    D;ksafd .xexaxa 1   

,Gxxaxa 11    lehdj.k ds nksuksa i{kksa dks 1a  ls xq.kk djus ijA 

).G(Za 1    

lkFk gh] fdUgha )G(Zb,a  rFkk fdlh Hkh Gx ds fy,] 

E10(i) dgrk gS fd ‘dk 
,d milewg gS’ laØked 
gSA 

v{kj ,Z  tks dsUnz dks 
O;Dr djrk gS] dsUnz ds 
fy, teZu 'kCn ‘ts+UVªe’  
‘zentrum’ ls vk;k gSA 
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),xb(a)bx(ax)ab(   D;ksafd ).G(Zb  

         ,b)xa(b)ax(   D;ksafd ).G(Za  

           )ab(x  

.)G(Zab  

bl izdkj] izes; 1 }kjk] ),G(Z  G dk  ,d milewg gSA  

/;ku nhft, fd izes; 3 dks fl) djus ds fy,] gesa izes; 1 ds izR;sd izfrca/k dks 
fl) djus dh vko';drk iM+hA bl fLFkfr esa izfØ;k dks NksVk djus esa izes; 2 

gekjh lgk;rk ugha djrhA 

vkb, lewg ds dsUnz ds dqN mnkgj.kksa ij fopkj djsaA 

 13: tk¡p dhft, fd )G(Z
20

01









 ;k ugha] tgk¡ .)(GLG 2   

: fdlh Hkh G
dc

ba
A 








 ds fy,] ,

d2c

b2a

20

01

dc

ba

























 rFkk 

.
d2c2

ba

dc

ba

20

01

























  

vr%] A  ls 







20

01
 dsoy rHkh Øefofue; djrk gS] ;fn ,c0b   vFkkZr~ ;fn 

A ,d fod.kZ vkO;wg gSA vr%] G  ds  izR;sd A ds lkFk 







20

01
 Øefofue; ugha 

djrk gSA  

bl izdkj] .)G(Z
20

01








 

*** 

 14: )Q(Z 8  Kkr dhft, (nsf[k, E29, bdkbZ 2)A 

: ml dsyh lkj.kh ij fopkj dhft,] tks vkius E29, bdkbZ 2 gy djrs oD+r 
cukbZ FkhA ;fn 8Q  dk dksbZ Hkh vo;o ,x )Q(Z 8  esa gS] rks bls 8Q  ds izR;sd vo;o 

ds lkFk Øefofue; djuk pkfg,A vr%] dsyh lkj.kh esa 'kh"kZd x  okyss LraHk esa 
vo;o Bhd mlh Øe esa gksus pkfg, tks 'kh"kZd x  okyh iafDr esa vo;oksa dk Øe gSA 
;g dsoy fLFkfr Ix   vkSj )I(Ax 2   esa gksrk gSA  

vr%] }.I,I{)Q(Z 8   

*** 
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lewg ds dsUnzksa dks izkIr djus esa dqN vH;kl ds fy, fuEufyf[kr iz'uksa dks gy 
dhft,A 

E13) i) )S(Z 3  vkSj )D(Z 8 Kkr dhft,A 

  ( : 3S  vkSj 8D  dh lafØ;k lkjf.k;k¡ cukb,A) 

 ii) fdlh ifjfer lewg ),G(   dh dsyh lkj.kh dks ns[kdj gh vki dSls 
r; dj ldrs gaS fd )G(Z esa G  dk dkSulk vo;o gS? 

E14) D;k )G(Z  ,d vkcsyh lewg gS? D;ksa] ;k D;ksa ugha? 

E15) fl) dhft, fd ),G(Z)G(Z)GG(Z 2121   tgk¡ 1G  vkSj 2G lewg gSaA 

vHkh rd vkius bldh tk¡p djus ds fy, fd dksbZ mileqPp; ,d milewg gS ;k 
ugha dqN ijh{k.kksa  dk vuqiz;ksx fd;k gSA tc G  ,d ifjfer lewg gS] rc gesa izes; 
2 ds fud"k ls ,d ljy fud"k izkIr gS ;g r; djus ds fy, fd G  dk dksbZ Hkh 
mileqPp; ,d milewg gS ;k ughaA okLro esa] ;g dgrk gS fd ;fn G ifjfer gS] 
rks izes; 1 dk dsoy (i) gh ;g fu.kZ; ysus ds fy, dkQ+h gS fd G  dk ,d 
mileqPp; ,d milewg gS ;k ughaA 

 4 ( ): eku yhft, fd ),G(   ,d 
ifjfer lewg gSA G  dk ,d vfjDr mileqPp; ,H  G dk ,d milewg gksrk gS 

;fn vkSj dsoy ;fn   ds lkis{k H laor̀ gksA  

: ;fn ,GH   rks ifjHkk"kk }kjk]   ds lkis{k H  laor̀ gSA  

vkb, vc foykse dks fl) djsaA  

D;ksafd H  .Ha   rc .H},a,,a,a{A n2     

D;ksafd G  ifjfer gS] blfy, H Hkh ifjfer gSA vr%] A dks ifjfer gksuk pkfg,A 

blfy,] nm aa   fdUgha n,m ds fy,] tgk¡ .nm    …(1) 

eku yhft, fd .nm   rc] .eaaaaa nnnmnm    

bl izdkj] .He  

vkSj] (1) crkrk gS fd .aaeaaa 111nm1nm    

bl izdkj] .Ha 1  

vr%] izes; 1 }kjk] .GH    

Bhd blh izdkj vki n'kkZ ldrs gSa fd  ,GH   ;fn (1) esa .mn    

vkb, izes; 4 ds ,d vuqiz;ksx ij fopkj djsa] rFkk ns[ksa fd ;g fdl izdkj gekjs 
thou dks ljy cukrh gS! 
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 15: tk¡p dhft, fd }15,10,5,0{S   vkSj },12,6,0{T   20  ds 

milewg gSa ;k ughaA  

: vki bldh tk¡p dj ldrs gSa fd S ds fdUgha nks vo;oksa dk ;ksx S  esa gSA 
vr%] izes; 4 }kjk] .S 20  

vkxs] .T18126   vr%] .T 20  

*** 

vc vki dqN fLFkfr;ksa esa izes; 4 dk vuqiz;ksx dhft,A 

E16) bdkbZ 2 ds mnkgj.k 13 esa 8D  dh dsyh lkj.kh ij fopkj dhft,A blls 

fu.kZ; yhft, fd },R,R,R,I{ 3
90

2
9090 8D  dk  ,d milewg gS ;k ughaA 

E17) tk¡p dhft, fd )}21(,I{H   vkSj )},231(),321(,I{K   3S  ds milewg 

gSa ;k ugha (nsf[k, miHkkx 2.4.2, bdkbZ 2)A 

E18) ;g n'kkZus ds fy, ,d mnkgj.k nhft, fd izes; 4 esa fn;k fud"k vifjfer 
lewgksa ds fy, dk;Z ugha djrk gSA 

E19) eku yhft, fd   ,d dk ,d nlok¡ ewy gSA tk¡p dhft, fd 

},,,,1{ 842   10U  dk milewg gS ;k ughaA  

vkb,  vc milewgksa ij dqN lafØ;kvksa dh ppkZ djsaA 

3.4  -  

vc ge milewgksa ds leqPp;-lafØ;kvksa-izfrPNsnu] lfEeyu vkSj xq.kuQy] ds v/khu 
milewgksa ds O;ogkj dh ppkZ djsaxsA vkb,] igys] lewg ds fdUgha nks milewgksa ds 
izfrPNsnu ij fopkj djsaA 

dksbZ Hkh n,m  yhft,A rc] .nm   vkSj  tSlk fd vc vki ns[ksaxs] 
 Hkh nm   dk milewg gSA 

 5: ;fn H  vkSj K lewg G  ds  nks milewg gSa] rks KH Hkh G  dk ,d 
milewg gksrk gSA  

: vki tkurs gSa fd He  vkSj ,Ke  tgk¡ ,e G  dk  rRled gSA blfy, 
.KHe   bl izdkj] KH   

vc] eku yhft, fd .KHb,a    

D;ksafd Hb,a  vkSj ,GH   blfy, .Hab 1   

blh izdkj] D;ksafd Kb,a   vkSj ,GK   blfy, .Kab 1   
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vr%] .KHab 1    

vr%] izes; 2 }kjk] ,KH G  dk  ,d milewg gSA  

izes; 5 dk iwjk rdZ rc Hkh ekU; jgrk gS] tc ge dsoy nks milewgksa ds cnys 
vufxur milewg ys ysrs gSaA vr%] ge fuEufyf[kr ifj.kke izkIr djrs gSaA 

 6: ;fn Iii}H{   fdlh lewg G  ds milewgksa dk ,d leqPp; gks] tgk¡ I ,d 
lwpdkad leqPp; gS] rks i

Ii
H


  Hkh G dk ,d milewg gksrk gSA 

vc] D;k vki lksprs gSa fd nks (;k vf/kd) milewgksa dk lfEeyu iqu% ,d milewg 
gksrk gS?   ds nks milewgksa 2  vkSj 3  ij fopkj dhft,A eku yhft, fd 

.32S   vc] .S22S33   vkSj  ijarq 231   u rks 2  esa gS vkSj 

u gh 3 esaA (D;ksa?) 

vr%] .S1  bl izdkj] ,S ),(   dk milewg ugha gSA 

bl rjg] ;fn A  vkSj B  fdlh lewg G ds milewg gSa] rks ;g  
fd BA   G  A ijarq] ;fn BA   (;k ),AB   rks 

BBA   (;k ABA   Øe'k%)A rks ,slh fLFkfr esa ,BA  G  dk ,d milewg 
gSA E21 crkrk gS fd dsoy blh fLFkfr esa ,BA G  dk  ,d milewg gksrk gSA 

vkidks bls fl) djus] vkSj lkFk gh vU; uhps fn, iz'uksa dks gy djus] dh 
vko';drk gSA 

E20) )(G 32    yhft,] rFkk eku yhft, fd S  mnkgj.k  7  esa fn;k 

milewg gSA eku yhft, fd  .c,b,a
000

cba
T





















   n'kkZb, fd 

,GT   rFkk TS  Kkr dhft,A  

lkFk gh] G  ds bl milewg ds nks vyx vrqPN vo;o nhft,] iqf"V lfgrA 

E21) eku yhft, fd A  vkSj B  ,d lewg G  ds nks milewg gSaA fl) dhft, fd 
,BA G  dk  ,d milewg gS  iff BA   ;k .AB   

 ( : eku yhft, fd BA   vkSj .AB  B\Aa  rFkk 

A\Bb yhft,A rc] n'kkZb, fd .BAab   vr%] .GBA   /;ku 
nhft, fd bls fl) djuk BAGBA   ;k AB  fl) djus ds 
leku gSA )  

E22) vki tkurs gSa fd ;fn G  ,d lewg gS rFkk ,GBGA  vkSj  rks 

.GBA   D;k A\GAc   Hkh G  dk  ,d milewg gS? D;k fdlh Hkh lewg 
G  ds fy,] ),A\B()B\A(BA  G  dk  ,d milewg gS? vius mÙkjksa 

ds fy, dkj.k nhft,A 

vkb, vc ns[ksa fd fdlh lewg G ds nks mileqPp;ksa ds xq.kuQy ls gekjk D;k 
eryc gSA 
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: eku yhft, fd G  ,d lewg gS rFkk A  vkSj B, G ds vfjDr mileqPp; 
gSaA A   B   leqPp; B}bA,aab{AB  gksrk gSA 

/;ku nhft, fd AB  esa vo;oksa dk Øe egRoiw.kZ gSA AB  ds vo;o xy  ds :i ds 
gSa] tgk¡ Ax  vkSj By  gSA fu%lansg] ;fn G  vkcsyh gS] rks yxxy   gSA ijarq 
;fn G  vkcsyh ugha gS] rks gks ldrk gS fd AB  esa yx  fLFkr ugha gksA 

vc] ;fn GH   vkSj GK   gS] rks D;k GHK   gS? vkb, dqN mnkgj.kksa ij 

fopkj djsa] tks gesa bl iz'u dk mÙkj nsus esa lgk;rk dj ldrs gSaA 

 16: n'kkZb, fd ,6)3)(2(    ijarq ,SHK 3  tgk¡ )}21(,I{H   

vkSj )}.31(,I{K    

: }n,m)n3)(m2({)3)(2(    

           .6}n,mmn6{       …(2) 

lkFk gh] ;fn ,6r   rks ,s6r   fdlh s  ds fy,A  

bl izdkj] ).3)(2()s3)(12(r    

bl izdkj] ).3)(2(6         …(3) 

(2) vkSj (3) ls] ge izkIr djrs gSa fd  . 6)3)(2(    

bl izdkj] bl  fLFkfr esa   ds nks milewgksa 2  vkSj 3  dk xq.kuQy 6  Hkh   

dk ,d milewg gSA  

vc] )},231(),321(),32(),31(),21(,I{S3  rFkk mlds milewgksa  

)}21(,I{H   vkSj )},31(,I{K  ij fopkj dhft,A 

)}31()21(,I)21(),31(I,II{HK   

       )}.231(),21(),31(,I{  

vc] ,HK)21(),31(   ijarq .HK)321()21()31(   

vr%] ,HK 3S  dk  ,d milewg ugha gSA  

*** 

bl izdkj] nks milewgksa ds xq.kuQy dk ,d milewg gksuk vko';d ugha gSA vc 
iz'u mBrk gS & nks milewgksa dk xq.kuQy dc ,d milewg gksxk gS? fuEufyf[kr 
izes; bl iz'u dk mÙkj nsrk gSA 

 7: eku yhft, fd H  vkSj K  lewg G  ds nks milewg gSaA rc] HK lewg G  
dk  ,d milewg gksrk gS ;fn vkSj dsoy ;fn .KHHK   

: igys eku yhft, fd .GHK   ge n'kkZ,¡xs fd .KHHK   
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eku yhft, .HKhk  rc] ,HK)hk( 1  D;ksafd .GHK   

vFkkZr~] .HKhk 11    

blfy, fdlh Kk,Hh 11   ds fy,] .khhk 11
11   ijarq rc] 

.KHhk)kh()hk(hk 1
1

1
1

1
11

111     

bl izdkj] .KHHK        …(4) 

vc] eku yhft, .KHkh  rc] .HKkh)kh( 111    ijarq .GHK    

blfy,] ,HK))kh(( 11   vFkkZr~] .HKkh   

bl izdkj] .HKKH        …(5) 

(4) vkSj (5) dks lkFk ysus ij] ge ikrs gSa .KHHK   

foykser%] eku yhft, fd .KHHK   ge fl) djsaxs fd .GHK   

D;ksafd ,HKee 2   blfy, HK   

vc] eku yhft, .HKb,a   rc] hka   vkSj 11khb  fdUgha Hh,h 1   vkSj 

Kk,k 1  ds fy,A 

rc] ].h)kk[(h)hk()hk(ab 1
1

1
1

1
1

1
1

1       …(6) 

vc] .HKKHh)kk( 1
1

1
1   vr%] HKkh 22  ftlls fd  

.khh)kk( 22
1

1
1

1        …(7) 

rc] (6) vkSj (7) ls] ,HKk)hh()kh(hab 2222
1  D;ksafd .Hhh2   

bl izdkj] izes; 2 }kjk] .GHK    

: izes; 7 esa /;ku nhft, fd KHHK   dk 
Hhkhhk   vkSj .Kk  

fuEufyf[kr ifj.kke izes; 7 dk ,d vPNk miizes; gSA 

 1: ;fn H  vkSj K  ,d vkcsyh lewg G  ds milewg gSa] rks HK lewg G dk 
,d milewg gksrk gSA  

fuEufyf[kr iz'uksa dks gy djrs le;] ge vkidks bl miizes; dks fl) djus dk 
volj ns jgs gSa E23A  

E23) miizes; 1 dks fl) dhft,A 
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E24) ;fn 




















 b,a

b0

0a
S  rFkk ,a,a,a

a0

aa
T 321

3

21





















   rks 

n'kkZb, fd S  vkSj ,T  )(2   ds milewg gSaA lkFk gh] tk¡p dhft, fd 
TS,TS  vkSj ST  Hkh )(2   ds milewg gSa ;k ughaA  

E25) fl) dhft, fd ,d lewg ),G(   dk ,d mileqPp; H  ,d milewg gS  iff 

.HHH 1 
 

vkius vHkh-vHkh ns[kk fd ;fn H vkSj K  fdlh lewg G  ds milewg gSa] rks GHK   
dsoy rHkh tcfd dqN izfrca/k larq"V gksaA 

vc eku yhft, fd G  ifjfer gS] rFkk .GHK   D;k ?)K(o)H(o)HK(o   

mnkgj.kkFkZ] )24,18,12,6,0{H,G 30    vkSj }28,,6,4,2,0{K   yhft,A 

rc] .15)K(o,5)H(o   vr%] ).G(o75)K(o)H(o    

D;k ;g laHko gS]  D;ksafd ?GHK  ughaA vr%] )HK(o dk )K(o)H(o  gksuk t+:jh 
ugha gSA vr%] D;k ge )H(o  vkSj )K(o  ds inksa esa )HK(o  dks fy[k ldrs gSa? 

bldk mÙkj fuEufyf[kr izes; esa fn;k gSA 

 8: eku yhft, fd G  ,d ifjfer lewg gS] rFkk GK,GH   ,sls gSa fd 

.GHK   rc] .
)KH(o

)K(o)H(o
)HK(o


   

:  ),K(o)H(o)HK(o   D;ksafd }.Kk,Hhhk{HK   

ijarq] )HK(o  dks izkIr djus ds fy, gesa ;g tkuus dh vko';drk gS fd D;k 

HKhk  fQj nksgjk;k tkrk gS HKesa( vkSj ;fn ,slk gS] rks fdruh ckjA vr%] ge 
;g tkuuk pkgrs gSa fd fdu izfrca/kksa ds v/khu ,khhk   tgk¡ Hh,h  vkSj 

.kk,hh,Kk,k   

vc] ,xkkhhkhhk 11    eku yhft,A 

D;ksafd Hhhx 1   vkSj .KHx,Kkkx 1    blfy,   

lkFk gh] .xkk,hxh 1     

vr%] ),xk)(hx(hk 1  tgk¡ .KHx   

lkFk gh] fdlh ),yk)(hy(hkKHy 1 ] fy,ds  tgk¡ .Kyk,Hhy 1   

vr%] izR;sd ,HKhk  )KH(o   ckj gh HK esa nksgjk;k tkrk gSA 

blfy, .
)KH(o

)K(o)H(o
)HK(o
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bl izes; ds igys ds mnkgj.k ij ;fn ge ykSVsa] vFkkZr~ 30G   ij] rks 

3030 2K,6H    rFkk ,HKH   D;ksafd .KH   vr% izes; 8 }kjk] 

.15)K(o
)H(o

)K(o)H(o

)KH(o

)K(o)H(o
)HK(o 


   

vkb, ,d vkSj mnkgj.k dks ns[ksa tks nS  ls lacaf/kr gSA 

 17: eku yhft, )}231(),321(,I{H   vkSj  )}.21(,I{K   tk¡p 
dhft, fd 3SHK   ;k ughaA ;fn gS] rks )HK(o  Kkr dhft,A ;fn ,SHK 3  rks  

)KH(o   Kkr dhft,A  

: vkidks lR;kfir djuk pkfg, fd .KHHK   vr%] .SHK 3   

vc] 3)H(o  vkSj .2)K(o   lkFk gh] ,1)KH(o   D;ksafd dsoy I  gh nksuksa esa 

gSA  

bl izdkj ).S(o6
)KH(o

)K(o)H(o
)HK(o 3


  

/;ku nhft, fd 3SHK   rFkk nksuksa dh ,d gh dksfV gSA 

vr%] bl fLFkfr esa .SHK 3    

*** 

vc dqN iz'uksa dks gy djus dk iz;kl dhft,A 

E26) 10D  yhft,A tk¡p dhft, fd 10DHK   ;k ugha] tgk¡ )D(ZH 10  rFkk 

}.Rxx,x,x,x,1{K 72
432    

 ;fn ;g ,d milewg gS] rks )HK(o Kkr dhft,A  

 ;fn ,DHK 10  rks )KH(o  Kkr dhft,A 

E27) tk¡p dhft, fd 4SAB   ;k ugha] tgk¡ )}41(,I{A   vkSj )}.21(,I{B   
;fn ;g gS] rks )AB(o  Kkr dhft,A ;fn ,SAB 4  rks ,slk 4SC   Kkr 
dhft, ftlls fd  .SAC 4   

blds lkFk] ge milewgksa ij lafØ;kvksa dh viuh ppkZ dks lekIr djrs gSa] rFkk ge 
bl bdkbZ dks Hkh lekIr dj jgs gSaA gk¡] ;g t+:j gS fd vki bl [kaM esa] rFkk 
vxys [kaM dh vU; bdkb;ksa esa] vkSj milewgksa ds ckjs esa v/;;u djsaxsA vc vkb, 
ns[ksa fd vkius bl bdkbZ esa fdu ckrksa dh i<+kbZ dh gSA 

3.5   

bl bdkbZ esa] vkius fuEufyf[kr fcanqvksa ij v/;;u fd;k gSA 
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1. lewg ds milewg dh ifjHkk"kk] rFkk mlds mnkgj.kA 

2. ,d lewg ),G(   dk ,d vfjDr leqPp; H  lewg G dk ,d milewg gksrk 

gS ;fn vkSj dsoy ;fn 

  i) H ij   ,d f}-vk/kkjh lafØ;k gS(  

  ii) ,He tgk¡ ,e G  esa   ds lkis{k rRled gS(  

  iii) ,Hh  H  esa h  dk izfrykse ogh gS tks G  esa h  dk izfrykse gSA 

3. ),G(   dk ,d vfjDr leqPp; H lewg ),G(   dk ,d milewg gksrk gS iff 

.Hb,aHba 1    

4. lewg G  ds dsUnz )G(Z  dh ifjHkk"kk] vkSj mnkgj.kA vkxs] )G(Z lewg G  

dk ,d vkcsyh milewg gSA  

5. eku yhft, fd  ),G(   ,d ifjfer lewg gSA G  dk ,d vfjDr leqPp; ,H  

G  dk ,d milewg gS iff   ds lkis{k H  laor̀ gSA  

6. ;fn H  vkSj K  fdlh lewg G  ds milewg gSa] rks  

 i) ;GKH   

 ii) GKH   iff KH  ;k ;HK   

 iii) G}Kk,Hhhk{HK   iff .KHHK   

7. ;fn G  ,d ifjfer lewg gS] H  vkSj K  lewg G ds ,sls milewg gSa fd 

,GHK   rks .
)KH(o

)K(o)H(o
)HK(o


   

3.6   /  

E1) i) tSlk fd vki tkurs gSa] ),(   ,d lewg gS rFkk .   vr%] 
).,(),(     

 ii) ).),((G 3   D;ksafd ,HI3   blfy, 333 I2II   dks H esa gksuk 
pkfg, ;fn .GH   ijarq .HI2 3   vr%] H  ij  ,d f}-vk/kkjh lafØ;k 

ugha gSA vr%] .GH   

 iii) ;gk¡] .5H   n'kkZb, fd ,GH  tSlk mnkgj.k 3 esa fd;k FkkA 

 iv) D;ksafd H  ds vo;o   ds mileqPp; gSa u fd   ds vo;o] 
blfy, .GH   vr%] H  dk G  dk milewg gksus dk dksbZ loky gh 

ugha gSA 

 v) mijksDr (i)  dh rjg rdZ nhft,A 
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E2) }.6,4,2,0{2 8   

 82              8  

654321077

543210766

432107655

321076544

210765433

107654322

076543211

765432100

76543210

  

 ;g ns[kus ds fy, fd 82  D;ksa ,d lewg gS] 82  dh lkj.kh nsf[k,A  

 /;ku nhft, fd 82  dh lkj.kh 8  dh lkj.kh dh og milkj.kh gS tks 

vo;oksa 6,4,2,0  ds laxr gSA vki bl rF; dks cM+h lkj.kh esa dsoy  

6,4,2,0  'kh"kZd okyh iafDr;ksa rFkk 6,4,2,0  'kh"kZd okys LraHkksa ds vo;oksa 

dks ysdj] ns[k ldrs gSaA 

 vr%] .2 88     

E3) eku yhft, fd GH   gS] tgk¡ G  vkcsyh gSA eku yhft, fd Hb,a   gSaA  

 rc] Gb,a   gSaA blfy,] baab   gaSA vr%] H  vkcsyh gSA 

E4) D;ksafd GG   rFkk G mlh lafØ;k ds lkis{k ,d lewg gS ftlds lkis{k G  

         lewg gS] blfy, .GG   

 D;ksafd G}e{   rFkk }e{  esa dsoy vo;o e  gS] blfy, .}e{eee 1     

 vr%] .G}e{    

E5) eku yhft, .n)G(o   D;ksafd ,GG   blfy, )H(o  dk vf/kdre eku rc 
gksxk] tc .GH   vFkkZr~ ;g vf/kdre eku n  gSA vr%] )H(o  s.t. 

.n)H(o   

 lkFk gh] G}e{   rFkk .1})e({o   vr%] )H(o  }kjk fy, tk ldus okyk 

U;wure eku 1 gSA 

E6) D;ksafd H  vkSj K lewg G  ds milewg gSa] blfy, ;s vfjDr gSaA 

  vr%] KH   

 lkFk gh] ).k,h()k,h(KH)k,h( 111    ] fy,ds  

42066

20644

06422

64200

6420
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 blfy,] KH)d,c(),b,a(  ds fy,] 

)d,c)(b,a()d,c)(b,a( 111   ,KH)bd,ac( 11    D;ksafd 

HacHc,a 1    rFkk .KbdKd,b 1    

 bl izdkj] .GGKH 21    

E7) miHkkx 2.4.5 esa vki ns[k pqds gSa fd  nU   rFkk ),U( n   ,d lewg gSA 

vr%] ).,C(),U( n     

E8) E7 ls] .nUn      lkFk gh] .n)U(o n   blls ifj.kke izkIr gks tkrk 

gSA 

E9) i) 
































 b,a

00

b0

0a

S  yhft,A fQj tk¡p dhft, fd S   rFkk 

).),((S 23     

  D;ksafd ,S\)(

11

11

11

23  















 blfy, S  ,d mfpr milewg gSA lkFk 

gh] D;ksafd },{S 0  blfy, S  ,d vrqPN milewg gSA 

  ;g ,slk ,d mnkgj.k gSA vU; mnkgj.kksa dks Hkh [kksft,A 

 ii) 

































01

01

01

S  ij fopkj dhft,A rc] ).(S 23/
   

  D;ksafd ,S0   blfy, ).(S 23     

  ,slss vusd mnkgj.k gks ldrs gSaA 

E10) i) D;ksafd ,HK   blfy, K  rFkk .Kb,aKab 1   vr%] izes; 

2 }kjk] .GK    

 ii) D;ksafd H  vkSj K  mlh lafØ;k ds lkis{k lewg gSa ftlds lkis{k G  ,d 
lewg gS] rFkk .KH,KH   blfy,   

E11) ‘dyu’ ls vki tkurs gSa fd   ij I  vodyuh; gSA mnkgj.k 6  dh rjg 
rdZ nsdj] fl) dhft, fd ;g mileqPp; G dk ,d milewg gSA 

E12) ,]6[    tSls fd mnkgj.k 12 esaA 

 eku yhft, 6ba   vkSj ,6dc   ]6[  esa gSaA 
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  rc ].6[6)db()ca(   

        .]6[    

E13) i) E24, bdkbZ  2, ds vius gy dh dsyh lkj.kh dks nsf[k,A vki ik,¡xs fd 

3S  esa og vo;o ftlds 'kh"kZd okyh iafDr esa esa ogh 

izfof"V;k¡ gSa tks mlh vo;o ds 'kh"kZd okys LraHk esa izfof"V;k¡ gSa] dsoy 
I gSA vr%] }.I{)S(Z 3   

  mnkgj.k 13, bdkbZ 2, esa nh lkj.kh dks nsf[k,A fdu vo;oksa ds 'kh"kZd 
okyh iafDr vkSj LraHk esa izfof"V;k¡ Bhd ,d gh Øe esa gSa? I  ds fy, 
,slk gS] ijarq 1r  ds fy, ,slk ugha gS] D;ksafd] mnkgj.kkFkZ] 

  .rrrr 1331     

  blh izdkj] 432 r,r,r  vkSj 90R  ds fy, ,slk ugha gSA 

  ijarq 180R  ds fy, gS] vFkkZr~ .DRR 8180180    

  iqu% 270R  'kh"kZd okyh iafDr vkSj LraHk esa ,d gh (leku) izfof"V;k¡ ugha 
gSa] D;ksafd mnkgj.kkFkZ] 270R lefefr 1r  ds lkFk Øefofues; ugha djrk 

gSA  

  vr%] }.R,I{)D(Z 1808     

 ii) mnkgj.k 13 vkSj  mijksDr (i) ls vkidks dqN vuqeku yx x;k gksxkA 

  vc] )G(Zx  iff ,Gggxxg   vFkkZr~  iff  x  ds laxr iafDr dh 

izfof"V;k¡ Bhd mlh Øe esa gSa ftl Øe esa x  ds laxr LraHk dh 
izfof"V;k¡ gSaA 

E14) eku yhft, fd ).G(Zy,x    

 ,yxxy   D;ksafd )G(Zx  vkSj .Gy  bl izdkj] )G(Z  vkcsyh gSA 

E15) igys rks /;ku nhft, fd 21 GG   ds nksuksa )GG(Z 21   vkSj )G(Z)G(Z 21   
milewg gSa ( )G(Z dh ifjHkk"kk vkSj E6 ds mi;ksx ls)A  

 vkxs] )GG(Z)y,x( 21   

 21 GG)b,a()y,x)(b,a()b,a)(y,x(   

 21 Gb,Ga)by,ax()yb,xa(   

 1Gaaxxa   vkSj 2Gbbyyb   

 )G(Zx 1  vkSj )G(Zy 2  

 )G(Z)G(Z)y,x( 21   
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 ).G(Z)G(Z)GG(Z 2121   

 /;ku nhft, fd miifÙk ds izR;sd pj.k ij  

(two-way implication)    blh dkj.k ls bl rdZ 
}kjk ge nksuksa lewgksa dh lekurk dk fu"d"kZ fudky ldsA 

E16) bl lkj.kh esa dsoy ,I  )R(R),R(R,R 3
90270

2
9018090    dh laxr iafDr;ksa 

vkSj LraHkksa ds vo;oksa dks ysdj ,d milkj.kh cukb,A bu laca/kksa ds mi;ksx 
ls] vkidks fuEufyf[kr lkj.kh izkIr gksxh: 

    

2
9090

3
90

3
90

90
3
90

2
90

2
90

3
90

2
909090

3
90

2
9090

3
90

2
9090

RRIRR

RIRRR

IRRRR

RRRII

RRRI

  

 ;g lkj.kh n'kkZrh gS fd fn;k gqvk leqPp;   ds lkis{k lao`r gSA 

 vr%] izes; 4 }kjk] .D}R,R,R,I{ 8
3
90

2
9090   

E17) E16 dh gh rjg] 3S  dh ml dsyh lkj.kh ij fopkj dhft,] ftldk vkius 

E13(i) esa mi;ksx fd;k FkkA lacaf/kr milkjf.k;k¡ yhft,A rc] Li"V dhft, 
fd 33 SK,SH   D;ksa gSaA 

E18) ),(    ij fopkj dhft,A 

   ds lkis{k   laor̀ gSA ijarq] ),,(),(    D;ksafd .0    

 (   n'kkZus ds fy, vki vU; dkj.k Hkh ns ldrs gSaA vki mudks Hkh D;ksa 
ugha fy[k ysrs?) 

E19) D;ksafd },,,,1{ 842642   blfy, ;g xq.ku ds lkis{k laor̀ ugha 
gSA vr%] ;g 10U  dk milewg ugha gSA 

E20) vkidks bldk lR;kiu djuk pkfg, fd T  rFkk ).,G(T   

 Li"V dhft, fd D;ksa .,
000

0
TS




















 
   

 rc] mnkgj.kkFkZ] 0,1    rFkk 1,0   j[k dj] vkidks TS  ds 

nks 'kwU;srj vo;o izkIr gksaxsA Li"V dhft, fd os vyx-vyx dSls gSaA 

E21) vki tkurs gSa fd ;fn BA   vkSj ,AB  rks BA   ;k rks A  gS ;k B  gS] 

rFkk blh fy, ;g G dk ,d milewg gSA 
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 foykser%] ge ;g eku dj pysaxs fd BA   vkSj ,AB  rFkk fu"d"kZ 
fudkysaxs fd .GBA   

 D;ksafd Aa,BA   s.t. .Ba  

 D;ksafd Bb,AB   s.t. .Ab  

 vc] ;fn ,Aab  rks fdlh Ac  ds fy, .cab    

 rc] ,Acab 1    tks ,d varfoZjks/k gSA .Aab  

 blh izdkj] .Bab  

 .BAab   

 ijarq] BAa   vkSj .BAb   vr%] .GBA   

E22) tSls fd] mnkgj.k 15 esa fn, 20S   ij fopkj dhft,A rc] 3  vkSj ,2   cS  

esa gSa] ijarq .S523 c  vr%] .S 20
c   

 D;ksafd] ifjHkk"kk }kjk] A\BB\A   rFkk B\AA\B   blfy, E21 }kjk] 
.GBA    

E23) fdlh Hkh  HKhk ds fy,] .KHkhhk    vr%] .KHHK   blh izdkj] 
.HKKH   vr%] .KHHK   vr%] .GHK   

E24) mnkgj.k 9 dh gh rjg] n'kkZb, fd  ).(S 2   blh izdkj] ;g n'kkZus ds 
fy, fd )(T 2   izes; 2 dk vuqiz;ksx dhft,A /;ku nhft, fd lafØ;k 

  gSA 

 izes; 5 }kjk] .GTS   

 /;ku nhft, fd .TS  vr%] .GTTS   

 vc] S
b0

0a








 vkSj T

a0

aa

3

21 







 ds fy,] 

.
ba0

aaaa

a0

aa

b0

0a

3

21

3

21

























  

 vr%] .,a,a,a
0

aaaa
ST 21

21























    

 lkFk gh] tk¡p dhft, fd .b,b,b,
bb0

bb
TS 21

2

1





















    

 vc] ST dk dksbZ Hkh vo;o TS  esa fLFkr gS D;ksafd  
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 ,
)a(a0

aa

0

aaaa
1
221





















   ;fn .0a    

 ;fn ,0a   rks ,
0

aaaa 21










 TS esa gS gh fLFkrA 

 bl izdkj] .TSST   blh izdkj] n'kkZb, fd .STTS   

 vr%] ,TSST   rFkk ).(ST 2    

E25) /;ku nhft, fd }.Hb,aab{HH 11    

 ;fn ,GH   rks .Hb,aHab 1   vr%] .HHH 1   

 lkFk gh] 

 fdlh Hkh Hh ds fy,] .HHheh 11    vr%] .HHH 1  

 bl izdkj] .HHH 1    

 foykser%] ;fn ,HHH 1   rks .Hb,aHab 1   vr%] .GH   

E26) D;ksafd )D(Zzyzzy 10  vkSj ,Dy 10  blfy, .xzzx   vr%] 

.4,3,2izxzx ii   

 vr%] .KHHK   

 bl izdkj] .DHK 10  

 vc] }.I{H   (bldh tk¡p 10D  ds fy, dsyh lkj.kh cuk dj dhft,A) 

 vr%] .5
1

51

)KH(o

)K(o)H(o
)HK(o 





  

E27) )}.421(),21(),41(,I{AB   

 ijarq] .AB)241()41()21(   blfy,] .SAB 4   

 vc AC   yhft,A 

 rc] .S)}41(,I{AAC 4
2   
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4.1 izLrkouk                 147 

mís'; 

4.2 vo;o dh dksfV 148 

4.3 pØh; lewg ds xq.k 157 

4.4 tud leqPp;  168 

4.5 lkjka'k 172 

4.6 gy / mÙkj  173        

4.1  

vHkh rd vkius lewgksa vkSj milewgksa ds vusd mnkgj.kksa dk v/;;u fd;k gSA bl bdkbZ 
dh i<+kbZ djrs le; vki tkusaxs fd buesa ls dqN ,sls lewg ds mnkgj.k gSa] ftlds ckjs 
esa ;g bdkbZ gSa] vFkkZr~ pØh; lewgA mnkgj.kkFkZ] vki tkusaxs fd n  vkSj   pØh; 

lewg gSaA oLrqr%] tSlk fd vki bdkbZ 8 esa lh[ksaxs] ekSfyd :i ls dsoy ;s gh pØh; 
lewg gSaA ;s lewg dbZ dkj.kksa ds fy, egRoiw.kZ gSa] ftuesa ls ,d dkj.k gS fd lHkh 
vkcsyh lewg bUgha pØh; lewgksa ls fufeZr fd, tkrs gSaA 

bdkbZ  2 esa vkius ifjfer lewg dh dksfV ds ckjs esa lh[kk FkkA Hkkx 4.2 esa] ge bl 
ladYiuk dk mi;ksx lewg ds vo;o dh dksfV dh /kkj.kk dk ifjp; djkus esa djsaxsA 
blds ckn vki vo;o dh dksfV ds vusd mnkgj.kksa rFkk egRoiw.kZ xq.kksa dk v/;;u 
djsaxsA bl Hkkx esa ge ,d pØh; lewg dks Hkh ifjHkkf"kr djsaxs] rFkk vki ,sls lewg ds 
vusd mnkgj.kksa dks Hkh tkusaxsA  

Hkkx 4.3 esa vki ifjfer vkSj vifjfer pØh; lewgksa ds vusd egRoiw.kZ xq.kksa dk v/;;u 
djsaxsA vki ;g Hkh ns[ksaxs fd izR;sd pØh; lewg vkcsyh D;ksa gksrk gSA lkFk gh] bl Hkkx 
esa vki ns[ksaxs fd   dk dksbZ Hkh milewg] fdlh m  ds fy,] m  ds :i dk D;ksa 
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                                                                                                      gksrk gSA lkFk gh] vki ;g Hkh ns[ksaxs fd n  ds fy,] n  ;k nU tSls fdlh lewg ds 

lHkh milewg fdl izdkj izkIr fd, tkrs gSaA 

var esa] Hkkx 4.4 esa ge pØh; lewg ds ,d tud dk foLrkj ,d tud leqPp; dh 
/kkj.kk rd djsaxsA vki ns[ksaxs fd fofHkUu x.kukad okys vusd vyx-vyx leqPp; ,d 
gh lewg tfur dj ldrs gSaA 

vc vkb, mu fof'k"V lh[kus ds mís';ksa dh lwph nsa] ftudks dsanz esa j[kdj ;g bdkbZ 
cukbZ xbZ gSA 

 

bl bdkbZ dh i<+kbZ ds ckn] vki fuEufyf[kr djus esa leFkZ gks tk,¡xs:   

 lewg ds vo;o dh dksfV dks ifjHkkf"kr djuk] rFkk mlds mnkgj.k nsuk; 

 lewg ds ,d vo;o dh dksfV rFkk ml vo;o dh iw.kkZadh; ?kkrksa dh dksfV ds 
chp laca/kksa dks fl) djuk] vkSj mudk mi;ksx djuk; 

 Li"V djuk fd pØh; lewg D;k gS] rFkk ,sls lewg ds mnkgj.k nsuk; 

 pØh; lewg dk izR;sd milewg pØh; gksrk gS & bl dFku dks fl) djuk rFkk 
mldk vuqiz;ksx djuk( 

 ifjfer pØh; lewg ds lHkh milewg izkIr djuk; 

 lewg ds ,d tud leqPp; dks ifjHkkf"kr djuk] rFkk mlds mnkgj.k nsukA 

4.2  

bdkbZ  2 esa vkius ifjfer vkSj vifjfer lewgksa ds ckjs esa lh[kk gSA vki ;g Hkh tkurs gSa 
fd ,d ifjfer lewg dh dksfV D;k gksrh gSA mnkgj.kkFkZ] n   ds fy,] 

,n2)D(o n2   rFkk !.n)S(o n   ;gk¡] ge bl ij ppkZ djsaxs fd fdlh lewg ds vo;o 

dh dksfV D;k gksrh gSA tSlk fd vki ns[ksaxs] ;g ml lewg dh dksfV gksrh gS] tks bl 
vo;o }kjk ‘fufeZr’ gksrk gSA 

bdkbZ 3 ls ;kn dhft, fd m  ds fy,] },m2,m,0{m   lewg   dk ,d 
milewg gSA vc] ;fn H  s.t. ,Hm  rks vkids fglkc ls m  vkSj H  fdl rjg 

lacn~/k  gksaxs? D;k vki ;g tku dj gSjku gSa fd ?Hm    

vki tkurs gSa fd ;fn ,Hm  rks .Hm  blfy,] ,m3,m2  rFkk ,m3,m2  Hkh 

H esa gSaA bl izdkj] .Hm   

vr%] m  lewg   ds ,sls izR;sd milewg esa vkfo"V gS] ftlesa m  vkfo"V gSA bl rjg] 
,m  m  dks vkfo"V djus okyk   dk lcls NksVk (;kuh U;wure) milewg gSA   

tks vkius Åij ns[kk gS] og dsoy   ds fy, gh lR; ugha gSA ;g fdlh Hkh lewg ds 
fy, lR; gS] tSlk fd vc ge fl) djsaxsA  
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 1: eku yhft, fd G  ,d lewg gS rFkk .Ga   rc]  

},na{},a,a,a,a,a{A n22110    a  dks vkfo"V djus okyk G dk lcls 

NksVk  milewg gSA  

: vkb, igys n'kkZ,¡ fd .GA   

D;ksafd G ij lafØ;k G esa lkgp;Z gS] blfy, ;g A  esa lkgp;Z gSA  

D;ksafd ,ea0   blfy, .Ae  

izR;sd Aan  ds fy,] Aa n    s.t. .eaa nn   

vr%] bdkbZ 3 ds milewg  fud’k }kjk] .GA    

vkxs] eku yhft, fd H  vo;o a  dks vkfo"V djus okyk G dk dksbZ milewg gSA 

D;ksafd Ha  vkSj H  ,d lewg gS] blfy, .nHan    

blh izdkj] D;ksafd Han   vkSj H  ,d lewg gS] blfy, .nHa n    

lkFk gh] ,He  D;ksafd .GH   vFkkZr~] .Ha0   

vr%] .HA    

bl izdkj] A lewg G ds ,sls izR;sd milewg esa vkfo"V gS] ftlesa a vkfo"V gSA 

vr%] ,A G dk  ,slk U;wure milewg gS] ftlesa a  vkfo"V gSA 

izes; 1 gesa fuEufyf[kr ifjHkk"kkvksa dh vksj ys tkrk gSA 

: eku yhft, fd G  ,d lewg gS rFkk .Ga   

i) a  dks vkfo"V djus okyk G  dk lcls NksVk milewg a   G

dgykrk gS] rFkk bls  a }kjk O;Dr fd;k tkrk gSA 

ii) ;fn fdlh Ga  ds fy,] ,aG   rks G ,d (cyclic group) 

dgykrk gSA 

iii) a  lewg  a  dk  (generator) dgykrk gSA  

iv) ;fn  a  ifjfer gS] rks  a  lewg  a  dh dksfV gSA ;fn 

 a vifjfer gS] rks a    

bu nksuksa fLFkfr;ksa esa a  dh dksfV dks o(a)  ls n'kkZrs gSaA 

mnkgj.kkFkZ] 0  }kjk tfur   dk pØh; milewg }0{  gS] D;ksafd .n00n   

bl izdkj] .1})0({o)0(o   
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                                                                                                      blh rjg] fdlh Hkh lewg G ds fy,] 1.o({e})o(e)   

lkFk gh] /;ku nhft, fd  esa] .}nn{}n1n{1     

bl izdkj] ,1  vFkkZr~   blls ;g Hkh ekywe gksrk gS fd 

1   

blh izdkj] 2 ds fy,] },nn2{2   ftlls fd 2  dh dksfV vifjfer gSA 

oLrqr%]  

vkb, vc lewg ds vo;oksa dh dksfV;ksa dks ekywe djus ds dqN vkSj mnkgj.kksa dks ns[ksaA 

 1: fuEufyf[kr dh dksfV Kkr dhft,%  

i) 5  esa ,3   rFkk  

ii) 9  esa .3  

: izR;sd fLFkfr esa] },33,32,3,0{3   gSA 

i) ;gk¡ 5 esa 1632   rFkk 5  esa ,2353   tSlk fd vki Hkkx 2.4, 

bdkbZ  2 ls tkurs gSaA 

blh izdkj] ,463)2(   bR;kfnA 

 vki bldh tk¡p dj ldrs gSa fd .}4,3,2,1,0{3 5   

 bl izdkj] 5   3  blfy,] 3  dh dksfV gS 
.5)(o)3(o 5     

 lkFk gh] bl vksj Hkh /;ku nhft, fd 5 ,d pØh; lewg gSA 

ii) ;gk¡] ,334,033,033,363)2(,632,63   

,6334   bR;kfnA 

 tSls tSls vki  3  ds lHkh vo;oksa dks Kkr djsaxs oSls oSls vki ns[ksaxs fd 
vo;o 3n   okil }6,3,0{  esa ls dksbZ ,d vkrk jgrk gSA 

 vr%] ;gk¡ }.6,3,0{3    

 blfy,] .3)3(o    

*** 

vc] mnkgj.k 1 ds (i) esa 3  ij fopkj dhft,A ;fn vki ,,32,3   vfHkdfyr djsaxs] rks 
vki ns[ksaxs fd 5)3(o   ,slk U;wure /kukRed iw.kkZad n  gS ftlds fy, .03n   ;g 

ckr O;kid :i esa lR; gS] tSlk fd vc vki ns[ksaxsA 
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2: eku yhft, fd G ,d lewg gS rFkk .Gg  

i) ;fn )g(o  ifjfer gS] rks )g(o  gh og U;wure /kukRed iw.kkZad n  gS ftlls fd 

.egn   (/;ku nhft, fd ;fn ),,G(g   rks )g(o  og U;wure /kukRed iw.kkZad 

n  gS ftlls fd .eng  )  

ii) ;fn )g(o  ifjfer gS rFkk s  s.t. ,egs  rks .s)g(o  

iii) ;fn )g(o  vifjfer gS] rks ,gg nm   ;fn ,nm   tgk¡ .n,m    

:  /;ku nhft, fd ),g(o)g(o   tgk¡ }.,g,g,e{g 21    

i) ;gk¡ Gg  dh dksfV ifjfer gSA blfy,] leqPp; },g,g,e{ 2   ifjfer gSA vr%] 
g  dh lHkh ?kkrsa vyx-vyx ugha gks ldrh gSaA vr%] fdlh sr    ds fy,] 

.gg sr    rc] ,eg sr   rFkk .sr    

bl izdkj] leqPp; }egt{T t    vfjDr gSA blfy,] lqØe.k fl)kar }kjk 

(nsf[k, Hkkx 1.2, bdkbZ 1), T  dk ,d U;wure vo;o] eku yhft, ,n  gSA  

rc] .egn          …(1)  

eku yhft, fd }.g,,g,g,e{A 1n2     

rc] .gA         …(2) 

lkFk gh] fdlh Hkh m  ds fy,] foHkktu ,sYxksfjn~e }kjk rqnm   fdUgha 
,r,q  ds fy,] .nr0   

rc] ,gg)g(g rrqnm   fdlh r  ds fy, ,nr0   (1) }kjkA 

vr%] .Agm    

blfy,] .Ag        …(3) 

(2) vkSj (3) }kjk] }.g,,g,e{g 1n   

vr%] ,n)g(o)g(o   tks ,slk  /kukRed iw.kkZad gS ftlls fd .egn   

ii) eku yhft, fd n)g(o   vkSj ,egs   fdlh s  ds fy,A foHkktu ,sYxksfjn~e 
}kjk]  r,q  s.t. .nr0,rqns    

rc] .egeggeg rrqns    

ijarq] n  og U;wure /kukRed iw.kkZad gS s.t. .egn    

 vr% r  ds fy, dsoy ,d gh laHkkouk gS] .0r     

1)g(o   ;fn vkSj dsoy  
;fn .eg   
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                                                                                                      rc] ,qns   vFkkZr~ .sn   

iii) eku yhft, fd Gg  vifjfer dksfV dk gSA eku yhft, fd n,m  s.t. 

.nm   

vc] vxj laHko gS] rks eku yhft, fd .gg nm   rc] .eg nm   rc] tSls fd 
Åij  (i)  esa Fkk] ;g fn[kkrk gS fd  g  ,d ifjfer lewg gS] tks bl ifjdYiuk 
dk varfoZjks/k gS fd g  dh dksfV vifjfer gSA  

vr%] ;fn ,nm   rks .gg nm    

rks vkb, vc ns[ksa fd izes; 2 gekjs fy, D;k dqN ljy cukrk gS! 

 2: 9  esa 3  dh dksfV Kkr dhft,A  

: mnkgj.k 1(ii) esa ,d iSVuZ ekywe djus ls igys] vkidks n  ds vusd ekuksa ds 
fy,] 3n   dks ifjdfyr djuk iM+k FkkA ijarq] vc vki ns[k ldrs gSa fd 

.0933,632,331    

vr%] izes; 2 ds mi;ksx ls] 9  esa .3)3(o    

*** 

 3: 5S  esa )21(  vkSj )321(  dh dksfV;k¡ Kkr dhft,A  

: ;kn dhft, fd .I
312

321
)21( 








  gSA 

vkxs] .I)21()21()21( 2    

.2))21((o    

blh izdkj] vkidks fn[kkuk pkfg, fd .3))321((o    

*** 

mijksDr mnkgj.k ls tqM+k fuEufyf[kr izs{k.k ij fopkj dhft,A 

 1: bdkbZ  9 esa vki ns[ksaxs fd yackbZ n ds fdlh Hkh pØ dh dksfV n gksrh gS] 
tgk¡ .n   

vc dqN iz'uksa dks gy djus dk iz;kl dhft,A 

E1) fuEufyf[kr dh dksfV;k¡ Kkr dhft, %  

 i) 8D  esa 90R  vkSj ,R180   ii) 8Q  esa ,
01

10
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 iii) 10  esa ,1     iv) n  esa 1   fdlh n  ds fy,] 

 v) ,)5(      vi) ).(
54

32
2 








 

E2) n'kkZb, fd ;fn },e{H,GH   rks .eH   

E3) n'kkZb, fd ,d lewg G  esa fdlh Hkh a  ds fy,] .aa 1     

E4) n'kkZb, fd ;fn G  ,d lewg gS vkSj  ,Ga  rks GHH{a   vkSj 

}.Ha   

E5) fl) dhft, fd .n1n     

E6) 0  A),(A 32   ds fy,] )A(o  Kkr dhft,A  

E7) )A(o Kkr dhft,] tgk¡ .)(GL
01

r0
A 2 








   

E8) eku yhft, fd S  ,d vfjDr leqPp; gSA )S(A   dh dksfV Kkr dhft, 

(nsf[k, mnkgj.k 10, bdkbZ 2)A 

vkb, vc vo;o dh dksfV ds dqN xq.kksa ij nf̀’V MkysaA igys xq.k ds ,d mnkgj.k ds 
:i esa] dksbZ 5x   ij fopkj dhft,A vc] ),mxm(nxn   fdlh Hkh 5m   
ds fy,A  vr%] ;fn ),x(or   rks )mxm(or   HkhA oLrqr%] ;g dsoy 5  ds fy, 

gh lR; ugha gS] vfirq fdlh Hkh lewg ds fy, lR; gS] tSls fd vki vc ns[ksaxsA 

 3: eku yhft, fd G  ,d lewg gSA Ga  dh dksfV vkSj 1gag  dh dksfV] fdlh Hkh 
Gg  ds fy,] leku gSaA 

: igys rks /;ku nhft, fd Gg)gag(gga n11n    vkSj .n   (D;ksa?)A vc 
nks fLFkfr;k¡ gSa & )a(o  ifjfer gS] ;k )a(o  vifjfer gSA 

 1: eku yhft, fd )a(o  ifjfer] vFkkZr~ m  gSA rc] m  U;wure /kukRed iw.kkZad gS 

s.t. .eam    

vr%] .egggga 11m    blfy,] .e)gag( m1    

vr%] )gag(o 1  Hkh ifjfer gSA eku yhft, fd .r)gag(o 1    

rc] izes; 2(ii) }kjk]  

.mr                      …(4) 

blh izdkj] D;ksafd ,e)gag( r1   blfy, ,egga 1r   vFkkZr~ .ea r     

vr%] .rm  …(5) 

1gag ,  g }kjk a  dk 
(conjugate )  

dgykrk gSA  

E3 gesa crkrk gS fd 
pØh; milewg dk ,d 
vf}rh; tud ugha gksrk 
gSA 
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                                                                                                      (4) vkSj (5) }kjk] .mr   ijarq r  vkSj m  nksuksa /kukRed gSaA  

vr%] .mr   

bl izdkj] ),a(o)gag(o 1   fdlh Hkh Gg  ds fy,A 

 2: eku yhft, fd )a(o  vifjfer gSA rc] fdlh Hkh n  ds fy,] .ean   

vr%] ,e)gag( n1   fdlh Hkh n  ds fy,A  

bl izdkj] )gag(o 1  Hkh vifjfer gS] tSlk fd )a(o  gSA 

vkb, izes; 3 dk ,d rRdky vuqiz;ksx ns[ksaA vki tkurs gSa fd .S)n21( n   

fVIi.kh 1 }kjk] )).n21((on   vr%] izes; 3 }kjk]  

n)n)2(1o( 1    n.m Sσ m   vki bl ifj.kke dk 

bdkbZ  9 esa vusd ckj mi;ksx djsaxsA 

vc] vkb, ,d vU; xq.k ij n`f"V MkysaA vki igys ns[k pqds gSa fd ,1 ftlls 

fd )1(o  vifjfer gSA oLrqr%] )n(o  vifjfer gS .n     

blls 'kk;n vki lkspsa fd fdlh Hkh lewg G  vkSj Gg  ds fy,] ),g(o)g(o r  

r  ds fy,A 

ijarq] vxj 12  ysa] rks .12)1(o   ijarq] .12)4(o   oLrqr%] ,3)4(o   tSlk fd vki 

lR;kiu dj ldrs gSaA  

vr%] loky mBrk gS & tc )g(o  ifjfer gS] rc D;k )g(o r  vkSj )g(o  lac) gaS? vkb, 

ns[ksaA 

 4: eku yhft, fd G  ,d lewg gS rFkk .Gg  

i) ;fn g  vifjfer dksfV dk gS] rks izR;sd m  ds fy,] mg   Hkh vifjfer dksfV 

dk gksrk gSA  

ii) ;fn ,n)g(o   rks 1n,,1m
)m,n(

n
)g(o m    gSA (;kn dhft, fd 

),m,n( n  vkSj m  dk  g.c.d gSA )   

: i) dksbZ vo;o vifjfer dksfV dk gS ;fn vkSj dsoy ;fn mldh lHkh ?kkrsa 
vyx-vyx gksrh gSaA ge tkurs gSa fd g  dh lHkh ?kkrsa fHkUu-fHkUu gSaA gesa ;g 

n'kkZuk gS fd mg  dh lHkh ?kkrsa fHkUu-fHkUu gSa] tgk¡ .m    

;fn laHko gS rks] eku yhft, fd fdUgha w,t  ds fy,] .)g()g( wmtm    

rc] .gg mwmt    

ijarq] rc izes; 2 }kjk] ,mwmt   D;ksafd g  vifjfer dksfV dk gSA vr%] .wt   
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;g crkrk gS fd mg  dh lHkh ?kkrsa fHkUu-fHkUu gSa] vkSj blh dkj.k mg  vifjfer 

dksfV dk gSA 

ii) D;ksafd ,n)g(o   blfy, }.g,,g,e{g 1n   vc]  mg  lewg  g  dk 

,d milewg gS] vkSj blh fy, bls ifjfer dksfV dk gksuk pkfg,A 

bl izdkj] mg  ifjfer dksfV dk gSA  

eku yhft, fd .t)g(o m   ge n'kkZ,¡xs fd .
)m,n(

n
t    

 vc] .e)g(g tmmt    

vr%] izes; 2(ii) }kjk] .mtn       …(6) 

 eku yhft, fd ).m,n(d   rc] ge dmmdnn 11  vkSj  fy[k ldrs gSa] tgk¡ 
.1)n,m( 11   

 rc] .
)m,n(

n

d

n
n1   

 (6) }kjk] .tmndtmdndtmn 11111    

 ijarq .1)m,n( 11   

vr%] ,tn1  tSlk fd vkius bdkbZ 1 esa lh[kk gSA   …(7) 

 lkFk gh] .ee)g(gg)g( 111111 mmnnmdnmnm    

 bl izdkj] )g(o m  dh ifjHkk’kk rFkk izes; 2  }kjk] ge izkIr djrs gSa fd  

 .nt 1         …(8) 

 (7) vkSj (8) n'kkZrs gSa fd .
)m,n(

n
nt 1    

 vFkkZr~] .
)m,n(

n
)g(o m    

izes; 4 ds mi;ksx ls] ge tkurs gSa fd mnkgj.kkFkZ] 72  esa )4(o = ,18
4

72

)4,72(

72
  

D;ksafd 72  esa .72)1(o   vkb, ,d vU; mnkgj.k ij fopkj djsaA 

 4: }rR,,rR,r,R,,R,1{D 99
20   ij fopkj dhft,] tgk¡  

10)R(o,2)r(o   rFkk .rRrR 1  )R(o 2  vkSj )R(o 3  dks Kkr dhft,A 
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: D;ksafd ,10)R(o   blfy, ,5

2

10

)2,10(

10
)R(o 2   rFkk 

.10
1

10

)3,10(

10
)R(o 3    

*** 

vc] izes;  4  ds ,d miizes; ij fopkj dhft,A 

 1: ;fn  gG  ifjfer gS] vkSj dksfV n dk gS] rks  

i) ),g(o)g(o )m,n(m    m  ds fy,A 

ii)  mgG  iff .1)n,m(    

ge miizes; 1 dh miifÙk vkids fy, NksM+ jgs gSa (nsf[k, E9)A 

miizes; 1(ii) ds lanHkZ esa] fuEufyf[kr fVIi.kh ij fopkj dhft,A bl fVIi.kh esa ge 
f'k{kkfFkZ;ksa }kjk dh tkus okyh ,d vke =qfV ds dkj.k bl fcanq ij cy ns jgs gSaA 

 2: miizes; 1 ds lanHkZ esa] fdlh m  ds fy,]  mgg  gks ldrk gS] 

ijarq .gg m  mnkgj.kkFkZ] 30 esa .30)1(o   lkFk gh izes; 4(ii) }kjk] 

.30
)7,30(

30
)7(o    

vr%] ,71   ijarq .71    

blh izdkj] 15
)2,30(

30
)2(o   rFkk ,15)4(o   ijarq .42    

vxys dqN iz'u vkidks izes; 4 dks ykxw djus dk dqN vH;kl djk,¡xsA 

E9) miizes; 1 dks fl) dhft,A 

E10) 4,2  vkSj 185  dh dksfV;k¡ Kkr dhft,A 

E11) ;fn G  ,d ifjfer pØh; lewg gS] rks n'kkZb, fd )G(o  dks )x(o  foHkkftr 

djrk gS .Gx  fo'ks"k :i esa] n'kkZb, fd .Gxex )G(o    

E12) eku yhft, fd .U10     3o  Kkr dhft,A   

E13) eku yhft, fd G ,d lewg gS rFkk Gx  dksfV 15  dk gSA 62 x,x  vkSj 10x  dh 

dksfV;k¡ Kkr dhft,A 

E14) eku yhft, fd G  ,d lewg gS rFkk Gx  dh dksfV n  gSA fl) dhft, fd 

,xx mnm    tgk¡ .nm0   blls fl) dhft, fd 

).mn,n()m,n(    
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E15) 30  esa  25  ds vo;o] rFkk 10U  esa  7  ds vo;o] Kkr dhft,] tgk¡   

,d tud gS 10U  dkA 

bl Hkkx esa vkius ftu xq.kksa dks lh[kk gS] os gesa LokHkkfod :i ls pØh; lewgksa ds xq.kksa 
ij fopkj djus dh vksj ys tkrs gSaA bUgha dh ppkZ ge vxys Hkkx esa djus tk jgs gSaA 

4.3  

Hkkx 4.2 esa vkius pØh; lewg dh ifjHkk"kk dk v/;;u fd;k FkkA ;gk¡ ij ge ,sls lewgksa 
ds dqN mnkgj.kksa rFkk muds dqN xq.kksa ij n`f"V MkysaxsA fiNys Hkkx esa] vki ns[k pqds gSa 
fd  3,1 5  rFkk .518   bl izdkj] pØh; lewgksa ds mnkgj.k gSa] 

tSlk fd vki tkurs gSaA vkb, dqN vkSj mnkgj.kksa ij fopkj djsaA 

 5: n'kkZb, fd ,n  nU  ,d pØh; lewg gSA  

: miHkkx 2.4.5, bdkbZ 2 esa vki ns[k pqds gSa fd ;fn ,n
2sinin

2cos   rks 

)}.1(,,,{U n2
n     

bl izdkj] ,Un   tgk¡ .n)(o   

*** 

/;ku nhft, fd vHkh rd tks vkius pØh; lewgksa ds mnkgj.kksa dks ns[kk gS] os lHkh 
vkcsyh gSaA D;k ge vu~vkcsyh pØh; lewg Kkr dj ldrs gSa?  bl iz'u dk mÙkj 
fuEufyf[kr izes; esa gSA 

5:  pØh; lewg vkcsyh gkssrk gSA  

: eku yhft, fd  aG  ,d pØh; lewg gS] rFkk .Gy,x   rc] fdUgha 

n,m  ds fy,] .ayax mn  vkSj  vr%] 

nmnmmnmn aaaaaaxy    

     ,yx izes; 6, bdkbZ  2 ds mi;ksx lsA  

vr%] G  ,d Øefofues; lewg gSA  

izes; 5 ds dkj.k] vc vki tkurs gSa fd 
 pkgs og lewg vkcsyh gks ;k ughaA mnkgj.kkFkZ] vki tkurs gSa fd 3S  

vkcsyh ugha gSA ijarq]  )21(  vkSj  )231(  lewg 3S ds vkcsyh milewg gSaA 

vc] iz'u mBrk gS& D;k lHkh vkcsyh lewg pØh; gksrs gSa? bldk mÙkj fuEufyf[kr 
mnkgj.kksa esa gSA 

 6: leqPp; }ab,b,a,e{K4   rFkk uhps nh lkj.kh }kjk 4K  ij f}-vk/kkjh 

lafØ;k ij fopkj dhft, % 

,sls Hkh vkcsyh lewg gSa 
tks pØh; ugha gSaA 
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eababab

aeabbb

babeaa

abbaee

abbae

 

n'kkZb, fd 4K  vkcsyh gS] ijarq pØh; ugha gSA (;g lewg  4- gS] ftls vkius 

igys mnkgj.k 3, bdkbZ 2 esa ns[kk gSA) 

: lkj.kh ls vki ns[k ldrs gSa fd blesa izfof"V;k¡ ml fod.kZ ds izfr lefer gSa 
ftldh lHkh izfof"V;k¡ e  gSaA vr%] 4K  vkcsyh gSA  

;fn 4K  pØh; gksrk] rks og  b,a,e  ;k ab  esa ls fdlh ,d ls tfur gksrkA vc] 
.K}e{e 4   

lkFk gh] vki lkj.kh ls ns[k ldrs gSa fd .K}a,e{a 4    

blh izdkj] 4K}b,e{b   rFkk .K}ab,e{ab 4   

blfy,] 4K  dks b,a,e  ;k ab  ls tfur ugha fd;k tk ldrk gSA 

bl izdkj] 4K  pØh; ugha gSA 

*** 

 7: n'kkZb, fd   ,d pØh; lewg ugha gSA 

: ge bls varfoZjks/k }kjk fl) djsaxsA vr%] vkb, eku ysa fd ,q
p

   dks tfur djrk 

gS] .0q,1)q,p(    

vc] .1q
p   vr%]  n  s.t. ,q

p
n1q

p








  vFkkZr~ .qp)1n(    

D;ksafd ,1)q,p(   blfy, bdkbZ 1 ds izes; 6 ls vki tkurs gSa fd ).1n(q   eku 

yhft, fd .r,1nqr  tgk¡    

rc] qp)1n(   ls 1pr   izkIr gksrk gSA 

;g dsoy rHkh laHko gS tc 1r,1p   gks] ;k 1r,1p   gksA izR;sd fLFkfr esa] 

.
1n

1
q
p

   

vc] 
 )1n(3

1
 ij fopkj dhft,A  

D;ksafd ,
1n

1  blfy,  m  s.t. .
)1n(3

1
1n

1m










  

1: 
(Felix klein) 

(1849-1925) 1884 

4-
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blls 
3
1m   izkIr gksrk gS] tks laHko ugha gSA  

vr%] gekjk ;g ekuuk fd   pØh; gS] x+yr gksxkA  

bl izdkj]   pØh; ugha gSA 

*** 

rks] vki ifjfer rFkk vifjfer] vkcsyh lewgksas vpØh; ds mnkgj.kksa dks ns[k pqds gSaA 
vc] fuEufyf[kr iz'uksa dks gy djus dk iz;kl dhft,A 

E16) ;k 8D  pØh; gS?  D;ksa] ;k D;ksa ugha? 

E17) fl) dhft, fd vu~vkcsyh lewg dk ,d mfpr vrqPN milewg vo'; gksuk 
pkfg,A  

vc] vkb, pØh; lewgksa ds ,d vU; fof'k"V xq.k dks ns[ksaA bl xq.k dks le>us ds fy,] 
  ij fopkj dhft,A vki tkurs gSa fd .nn    vc iz'u gS %   ds vU; 

milewg D;k gSa? bl iz'u dk mÙkj fuEufyf[kr izes; nsrk gSA 

6:  pØh; lewg dk dksbZ Hkh milewg pØh; gksrk gSA 

vkxs] ;fn  xG  vkSj ,GH   rks }e{H   ;k ,xH n   tgk¡ n  ,slk U;wure 

/kukRed iw.kkZad gS ftlds fy, .Hxn    

: eku yhft, fd  xG  ,d pØh; lewg gS rFkk ,H G  dk  ,d milewg gSA 
;fn },e{H   rks .eH   blh fy, H  pØh; gSA 

eku yhft, fd }.e{H   rc]  n  s.t. .0n,Hxn    

D;ksafd H  ,d milewg gS] blfy, .Hx)x( n1n    vr%] de ls de ,d /kukRed 

iw.kkZad m  gS (vFkkZr~] n  ;k n ) ftlds fy, .Hxm   

bl izdkj] leqPp; }Hxt{S t    vfjDr gSA vr%] lqØe.k fl)kar }kjk] S  dk ,d 

U;wure vo;o] eku yhft, k gSA  

ge n'kkZ,¡xs fd .xH k   

vc] ,Hx k   D;ksafd .Hxk       …(9) 

foykser%] eku yhft, fd H esa nx  dksbZ Hkh ,d vo;o gSA foHkktu ,sYxksfjn~e }kjk] 
,rmkn   fdUgha r,m ds fy, tgk¡ .1kr0    

vr%] ,H)x.(xxx mknmknr    D;ksafd .Hx,x kn    

ijarq] k  lcls NksVk /kukRed iw.kkZad gS rkfd .Hxk    
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                                                                                                      vr%] H  esa rx  dsoy rHkh gksxk] tc .0r    

vkSj rc] mkn   vkSj .x)x(x kmkn     

bl izdkj] .xH k         …(10)  

(9) vkSj (10) ls ge fu’d’kZ fudkyrs gSa fd ,xH k   vFkkZr~ H  pØh; gSA 

vkb, izes; 6 ds iz;ksx dk ,d mnkgj.k ns[ksaaA 

 8:   dk izR;sd vrqPN milewg m  ds :i dk gksrk gS] fdlh m  ds 
fy,A vr%]   ds lHkh milewg Kkr gSaA 

: eku yhft, fd }.0{H,H    

D;ksafd ,1   blfy, ,mmH   tgk¡ H  esa m  lcls NksVk /kukRed 

iw.kkZad gS] izes; 6 }kjkA 

*** 

vc] izes; 6 dgrk gS fd ,d pØh; lewg dk izR;sd milewg pØh; gksrk gSA D;k vki 
lksp jgs gSa fd bldk foykse lR; gS? ,slk gS fd dqN lewg gSa ftuds lHkh mfpr 
milewg pØh; gksrs gSa] ysfdu os lewg Lo;a pØh; ugha gksrsA vkidks ,sls mnkgj.k 
bdkbZ 5, [kaM 2 esa ns[kus dks feysaxsA vr%] izes; 6 dk foykse lR; ugha gSA 

vc] mnkgj.k 8 esa vkius ns[kk fd   ds lHkh milewg Kkr gSaA vU; pØh; lewgksa ds ckjs 
esa vki D;k dg ldrs gSa? ,slk gS fd ge ,d ifjfer pØh; lewg ds Bhd fdrus 
milewg gksrs gSa ekywe dj ldrs gSa] rFkk ge bu lHkh dh ,d lwph cuk ldrs gSa! 
fuEufyf[kr izes; ls ge ;g lc dj ldrs gSaA 

 7: eku yhft, fd G  dksfV n  okyk ,d ifjfer pØh; lewg gSA n  ds izR;sd 
/kukRed Hkktd m  ds fy,] G  dk dksfV m  okyk ,d milewg gSA vkxs] dsoy 

;s gh G ds milewg gSaA 

: eku yhft, fd ,gG   tgk¡ .n)g(o   okLro esa] ;gk¡ rhu dFkuksa dks 

fl) fd;k tkuk gS %  

i) ;fn GH,nm   s.t. ;m)H(o    

ii) ;fn GK,GH   s.t. ),K(o)H(o   rks ;KH   rFkk 

iii) ;fn ,GH   rks .n)H(o   

igys ge (i) dks fl) djsaxsA vr%] eku yhft, fd mrn   rFkk ;g Hkh eku yhft, fd 

.s)g(o r   rc] s  lcls NksVk /kukRed iw.kkZad gS ftlls fd ,e)g( sr   vFkkZr~] .eg rs     

D;ksafd ,n)g(o   blfy, izes; 2 ls] .rsn   
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vr%] ,rsn   vFkkZr~ ,rsmr   vFkkZr~]  

.sm           …(11) 

vc] .eg)g( nmr   vr%] fQj izes; 2 (ii) }kjk] ,ms  vFkkZr~] 

.ms            …(12) 

(11) vkSj (12) }kjk] gesa ms   izkIr gksrk gSA 

bl izdkj]  rgH  G,gm
n

 dk dksfV m  okyk milewg gSA  

vc] vkb, (ii) dks fl) djsaA vFkkZr~] izes; esa fn, vf}rh;rk dks fl) djsaA  

ekuk  rgH  vkSj   tgK  nksuksa gh G  ds dksfV m  okys milewg gSa] tgk¡ 

.mrn    

vc] .
)t,mr(

mr

)t,n(

n
)g(om t   vr%] ).t,mr(r   

bl izdkj] .tr  eku yhft, fd .v,vrt  tgk¡    

blfy,] .H)g(g vrt    

bl izdkj] .HK     

ijarq bu nksuksa leqPp;ksa esa vo;oksa dh la[;k leku gS] ;kuh .m  

vr%] .HK    

vc] (iii) dks fl) djus ds fy,] eku yhft, fd .GH   rc] izes; 6 }kjk] vki tkurs gSa 
fd ,gH s  tgk¡ s  U;wure /kukRed iw.kkZad gS ftlls fd .Hgs   foHkktu ,sYxksfjn~e 
}kjk]  r,q  s.t. .sr0,rqsn    

vr%] .gg rqsn    

D;ksafd egn   vkSj .Hg,Hg qss   blfy,   

bl izdkj] .Hg r   D;ksafd ,sr   blfy, ;g rHkh laHko gS] tc .0r   rc] .qsn    

vc] Åij (i) dh miifÙk dh rjg] vki n'kkZ ldrs gSa fd ,q)H(o   rFkk .nq  bl 

izdkj]  ,H n  ds Hkktd q  ds laxr  gSA  

vc] eku yhft, fd  gG  ,d pØh; lewg gS rFkk  mgH  vkSj  ngK  
lewg G  ds milewg gSaA KH   dc gksrk gS? ;g gksxk ;fn vkSj dsoy ;fn .KH   rks] 
m  vkSj n  ds chp esa ;fn dksbZ laca/k gS] rks og D;k gS? okLro esa] vki bldk mÙkj izes; 

8 dh miifÙk esa ik,axsA ijarq] igys fuEufyf[kr mnkgj.k ij fopkj dhft,A 
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                                                                                                       9: mnkgj.k 8 esa vki ns[k pqds gSa fd   dk dksbZ Hkh milewg m  ds :i dk 
gksrk gS] fdlh m  ds fy,A eku yhft, fd m  vkSj ,k    ds nks milewg gSaA 

n'kkZb, fd ,m  k  dk ,d milewg gS ;fn vkSj dsoy ;fn .mk  

: gesa ;g n'kkZus dh vko';drk gS fd .mkkm    

vc]  km  ,krmkm    fdlh  fy,dsr  

                           .mk  

foykser%] eku yhft, fd .mk  rc fdlh r  ds fy,] .krm    

vc] dksbZ mn  yhft,] rFkk eku yhft, fd t  ,slk gS fd .mtn    

vr%] .k)rt(kt)kr(mtn    

D;ksafd m  dk n  dksbZ Hkh ,d vo;o Fkk] blfy, blls iznf'kZr gksrk gS fd .km    

bl izdkj] geus n'kkZ fn;k gS fd  km   iff .mk  

*** 

mnkgj.k 9 dk O;kidhdj.k djrs gq,] fuEufyf[kr izes; ij fopkj dhft, ftlesa okLro 
esa rhu dFku gSa! 

8: eku yhft, fd ,gG    mgH  vkSj .gK n    

i) KH   iff ;mn  

ii) ,gKH s   tgk¡ s  gS] m  vkSj n dk l.c.m;  

iii) GHK   vkSj ,gHK d   tgk¡ ).n,m(d    

 [/;ku nhft, fd ;fn   lafØ;k gS] rks (iii) dgrk gS fd ,dKH   tgk¡ 
).n,m(d  ]  

: ge (i) dh miifÙk vkids fy, NksM+ jgs gSa (nsf[k, E19)A 

ii) D;ksafd ,GKH   blfy, fdlh s  ds fy,] .gKH s    

D;ksafd ,KH   nksuksa H  vkSj K dk ,d milewg gS] blfy, mijksDr (i) }kjk] 

sm  rFkk .sn  bl izdkj] m  vkSj n  dk s  ,d lkoZxq.kt gSA  

vc] eku yhft, fd ,t m  vkSj n  dk  dksbZ lkoZxq.kt gSA rc] (i) }kjk Hg t   

vkSj .Kg t   vr%] .gKHg st   

 .ts   
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vr%] bdkbZ 1 esa nh  l.c.m dh ifjHkk"kk ls] s  gS m  vkSj n  dk l.c.m.  

iii) izes; 5 }kjk] G  vkcsyh gSA vr%] .GHK   

 vc] }.Kk,Hhhk{HK   

 dksbZ Hkh Kk,Hh  ds fy, 1mm )g(h   vkSj 1nn )g(k   fdUgha 11 n,m  ds 

fy,A  

 blfy, ,gghk 1dd1nn1mm    fdlh 1d  ds fy,] tgk¡ ).n,m(d    

 bl izdkj] .gHK d        …(13) 

 lkFk gh] bdkbZ 1 ls vki tkurs gSa fd fdUgha s,r  ds fy,] .nsmrd     

 vr%] .HK)g()g(gg snrmnsmrd    

 blfy,] .HKgd        …(14) 

vr%] (13) vkSj (14) }kjk] .gHK d   

;gk¡ ge ,d ,slh leqPp; lafØ;k ij fVIi.kh nsaxs ftlds ckjs esa izes; 8 esa dqN ugha 
crk;k x;k gSA  

 3: izes; 8 lfEeyu KH   ds ckjs esa pqi gSA bdkbZ 3 esa vki ns[k pqds gSa fd 

GKH   iff KH   ;k .HK   bl izdkj] izes; 8 ds lanHkZ esa] GKH   iff mn  

;k ,nm  izes; 8(i) }kjkA vr%] mnkgj.kkFkZ] .53 15  vkidks bldk 

lR;kiu djuk pkfg,A 

izes; 7 vkSj 8 gesa ,d ifjfer pØh; lewg ds milewgksa dk ,d laiw.kZ fp=.k nsrs gSaA 

izes; 7 gesa ;g Hkh crkrk gS fd dksfV m  okyk milewg] tgk¡ ,nm   m
n

g  gSA vkb, 

bl le> dk dqN fLFkfr;ksa esa vuqiz;ksx djsaA 

 10: ,d ds 12osa ewyksa ds lewg] 12U  ds lHkh milewgksa dks Kkr dhft,A 

: 12  ds /kukRed Hkktd 6,4,3,2,1  vkSj 12 gSaA 

eku yhft, fd ,U12   tgk¡   dh dksfV 12  gS] vFkkZr~]   ,d dk iwoZx ok¡12  ewy 

gSA 

rc]  12
1 }1{A  dh dksfV 1 gSA 

vkxs]  62

12

2A  dh dksfV 2  gSA blh izdkj] 

126
2

5
3

4
4

3 UA,A,A,A   Øe'k% 12U  ds dksfV;ksa 
6,4,3  vkSj 12  okys milewg gSA  

nU  dk dksbZ Hkh tud 
 n

(primitive) dgykrk gSA 
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                                                                                                      izes; 8 }kjk] ,AAAA 6421   rFkk .AAAA 6531    

ge bl laca/k dks ds :i esa vkÑfr 2 esa n'kkZ jgs gSaA 

 

 

 

 

 

2:  12U   H    

K   .KH   

*** 

 11: 30  ds lHkh milewgksa dks Kkr dhft,] rFkk 30  ds fy, ,d milewg 

vkjs[k cukb,A 

: ;kn dhft, fd .130    

vc 30  ds /kukRed Hkktd 15,10,6,5,3,2,1  vkSj 30  gSaA 

bl izdkj] mijksDr dksfV;ksa okys 30  ds milewg gSa Øe'k%  

},0{30   

},15,0{15   

},20,10,0{10   

},24,18,12,6,0{6   

},25,20,15,10,5,0{5   

},27,24,21,18,15,12,9,6,3,0{3   

},28,26,24,22,20,18,16,14,12,10,8,6,4,2,0{2    

.1 30   

vkÑfr 3 esa fn, 30  dh milewg lajpuk ds vkjsf[kr fu:i.k ij fopkj dhft,A  

;g dbZ ckrsa n'kkZrk gS] tSls fd  36  rFkk .26   blh izdkj] 

,1530    tks  3  vkSj  5 nksuksa dk ,d milewg gSA 

12U  

 2   3  

 6   4  

 12}1{  
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  3: 30   

*** 

 12:   esa  1815  rFkk  1815 Kkr dhft,A  

: izes; 8(iii) ls] ,d1815  tgk¡ .3)18,15(d   

vr%] .31815    

blh izdkj] izes; 8(ii) }kjk] ,s1815   tgk¡ s .9018,15   

vr%] .901815   

*** 

vc] vki fuEufyf[kr iz'uksa dks D;ksa ugha djus dk iz;kl djrs? 

E18)   ds fdu milewgksa dk 9  ,d milewg gS? vius mÙkj ds fy, dkj.k nhft,A 

E19) i) ;fn  gG  ifjfer gS]  mgH  vkSj ,gK r   tgk¡ ,r,m   

rks m  vkSj r  ij fdu izfrca/kksa ds v/khu KH   gksxk? vius mÙkj ds fy, 
dkj.k nhft,A 

 ii) ;fn  gG  vifjfer gS rFkk  mgH  vkSj  ngK  fdUgha  

n,m  ds fy,] rks fl) dhft, fd KH   iff .mn   

E20) 12  dk milewg vkjs[k nhft,A bldh lajpuk dh vkÑfr 2 esa nh 12U  dh 

lajpuk ls rqyuk dhft,A blls vki fdu fu"d"kksZa ij igq¡prs gSaA 

E21) 25  ds lHkh milewgksa dks Kkr dhft,] rFkk laxr milewg vkjs[k nhft,A 

E22) n'kkZb, fd p  dk dksbZ mfpr vrqPN milewg ugha gS] tgk¡ p  ,d vHkkT; la[;k 

gSA 

E23) ,2n,n   ds lHkh milewgksa dks Kkr dhft,A  

E24) 30  esa  64  rFkk  64  ds tudksa dks Kkr dhft,A  

 5   3   2  

 30}0{  

15  

10  

 6  

 130  
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                                                                                                      E25) HK  vkSj KH  dk ,d ,d tud Kkr dhft,] tgk¡ 12U  esa 

.KH 108  vkSj   

E26) eku yhft, fd G  ,d pØh; lewg gSA D;k G  vius mfpr milewgksa dk 
lfEeyu gks ldrk gS? vius mÙkjksa ds fy, dkj.k nhft,A 

vkb, vc miizes; 1(ii) esa crk, x, fcanq ij okil ykSVsaA vki ns[k ldrs gSa fd vxj 
,n)g(o   rks  g  ds fofHkUu tudksa dh la[;k  g  esa dksfV n  okys vyx-vyx 

vo;oksa dh la[;k ds cjkcj gSA miizes; 1 }kjk] ;g la[;k gS mu /kukRed iw.kkZadksa dh tks 
n  ls NksVs gSa rFkk n  ds lkis{kr% vHkkT; gSaA ;g la[;k vkW;yj Q+kb-Qyu (phi-

function) }kjk fn;k tkrk gS] tks izfl) fLol xf.krK fy;ksukMZ vkW;yj (Leonhard 

Euler) ds uke ij gSA (vki buls fiNyh bdkb;ksa esa fey pqds gSa!) 

:  -   :  dks fuEu rjg ls ifjHkkf"kr fd;k tkrk gS% 

,1)1(   rFkk  

 )n(   mu izkÑr la[;kvksa dh la[;k tks n  ls de gSa rFkk n  ds lkis{kr% vHkkT; gSa] 

2n   ds fy,A  

mnkgj.kkFkZ] 1)2(   vkSj 2)6(  (D;ksafd 6  ls NksVh rFkk 6  ds lkis{kr% vHkkT; 
/kukRed iw.kkZad  dsoy 1 vkSj 5  gSa ) A 

vr%]   g  -  (n)   tgk¡ ).g(on   

vc] blls ,d vU; iz'u mBrk gS % )g(on   ds izR;sd /kukRed Hkktd d  ds fy,] 
 g  esa dksfV d  okys fdrus vo;o gSa?  

vki tkurs gSa fd dksfV 1 okyk vo;o dsoy e  gS] rFkk vki tkurs gSa fd G  esa dksfV n  

okys vo;oksa dh la[;k )n(  gSA n  ds vU; Hkktdksa ds ckjs esa D;k dg ldrs gSa? 

fuEufyf[kr ifj.kke ij fopkj dhft,A 

 9: eku yhft, fd  gG  dksfV n  dk gS] rFkk ,d n  dk ,d /kukRed Hkktd gSA 
rc] G  ds dksfV d  okys vo;oksa dh la[;k )d(  gSA 

: izes;  7 esa vki ns[k pqds gSa fd D;ksa d

n

g  dksfV d  dk gSA eku yhft, fd 

,m
d
n   rFkk .agm   G ds dksfV d  okys vf}rh; milewg  aH  dks nsf[k,A izes; 

7 rFkk mijksDr ppkZ ls] vki tkurs gSa fd H  ds fHkUu-fHkUu tudksa dh la[;k )d(  gSA 

vr%] G ds dksfV d  okys fHkUu-fHkUu vo;oksa dh la[;k )d(  gSA 

vkb, tks izes; 9  gesa crkrk gS] mls ,d mnkgj.k ds }kjk vkSj le>saA 

 13: 1750 U,  vkSj 25U  ds fdrus dksfV 2  okys vkSj dksfV 5  okys vo;o gSa? 

D;k vki bu vo;oksa dks Kkr dj ldrs gSa] ;fn mudk vfLrRo gS rks?  

4:  
           (1707-1783) 
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: /;ku nhft, fd .25)U(o17)U(o,50)(o 251750  vkSj  

D;ksafd 502  vkSj 50,505 blfy,  dk 1)2(  dksfV 2  okyk vo;o gS]  vkSj 4)5(   

dksfV 5  okys vo;o gSaA /;ku nhft, fd ,4)5(   D;ksafd 5  ,d vHkkT; la[;k gS] ftl 
dkj.k ls og 4,3,2,1  ds lkis{kr% vHkkT; gSA 

50  esa dksfV 2  okyk vo;o 25  gSA  

50  esa dksfV 5 okys vo;o 10m   gSa] tgk¡ .1)5,m(   

;s  gSa 30,20,10  vkSj ,40  tks Øe'k% 3,2,1m   vkSj 4  ds laxr gSaA 

vkxs] D;ksafd 17U  dksfV 17 dk gS] rFkk  172  vkSj ,175  blfy, 17U  esa dksfV 2 okys 

;k dksfV 5  okys dksbZ vo;o ugha gSaA 

var esa] D;ksafd ,252  blfy, 25U  esa dksfV 2  okyk dksbZ vo;o ugha gSA  

D;ksafd ,255  blfy, 25U  esa dksfV 5  okys 4)5(   vo;o gSaA  

;s  gSa m5  tgk¡ .1)5,m(   vFkkZr~ ;s 15105 ,,  vkSj 20  gSa] tgk¡   ,d dk dksbZ 

iwoZx 25 ok¡ ewy gSA 

*** 

vc] fuEufyf[kr iz'uksa dks gy djus dk iz;kl dhft,A 

E27) n'kkZb, fd  

 i) fdlh Hkh vHkkT; la[;k p  ds fy,] ,1p)p(    

 ii) ,)d(n
nd
  ( : izes; 7 dk mi;ksx dhft,A) 

 iii) O;kid :i esa] ).n()m()mn(   (bdkbZ 8 esa vki ns[ksaxs fd 
)n()m()mn(   ;fn 1)n,m(  tgk¡ .n,m  )   

E28) 30  esa  25  ds] rFkk 10U esa  3  ds] lHkh tud Kkr dhft,A 

vHkh rd vkius ifjfer pØh; lewgksa ds milewgksa ds v/;;u ij dkQ+h le; yxk;k gSA 
vifjfer pØh; lewgksa ds milewgksa ds ckjs esa ge D;k tkurs gSa blds vykok fd os Hkh 
pØh; gksrs gSa? vkb, ns[ksaA 

 10: eku yhft, fd  gG  ,d vifjfer pØh; lewg gS rFkk .ex,Gx   

rc]  x  Hkh ,d vifjfer pØh; lewg gSA 

: igys rks izes; 6 ls vki tkurs gSa fd ,gx n fdlh n  ds fy,A vr%] izes; 

4(i) }kjk] )x(o  vifjfer gSA bl izdkj]  ngx  vifjfer gSA 
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                                                                                                      vkb,   ij fopkj djsaA vki tkurs gSa fd ;g 1 ;k )1(  }kjk tfur ,d vifjfer 

pØh; lewg gSA D;k   fdlh vU; vo;o }kjk tfur gks ldrk gS? fuEufyf[kr 
mnkgj.k dk v/;;u djrs gq, blds ckjs esa lksfp,A 

 14: n'kkZb, fd ;fn  g  vifjfer gS rFkk ,ggn   fdlh n  ds 

fy,] rks 1n   ;k .1  

:  E3 ls vki tkurs gSa fd fdlh Hkh pØh; lewg  g  ds fy,] .gg 1     

vc] eku yhft, fd ,ggn   tgk¡ g  vifjfer dksfV dk gSA rc] .gg n   

vr%]  m  s.t. .ggnm   rc] izes; 2 }kjk] .1nm   

D;ksafd ,m,n   blfy, ;g dsoy rHkh laHko gS] tc 1n   ;k .1   

*** 

mnkgj.k 14 ls] vki ns[k ldrs gSa fd  1  ;k .1   lkFk gh] flQ+Z ;s gh   

ds laHkkfor tud gSaA 

vc] dqN iz'uksa dks gy djus dk iz;kl dhft,A 

E29) D;k 'kwU;srj lfEeJ la[;kvksa ds lewg   dk pØh; milewg 1  vifjfer gS? 

D;ksa? 

E30) fuEufyf[kr esa ls dkSu-ls dFku lR; gSa? vius mÙkjksa ds fy, dkj.k nhft,A 

 i) ;fn H  ,d vifjfer pØh; lewg gS] rFkk H  lewg G  esa vkfo"V gS] rc 

G  pØh; gksxkA 

 ii) ,d vifjfer pØh; lewg dk dsoy ,d gh ifjfer milewg gksrk gSA 

 iii) ,d ,slk vifjfer pØh; lewg gS ftlds 4  fHkUu-fHkUu tud gSaA    

vc] vkb, ,d {k.k ds fy,] mnkgj.k 6 ij okil tk,¡A vkius ns[kk Fkk fd 4K  ,d 

pØh; lewg ugha gSA ijarq] tSlk fd vki vc ns[ksaxs] bls tfur djus okyk ,d leqPp; 
gSA 

4.4  

fiNys Hkkx esa vkius ns[kk Fkk fd ;fn g  lewg G  dk ,d vo;o gS] rks  g  U;wure 
milewg gS G  dk tks g  dks vkfo"V djrk  gSA vkb, ns[ksa fd D;k bl /kkj.kk dks G  ds 

nks vo;oksa ds leqPp; ds fy, foLr`r fd;k tk ldrk gSA   

eku yhft, fd }b,a{S   lewg G  dk ,d mileqPp; gSA eku yhft, fd GH   s.t. 

.HS   rc] }ma{ m   vkSj }nb{ n  , H  ds mileqPp; gksaxsA lkFk gh] 7332 baba   

tSls vo;o H  esa gksaxsA (/;ku nhft, fd ge 7332 baba   dks 101ba  ugha fy[k ldrs gSa] 
D;ksafd gks ldrk gS fd H  vkcsyh ugha gksA) 
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vc] eku yhft, fd GK   s.t. .KS   rc] Åij dh gh rjg] K}ma{ m   vkSj 

,K}nb{ n   rFkk 2baba  tSls xq.kuQy Hkh K  esa gSaA 

blfy,] ;s lHkh leqPp; vkSj vo;o KH  esa fLFkr gSaA oLrqr%] ;s S  dks varfoZ"V djus 
okys G  ds lHkh milewgksa ds izfrPNsnu esa fLFkr gSa] tks  !S  dks varfoZ"V okys G dk Hkh 
,d milewg gSA blls ge fuEufyf[kr ifjHkk"kk ij igq¡prs gSaA 

: eku yhft, G  ,d lewg gSA b}{a,S    G  S dks 
vkfo"V djus okyk G  dk U;wure milewg gksrk gSA bl milewg dks  b,a  ;k , S  

}kjk O;Dr fd;k tkrk gSA oLrqr%] S,S   dks vkfo"V djus okys G ds lHkh milewgksa 

dk izfrPNsnu gSA 

mnkgj.kkFkZ] 6D  dks }R,r{ 120  tfur djrk gS] tgk¡ IR,Ir 3
120

2   rFkk 

.rRRr 1
120120    

,d vU; mnkgj.k ds :i esa nsf[k,  mnkgj.k 6 esa 4K  dksA bls }b,a{  tfur djrk gSA  

vkb, vkius tks vHkh }b,a{S   ds fy, ns[kk gS] mls fdlh Hkh vfjDr leqPp; S  

ds fy, O;kidhÑr djsaA 

eku yhft, fd G  ,d lewg gS rFkk ,S G dk  ,d vfjDr mileqPp; gSA  

S dks vkfo"V djus okys G  ds lHkh milewgksa ds leqPp;   ij fopkj dhft,A  

vFkkZr~ GHH{   vkSj }.HS    

ge nkok djrs gSa fd   D;ksa?  D;k G  lR; ugha gS?   

vkxs] bdkbZ 3 ds izes; 6 }kjk] G dk H
H 
  ,d milewg gSA 

/;ku nhft, fd  

i) ,HS
H 
   

ii) ,H
H 
  S  dks vkfo"V djus okyk G dk U;wure milewg gSA  (D;ksafd ;fn S,K  

dks vkfo"V djus okyk G dk ,d milewg gS] rks .K    vr%]  .KH
H




) 

;s izs{k.k gesa fuEufyf[kr ifjHkk"kkvksa ij igq¡pkrs gSaA 

: eku yhft, fd S  fdlh lewg G dk ,d vfjDr mileqPp; gSA  

i) S  dks vkfo"V djus okyk G dk U;wure milewg  S   

dgykrk gS] rFkk bls  S  }kjk O;Dr fd;k tkrk gSA 

bl izdkj] }.HS,GHH{S    
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                                                                                                      ii) ;fn ,GS   rks ge dgrs gSa fd G  S  ] rFkk ,S  G  

dk dgykrk gSA 

iii) ;fn leqPp; S  ifjfer gS] rks ge dgrs gSa fd  S   (finitely 

generated) gSA 

mnkgj.kkFkZ] ,d pØh; lewg  g  ifjferr% tfur lewg gS] tSlk fd  b,a  Hkh gSA 

/;ku nhft, fd   b,a  dks }b,a{  tfur djrk gS] vkSj }ab,b,a{  Hkh] D;ksafd 
.b,aab   vr%]    

vU; mnkgj.kksa dks nsus ls igys] ge  S  dh O;k[;k djus dh ,d nwljh fof/k nsaxsA 
bl izes; ls  S  dks izkIr djuk T+;knk ljy cu tkrk gS] ifjHkk"kk dh rqyuk esaA 

11: ;fn S  fdlh lewg G dk ,d vfjDr mileqPp; gS] rks 

Saaaa{S i
n
k

n
2

n
1

k21    vkSj in ,  k,ki1 ds fy,}.  

: eku yhft, Saaaa{A i
n
k

n
2

n
1

k21    vkSj in , ki1  ds fy,}.  

D;ksafd  SSa,,a k1   rFkk  S lewg  G dk ,d milewg gS] 

blfy,  Sa in
i .k,,1i   vr%] .Saaa kn

k
2n

2
1n

1    

vFkkZr~] .SA         …(15) 

vc] vkb, ns[ksa fd AS   D;ksa gSA ge n'kkZ,¡xs fd A  ,d milewg gS ftlesa S  

vkfo"V gSA rc]  S  dh ifjHkk’kk ls] ;g fu"d"kZ fudysxk fd .AS   

D;ksafd fdlh Hkh Sa  dks 1aa   ds :i esa fy[kk tk ldrk gS] blfy, .AS    

D;ksafd S  blfy, A   

vc eku yhft, fd .Ay,x   rc] ,aaax k21 n
k

n
2

n
1  ,bbby rm

r
2m

2
1m

1   tgk¡ 

Sb,a ji   vkSj ,m,n ji   rj1,ki1   ds fy,A 

rc] 1m
r

m
2

m
1

n
k

n
2

n
1

1 )bbb()aaa(xy r21k21     

   ,A)bb()aaa( 1rk21 m
1

m
r

n
k

n
2

n
1    ifjHkk"kk }kjkA 

vr%] izes;  2, bdkbZ  3  }kjk] G  dk A  ,d milewg gSA  

bl izdkj] ,A S dks vkfo"V djus okyk G  dk  ,d milewg gSA   

vr%] .AS        …(16) 

(15) vkSj (16) ls] .AS   

/;ku nhft, fd izes; 11  esa 
ia dk fHkUu-fHkUu gksuk 

vko';d ugha gS] D;ksafd gks 
ldrk gS fd G  vkcsyh ugha 
gksA 
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/;ku nhft, fd ;fn ),,G(   S  }kjk tfur ,d lewg gS] rks G  dk dksbZ Hkh vo;o 

rr2211 ananan    ds :i dk gksrk gS] tgk¡ Sa,,a,a r21   vkSj 
.n,,n,n r21   ;gk¡ vo;oksa ia  dks fHkUu-fHkUu ekuk tk ldrk gS] D;ksasfd G  vkcsyh 

gSA 

vkb, ,d mnkgj.k ij fopkj djsaA 

 15: vki tkurs gSa fd   dks }1{  ;k }1{  tfur djrk gSA n'kkZb, fd   

fo"ke iw.kkZadksa ds leqPp; },5,3,1{S   }kjk Hkh tfur gksrk gSA   

: eku yhft, fd .m   rc] ,s2m r  tgk¡ 0r   vkSj .Ss   

bl izdkj] .Sm   

vr%] .S   

fu%lansg] ,S   D;ksafd .S    

bl izdkj] .S    

*** 

mnkgj.k 15 ls vki ns[k ldrs gSa fd ,d pØh; lewg  g  dks ,d T+;knk cM+s leqPp; 

}kjk Hkh tfur fd;k tk ldrk gSA tSls fd  g ,g,g,g 32   D;ksafd 

.gg,g 32   

;gk¡] ladsru ds ckjs esa ,d fVIi.kh gSA 

4: ;fn  SG  rFkk }a,,a,a{S n21   ifjfer gS] rks izk;% ge /kuq%dks"Bdksa 
(curly brackets) dks u fn[kkrss gq,]  n21 a,,a,aG   fy[krs gSaA 

vc fuEufyf[kr iz'uksa dks gy djus dk iz;kl dhft,A 

E31) n'kkZb, fd   dk ,d mileqPp; S  lewg   dks tfur djrk gS ;fn vkSj dsoy 
;fn S  esa ,sls vo;o  k1 s,,s   gaS rFkk   esa k1 n,,n  gSa ftuls fd 

.1snsn kk11    

E32) n'kkZb, fd ;fn S  ,d lewg G  dks tfur djrk gS rFkk ,GTS   rks T  Hkh 

G dks tfur djrk gSA 

E33) n'kkZb, fd ,R,rD n2   tgk¡ r  ,d ijkorZu  gS rFkk ,RR   tgk¡ ,n
360   

tSls fd miHkkx 2.4.3,  bdkbZ 2  esa ppkZ dh tk pqdh gSA  

E34) ;fn  11 gG  vkSj ,gG 22   rks n'kkZb, fd 21 GG   dks pØh; gksuk 
t+:jh ugha gSA vkxs] 21 GG   ds fy, ,d tud leqPp; Kkr dhft,A 

 (;g loky E27(iii) ls tqM+k gqvk gSA) 

bdkbZ  8  esa vki ns[ksaxs fd 

nm    pØh; gksrk gS 
;fn .1)n,m(     
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                                                                                                      bdkbZ  9 esa vki ns[ksaxs fd nS  Hkh ifjferr% tfur gS .n    

blds lkFk ge tudksa dh viuh ppkZ [k+Re djrs gSaA ge bl bdkbZ dks Hkh ;gk¡ [k+Re  
dj jgs gSaA vkb, vc bl bdkbZ esa vkius tks i<+kbZ dh gS] mldk lkjka'k nsaA 

4.5  

bl bdkbZ esa] geus fuEufyf[kr ckrksaa ij ppkZ dh gSA 

1. fdlh lewg G  ds ,d vo;o x  dh dksfV] ),x(o   ml lewg G ds pØh; 

milewg  x  dh dksfV gSA  

2. ;fn )x(o  ifjfer gS] rks )x(o  og U;wure /kukRed iw.kkZad gS ftlls fd  .exn    

3. ;fn n)x(o   rFkk ,exs   fdlh s  ds fy,] rks .sn   

4. ;fn )x(o  vifjfer gS] rks ,xx nm   ;fn ,nm  .n,m    

5. ,Gg,x)xgx(o)g(o 1    tgk¡ G  ,d lewg gSA 

6. eku yhft, fd G ,d lewg gS rFkk .Gg  

 i) ;fn g  vifjfer dksfV dk gS] rks izR;sd m  ds fy, mg  Hkh vifjfer 

dksfV dk gSA  

 ii) ;fn ,n)g(o   rks .1n,,1m
)m,n(

n
)g(o m    

7. ifjfer vkSj vifjfer pØh; lewgksa ds mnkgj.kA 

8. izR;sd pØh; lewg vkcsyh gksrk gSA 

9. pØh; lewg dk izR;sd milewg pØh; gksrk gSA 

10. eku yhft, fd G  dksfV n  okyk ,d ifjfer pØh; lewg gSA n ds izR;sd 
/kukRed Hkktd m  ds fy,] G  dk dksfV m  okyk ,d vf}rh; milewg gSA vkxs] 

dsoy ;s gh G ds milewg gSaA 

11. eku yhft, fd ,gG    mgH  vkSj .gK n    

 i) KH   iff .mn  

 ii) ,gKH s   tgk¡ ,s  m  vkSj n  dk l.c.m gSA  

 iii) GHK   vkSj ,gHK d   tgk¡ ).n,m(d    

 [/;ku nhft, fd ;fn lafØ;k   gS] rks (iii) dgrk gS fd ,dKH   tgk¡ 
).n,m(d  ]  
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12. eku yhft, fd  gG  dksfV n  dk gS vkSj ,d n  dk ,d /kukRed Hkktd  gSA 
rc] G  ds dksfV d  okys vo;oksa dh la[;k )d(  gksrh gS] tgk¡   vkW;yj Q+kb-

Qyu gSA 

13.  S,GS   }kjk lewg G  ds tfur milewg dh ifjHkk"kk vkSj mnkgj.kA bls 

 S }kjk O;Dr fd;k tkrk gSA 

14. ;fn ,SG   rks fdlh Hkh  ST   ds fy, .TG   fof'k"V :i ls] 
.GG   

15. pØh; lewgksa ds vuqykse xq.kuQy dk pØh; gksuk vko';d ugha gSA 

4.6  /  

E1) i) .IRR,IRR,IRR,IR 360
4
90270

3
90180

2
9090   

  .IRR,IR 360
2
180180   

  bl izdkj] .2)R(o,4)R(o 18090   

 ii) ;gk¡ ,I
10

01

01

10
,I

01

10
A

2

































   

  .I
10

01

01

10
,I

01

10

01

10
43



























 











 

  bl izdkj] .4)A(o   

 iii) lR;kiu dhft, fd ,01n  }9,,2,1{n   ds fy, rFkk .010110   
bl izdkj] .10)1(o    

  /;ku nhft, fd .110   

 iv) fdlh Hkh m  ds fy,] tgk¡ ,1nm0   nm   rFkk  ,01mm   ] 

D;ksafd  n    .m   

  vkxs] .01nn   bl izdkj] .n)1(o   

 v) D;ksafd 0)5(n  ,n  blfy, )5(o   vifjfer gSA 

 vi) eku yhft, fd .
54

32
A 








   rc] .n

00

00

n5n4

n3n2
nA 

















   

  vr%] )A(o  vifjfer gSA 
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                                                                                                      E2) D;ksafd },e{H   blfy, H  esa ,slk vo;o a  gS] tgk¡ .ea   D;ksafd ,ea   

blfy, fdlh Hkh r  ds fy, .ea r  blfy, .ea    
.eH   

E3) ge n'kkZ,¡xs fd  1aa  vkSj .aa 1    

 vc]  a  dk dksbZ Hkh vo;o gS ,)a(a n1n   n  ds fy,A 

 .aa 1n    .aa 1    

 blh izdkj] vkidks ;g n'kkZuk pkfg, fd .aa 1     

 .aa 1    

E4) eku yhft, fd GH   s.t. .Ha   rc] izes; 1 }kjk] .Ha   

 bl izdkj] GHH{a   vkSj }.Ha   

 lkFk gh] Ga   s.t. .aa   

 vr%] GHH{   vkSj .a}Ha   

 blfy,  GHH{a   vkSj }.Ha   

E5) E1(iv) ls vki tkurs gSa fd .n)1(o   

 vr%] n1   rFkk nksuksa dh dksfV ,d gh gSA blfy,] .1n   

E6) D;ksafd ,A 0 blfy, fdlha 3,2,1j2,1i  vkSj  ds fy, .0a ij   

 rc] .n0na ij   

 vr%] .nnA  0  

 bl izdkj] )A(o vifjfer gSA 

E7) ,I
r0

0r
A,IA 2 








  ;fn .1r   vr%] 2)A(o   ;fn .1r   

 vc eku yhft, fd .1r   

 O;kid :i ls vkidks lR;kiu djuk pkfg, fd ,nIA 1n2   rFkk 

.
r0

0r
A

n

n
n2









  

 bl izdkj] ;fn r  ,d dk ,d okLrfod nok¡ ewy gS] rks .n2)A(o   vU;Fkk 
)A(o vifjfer gksrk gSA 
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E8) ;gk¡   rRled vo;o gSA 

 ;fn A  rks .1)A(o   

 ;fn ,A   rks AA  vr%] .2)A(o   

E9) i) eku yhft, fd ).m,n(d   rc] nd  vkSj .md  

  izes; 4 }kjk] .
d
n)g(o m   

  lkFk gh] ,
d
n

)d,n(
n)g(o)g(o d)m,n(   D;ksafd .nd  

  vr%] ).g(o)g(o )m,n(m   

 ii)  mgG  iff n)g(o m   iff ,1)n,m(   izes; 4(ii) }kjkA 

E10) 18  esa .18)1(o   blfy,]  

 .9
)2,18(

18
)12(o)2(o   

 .9
2

18
)4,18(

18)4(o   (/;ku nhft, fd ,2.24   gS] ijarq ).)2(o)4(o   

 lkFk gh] .18
1

18
)5,18(

18)5(o   

 (bl izdkj]  518  HkhA) 

E11) eku yhft, fd ,gG   tgk¡ .n)g(o   eku yhft, fd .Gx  rc] ,gx m  

fdlh m  ds fy,] tgk¡ .nm0     

 ;fn ,ex   rks .n1  1)x(o   vkSj ;fn  

  ,ex  rc .
)m,n(

n)g(o)x(o m   vr%] .n)x(o  eku yhft, fd .r)x(o   

D;ksafd ,nr  eku yhft, fd .rsn   

 rc] .e)x(xxx srrsn)G(o   

E12) D;ksafd ,10)(o   blfy, .10
)3,10(

10
)(o 3   

E13) .3
)10,15(

15
)x(o,5

3

15

)6,15(

15
)x(o,15

)2,15(

15
)x(o 1062   
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                                                                                                      E14) .n)x(o   blfy, .exxx nmnm     

 bl izdkj] .x)x( mn1m    

 vr%] E3 }kjk] .xx mnm    

 blfy,] ),x(o)x(o mnm   vFkkZr~ .
)mn,n(

n

)m,n(

n


  

 vr%] ).mn,n()m,n(    

E15) D;ksafd E14 ls ),5,30()25,30(   blfy, .525   vr%]  

 }.20,15,10,5,0{25    

 ,U10
7   D;ksafd .1)10,7(    

E16) D;ksafd 8D  vkcsyh ugha gS] blfy, ;g pØh; ugha gks ldrk gSA 

E17) eku yhft, fd G ,d vu~vkcsyh lewg gSA rc] }.e{G   

 eku yhft, fd .eg,Gg   rc] }.e{g,Gg   lkFk gh] 
,gG   D;ksafd G  vu~vkcsyh gSA 

 vr%]  g  lewg G dk ,d mfpr vrqPN milewg gSA 

E18) mnkgj.k 9 ls]  m9   iff ,9m  vFkkZr~ .9,3,1m   

 bl izdkj] 9  dsoy  3,  vkSj 9  dk milewg gSA 

E19) i) ge fl) djsaxs fd KH   iff .mr  

  igys rks ;fn ,KH   rks .Kgg rm   

  foHkktu dyu-fof/k ls] rqrm   fdUgha r,q  ds fy,] tgk¡ 

.rr0   rks ,K)g(g qrm    ;kuh] .Kg r    

  ijarq] izes; 6 }kjk] r  U;wure /kukRed iw.kkZad gS  s.t. .Kg r    

  vr%] ,0r   vFkkZr~ ,qrm   vFkkZr~ .mr  

  foykser%] ;fn ,mr  rks fdlh s  ds fy, .rsm   

  blfy,] .K)g(g srm   vr%] ,KH   vFkkZr~ ,KH   E10, bdkbZ  3 

}kjkA 

 ii) mnkgj.k  9  dh gh rjg] n'kkZb, fd ;fn ,KH   rks .mn  
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  fQj] n'kkZb, fd ;fn ,mn  rks .KH   

E20) 12  ds milewg  2,3,4,6,12}0{ vkSj 121   gSA 

bldk vkjs[k vkÑfr 5 esa fn;k x;k gSA ;g lajpukRed :i ls vkÑfr 2 ds 
vkjs[k ds leku gh gS] tgk¡  i dks  i  ls izfrLFkkfir fd;k x;k gSA 

 

 

 

 

 

5: 12   

E21) 25  ds /kukRed Hkktd 5,1  vkSj 25  gSaA vr%] 25  ds milewg  5,1  vkSj 

 25 gSaA 

 laxr vkjs[k vkÑfr 6  esa fn;k gSA 

E22) ,1p   tgk¡ 1 , )p(mod1 okyk le'ks"krk oxZ gSA  

 blfy,] 

 .p)(o p   D;ksafd p  ds Hkktd dsoy 1 vkSj p  gSa] blfy, izes; 7 ls p  ds 

milewg dsoy  1  vkSj  0p gSaA 

 vr%] p  dk dksbZ vrqPN mfpr milewg ugha gSA 

E23) izes;  6  }kjk] dksbZ Hkh milewg ,H   m  ds :i dk gksrk gS] tgk¡ m  ,slk 

U;wure /kukRed iw.kkZad gS fd .Hm  

 vkxs] izes; 7 }kjk] ;fn n  dss /kukRed Hkktd r21 m,,m,m   gSa] rks milewg 

r21 H,,H,H   gSa] tgk¡ .)m
n(H

i
i   

E24) ,130   tgk¡ .30)1(o   

  30  esa 4  vkSj 6  dk  l.c.m = 12   rFkk .2)6,4(   

 vr%]  1264  rFkk .264   

E25) ,HK d108   tgk¡ .2)10,8(d   

 ,KH    tgk¡ 8,  vkSj 10  dk l.c.m gS ;kuh 40  

 125  

 5  

}0{25   

6: 25
 

121   

 2   3  

 6   4  

 12}0{  



 

178

 

 1

                                                                                                       vc] 40 ,4 12U  esaA vr%] .KH 4   

E26) bdkbZ  3 ls] vki tkurs gSa fd ;fn A vkSj ,B G ds milewg gSa] rks GBA   iff 

BA   ;k .AB   

 bl izdkj] tc Hkh mfpr milewgksa dk lfEeyu ,d milewg gksrk gS] rks og 
dsoy ,d mfpr milewg gh gks ldrk gSA vr%] ;g G dHkh ugha gks ldrk gSA 

E27) i) fdlh Hkh vHkkT; la[;k p  ds fy,]  m1)p,m(   s.t. ,pm1   

vadxf.kr ds ewyHkwr izes; }kjkA  

  vr%] .1p)p(   

 ii) izes; 7 }kjk] izR;sd nd ds fy,]  d/ng  lewg  g dk dksfV d  okyk 
,d vf}rh; milewg gS] tgk¡ .n)g(o   

  lkFk gh]  d/ng  ds tudksa dh la[;k )d(  gSA 

  vkxs] izR;sd i  ds fy, s.t. ,ni1  ,d)g(o i   fdlh nd  ds fy,A 

  vr%] .)d(n
nd
  

 iii) ,2)4(   D;ksafd 1 vkSj 3  nksuksa 4 ds lkis{kr% vHkkT; gSaA lkFk gh] 
.1)2(   

  vr%] ).2()2()22()4(   

E28) D;ksafd ,525  blfy, .6)25(o    

 30  esa dksfV 6  okys vo;oksa dh la[;k 2)6(   gSA 

 ;s gSa 251  vkSj ,255   vFkkZr~ 25  vkSj .5   

 ,10)(o 3   D;ksafd .1)10,3(   

 .4)10(   ;s la[;k,¡ 7,3,1  vkSj 9 gSaA 

 bl izdkj]  3  ds lHkh tud 73,,   vkSj 9  gSaA 

E29) },1{1   D;ksafd .n11n   

 vr%] 1  ifjfer gSA 

E30) i) vlR; gSA mnkgj.kkFkZ] ,   ijarq   pØh; ugha gS] tSlk vki mnkgj.k 7 

esa ns[k pqds gSaA 

 ii) lR; gSA izes; 10 }kjk] dsoy }e{  ifjfer milewg  gSA 
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 iii) vlR; gSA mnkgj.k 14 dks nsf[k,A 

E31) igys] eku yhft, fd .S    

 D;ksafd ,1   blfy,  k1 n,,n   vkSj Ss,,s k1   s.t. .sn1
k

1i
ii



  

 foykser%] eku yhft, fd .Ss,n,snsn1 iikk11    

 rc] fdlh Hkh m ds fy,] .S)snsn(m1mm kk11     

 vr%] .S   

 D;ksafd ,S   blfy, .S    

 bl izdkj] .S   

E32)  SG  vkSj .TS   blfy, .GTSG   

 vr%] .TG   

E33) bdkbZ  2 ls vki tkurs gSa fd n2D  dk dksbZ Hkh vo;o iR  ;k 

,1n,,1,0i,rR i    ds :i dk gksrk gSA vr%] .DR,rD n2n2   bl 
izdkj] .R,rD n2   

E34)   ij fopkj dhft,A ;fn ;g pØh; gksrk vkSj tud )y,x(  gksrk] rkss 
)my,mx()0,1(   vkSj ),ny,nx()1,0(   fdUgha n,m  ds fy,A vr%] 

0nx,0my,1mx  vkSj .1ny   

 0m0my   ;k .0y   ijarq] rc 1mx   vkSj 1ny   laHko ugha gSA  

 ge ,d varfoZjks/k ij igq¡prs gSaA 

 vr%]   pØh; ugha gSA 

 21 GG   dk dksbZ Hkh vo;o dk :i gS 

,n,n,)g,e()e,g()g,e)(e,g()g,g( 21
2n

21
1n

21
2n

212
1n

1
2n

2
1n

1   tgk¡ 1e  vkSj 

2e  Øe'k% 1G  vkSj 2G ds rRled gSaA 

 vr%] .)g,e(),e,g(GG 212121   
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uhps fn, gq, dqN mnkgj.k vkSj iz'u] bl [kaM esa vkids }kjk v/;;u dh xbZ 
ladYiukvksa vkSj izfØ;kvksa ij vk/kkfjr gSaA bu mnkgj.kksa dk v/;;u djus ls] rFkk 
iz'uksa dks gy djus ls] vkidks lacaf/kr ladYiukvksa dh csgrj le> izkIr gksxhA ;g 
vkidks ,sls lokyksaa dks gy djus esa vkSj vf/kd vH;kl Hkh nsxkA  

 1: fuEufyf[kr esa ls dkSu-ls dFku lR; gaS\ vius mÙkjksa ds fy, dkj.k 
nhft,A 

i) fdlh leqPp; S  ij ,d f}-vk/kkjh lafØ;k dk izk¡r S  gksrk gSA 

ii) ;fn  ,G  ,d vkcsyh lewg gS] rks .Gxex 2   

iii) ;fn ,m,n   rks .nm)m,n(]m,n[   

: i) vlR;A izk¡r SS gSA 

ii) vlR;A mnkgj.kkFkZ]  vkcsyh gS] ijarq .0n0n2   

iii) lR;A ;gk¡ ge vf}rh; xq.ku[kaMu izes; dk mi;ksx djrs gSaA  

eku yhft, fd r1 n
r

n
1 ppn   rFkk ,ppm r1 m

r
m
1   tgk¡ ,0m,0n ii   

r,,1i  ds fy,A 

eku yhft, )m,n(mins iii  vkSj .r,...,1i)m,n(maxt iii   rc 
r21 s

r
s
2

s
1 p...pp)m,n(  vkSj   .p...ppm,n r21 t

r
t
2

t
1  

 (mnkgj.kkFkZ] 15  vkSj 100ij fopkj dhft,A vc] 110 53215   rFkk 
.532100 202   vr%] 100 532)100,15(   rFkk .532]100,15[ 12  ) 

 lkFk gh] .r,1imnts iiii    

 rc] rr2211 ts
r

ts
2

ts
1 ppp]m,n[)m,n(     

                            rr11 mn
r

mn
1 pp    

                            )pp()pp( r1r1 m
r

m
1

n
r

n
1   

                            .nm  

*** 

 2: eku yhft, fd ).(GLG 2   eku yhft, fd .GX  fl) dhft, 

fd ABXXBA 1 }kjk GG ij ifjHkkf"kr lafØ;k , G ij ,d f}-vk/kkjh 
lafØ;k gSA vkxs] D;k ),G(   ,d lewg gS? D;ksa] ;k D;ksa ugha?  

: igys rks] .0Bdet,0)Adet(,GB,A   fy,ds  
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.0)Xdet()Bdet()Adet()]X[det()ABXXdet( 11    

lkFk gh] ABXX 1  dh lHkh izfof"V;k¡   ls gSaA 

bl izdkj] .GABXX 1   

vr%] G ij   lao`r gSA 

vkxs] ,slk dksbZ GY  ugha gS s.t. .GAAYA   

bldk dkj.k gS fd AYA   iff .XAXAY 11    

vr%] mnkgj.kkFkZ] ;fn X  ds lkFk A  Øefofues; ugha gksrk gS] rks 

XXAXAXYXXYI 1111    

        .IXAAX 11     

vr%] ),G(   ,d lewg ugha gSA 

*** 

3: fl) dhft, fd ;fn 01
1n

1n
n

n a10a10a10aa  
   ,d 

/kukRed iw.kkZad gS] rks ).9(modaaaa 01nn     

blls fl) dhft, fd ,a  9  dk  xq.kt gS  iff .)aaa(9 n10    

: m  ds fy,] 1)1101010)(110(1)110(10 2m1mmm     

        .1)110(9 1m      

vr%] ]a)110(a)110(a)110(a[9a 12
2n

1n
1n

n  


   

          .)aaaa( 011nn     

.)9(modaaaa 01nn     

vc] )9(mod0aaa)9(mod0aa9 01nn     

            .)aa(9 0n    

*** 

 4: n'kkZb, fd ),(   ,d lewg gS] tgk¡ ,d fLFkj a  ds fy,] 
anm)n,m(::    gSA  

: loZizFke fn[kkb, fd   ij   ,d lqifjHkkf"kr f}-vk/kkjh lafØ;k gSA  
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vkxs]   esa   lkgp;Z vkSj Øefofues; gksrk gS] bu xq.kksa dk mi;ksx djrs gq, 
fn[kkb, fd .p,n,m)pn(mp)nm(     

rhljh ckr] tk¡p dhft, fd .mm)a(m)a(m    

var esa] tk¡p dhft, fd .m)a(m)ma2()ma2(m   

vr%] ),(   ,d lewg gSA 

*** 

 5:  ij ,d laca/k ~  ‘ y~x  iff  yx  gS’ }kjk ifjHkkf"kr dhft,A 
tk¡p dhft, fd   ij ~ ,d rqY;rk laca/k gS ;k ughaA ;fn gS] rks ][  Kkr 

dhft,A ;fn ~,  ij ,d rqY;rk laca/k ugha gS] rks   dk ,d ,slk mileqPp; 
Kkr dhft,] ftl ij ;g rqY;rk laca/k gSA 

: D;ksafd ,x0xx    blfy, ~  LorqY; gSA 

;g Hkh n'kkZb, fd ~ D;ksa lefer vkSj laØked gSA 

vr%]   ij  ~ ,d rqY;rk laca/k gSA  

vkxs] }xx{}~xx{][    

             }.nn{    

*** 

 

E1)  tk¡p dhft, fd 




















 b,a

ab

ba
A  vkSj ,a

00

a0
B





















   

 )),(( 2   ds milewg gSa ;k ughaA  

 D;k ?)),(GL()(GLA 22    D;ksa] ;k D;ksa ugha? 

E2) )),X((   ds ,d mfpr vrqPN pØh; milewg dk mnkgj.k nhft,] tgk¡ 
}.x,x{X 21  

E3) ;fn G  ,d lewg gS s.t. ,Gy,xyx)xy( 222   rks G  vkcsyh gSA D;k ;g 

dFku lR; gS? vius mÙkj ds fy, dkj.k nhft,A 

E4) n'kkZb, fd )],n[(   ,d lewg gS] tgk¡ n  ,d oxZ-eqDr iw.kkZad gSA 

E5) A  dks )( 72  dk] rFkk )(GL 72   dk]  vo;o ekurs gq, )A(o  Kkr 

dhft,] tgk¡ .
11

01
A 
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E6) D;k  8D  dk 6D  ,d milewg gS? D;ksa] ;k D;ksa ugha? 

E7) i) eku yhft, fd G  ,d vkcsyh lewg gS rFkk }.)g(oGg{T   

n'kkZb, fd .GT   T(  dks G dk  dgrs gSaA )   

 ii) 4K  dk foeksVu milewg ekywe dhft,A 

E8) fuEufyf[kr esa ls dkSuls dFku lR; gSa? vius mÙkjksa dh iqf"V dhft,A 

 i) ;fn G  ,d lewg gS vkSj ,n   rks G  dk }Ggg{ n   ,d milewg

 gSA  

 ii) ;fn G  ,d vu~vkcsyh lewg gS vkSj ,n   rks G  dk 

}n)g(oGg{   ,d milewg gSA  

 iii) 45  ds 6 vkSj dsoy 6  vyx-vyx milewg gSaA 

 iv) ;fn G  ,d lewg gS ftlds Øe'k% dksfV;ksa  n  vkSj m  okys nks vo;o 
x  vkSj y  gSa] rks )xy(o ],m,n[   n  vkSj m  dk .m.c.l  

 v) ;fn G  ,d vifjfer lewg gS vkSj Gx  ,slk gS fd )x(o  vifjfer gS] 
rks .xG   

E9) fl) dhft, fd ;fn X  ,d vifjfer leqPp; gS] rks lefefr;ksa dk leqPp;  

 )X(S  vifjfer gSA 

E10) i) ;fn ,S)654321( 10  rks fdu n  ds fy, n  Hkh ,d 

-6 pØ gksxk? 

 ii) fl) dhft, fd ;fn ),m21(   rks n  yackbZ m  okyk ,d pØ gS 
iff .1)m,n(   ;gk¡ N.n,m   

E11) n'kkZb, fd ;fn G  dksfV n  okyk ,d vpØh; lewg gS] rks G esa dksfV n  okyk 
dksbZ vo;o ugha gSA 

E12) Øep; )75()531()753(  dks vla;qDr pØksa ds ,d xq.kuQy ds :i esa 

fyf[k,A D;k ;g Øep; le gS? vius mÙkj ds fy, dkj.k nhft,A 

E13) lewg ),( 36  esa fuEufyf[kr vo;oksa dh dksfV;k¡ Kkr dhft,: 

 13,13,6,5,1,1   

E14)   ds ,d fn, gq, vo;o c  ds fy,] c  ij fdu izfrca/kksa ds v/khu ),(   

,d lewg gksxk] tgk¡ , cbaabba   }kjk ifjHkkf"kr gS?  

E15) tk¡p dhft, fd vkO;wg xq.ku ds lkis{k )(GL 42   vkSj )(GL 52    lewg gSa 

;k ughaA 
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 /  

E1) milewg ijh{k.k ds vuqiz;ksx ls r; dhft, fd A  vkSj ,B  ),),(( 2   ds 

milewg gSaA  

.b,a,ba
ab

ba
)(GLA 22

2




















   milewg ijh{k.k }kjk] ;g 

)),(GL( 2   dk ,d milewg gSA 

E2)    fdlh Hkh )X(A  ds fy,] .,AA)AA(,AA    

vr% nA  ;fn n  le gS] vkSj AAn   ;fn n  fo"ke gSA  

bl izdkj] }.A,{A    

vr%] ;fn },x{A 1  rks ,A  )X(  dk ,d mfpr vrqPN pØh; milewg 

gSA 

E3) lR; gSA D;ksafd .Gy,xxxyyxyxy   nk,¡ vkSj ck,¡ i{kksa ij fujlu }kjk] 
ge Gy,xxyyx   izkIr djrs gSaA vFkkZr~] G  vkcsyh gSA 

E4)  ]n[  rFkk .]n[   

 vc] ;fn ],n[ndc,nba   rks  

 ].n[n)db()ca()ndc()nba(   

 vr%] .]n[    bl izdkj] )],n[(   ,d lewg gSA 

E5) ds fy, .
nn

0n

11

01
n,n 

















  

 bl izdkj] U;wure n , ftlds fy, 0nA  gS] 7n  gSA 

 )( 72   esa 7)A(o   gSA 

 )(GLA 72   Hkh gS] D;ksafd .01)Adet(   

 vc] .
01

00
IA 








  

 vr%] 







 n,

0n

00
IAn  ds fy,A  

  )(GL 72   esa 7)A(o   gS] D;ksafd .017   

E6) D;ksafd 6120 DR   vkSj ,DR 8120  blfy, .DD 86   vr%] .DD 86   
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E7) i) loZizFke] .Te  vr%] .T   

  vkxs] Tg  ds fy,] .)g(o)g(o 1   vr%] .Tg 1   

  var esa] ;fn ,Tg,g 21   rks .)g(o)g(o)gg(o 2121   

  vr%], .Tgg 21    

  bl izdkj] .GT   

 ii) /;ku nhft, fd .Kb,a))b(o),a(omax()b,a(o 4    

  lkFk gh]   esa ifjfer dksfV okyk vo;o flQ+Z 0 gS] vkSj 

.Kx)x(o 4  vr%] .K}0{}Kx)x,0({T 44   

  

E8) i) ;fn G  vkcsyh gS] rks ;g lR; gS] vU;Fkk ughaA 3S  vkSj 3n   dks 

ysdj vu~vkcsyh G  ds fy, ,d izfr-mnkgj.k nhft,A 

 ii) vlR;A iqu%] 3SG   vkSj 2n   ysdj ,d izfr-mnkgj.k nhft,A 

 iii) lR;A 45  ds izR;sd /kukRed Hkktd ds fy,] .45  dk ,d vf}rh; 
milewg gSA ;s Hkktd 45,15,9,5,3,1 gSaA 

 iv) vlR;A mnkgj.kkFkZ]  18  ij fopkj dhft,A 

  rc] 4)2(o  vkSj .2)4(o   vFkkZr~] ].4,4[2)22(o   

 v) vlR;A mnkgj.kkFkZ] ,21   ijarq )2(o  vifjfer gSA 

E9) eku yhft, fd }.,x,x{X 21   

 rc] .i)X(S)xx( 1ii   

 lkFk gh] )xx()xx( 1jj1ii   tc rd ji   ugha gks] D;ksafd )xx( 1ii  ;k rks 

jx dks fu;r djrk gS ;k 1jx   dks fu;r djrk gS] ;k nksuksa dks] ;fn ;ji   

ijarq ),xx( 1jj   jx  vkSj 1jx  nksuksa dks fgykrk gSA 

 vr%] )X(S  esa ,i),xx( 1ii   ds :i ds vuUrr% vusd i{kkarj.k gSaA 

 blfy,] )X(S  vifjfer gSA 

E10) i) ),642)(531(2  ),63)(52)(41(3   

  ),462)(351(4  ),234561(5   

  ,I6   ,7   bR;kfnA 

  bl izdkj] n  dsoy rHkh -6 pØ gS tcfd ,...,65,61,5,1n   ;kuh  
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   .kk65,k61n   

  /;ku nhft, fd n  ,d -6 pØ gksxk iff ).(o6)(o n   

  ijarq] ).(o
2

)(o
)(o 2 


  blh izdkj] .

3

)(o
)(o 3 
   

  O;kid :i ls] 
)n,6(

6
)(o n  gksrk gSA 

 ii) n  ,d -m pØ gS iff .m)(o n   

  lkFk gh] .
)m,n(

m)(o n   

  n  ,d -m pØ gS iff ,m
)m,n(

m   vFkkZr~] .1)m,n(   

E11) vki bl dFku ds izfr/kukRed dks fl) dj ldrs gSaA vFkkZr~]                               
fl) dj ldrs gSa fd ;fn G  esa dksfV n  okyk ,d vo;o x  gS] rks 

 xG gksxkA 

 ;gk¡ uksV djsa fd ,Gx   vkSj nksuksa lewg leku dksfV ds gSaA 

E12) ),1735()75()531()753(   ,d -4 pØ.     

D;ksafd ),35()75()15()1735(   tks 3 i{kkarj.kksa dk ,d xq.kuQy gS] 

blfy, ;g ,d fo"ke Øep; gSA 

E13) ,36)1(o   D;ksafd 0135   vkSj ;0136  ;36)1(o   

,36)5(o   D;ksafd ,6)6(o;1)36,5(  .36)23(o)13(o,36)13(o   

E14) tk¡p dhft, fd   ij   ,d f}-vk/kkjh lafØ;k gSA  

D;ksafd ),(   ,d lewg gS] blfy,   ij   lkgp;Z gSA  

 blls n'kkZb, fd c  dks 'kwU; gksuk pkfg,A 

 rc] tksM+ dk rRled 0  gksuk pkfg,A 

ijarq] rc   ds fdlh Hkh vo;o dk   ds lkis{k izfrykse ugha gksxkA (D;ksa?) 

 bl izdkj] fdlh Hkh c  ds fy,] ),(   ,d lewg ugha gSA 

E15) .0cbda)(
dc

ba
)(GL 4242
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vc] ).(GL
20

01
42 








 eku yhft, fd 









dc

ba
 bldk izfrykse gSA rc] 

.
10

01

dc

ba

20

01

























  

vr%] 4   esa .1d2   vr%] ).d21(4   vFkkZr~] fdlh x  ds fy,] 

.d21x4   vr%]   esa ,1x4d2  ;kuh   ,1x2d2  tks laHko ugha gSA 
bl izdkj] )(GL 42   esa izR;sd vo;o dk izfrykse ugha gSA vr%] ;g vkO;wg 

xq.ku ds lkis{k ,d lewg ugha gSA 

 ijarq] )),(GL( 52   ,d lewg gS] ftldh vkidks tk¡p djuh pkfg,A 
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Abelian (Non-abelian)     

Action        

Additive identity       

Additive inverse      

Algorithm       

Anti-clockwise      

Axiom        

Cancellation law      

Centered       

Centre       

Closed         

Column vector      

Common divisor      

Common Multiple      

Commutative       

Commute       

Composite number      

Congruence       

Conjugate      

Co-prime       

Curly bracket       

Cycle        

Cyclic (Non-cyclic)      

Determinant       

Diagonal       

Dihedral group      

Direct product      

Disjoint         

Distributive law      

Divisibility      

Divisor       

Empty (Non-empty)      

Entry (of a matrix)      

Equivalence class        

Equivalence relation       

Exponent       

External (Internal)      

Factor        

Finite (Infinite)      

Finitely generated      

Fix (by a function)      

Fundamental       
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General linear group     

Generate       

Greatest common divisor     

Group        

Identity element  

Indexing set       

Induction       

Infinitely many     

Integral power      

Klein 4-group      -  

Least common multiple     

Lemma       

Line of symmetry      

Matrix       

Move (by a function)      

Multiple       

Operation table/Cayley table    

Order        

Partition       

Permutation       

Predicate       

Prime number      

Primitive       

Proper subgroup      

Quaternion       

Quotient       

Reflection       

Regular polygon      

Relatively prime      

Remainder       

Rotation       

Row vector       

Scalar        

Semigroup       

Set of generators      

Special linear group      

Square brackets      

Square matrix     

Subgroup       

Subgroup diagram      

Substitution       

Symmetric group      

Symmetry       

Torsion subgroup      
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Translation       

Transpose of a matrix     

Transposition       

Trivial (Non-trivial)     

Unit circle       

Unity        
Well-ordering     
  




