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vkd̀fr 1% tkslQ+ ywbZ yxzkat 
¼1736&1813½ 
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 •  

 •

 •

 •

 
 
 

 x G∈  H{x}   Hx  

 ><== )21(H,SG 3   x (1 2 3)=

Hx = H(1 2 3) {(1 2 3), (1 2) (1 2 3)} {(1 2 3), (2 3)}.= =   

 H   G   x G.∈  

 Hx {hx h H},= ∈  G   H   
 Hx   

 xH {xh h H},= ∈  G   H   

 x G∈   

 (G, )+  

 }Hhxh{ ∈+=+ xH   {x h h H}+ = + ∈x H  
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 H   G   H   

 G   G   H   

 He={he h H}={h h H}=H.∈ ∈  

 G   H  

 G   H  H  

     

 H 4 { , 8, 4, 0, 4, 8, 12, }.= = − −  

 

 H 5, H 6,+ +    

 ,2H6H,1H5H +=++=+  

 ,1H3H,2H2H,3H1H +=−+=−+=−  
 2H,1H,H ++   H 3+  

 xH0 +∈   x H.∈  
 xH +  x H.∈   1H +   

2H +
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 x, y G.∈  
i) x Hx,∈

ii) Hx H x H,= ⇔ ∈

iii) 1Hx Hy xy H−= ⇔ ∈

 x G∈  Hx {hx h H}.= ∈  

 e H,∈   ex Hx,∈   x Hx∈

 Hx H=  x Hx.∈   x H.∈

  x H∈  Hx H.⊆   H Hx.⊆

  hx   h H.∈   Hh∈
 x H,∈   hx H∈  

  Hx H.⊆          

  h H∈   1h (hx )x Hx,−= ∈   Hh∈   
1x H.− ∈

 H Hx.∴ ⊆        

  Hx H.=

  Hx Hy.=   x Hx Hy,∈ =  h H∃ ∈   x hy.=  

  1 1xy hyy h H.− −= = ∈

  1xy H.− ∈   1Hxy H.− =  

  hx Hx∈   1hxy h ,− ′=   h H′∈    

 hx h y Hy.′= ∈  
  Hx Hy.⊆          

  Hy Hx.⊆         

  Hx Hy.=  
 

 

 x, y G∈  

i) x xH∈

ii) xH H x H= ⇔ ∈

iii) 1xH yH x y H.−= ⇔ ∈  

 
    

Hx H x H= ∀ ∈ .
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 n   n .∈   n    

 n∈      n   
 n , n +1,…,n + (n – 1)        n    

 n , 1 n , 2 n , , (n 1) n+ + − +       

 n H=   

 H   )1n(H,,2H,1H −+++    

 1 2m , m ∈   

21 mHmH +=+   1 2m m H n− ∈ =   1 2n (m m ).−  

 0 i, j n, i j≤ < ≠  n (i j),−   0 i j n.< − <   

 )1n(H,,2H,1H,H −+++      H   
 

 n (n 0)−  H n H 0 H.+ = + =  

 H (n 1) H 1+ + = +  

 m∈   m n≥   m 0,<   

,r,q ∈∃   m qn r, 0 r n.= + ≤ <   n (m r).−

 rHmH +=+  r 0, 1, , n 1= −   
    n   )1n(n,,1n,n −++    

    n   

 n)1n(,,n1,n +−+   

 m + n   n + m   m   m∈  

    4   

 0, 1, 2, 3   

4 57 4 1 1,+ = + =    57 1(mod 4).≡   

 4 26 4 2 2− ≡ + =   ( 26) 2(mod 4).− ≡

    

 3G S {I, (1 2), (1 3), (2 3), (1 2 3), (1 3 2)},= =    
H  (1 2 3)  G   G   H   

 H  3A  

/;ku nhft, fd   dk m  
,d vo;o gS, tcfd   dk 
m  ,d mileqPp; gSA
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H {I, (1 2 3), (1 3 2)}=  

(1 2)H {(1 2), (1 2) (1 2 3), (1 2) (1 3 2)}=  

       {(1 2), (2 3), (1 3)}.=

 1 1 1(1 2) (1 2), (1 3) (1 3), (2 3) (2 3).− − −= = =  

 
1 1(1 2) (1 3) (1 2)(1 3) (1 3 2) H.− − = = ∈

 (1 2)H (1 3)H.=  

 H)31(H)32( =   (1 2 3)H H (1 3 2)H.= =

 H   H   (1 2)H  

 3S H (1 2)H.= ∪  

 3S H (1 3)H H (2 3)H.= ∪ = ∪  

 H (1 2)H , H (1 3)H ,∩ =∅ ∩ =∅   

 

 
 

 

2 3 2 3
8Q {I, A, A , A , B, AB, A B, AB},=  

8Q { I, A, B, C}= ± ± ± ±   

 







−

=







=








−

=







=

i0
0i

C,
0i
i0

B,
01
10

A,
10
01

I   i 1.= −

 8Q  

2 2 2 2( I) I, A B C I,− = = = = −

AB C BA, BC A CB, CA B AC.= = − = = − = = −

 8Q   8Q   

 ><= AH   8Q   

 8Q  
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 2 3H A {I, A, A , A } {I, A, I, A}= < > = = − −  o(A) 4.=  

 HB {B, C, B, C}.= − −  

H HI HA H( I) H( A).= = = − = −

 1 3A A A.− = = −   1B B− = −   1C C.− = −   
1BC BC A H.− = − = − ∈  

 HB HC.=  

 HB H( B) H( C).= − = −  

 H   8Q   H   HB 

 

 8Q H HB H HC,= ∪ = ∪  

 H HB H HC.∩ =∅ = ∩

 8Q   H   
 

 8Q  H  
 H  

  3S   

 3x S∈   Hx xH.≠  

 G   H G≤  G   H   
 H   

 

 8Q   }I,I{K −=   8Q   

 G   G  

  G   H G≤  
x H.∈  

 G   H G.≤   a, b, c G∈   

 Hac Hbc.=  

 
 

;fn H G,≤  rks lHkh 

g G∈ ds fy, Hg dk gH
ds cjkcj gksuk vko”;d 
ugha gSA
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 G   
 

 H   G   y~x'  

  
1xy H− ′∈      G  

 H   

 

 x G∈   1xx e H− = ∈  x ~ x  

 x, y G∈   y~x  1xy H− ∈

1 1 1(xy ) yx H− − −∴ = ∈  y ~ x

 Gz,y,x ∈   y~x   y ~ z  1xy H− ′∈    
1yz H− ∈

1 1(xy )(yz ) H− −∴ ∈  1 1 1x(y y)z xz H− − −= ∈

 x ~ z  

Gx∈   

1[x] {y G y ~ x} {y G yx H} {y G Hx Hy}−= ∈ = ∈ ∈ = ∈ =

 [x] Hx=  y [x]∈  Hy Hx=

 y Hy∈  y Hx∈  y [x]∈  

 [x] Hx⊆

 Hx   1 1 1 1x(hx) xx h h H− − − −= = ∈

 hx ~ x  hx [x]∈  hx Hx∈  

 Hx [x]⊆

 [x] Hx=

 G   H  

 

 G   H G≤  G   

H   Hx Hy .∩ =∅  
 G   H   G   
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x G.∀ ∈   G   

 

 

 G   H   

 G   H   

 

3S (1 2 3) (1 2) (1 2 3)= < > ∪ < >

 8Q A B A= < > ∪ < >

 15G =    H 3= < >   

 H {0, 3, 6, 9, 12}=  

 H 1 {1, 4, 7, 10, 13}+ =  H 2, H 3,+ +    

 yHxH +=+   x y H− ∈  x y H− ∈

 n∈   n 3q r,= +   
0 r 3.≤ <

 H n H 3q r H r+ = + + = +  3q H∈

 G   H   H, H 1+  H 2+  

 G H (H 1) (H 2)= ∪ + ∪ +

 

 H   G   H   
 H   

  f : H Hx : f (h) hx→ =   

    5  

 8   4< >  
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 G   H G≤   1 2Hg Hg=   1 2g g=   

 Ga∈   >< 5a   
 

 1SH =   ∗
   H   

 H   G   
 H   H  

 

 3S   H   
 G   H G≤   G   H   

 G   H   

 G   H  G  

1f :{Hx x G} {yH y G}: f (Hx) x H−∈ → ∈ =   f   
 G   H   

 G   H  

 f   

x, y G∈  
1 1 1 1Hx Hy xy H (xy ) yx H− − − −= ⇔ ∈ ⇔ = ∈  H G≤

 ,Hx)y( 111 ∈⇔ −−−
  1 1(y ) y− − =

 HyHx 11 −− =⇔  

 f   
 f   

 f  

 G   H   G   H   
 

 G   H   G   H   
 G   H   

 n  G   H   n   

 H   G   G   H   
 G   H   

 G : H  
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 : n n=   

3S : H 2=  8Q : A 2< > =

 }3,2,1{S =   T {1, 2}=  (T) (S)℘ ≤℘  

(S) : (T)℘ ℘  

 G   G :{e} o(G)=

 1:S∗


 

 G   H G≤  H:G   

 
 
 

 

 

 o(G) o(H) G : H=  
 

 G   

H G≤   o(H) o(G)  
 

  
 

  
 

    

 H   G   
o(G) o(H) G : H=

 o(G)   o(H)   o(G)   H:G   

 
o(G)G : H
o(H)

=

 G   G   H   
 G   

H   1 2 rHx , Hx , ,Hx   
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1 2 rG Hx Hx Hx= ∪ ∪ ∪         

 G : H r=

  1 2 rHx Hx Hx o(H)= = = =

o(H) o(H) o(H)+ + +   o(H) r= ⋅  
 r)H(o)G(o ⋅=  

         o(H) G : H=

 o(H) o(G)  G : H o(G)

 
o(G)G : H
o(H)

=

 
 
 

 

 
 

 G   G   

 G   H   
o(G)G : H
o(H)

=  

 

30 30 30 30 30 30 30 30, , , , , , , ,
1 2 3 5 6 10 15 30

  30, 15, 10, 6, 5, 3, 2   1 

 

 )G(o   
 

 

 ( , )∗ ⋅   ({1, 1}, )− ⋅   ( , )∗ ⋅  
 

       n   
 n 
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 4K   

 4K   4K   

 }e{   
 

 a , b< > < >   ab< >   

 4K  

 G   
/

H G≤   
/

K H≤  o(K) 30=   

o(G) 300=  H   G   H   

 H   K   G   
H K∩  

 H   K   G   

o(H) o(K)≠  H K {e}∩ =  

 

  4S  10D  8Q  2 3 n( ), n×Μ ∈ 

 
 

 m o(G)  G  
 m  

  
m o(G)  

 
 G   

 4S   

4A {I, (1 2 3), (1 2 4), (1 3 2), (1 3 4), (1 4 2), (1 4 3), (2 3 4), (2 4 3),=

(1 2)(3 4), (1 3)(2 4), (1 4)(2 3)}  4A  

 46 12 o(A ).=   
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 G   

 o(G)   
 

 g G∈   )G(o   )g(o   

 G   g G∈  o(g) o(G)

 o(G)g e g G= ∀ ∈

 g G∈  g G< > ≤

 o( g ) o(G)< >

 o(g) o(G)

 Gg∈   o(g) n=  m∈   o(G) nm=

 mnnm)G(o )g(gg ==  
 e=

 )(G 732  ×=   n∈   

 n5   7o(G) 6=

 

 G   G   
 G  

 G   p   H G≤  

 H {e}≠  o(H) o(G)  o(H) p

 p  H {e}≠  

 o(H) p o(G)= =

 H G=

 p 1≠  a G∃ ∈   a e≠

 Ga ≤><   a {e}< > ≠

 a G< > =  G  

 G   
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 G   5,1   7   

{e} e= < >  5  7   G   

 

 G   )G(o   
 G  

 G   a G, a e∈ ≠  

 G   G x= < >  o(x) mn(m, n 1)= ≠

 m mno(x ) n
(mn, m)

= =

 n o(G)<

 >< mx  G  

 8D  

 G   n   

H G H e≤ ≠, { }.
/  n  

 )G(o   
 G   

 
 n 2≥  

 ∗
n   

 { }nG r (r, n) 1= ∈ =  n 2≥  r   n   

 )n,r(   ),G( ⋅   nrsr s r , s ∗⋅ = ∀ ∈  

 o(G) (n)= φ  φ  

 G   

r , s G∈   (r, n) 1=   (s, n) 1=  (rs, n) 1=  rs G∈  

 G   
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 n   G  

 1 G∈

 r G∈   

1)n,r( =

ar bn 1⇒ + =  ∈b,a  

n (ar 1)⇒ − ar 1(mod n)⇒ ≡  

1ra =⇒
1a r −⇒ =

 a G∈  (a, n) d=  d (ar bn)+  d 1   
d 1=

 G  

 ),G( ⋅   

 G   nr ∈   nr <   (r, n) 1=
  o(G) (n)= φ

 G  n   

 n   nU( )   

 
 

 
 

  

 ∈a   2n ≥   (a, n) 1=  

(n)a 1(mod n)φ ≡

 na ∈   (a, n) 1=  a G∈  
 o(G) (n)= φ  (n)a 1φ =  

 (n)a 1(mod n)φ ≡

 55  

 (m, n) 1=  (mn) (m) (n)φ = φ φ

 6a =   n 55=    

(6, 55) 1=

 (55)6 1(mod55)φ ≡

 (5, 11) 1=  (55) (5) (11)φ = φ φ
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 (5) 4φ =   (11) 10φ =  (55) 40φ =

 406 1(mod55)≡  41 406 6 6 6(mod55)= ⋅ ≡

 55 

 

 23  

 ∈a   p   pa a (mod p)≡  
 

 

 

X   S(X)    

 G (S(X), )≤   x X∈  
 G   x    

GStab (x) { G (x) x}= σ∈ σ =   X   
 x  

 G   x   { (x) G}= σ σ∈GOrb (x)   

 

 G)x(StabG ⊆   GOrb (x) X⊆

 G   X   

 Xx∈   GOrb x   X   
 x    

 X {1, 2, 3}=  

3G S {I, (1 2), (1 3), (2 3), (1 2 3), (1 3 2)}= =

)1(StabG   GStab (2)  )1(OrbG   GOrb (2)

 G 3Stab (1) { S (1) 1} {I, (2 3)}= σ∈ σ = =  

G 3Stab (2) { S (2) 2} {I, (1 3)}= σ∈ σ = =

G 3Orb (1) { (1) S } {1, 2, 3} X= σ σ∈ = =   I(1) 1=  (1 2)  1  2   

 (1 3)  1  3 

 
 

GStab (x)   
Stab(x)  GOrb (x)   

 )x(Orb   
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G 3Orb (2) { (2) S } {2, 1, 3} X= σ σ∈ = =

 o(G) 6 Stab(1) Orb(1)= =       

 Stab(2) Orb(2)=  

 o(G)  )x(StabG   GOrb (x)   
 G   

 

 X   G S(X)≤  

GStab (x) G x X≤ ∀ ∈

 I(x) x=  GI Stab (x)∈  Stab(x) .≠ ∅

 G, Stab (x)α β∈  1(x) x−αβ =  1
GStab (x)−αβ ∈

 GStab (x) G x X≤ ∀ ∈

 

 X   G,
S(X)   x X∈  

G Go(G) Orb (x) o(Stab (x))=

 x X∈   GH Stab (x)=  H G≤

Gf :{ H G} Orb (x) : f ( H) (x)σ σ∈ → σ = σ
 

 f  

, Gσ φ∈ 1H H H−σ = φ ⇔ φ σ∈ 1 (x) x (x) (x)−⇔ φ σ = ⇔ σ = φ  
 

 f   

 f ,  

 f   G(x) Orb (x)σ ∈   

Hσ   f ( H) (x)σ = σ

 G   )x(StabG   GOrb (x)  f  

 G GG :Stab (x) Orb (x) .=  

 G Go(G) o(Stab (x)) Orb (x) .=  
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 4 4G V {I, (1 2)(3 4), (1 4)(2 3), (1 3)(2 4)} S= = ≤

X {1, 2, 3, 4}=   3,1x =  

 
  

 

 

 

 H   G  

 o(G) o(H) G : H=

  G   

m o(G)  G   m  

  ,G  H   G   H   
 ,G 

  

 

   

 

  (n)a 1(mod n)φ ≡  1)n,a(,n,a =∈   

2n ≥  φ  

  X     

  S(X)   G   x X∈   

   G Go(G) Orb (x) o(Stab (x))=

 H {I, (1 2)}=

  H,(1 2)H, (1 3)H, (2 3)H, (1 2 3)H, (1 3 2)H  
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  HH)21( =  (1 2) H∈

  (1 2 3)H (1 3)H=   (1 3 2)H (2 3)H=

  H)321()31( 1 ∈−   1(2 3) (1 3 2) H− ∈

  3S   H   H, (1 3)H   (2 3)H  
 

  3S   H   

H, H(1 3)  H(2 3)  
  (1 3)H {(1 3), (1 2 3)}=   H(1 3) {(1 3), (1 3 2)}=

 (1 3)H H(1 3)∴ ≠

  (2 3)H H(2 3)≠

 (G, )+   H  

 }Hhhx{Hx ∈+=+

  {h x h H}= + ∈  x h h x h H+ = + ∀ ∈

  ,xH +=   G   H  
  

 1ab K a, b K− ∈ ∀ ∈  8K Q≤  
 

  K KI K( I)= = −  KA K( A) {A, A}= − = −  
1A( A) I−− = −

  KB K( B) {B, B}= − = −  KC K( C) {C, C}= − = −

  K, KA, KB KC  

 K, AK, BK  CK  

  xH G e xH e xh≤ ⇒ ∈ ⇒ =  h H∈    

  1x h H−⇒ = ∈  xH H G= ≤

 1 1Ha Hb ab H (ac)(bc) H Hac Hbc− −= ⇔ ∈ ⇔ ∈ ⇔ =

 G   H   

  f : H Hx : f (h) hx→ =  
  f  

  h, h H′∈  hx h x h h ,′ ′= ⇒ =  

  f  
  f  
  f  
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  H   Hx  

  g : H xH : g(h) xh→ =  

  H  

    5   5 , 5 1, 5 2,5 3, 5 4+ + + +      
  m∈  q, r∃ ∈  m 5q r, 0 r 4= + ≤ <

  5q 5∈   r 0, 1, , 4=    m (5 r)∈ +

 5 (5 1) (5 2) (5 3) (5 4)∴ = ∪ + ∪ + ∪ + ∪ +     

 8   >< 4   

 4 , 4 1, 4 2, 4 3< > < > + < > + < > +   

 8  

 4 1 4 5< > + = < > +  8   51 ≠

 o(a) 15=  5o(a ) 3=

  5 5 10H a {e, a , a }= < > =

  6 11aH {a, a , a },=  2 2 7 12 3 3 8 13a H {a , a , a }, a H {a , a , a }= =   
4 4 9 14a H {a , a , a }=

  >< a   4H, aH, ,a H   
a< >   H  

 S {z z 1}| |= ∈ =

  ∗   

  1S w   w ∗∈

 1 1S w {zw z S } {zw z 1} { w }| | | | | |∗= ∈ = = = α∈ α =

  ∈α   |w||| =α   ww 1−α=α   

  w 0≠   1w 1
w
| |
| |

− α
α = =  1 1w S−α ∈

  wS1   )0,0(   

w| |  

 ∗
   1S   

  ∗
   

1S   

 

 T   S  

(T) (S)℘ ⊆℘  
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∆   

 (T) (S)℘ ≤℘  H (T)=℘  

 H = ∅{ , { }, { }, { , }}1 2 1 2  

  H{3} { {3}, {1} {3}, {2} {3}, {1, 2} {3}}= ∅∆ ∆ ∆ ∆  

           {{3}, {1, 3}, {2, 3}, {1, 2, 3}}=  
  H H{3} (S)∪ =℘

  (S) : (T) 2℘ ℘ =

 G   }e{   {e}g {g}, g G.= ∀ ∈

  o(G)  

  G :{e} o(G)=

 ∗
   

1S   

1S:∗  

    : n n= 

 /K H, o(K) o(H)≤   o(K) o(H)≠

  / )G(o)H(o,GH ≤   o(H) o(G)≠

  o(K) 30=   o(G) 300=

  )H(o  300  30  
30  300  150 

  ,
)H(o
)G(o
  

300
60

  ,
150
300

  5  

,2 

 HKH ≤∩   H K K∩ ≤  o(H K)∩  35 

  (12, 35) 1=  o(H K) 1∩ =  

 

 

w  

Y 

X 1 O 
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H K {e}∩ =

 4S   ><= )4321(H   K (1 3)(2 4)= < >   

 H K K {e}∩ = ≠  2(1 3)(2 4) (1 2 3 4)=

 4o(S ) 24=  2, 3, 4, 6, 8, 12  

  10o(D ) 10=  2   5 

  8o(Q ) 8=  2   4  

  .6))((o n
n32 =×    n6   n6    

  

 2o(G) 28 2 7= = ×

  g G∈   g G, g e, o(g) 2, 4, 7, 14.∈ ≠ =   

 Gg∈   28   G  

 2 3 2 3
8D {I, R, R , R , r, rR, rR , rR }=

  o(R) 4, o(r) 2= =  >< R   >< r  8D   

 G   G  

  n   
n∈   

 n   H  

 4S   4V {I, (1 2)(3 4), (1 3)(2 4),=  (1 4)(2 3)}  

  44 SV ≤  4V   
 

 23   (23)(3) 1φ =

  (23) 22φ =  

  223 1=  443 1∴ =

 47 3 44 33 3 3 3 27∴ = = =

  473 27 (mod 23) 4(mod 23)≡ ≡

  23 

 (a, p) 1=  p  a  (p)a 1(mod p)φ ≡

  (p) p 1φ = −  p 1a 1(mod p)− ≡  pa a(mod p)≡

  p a  a 0(mod p)≡   pa 0(mod p)≡

  pa a(mod p)≡
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 Stab(1) {I}=  G,σ∈  1 

  Stab(3) {I}=

  Orb(1) {1, 2, 3, 4} Orb(2)= =

  o(Stab(1)) Orb(1) 1 4 4 o(G)= × = =   

         o(Stab(2)) Orb(2) 1 4 4 o(G)= × = =  

  



219

.........................................................................................................................................................................................

         

 
 

 

 

 
 H   

 Hy   
 

 
 

 

 
 

 
 vkd̀fr 1% xSyksvk  

¼1811-1832½
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 •  

 •

 •

 •

 H   aH   
 Ha   

 
 

 n ≤    m∈   

n m {nr m r } {m nr r }+ = + ∈ = + ∈    +  

 m n .= +   

      
 

 3S    3S   

 H(1 3) {(1 3), (1 3 2)}=   (1 3)H {(1 3), (1 2 3)}.=   

H(1 3) (1 3)H≠

 G   N,  G   
 

Nx xN x G,= ∀ ∈   GN       

 G   }e{   
 G  

 x G∈   {e}x {x} x{e}= =   Gx G xG.= =  

 n n∀ ∈   3S       

H {I, (1 2)}=   H  
 3S .

    

 G   H   
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.........................................................................................................................................................................................

 n   n   n .∈  

 n   H   

nH m ,=    nm∈  

  {0, m, 2m, , (n 1)m}.= −

 nz∈  

}rzmr{zH n∈+=+

 n{ z rm r },= + ∈   +  

 z H.= +  

H∴ n .  

 
 

 8Q   }A,I{H ±±=   

 1 0 0 1I , A .0 1 1 0
   = =   −   

 8Q   H   

 H   HB  
0 i

B .
i 0
 

=  
   

 H   BH. 

 B H∉  HB H.≠   BH H.≠  

 8Q H HB H BH.= ∪ = ∪  

 8HB Q \ H BH,= =   HB BH.=  

 8Qα∈   H∈α   HB.α∈
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 H,α∈   H H H.α = = α

 HB,α∈   H HB BH H.α = = = α  

 8H H Q ,α = α ∀ α∈   8Q H HB= ∪

 H  8Q  

 4S   H {I, (1 2)(3 4)}=  

 4H S ,≤   H (1 2)(3 4) .= < >

 H(1 2 3) {(1 2 3), (1 2)(3 4) (1 2 3)} {(1 2 3), (2 4 3)}.= =  

 (1 2 3)H {(1 2 3), (3 4 1)}.=  

 )143()342( ≠   H(1 2 3) (1 2 3)H.≠  

 H  
4S .  

 H  G  Hg gH g G.= ∀ ∈     
hg gh h H= ∀ ∈   g G.∈   HB BH=  
AB BA≠

Hg gH=   h H∈   h H′∃ ∈   hg gh .′=

 

 8D   >< r   90R< >   

 ><= )321(H  3S   

 30U  

 G   H G.≤   H  G   

 H,G   x G∈   

y G∃ ∈   xH Hy.=   H  G
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.........................................................................................................................................................................................
  

 

 

 H   G   
 x G∈   xH   

 
 

 H   G  
 

i) G   H  

ii) 1g Hg H g G.− ⊆ ∀ ∈  

iii) 1g Hg H g G.− = ∀ ∈  

 (i) (ii) (iii) (i).⇒ ⇒ ⇒   
 ''⇒   

(ii)(i)⇒  Hg gH g G.= ∀ ∈   

 1g Hg−   g G.∈   
1 1g hg g Hg− −∈  

 hg Hg gH∈ =  1h H∃ ∈   1hg gh .=  

1 1
1 1g hg g gh h H− −∴ = = ∈

 1g hg,−  1g Hg−   
 

 g G∈   1g Hg H.− ⊆  

)ii(∴  

(iii)(ii)⇒  g G∈  1g Hg H.− ⊆  

 1H g Hg−⊆  

 h H.∈   

1 1h ehe (g g)h(g g).− −= =

1 1g Hg {g hg h H}− −= ∈ -
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1 1 1 1 1 1g (ghg )g g {(g ) hg }g.− − − − − −= =  

 1g x− =   x G∈   1x Hx H− ⊆  

1 1 1h g (x hx)g g Hg.− − −∴ = ∈  

 h,  H   
1H g Hg.−⊆  

 1g Hg H g G.− = ∀ ∈  

(i)(iii)⇒  g G∈   1g Hg H− =  Hg gH=  

 hg Hg.∈  

 1hg g(g hg).−=   1 1g hg g Hg H.− −∈ =  

1g hg H.−∴ ∈  

 1hg g(g hg) gH.−= ∈  

Hg gH.∴ ⊆  

 gH Hg.⊆  

 Hg gH.=  

H∴  G,  

 

 H  1G g Hg H g G.−⇔ = ∀ ∈   

 1g hg h h H− = ∀ ∈   g G.∈  

 H  8Q .  

1C HC H− =  
i 0

C .
0 i
 

=  − 
 

1 i 0 0 1 i 0
C AC A A.

0 i 1 0 0 i
− −     

= = − ≠     − −       
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 G   H G.≤   Gg∈   
h H∈  

1 1g hg (g g)h h H.− −= = ∈  

1g Hg H g G.−∴ ⊆ ∀ ∈  

  H  G.  

 G   
 
 
 

 G   G   

 G g= < >  o(g) 10.=   

G   2 5e , g , g< > < > < >    G    

 G   G  

 G  

 1G   2G    

}e{G 21 ×  1 2G G×   2G   2e    

 1 2 1 2 1 1 2 2G G {(g , g ) g G , g G }× = ∈ ∈  

 1 2 1 2 1 1H G {e } {(g , e ) g G }.= × = ∈  

 1 1 1
1 2 1 2 1 2 1 2(g , g ) H(g , g ) (g , g )H(g , g )− − −=  

 1 1
1 2 2 1 2(g , g )(g, e )(g , g )− −   

1g G .∈  
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 1 1 1 1 1
1 2 2 1 2 1 1 2 2 2 1 1 2 1 2(g , g )(g, e )(g , g ) (g gg , g e g ) (g gg , e ) G {e } H− − − − −= = ∈ × =

  1
1 1 1g gg G .− ∈  

 }e{G 21 ×  1 2G G .×  

 21 G}e{ ×  1 2G G×  1e  1G   

 2GL ( )  2 2SL ( ) {A GL ( ) det(A) 1}= ∈ =    
 det(AB) det(A)det(B)=  

1 1det(A )
det(A)

− =   

 2SL ( )  2GL ( ).  

 (GL ( ), )⋅   












∈







= c,b,a

c0
ba

H   

 G   G  

 G   G   H    

 H  G

 3S   >< )32(  

 2GL ( ).   

 H   G   1 1g Hg gHg g G− −= ∀ ∈  

 H  G

 >< )321(  3S .  

3S : (1 2 3) 2< > =  

 G   G  

 HB BH=   
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.........................................................................................................................................................................................

 GN ≤   G : N 2.=   N   

 N   Nx   N   yN  

 G N yN,= ∪   yN G \ N.=   

G N Nx.= ∪   Nx G \ N yN.= =

 Nx xN.=   N  G.  

 
 

 n 2≥   nS   
 

 
 8Q  

 8Q   4,2,1   8   
 

 }I{   8Q  

 8Q  

 8Q   
 

 8Q   

I−   8Q   H {I, I}= −  

1
8g Hg H g Q .− ⊆ ∀ ∈  H∴  8Q . 

 8Q  

 8Q   AB BA BA= − ≠
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 2nD   n2D   

 n 2, n≥ ∈   }n,,2,1{S =   T {1, 2, , n 1}.= −  

 )T(℘  (S).℘  

 X   G S(X).≤   

  GOrb (x) {1, x}=  x X∈   

)x(StabG  G.  

 
 

 G   

 G   {e} 

 G   G  

 G   
 G   G  

 
 
 

 

 

 G   o(G) n 1.= >   
 x G, x e.∈ ≠  

 x G.< > ≤  

 G   >< x
 G.  

 x e≠  x {e}.< > ≠  

 G x= < >  G  
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.........................................................................................................................................................................................

 G   n  

 p,  n   G   p   
 

 G   H  G.  G   H G.=  

 o(G) o(H) p= =

 ∈n   nU  

 
 

 

 G   n .∈   

H {g G o(g) n}.= ∈ =   H G≤  H  G.  
 G   H G.</  

 H   G   
o(H) 2.=   H Z(G).≤

 

 

 

≤  

≤  

 G   

  H  N   N  ,G   

i) NnHhnn 1 ∈∀∈−   h H.∈  

ii) 1g ng N g G− ∈ ∀ ∈   n N.∈  
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 1g hg H g G− =∈ ∀ ∈   
 h H.∈   H G  

  

 G   H G≤   K H.≤   K  G  

K  H.  

 K  G  1g Kg K g G.− = ∀ ∈   
1g Kg K g H.− = ∀ ∈

 K  H.  

 2SL ( )   2GL ( )  
 H   2SL ( )  H.  

 

 G   H  G.  K H.≤    

K  G

 

 H   K   G   

KH∩  G.  

 H K G.∩ ≤  KH∩  G   

 1g xg H K x H K− ∈ ∩ ∀ ∈ ∩   g G.∈  

 KHx ∩∈   g G∈  Hx∈   H  G. 1g xg H.−∴ ∈  
 1g xg K.− ∈  1g xg H K.−∴ ∈ ∩  

 KH∩  G.  

 
 G   G  

 
 H G≤   K G≤  KH ∪   G   
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 H  K,G  G   KH ∪  G   
 

 
 

 G  H  G   K  G   

H K G.∪ ≤  H   K   KH∪  G  

 G   H G≤   K G≤   KH ∩  ?H  

 1G   2G   H  1G   K  2G  

KH×  1 2G G×  

 

H, K G≤  HK G≤   HK KH.=  

 2nD ,   

 r   90R   8D   r   

 90R< >  8D  >< r   8D .  

2nD ,  n 3≥

 2nD , n 3,≥   

 ><= rH   K R= < >  360R R , .nθ= θ =  
 

K  ,D n2  H  
 n2D   2nD HK.=  

 xr =   R y=   n2D    

 i jx y   1,0i =   

j 0, 1, , n 1, o(x) 2, o(y) n 3,= − = = ≥   1 n 1xy y x y x.− −= =  

2 n 1 2 n 1
2nD {e, x, y, y , , y , xy, xy , , xy } K xK,− −∴ = = ∪    x k.∉

2nD : K 2.∴ =  

 K  2nD .  

 n2D   

 1xy y x−=   
1y y ).−≠

 H  2nD . 
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1y xy−   1 2y xy xy− =  1y x xy.− =

 2xy e=   2xy x.=   2)x(o =  
1x x.− =

 2xy e,=   xxy 12 == − 3 1y xy y x−⇒ = = 4y x.⇒ =  

 m   
m 1y y x−=   m   my x=  

 my e≠  ex ≠   x y.≠   

 ny e≠  2xy e.≠  

 2xy x=  2y e,=   o(y) 3.≥  

1 2y xy xy H,−∴ = ∉   H   G.  

 H K {e}∩ =  o(H K) 1.∩ =  

 o(H)o(K)o(HK) 2n.
o(H K)

= =
∩  

 n2)D(o n2 =   2nHK D .⊆  

 2nD HK.=  

 HK G.=   G   
HK KH.=   H   K   G   

 

  H  G   GK ≤  HK G.≤  

  

  H  G   K  G  G.    

  ' '≤   

 

 H   K    

 H K {e},∩ =  

   KH∩   
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 H   K   G   

G   HK, G   
 
 

 G   H   K   
G   H   K   

 

 H K {e}.∩ =  

 = ×G H K  

 4K {e, a, b, ab}=   

eb,ea 22 ==   ab ba.=   4K ,  >< a   b< >  

 ><= aH   K b .= < >   H K {e}.∩ =

 4K HK.=

4K H K.∴ = ×

 10   105   102   

 }5,0{H =   K {0, 2, 4, 6, 8}.=  

 10 H K= +  10   H   K   

 H K {0}.∩ =  

 10 H K.= ×  

 

 1G   2G   21 GG ×  

 1 2 1 2(G {e }) ({e } G )× × ×  
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 }e{GH 21 ×=   1 2K {e } G .= ×   

1 2G G×   H   K  

 21 GG ×   hk   
 Hh∈   k K.∈

 21 GG ×   (x, y)   2 1(x, y) (x, e ) (e , y)=

 2 1(x, e ) H, (e , y) K.∈ ∈

1 2G G HK.∴ × =

 (x, y) H K.∈ ∩

 (x, y) H∈  2y e .=   (x, y) K∈  1x e .=  

1 2(x, y) (e , e ).∴ =  1 2H K {(e , e )}.∴ ∩ =  

1 2 1 2 1 2G G (G {e }) ({e } G ).∴ × = × × ×  

 H   K   G   
 H   K   H   K  

 
 

  

 
 

 

 
 

 
 

 G   H   K   
 

 Gx∈   x hk=   

h H, k K∈ ∈
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 hk kh h H, k K.= ∀ ∈ ∈

 G HK,=   H K {e}.∩ =  

 x G.∈   x hk=  h H, k K∈ ∈  

  11khx =   Hh1 ∈   1k K.∈   

  1 1hk h k .=              

 1 1
1 1h h k k .− −∴ =

   1
1h h H.− ∈  

  1 1
1 1h h k k K− −= ∈  1

1h h K.− ∈

 
1

1h h H K {e}.−∴ ∈ ∩ =  

 1
1h h e−∴ =  1h h=  

  1k k .=  

  x   H   K    

 x   y   
 1 1x y xy− −   Hh∈   k K∈   

 1 1h k hk− −  

  K  G,   1 1h k h K.− − ∈

 1 1h k hk K.− −∴ ∈  

  1 1h k hk H.− − ∈

 1 1h k hk H K {e}.− −∴ ∈ ∩ =  

 1 1h k hk e.− −∴ =   hk kh.=  

 3S   3S HK=

H (1 2) , K (1 2 3)= < > = < >  H K {I}.∩ =   

3S H K.= ×   (1 2)(1 2 3) (1 2 3)(1 2).≠  

 H   3S . 

 G H K= ×  
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 G H K≠ ×   
 H   K   

 H   K   

 1G   2G   H   K   

 
 

   

 H K= ×     H   K  

 ><= mH   ><= nK  m, n∈   

mn H K.∈ ∩   H K {0}∩ ≠  0m =   n 0=  

 0m =   1∈   hk    
 k K.∈   n 0=   

    

 H   K   
G   
G H K.= ×  

 G   H G,  K G   G H K= ×  

 o(G) o(H) o(K).= ⋅  

 ><×><= BAQ8  

 ∗   +   {1, 1}  
 +  

 
 

 H   G   

 g G∈   
1g Hg H.− ≠   g G∈   

 1g Hg H− =  
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 G   G   H   
1N(H) {g G g Hg H}−= ∈ =  G   H   

 H  G   =N(H) G. 

 H  N(H)⊆   H  G.≤

 3H (1 2) S= < > ≤  N(H) H.=  

 H {I, (1 2)}.=   H  3S . 

 1
3N(H) { S H H}.−= σ∈ σ σ =  

 H  N(H).⊆

 (1 3)(1 2)(1 3) (2 3) H= ∉  (1 3) N(H).∉  

 N(H) H.σ∉ ∀ σ∉  

 N(H) H.=  

 )H(N\G   G   H  

 )H(N   

 G   H G.≤   H N(H) G.≤ ≤  

 H N(H).⊆   H N(H).≤

 e N(H).∈  

 g N(H)∈  1 1 1 1 1g Hg H (g ) Hg H g N(H).− − − − −= ⇒ = ⇒ ∈  

 1 2g , g N(H)∈  1 2g g N(H).∈  

 N(H) G.≤  

 )H(N  G H G∀ ≤  

 )H(NH =   H   3S  )H(N   3S . 

 G   N(H)  
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 H  G   N(H) G.=  

 H G≤  H  N(H)  

 G   g G∈  )g(N ><   N(Z(G))  

 G   H G≤  N(H) {e}=   
 

 N( r )< >   8D   r  

 
 

  

 

 H  G   1g Hg H g G.− = ∀ ∈  

 1 2G G×   }e{G 21 ×   21 G}e{ ×   

 

 

 H  G  H  K  GK ≤   H K.⊆  

 H  G   K  G   KH∩  G.  

 H  G   K G≤  HK G.≤   K  G    

 G.  
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 G   H   K   
 

  Gx∈   x hk=   

 h H, k K∈ ∈

  hk kh h H, k K.= ∀ ∈ ∈

 

 8D   90{r, R }  

90o(r) 2, o(R ) 4= =   1
90 90rR R r.−=  

  }r,I{rH =><=   90 90 180 270K R {I, R , R , R }.= < > =  

  90 90 90HR {R , rR }=   90 90 90R H {R , R r}.=  

  90 90R r R≠   90 90R r rR≠  90 90HR R H.≠

  H   8D . 

  KR K RK R K.= = ∀ ∈

  Kr rK=   8D   

  8Kx xK x D .= ∀ ∈  

  K  8D .  

 3S {I, (1 2), (1 3), (2, 3), (1 2 3), (1 3 2)},=  

 H {I, (1 2 3), (1 3 2)}.=  

  H, H H H .∀ σ∈ σ = = σ  

 

 H(1 2) (1 2)H, H(1 3) (1 3)H, H(2 3) (2 3)H.= = =  

 H∴  3S . 
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 30H U .≤   iH = < ζ >   i  

 io( ) 30,ζ   ζ   

  j
30Uζ ∈  

 
j im j j im jH { m } { m } H.ζ = ζ ⋅ζ ∈ = ζ ⋅ζ ∈ = ζ 

  H  30U . 

 G g .= < >   ><= mgH  
 m∈   

H  G.  

 x xH∈  x Hy.∈   Hx Hy .∩ ≠∅  

  Hx Hy.=  

  x G∈   xH Hx.=   H  G.

 2A GL ( )∈    2B SL ( )∈   

 1 1det(A BA) det(A ) det(B)det(A)− −=

 
1 det(A)

det(A)
=  det(B) 1.=  

 1.=

 1
2A BA SL ( ).−∴ ∈   

 2SL ( )∴   2GL ( )

 2
1 0 GL ( )2 1
 ∈  

   .H
i0
21
∈








 

  ,H
12
01

i0
21

12
01 1

∉























−

 

 H  2GL ( ).  

 Gg∈   x Z(G).∈   

 1 1g xg g gx− −=  x Z(G).∈  

      x Z(G).= ∈

 
1g Z(G)g Z(G) g G.−∴ ⊆ ∀ ∈

 )G(Z∴  G.  
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 H (1 2) ,= < >  3S   

  H   G.  

 1(1 2 3) (2 3)(1 2 3) (1 2) (2 3)− = ∉ < >  (2 3)< >  3S . 

 8D   ><= rH   

  >< r   8D . 

  1 1
8g Hg gHg g D .− −= ∀ ∈  

 2nD r, R= < >  }1n,,1,0iR{H i −==    

  o(H) n=  H R .= < >   2no(D ) 2n.=  

  2nD : H 2.=   H  2nD . 

 G   H  G.   G : H 2.=  

 .   3      3  .  

  : 3 3= 

 

 (T) (S).℘ ≤℘  

  1n2))T((o −=℘   no( (S)) 2 .℘ =

  
n

n 1
2(S) : (T) 2.2 −℘ ℘ = =  

  )T(℘  (S).℘  

 G Go(G) o(Stab (x)) Orb (x) .=  

  Go(G) 2o(Stab (x)).=  

  GG :Stab (x) 2.=  

  )x(StabG   G.  

 p   ,pUp =   

pU   nU   
 n p.=  
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 6   3S   

 1G   2G   n   1G   

 2G   n   
 

 1G   2G   

 

 1G   2G   }e{G 21 ×   1 2G G×  

 }e{G 21 ×   1G  

  21 GG ×  

 H G.≤  

  1o(g hg) o(h) g G, h H− = ∀ ∈ ∈  1g hg H.− ∈  

  H  G.  

  G   n    o(G)  H .=∅   

H G,</

  n 1=  H {e} G.= ≤  

  n 2≥   
 Ge∈   n 2≥   

 e H.∉   n 2≥   H G.</  

 o(H) 2=  H h {e, h}= < > =  2h e.=  

  H  G  
1g hg H g G− ∈ ∀ ∈   h H.∈

  g G∈   1g hg e− =   1g hg h.− =  

  1g hg e− =  h e=  o(h) 2.=  

  1g hg h− =  hg gh g G.= ∀ ∈   H Z(G).⊆  

  H Z(G).≤  

 HK ≤   H G.≤   K G.≤   
G   K  

  1 aK a0 1
  = ∈    

  



243

.........................................................................................................................................................................................

 2K SL ( ).≤    2SL ( )  2GL ( ).  

  2
1 2A GL ( )3 4
 = ∈  

   .K
10
11
∈







 

  ,KA
10
11

A 1 ∉






−  

  K   G.  

 GKH ≤∪   KH ≤   K H≤  

  HKHGKH =∪⇒≤∪   H K K.∪ =  

  G   H   K    

KH∪  G   H K G.∪ ≤  KH ≤   K H.≤  

 KHx ∩∈   h H∈   

  HxKHx ∈⇒∩∈   x K.∈  

  1h xh H− ∈  x, h H.∈  

  K  1G h xh K.−⇒ ∈  

  1h xh H K.− ∈ ∩

  KH∩  H.  

 1 2H K G G .× ≤ ×  

  KH)k,h( ×∈   1 2 1 2(g , g ) G G .∈ ×   
1 1 1

1 2 1 2 1 1 2 2(g , g ) (h, k)(g , g ) (g hg , g kg ) H K− − −= ∈ ×  

 H  1G   K  2G .

  KH×  1 2G G .×  

 hk HK.∈   H  G  
1k hk H− ∈    

  1k hk h .− ′=  

   hk kh KH.′= ∈   HK KH.⊆  

   KH HK.⊆  

   HK KH.=  

   HK G.≤  

  H  G   K  G  HK G≤
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   Gg∈   hk HK∈  

  1 1 1g hkg (g hg)(g kg) HK− − −= ∈  H  G   K  G.  

   G.  

 

 HK   11kh  

    1 1
1 1 1 1hkh k (hk) (h k )− −    

 H K∩   1 1 1 1(hk)(h k ) (h k )(hk)=

   1
1

1
1

11
11 hkhkkhkh −−−−

  ,hkhkkhkh 1
1

1
1

1
1

1
1

−−−−=   K  

   1 1 1 1
1 1 1 1h, kh k , k h k , h H− − − − ∈  

  
1 1 1 1

1 1 1 1h(kh k )(k h k )h H.− − − − ∈  

   1 1 1 1
1 1 1 1hkh k k h k h H.− − − − ∈  

   1
1

1
1

11
11 hkhkkhkh −−−−

  1
1

1
1

1
1

1
1

1
11

1 hkh)hh(kkh)hh(hk −−−−−−=

  1 1 1 1 1
1 1 1 1 1 1(hkh )hh k k (hh ) h k h− − − − −=  H  

  K.∈

  

  8Q   H A , K B= < > = < >    

  H K { I}.∩ = ±  

   8HK Q=

   H   K   8Q   

 Gx∈   hk   
 Hh∈   k K.∈  

 G HK.∴ =  

  H K {e}.∩ =  

  x H K.∈ ∩
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  Hx∈   x K.∈  

 G HK.∴ =  ex HK.∈  

  x   H   K   
 ex   

 ex  
 x e.=  

 H K {e}.∴ ∩ =  

 G H K.∴ = ×

 G   H   K  

  G HK=  H K {e}.∩ =

  o(G) o(HK) o(H) o(K)= = ⋅

 A B { I}< > ∩ < > = ±  8Q A B .≠ < > × < >  

 +   {1, 1},−  ∗
  

  ∗  

  r ∗∈   r 0>   r 0.<  

  r r 1 .| | += ± ∈< − >   

  1 {1}.+< − > ∩ =  

  1 .∗ += < − > ×   

 H  1G g Hg H g G−⇔ = ∀ ∈

        Gg)H(Ng ∈∀∈⇔

        N(H) G.⇔ =  

 1N(H) {g G g Hg H}.−= ∈ =

  1g N(H), g Hg H.−∀ ∈ =   H  N(H).

 1 iN( g ) {x G x gx g−< > = ∈ =   i∈  } 

 1N(Z(G)) {g G g Z(G)g Z(G)}.−= ∈ =  

  )G(Z  G   N(Z(G)) G.=  
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 H {e}=  N(H) G {e}.= ≠

  H {e}≠  H N(H).≤   N(H) {e}.≠  

 r {I, r}.< > =  

  IR4 =   i i 2iR rR rR− =  2 2 4R rR rR r− = =

  2R N( r ) .∈ < >

  i 1 i i i 2i(rR ) r(rR ) R rR rR ,− −= =  2rR N( r )∈ < >  

  i 1, 3=   )r(N ><   iR   irR   
2irR r .∉ < >  

  2 2N( r ) {I, r,R , rR } .< > =  
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 G   G   
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 3S   H {I, (1 2)}=   3S   H   
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 ∗   )32(H)31(H ∗   
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 21 KK σ=σ   1 2K Kρ = ρ  )(K)(K 2211 ρσ=ρσ 

  1 2 1 2 3, , , S .σ σ ρ ρ ∈  

 K1 ∈σ   1 Kρ ∈

 )21(1 =σ   2 (2 3)σ =   1 (1 3)ρ =    2 (1 2)ρ =  

1 1 2 2K, K.σ ρ ∈ σ ρ ∈   

 1 1 2 2K( ) K K( ).σ ρ = = σ ρ    2121 ,,, ρρσσ   
 K  

 ∗  
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 G H   3SG =   3H S .=  

  3S  3S   33 SS   3S   3S  
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 1n = < >



  n)1(o =  


n   n 1⋅ =  0, 

0 m n< <   m. 1 0.≠  
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 o( n ) n.=   
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2H SL ( ).=   

HG   
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c d
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det n
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 2A SL ( )∉    2A SL ( )⋅    m  
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⇒−= 1Adet 2 2
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 2A SL ( )⋅   

 mG { 1,= α∈ α =   m∈   
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   G   G,   10G : U  

 G ≠ ϕ

 1 G.∈  

 Gα∈  m∈   m 1.α =   1 m( ) 1.−α =   

 1 G.−α ∈  

 , Gα β∈  m, n∈   m n1 .α = = β  

 mn mn mn( ) 1.αβ = α β =   G.αβ∈  

 G .∗≤   

 U10
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1= ∈ = ≤∗ ∗
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 G   G.  
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 10 10U U ,ζ ≠   10 1.ζ ≠

 ζ ζ1 10 2 10U U=   1 10
1 2( ) 1−ζ ζ =  10 10
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 i
i

o(G)o(G H ) ,
o(H )

=   

15 15 15 15, , ,
1 15 5 3

  15, 1, 3, 5 

 3HG  

 )HG(o 3   3HG   
2

3 3 3 3 3G H H {H , H , H }.= < ζ > = ζ ζ  
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 G   x, y G.∈  
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 [G, G]  
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in , m∈ ∈   

 C   

 [G, G]  C   [G, G] C .= < >  

 3S  
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Øefofues;d milewg dh 
ckr lcls igys fczfV”k 
xf.krK th-,- feyj us 1898 
esa fd;k FkkA
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 ]G,G[   in
i

i

a a=∏   1 1
i i i i ia x y x y− −=  

 i ix , y G∈   in ∈  
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 ]G,G[   G  
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 1 1xyx y N x, y G.− − ∈ ∀ ∈  
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 2 4 1
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 I H.∈   1 1 2rRr R R [G, G].− − = ∈  
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 2 2Z(D ) R {I, R }= < > =  G   2R< >  

 2G R< >   1 3r R rR R r R r Rr R r−= = = = =  >< 2RG  

 2[G, G] R= < >
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 10D   

 G   G [G, G]  

 

 

 G′  8G Q .=

 G Z(G)   

 G   Z(G) G.=   )G(ZG   

 8Q   8Z(Q ) { I}.= ±   )Q(ZQ 88   

 8Q  

 )G(ZG   G   

 )G(ZG   G   

 G   )G(ZG   G  

 G Z(G) gZ(G) ,= < >   x, y G.∈  
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2a H.∉  

  o(H) 10=  3 10(a ) 1=  
30a 1.=   o(a) 30. 

  )a(o   1, 2, 3, 5, 6, 10, 15   30 

  o(a) 1≠  ea ≠  a H.∉  

  o(a) 2≠  ea 2 =   2a H∈  2a H.∉  

  o(a) 5=  5a e.=   5(Ha) H ,=   2Ha H=  

 3Ha H=  

  2a H∈  o(a) 5.≠  

  o(a) 10.≠   

  o(a) 3, 6, 15=  

 r)g(o =   o(Hg) m.=  

  rg e=  r(Hg) H.=   m r.  



271

.........................................................................................................................................................................................

 n∈   1
n ∈   1

n +   n  

     n   n .∀ ∈

    

  2 +   ∈n   n 2 .∈  

 .≤      .      

 +2   i +   2 i− ∉  

 ∉2   i∉  

 f , g C∈  f g C.− ∈   C ≤ 

      C    

   C {f C f/ = + ∈ }.

  1 2f , f ∈    1 2f C f C+ = +   21 ff −  

   n∈   2
nf (r) nr r= ∀ ∈   nf ∈     

 

   n m≠   n mf C f .+ ≠ +  

      C        

   C/   

    C/  

  f , g Cont f g Cont∈ ⇒ − ∈  Cont     

    Cont/  

   f ∈   f   f2ff =+    
 

  

 8G Q=  

  H  G H G.∀ ≤   )HQ(o 8   

  )HQ(o 8   2  HQ8  



272

    

  HQ8   H { I}= ±   

 HQ8  
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8H Q , H {e}∀ ≤ ≠  8Q′   

  8Q { I}.′ = ±
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 G   Z(G) G,=   )G(ZG   

 p))G(Z(o =   2p  G Z(G).≠  

   2o(Z(G)) p=  ( )o G Z(G) p.=   )G(ZG     

 G   2o(Z(G)) p .≠

   o(Z(G)) p.=  

  o(Z(G)) 2.=   )G(ZI∈   )G(Zr∉   

  rR Rr).≠  G   2R    
  

  2 2Z(G) {I, R } R .= = < >  

   Z(G) G .′=  

 N  G H.   T G≤   

H T⊆  N T H.=

  t T∈   Ht N.∈  

  g G∈   1(Hg) (Ht)(Hg) N− ∈   1H(g tg) T H,− ∈   
1g tg T.− ∈

  T  G.

  N T H=  T  G, H T.⊆   

 S   G N   S T N=  T  G,  N T.⊆  

  N   GT =   .NT =   }e{S =   

S G N.=   NG  

  NG   S  G   N S⊆   
  

N
S  G .N   }e{N

S =   S G .N N=  

  NS =   S G,=   G   N   

 i

r
n
i i i

i 1

G S s s S, n , r .
=

 
= < > = ∈ ∈ ∈ 

 
∏  
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  i

r
n

i i i
i 1

G (Hs ) s S, n , r .H
=

 
= ∈ ∈ ∈ 
 
∏    

  G {Hs s S} .H = < ∈ >
 

 


n   

 m
n





  n m .⊆   

 m n.

  p
n





  

p n,  p  

 >< RD8   R< >     

  8D  

 

  8D  

  GHx H∈   o(Hx) n.=     

 n o(x).  o(x) mn, m .= ∈  

   mo(x ) n=   mx G.∈

 Q I A B C8 = ± ± ± ±{ , , , },  
0 1 0 i

A , B ,
1 0 i 0

   
= =   −   

  

i 0
C AB

0 i
 

= = − 
  

1 0
I .

0 1
 

=  
 

  AB BA, AC CA≠ ≠  8Z(Q ) { I}.= ±  

  Q Z Q I A B AB8 8( ) { , , , }.=  

 

  )Q(ZQ 88   

 ><= 14  

  )Q(ZQ 88   4  

 1 2 3X {a ,a ,a }.=   o( (X))℘ =  
 Y X   
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Y Y Y≠ ∅ = ∅, 
  o Y( ) = 2   o( (X))℘   

 4 6 4 6o( ) o( ).o( ) 24.× = =     

  )0,2(   )2,0(  

 )60,42(2)0,2(2  ++=

        )60,44(  ++=

        )60,40(  ++=

        (0, 0).=

  )0,0(   4   

6  

  3(0, 2) 3(0 4 , 2 6 ) (0 4 , 6 6 ) (0, 0).= + + = + + =   

 10D R .′ = < >   10 10D D′   

 2,   r   

 Gx∈∃   o(x) p.=  

  H x ,= < >  G   p    
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8-1 izLrkouk
mÌs';

8-2 lekdkfjrk,a

8-3 rqY;kdkfjrk,a

8-4 rqY;kdkfjrk izes;

8-5 Lokdkfjrk,a

8-6 lkjka'k

8-7 gy@mÙkj

vHkh rd bl ikB~;Øe esa geus ,d lewg ls nwljs lewg rd Qyuksa dh ppkZ ugha
dh gSA tSlk fd vki ^dyu* esa ns[k pqds gSa, leqPp; 1G  ls leqPp; 2G  rd
vusd fofHkUu Qyu gks ldrs gSaA bl bdkbZ esa ge ,d lewg 1 1(G , )  ls ,d
lewg 2 2(G , )  rd ds ,sls Qyuksa dk v/;;u djsaxs tks 1G  ds dqN chth;
xq.kksa dks cuk, j[krs gSaA

Hkkx 8-2 esa ge lewgksa ds chp mu Qyuksa ds fofHkUu xq.kksa dh ppkZ djsaxs tks vius
izk¡r lewgksa dh chth; lafØ;kvksa dks cuk, j[krs gSaA ;s Qyu lewg lekdkfjrk,a
dgykrs gSaA bu Qyuksa dks uke xf.krK Dykbu (Klein) us 1893 esa fn;k FkkA
budk v/;;u djrs le; vkidks izk;% bdkb;ksa 6 vkSj 7 esa v/;;u dh xbZ
lkexzh dk bLrseky djuk iM+sxkA blfy, vkids fy, csgrj gksxk fd bl bdkbZ
dk v/;;u djus ls igys, vki bu bdkb;ksa ij nksckjk ut+j nkSM+k ysaA

Hkkx 8-3 esa ge vkidks ,d vfr egRoiw.kZ xf.krh; /kkj.kk, vFkkZr~ rqY;kdkfjrk ls
ifjfpr djk,¡xsA vki ns[ksaxs fd ,d rqY;kdkfjrk ,d ,dSdh vkPNknd
lekdkfjrk gSA rqY;kdkfjrkvksa dk egRo blfy, gS fd nks lewg rqY;kdkjh gksrs gSa
;fn vkSj dsoy ;fn muds iwjh rjg ls leku chth; xq.k gksrs gSaA

Hkkx 8-4 esa ge lewg fl)kar dh ,d cgqr gh ekSfyd izes; dks fl) djsaxs, tks
lekdkfjrk dk ewy izes; dgykrk gSA bl Hkkx esa vki bl izes; ls fudyus okys
dqN egRoiw.kZ ifj.kkeksa dk Hkh v/;;u djsaxsA bl izes; ds lcls vf/kd O;kid
:i dks ^chtxf.kr dh ekrk* ,eh uksbFkj (Emmy Noether) us 1827 esa fn;k FkkA
ijarq, blds dqN o"kksZa ckn gh bl izes; dk, fof'k"V :i ls lewgksa ds fy, izFke
izdk'ku, xf.krK oku nj osjMu (Van der Waerden)  }kjk fyf[kr vewrZ
chtxf.kr dh ,d ikB~;iqLrd esa gqvkA
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var esa, Hkkx 8-5 esa ge Lokdkfjrkvksa ij ppkZ djsaxs, tks ,d lewg ls Lo;a ij
rqY;kdkfjrk,a gksrh gSaA fof'k"V :i esa, ge Lokdkfjrkvksa ds ,d fo'ks"k milewg
dh ckr djsaxsA tSlk fd vki ns[ksaxs, ;g milewg gesa fdlh Hkh lewg G  dk
mlds dsUnz ls cuk foHkkx lewg dh lajpuk dks le>us esa enn nsrk gSA

^lekdkfjrk* vkSj ^rqY;kdkfjrk* dh ladYiuk,¡ ds fcuk lewg fl)kar dh le>
ugha cu ldrh gSA vki buds vuq:i ladYiukvksa dk [kaM 3 rFkk ikB~;Øe
^jSf[kd chtxf.kr* esa v/;;u djsaxsA vr% ;g vkids fy, egRoiw.kZ gS fd vki
bu ladYiukvksa dks vPNh rjg le>saA blds fy, vkidks fuEufyf[kr lh[kus dh
vis{kkvksa dks, ftUgsa /;ku esa j[kdj ;g bdkbZ cukbZ xbZ gS, izkIr djus dh dksf'k'k
djuh gksxhA

bl bdkbZ dh i<+kbZ ds ckn, vkidks fuEufyf[kr djus esa leFkZ gks tkuk pkfg,%

 bldh tk¡p djuk fd lewgksa ds chp dk ,d Qyu lekdkfjrk gS ;k ugha(

 fdlh Hkh lekdkfjrk dh vf"V vkSj izfrfcac izkIr djuk(

 bldh tk¡p djuk fd lewgksa ds chp dk ,d Qyu rqY;kdkfjrk gS ;k ugha(

 lewgksa ds fy, lekdkfjrk ds ewy izes; dk dFku nsuk, mls fl) djuk rFkk
mldk vuqiz;ksx djuk(

 lewgksa ds fy, f}rh; f=rh; rqY;kdkfjrk izes;ksa ds dFku nsuk, mUgsa fl)
djuk rFkk mudk vuqiz;ksx djuk(

 lewg dh Lokdkfjrkvksa ds leqPp; ds dqN egRoiw.kZ xq.kksa dks fl) djuk,
rFkk mudk vuqiz;ksx djukA

vkb, ,d lewg ls nwljs lewg rd ds Qyuksa dh ppkZ dks ,d mnkgj.k ls izkjaHk

djsaA 4 1    rFkk 4U i , i 1,      dh dsyh lkjf.k;ksa ij fopkj

dhft,A

4       4U

0 1 2 3

0 0 1 2 3

1 1 2 3 0

2 2 3 0 1

3 3 0 1 2

 1 i 1 i

1 1 i 1 i

i i 1 i 1

1 1 i 1 i

i i 1 i 1

  
 

 
  
  

vc, m
4 4f : Z U : f (m) i   ij fopkj dhft,A vkxs nh xbZ lkj.kh, lkj.kh 1*

dks nsf[k,, ftlesa lkj.kh 1 dh izR;sd izfof"V a b  ds cnys f (a b)  fn;k

x;k gSA ¼/;ku nhft, fd lkj.kh 1* ,d lafØ;k lkj.kh  gSA blesa ge dsoy
lkj.kh 1 ds izR;sd x  ds laxr f (x)  ns jgs gSaA½
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: x f(x)

f (0) f (1) f (2) f (3)

f (0) f (0) f (1) f (2) f (3)

f (1) f (1) f (2) f (3) f (0)

f (2) f (2) f (3) f (0) f (1)

f (3) f (3) f (0) f (1) f (2)



vkxs, lkj.kh 2* ij fopkj dhft,, tks xq.ku ds lkis{k {f (0), f (1), f (2), f (3)}
ds fy,, dsyh lkj.kh gSA

:2 ({f(0), f(1), f(2), f(3)}, )

f (0) f (1) f (2) f (3)

f (0) f (0) f (0) f (0) f (1) f (0) f (2) f (0) f (3)

f (1) f (1) f (0) f (1) f (1) f (1) f (2) f (1) f (3)

f (2) f (2) f (0) f (2) f (1) f (2) f (2) f (2) f (3)

f (3) f (3) f (0) f (3) f (1) f (3) f (2) f (3) f (3)



   
   
   
   

;fn vki lkj.kh 2* esa m 0, 1, 2, 3  ds fy, f (m)  ds eku dks j[ksa, rks vki
ik,¡xs fd ;g lkj.kh 2 gh gSA lkFk gh, lkjf.k;ksa 1* vkSj 2* dh izfof"V;ksa dh
rqyuk djus ij, vki ns[k ldrs gSa fd 4f (a b) f (a) f (b) a, b .     vr%,
ge fu"d"kZ fudkyrs gSa fd 4f (a b) f (a) f (b) a, b .    

vc, 4K {e, a, b, ab},  vFkkZr~ Dykbu 4-lewg dh dsyh lkj.kh ij fopkj dhft,A

: 4K  

e a b ab

e e a b ab

a a e ab b

b b ab e a

ab ab b a e



Qyu 4 4g : K : g(0) e, g(1) a, g(2) b, g(3) ab      ij fopkj dhft,
rFkk mlh izfØ;k dks viukb, tks vkius Åij f  ds fy, dh FkhA vki ns[ksaxs fd,
mnkgj.kkFkZ, g(1 1) g(2) b.  

vc, 1 1  lkj.kh 1 dh nwljh iafDr vkSj nwljs LraHk ds izfrPNsnu ij gS, ijarq
lkj.kh 3 esa laxr LFkku ij vo;o e  gS, b  ughaA vr%, g(1 1) g(1) g(1)  
;s mnkgj.k gesa fuEufyf[kr ifjHkk"kkvksa dh vksj ys tkrs gSaA

i) ge dgrs gSa fd lewg 1 1(G , )  ls lewg 2 2(G , )  rd dk ,d

Qyu (preserves the operation)  ;fn

1 2 1f (x y) f (x) f (y) x, y G .    

'kCn ‘homomorphism’ nks
;wukuh 'kCnksa ls feydj cuk
gSA ‘homos’ ftldk vFkZ
,d ̂tSlk* gS rFkk ‘morphe’

ftldk vFkZ ^:i* ;k
^lajpuk* gSA
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,slk Qyu (group homomorphism) ¼;k dsoy ½
dgykrk gSA

ii) lewg G  ls Lo;a rd dh lekdkfjrk  (endomorphism)

dgykrh gSA

iii) ,d lewg lekdkfjrk tks ,dSdh gS,  (monomorphism)

dgykrh gSA

iv) ,d lewg lekdkfjrk tks vkPNknd gS, 
(epimorphism) dgykrh gSA

mnkgj.kkFkZ, Åij fn;k gqvk 4 4f : U  ,d lewg lekdkfjrk gS, tcfd

44 K:g   lekdkfjrk ugha gSA

blds vkxs, lkjf.k;ksa 1, 1  vkSj 2 ls vkidks lR;kiu djuk pkfg, fd f  ,dSdh
vkSj vkPNnd gSA

vr%, f  ,d ,dSd lekdkfjrk rFkk vkPNknd lekdkfjrk gSA

vkb, ,d vU; mnkgj.k ij fopkj djsaaA

lewgksa ( , )  vkSj ({1, 1}, )   dks yhft,A vkb, fuEufyf[kr
Qyuksa dks ifjHkkf"kr djsa%

f : {1, 1} : 

rFkk  1, n 0
g : {1, 1}: g(n)

1, n 0
  

 


-

n'kkZb, fd f  ,d lewg lekdkfjrk gS, ijarq g  ugha gSA D;k f  ,d ,dSd
lekdkfjrk gS\ D;k f  ,d vkPNknd lekdkfjrk gS\ vius mÙkjksa ds fy,, dkj.k
nhft,A

;fn a  vkSj b  nksuksa le gSa ;k nksuksa fo"ke gSa, rks a b  le gksrk gSA

vr%, bu fLFkfr;ksa esa f (a b) 1 f (a) f (b).   

;fn a  fo"ke gS vkSj b  le gS, rks a b  fo"ke gksrk gSA vr%,
f (a b) I f (a) f (b).    

blh izdkj, ;fn a  le gS vkSj b  fo"ke gS, rks f (a b) f (a) f (b).  

bl izdkj, f  lHkh fLFkfr;ksa esa lafØ;k dks ifjjf{kr djrk gSA

vr%, f (a b) f (a) f (b) a, b .    

vc f (2) f (4) 1   rFkk 2 4.  vr%, f  ,dSdh ugha gS, vFkkZr~ f  ,dSd
lekdkfjrk ugha gSA

D;ksafd f (0) 1  vkSj f (1) 1,   blfy, f  vkPNknd gSA vr%, f  ,d vkPNknd
lekdkfjrk gSA

1,
f ( n )

1,


  

;fn n le gS

;fn n fo"ke gS
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vkxs, ;fn a 2, b 2,    rc g(a b) g(0) 1.    ijarq

g(a) g(b) (1)( 1) 1.    

blfy,, bl fLFkfr esa g(a b) g(a)g(b). 

bl izdkj, g  ,d lewg lekdkfjrk ugha gSA

***

mijksDr mnkgj.k ls lacaf/kr fuEufyf[kr O;kid fVIi.kh ij fopkj dhft,A

;g n'kkZus ds fy, fd lewg 1G  ls lewg 2G  rd dk Qyu h  ,d
lekdkfjrk  gS, ,sls nks vo;oksa a, b G  dks n'kkZuk dkQh gS ftuls fd
h(ab) h(a)h(b).

vkSj mnkgj.kksa dh ppkZ djus ls igys, vkb, ,d lekdkfjrk ls lacaf/kr nks eq[;
leqPp;ksa dks ifjHkkf"kr djsaA

eku yhft, 1 1(G , )  vkSj 2 2(G , )  nks lewg gSa rFkk

21 GG:f   ,d lekdkfjrk gSA rc,

i) f dk izfrfcac (image) dk 1(G dk  (homomorphic

image) Hkh dgrs gSa leqPp; 1{f (x) x G } Imf  gSA

ii) f (kernel) dks leqPp; 1 2{x G f (x) e }  Ker f  gS, tgk¡

2e  lewg 2G  dk rRled gSA

tSlk fd vki vkxs ns[ksaxs, ,d lekdkfjrk dk izfrfcac vkSj mldh vf"V
lekdkfjrk ds O;ogkj dks le>us esa gekjh lgk;rk djrs gSaA

vc, vkb, lekdkfjrk ds dqN vkSj mnkgj.kksa ij fopkj djsaA

lewgksa ( , )  vkSj *( , )  ij fopkj djsaA n'kkZb, fd Qyu
* rexp : ( , ) ( , ) : exp(r) e      ,d lewg lekdkfjrk gSA lkFk gh, Im exp

vkSj Ker exp Kkr dhft,A

loZizFke, vkb, bldh tk¡p djsa fd exp  lqifjHkkf"kr gSA ;fn   esa

1 2r r ,  rks   esa 1 2r re e ,  vFkkZr~ 1 2exp(r ) exp(r ).  vr% exp

lqifjHkkf"kr gSA

vc, fdUgha 1 2r , r   ds fy,, vki tkurs gSa fd 1 2 1 2r r r re e e .  

1 2 1 2exp(r r ) exp(r ) exp(r ).   

vr%, exp  okLrfod la[;kvksa ds ;ksT; lewg ls 'kwU;srj okLrfod la[;kvksa ds
xq.kukRed lewg rd ,d lekdkfjrk gSA

vc, rIm exp {exp(r) r } {e r } ,        tks /kukRed okLrfod
la[;kvksa dk lewg gSA

/;ku nhft, fd

,2GfIm   rFkk

.G})e({ffKer 12
1  
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lkFk gh, rKer exp {r e 1},    D;ksafd ( , )   esa 1 rRled 1 gSA

  {0}.

/;ku nhft, fd exp   ds rRled 0  dks   ds rRled 1 esa ys tkrk gSA
lkFk gh, Qyu exp,  r  ds ;ksT; izfrykse )r(  dks Hkh )rexp(  ds xq.kkRed
izfrykse re  esa ys tkrk gSA

***

: lewgksa ( , )  vkSj ( , )  ij fopkj dhft,A
Qyu f : ( , ) ( , )     dks f (x iy) x,   vFkkZr~ x iy  dk okLrfod Hkkx,

}kjk ifjHkkf"kr dhft,A n'kkZb, fd f  ,d lekdkfjrk gSA Im f vkSj Ker f  D;k gSa\

loZizFke, D;k f  lqifjHkkf"kr gS\ vkidks bldh tk¡p djuh pkfg, fd ,slk
gh gSA vkxs,   esa dksbZ nks vo;o iba   vkSj idc   yhft,A rc,

f ((a ib) (c id)) f ((a c) i(b d)) a c f (a ib) f (c id).            

vr%, f  ,d lewg lekdkfjrk gSA

Im f {f(x iy) x, y } {x x } .       

vr%, f  ,d vkPNknd Qyu gSA

Ker f { x iy f (x iy) 0} {x iy x 0}         

      {iy y } 

      i  , tks 'kq)r% vf/kdfYir la[;kvksa vkSj 0  dk leqPp; gSA

/;ku nhft, fd f  leqPp;   ds ;ksT; rRled dks   ds ;ksT; rRled esa ys
tkrk gS, rFkk fdlh Hkh z  ds fy,, )z(  dks )z(f  esa ys tkrk gSA

***

: tk¡p dhft, fd fuEufyf[kr Qyu 1G  ls 2G  rd lewg
lekdkfjrk,a gSa ;k ughaA tks Qyu ,slk gS, mlds fy, vkxs ekywe dhft, fd og
,d ,dSd lekdkfjrk vkSj@;k ,d vkPNknd lekdkfjrk gS ;k ughaA

i) 3

m 0 0

f : ( ) : f (m) 0 m 0 ,

0 0 m

 
    
  

 

ii) ,0)I(f,2)R(f,1)r(f:D:f 9088   tgk¡ 8 90D r, R ,  

iii) zf : : f (z) | |    -

mijksDr esa ls izR;sd Qyu ds fy,, loZizFke vkidks tk¡p djuh pkfg, fd
;g lqifjHkkf"kr gSA

i) ;gk¡ 

r s 0 0 r 0 0 s 0 0

f (r s) 0 r s 0 0 r 0 0 s 0

0 0 r s 0 0 r 0 0 s
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k f (r) f (s) r,s .   

vr%, f  ,d lekdkfjrk gSA

vc, 3

1 1 0

0 1 0 ( )

0 0 1

 
  
  

  dks yhft,A

rc, fdlh Hkh r  ds fy,, 

1 1 0 r 0 0

0 1 0 0 r 0 ,

0 0 1 0 0 r

   
      
      

 D;ksafd )2,1( osa

LFkku ds vo;o fHkUu-fHkUu gaSA

bl izdkj, fdlh Hkh r  ds fy,, 

1 1 0

0 1 0 f (r).

0 0 1

 
   
  

3Im f ( ).  

vr%, f  vkPNknd ugha gSA

vkxs, ;fn fdUgha r, s  ds fy, )s(f)r(f  , rks

r 0 0 s 0 0

0 r 0 0 s 0 .

0 0 r 0 0 s

   
      
      

vr%, r s.

bl izdkj, f  ,dSdh gS, rFkk blhfy, f  ,d ,dSd lekdkfjrk gSA

ii) 8D  dk dksbZ Hkh vo;o j
90

iRr  ds :i dk gS, tgk¡

1 2 4
90 90 90rR R r, r I, R I.  

Ekku yhft, f  ,d lekdkfjrk gSA rc, 8  esa 2f (r ) f (r) f (r). 

ijarq 2r I,  ftlls fd 2f (r ) 0.

nwljh vksj, f (r) f (r) 1 1 2.     D;ksafd 0 2,  blfy, ge ,d

varfoZjks/k ij igq¡prs gSaA vr%, f  ,d lekdkfjrk ugha gSA

iii) tSlk fd vki ^dyu* ls tkurs gSa, 212121 zzzz)zz(f  1 2f (z )f (z ) .

bl izdkj, f  ,d lekdkfjrk gSA

vc, *1   ij fopkj dhft,A ,slk dksbZ z   ugha gS ftlls fd
zf (z) | | 1,    D;ksafd z| | 0.
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vc, f  vkPNknd ugha gSA

vkidks bldh tk¡p djuh pkfg, fd f  ,dSd lekdkfjrk Hkh ugha gSA

***

n'kkZb, fd 2 3 3

A
f : ( ) ( ) : f (A) ,

0

 
   

 
   tgk¡ 0  iafDr

lfn'k )0,0,0(  gS, ,d lqifjHkkf"kr ,dSd lekdkfjrk gSA Ker f Hkh Kkr dhft,A

loZizFke, vkb, ,d fof'k"V fLFkfr ds ek/;e ls f  dks le>us dk iz;kl
djsaA eku yhft,

2 3

2 3i
A ( ).

1 i 9 i 2


 
  

  


rc, 3

2 3i
A

f (A) 1 i 9 i 2 ( ).
0

0 0 0

 
   

       
  

 



;fn vki vc f  dks le> x, gSa, rks vki lR;kiu dhft, fd ;fn 2 3( )   esa

A B,  rks 3 ( )  esa 
A B

,
   

   
   0 0  vFkkZr~ f (A) f (B).  vr%, f  lqifjHkkf"kr

gSA

vkxs, 
A B A B

f (A B) ,
     

        
     0 0 0  D;ksafd  0 0 0.

      f (A) f (B). 

vc, eku yhft, )B(f)A(f  , tgk¡ ]a[A ij  vkSj ijB [b ].

rc, 
A B

.
   

   
   0 0

vr%, ij ija b i 1, 2, j 1, 2,3.     blfy, A B.

bl izdkj, f  ,dSdh gS, vkSj blhfy, ,d ,dSd lekdkfjrk gSA

var esa, 
2 3

A
Ker f {A ( ) },

 
   

 
 30

0
 tgk¡ ,30  3 ( )  dk 'kwU; gSA

     2 3{A ( ) A },    2 30  tgk¡ 2 3( )   esa 320   'kwU; gSA

     { }. 2 30

***
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mnkgj.k 5 dks O;kidhd̀r fd;k tk ldrk gS ;g n'kkZus ds fy, fd

  r m, p n,  m n ( )  ls  r p ( ) rd  bl

vFkZ esa ge dg ldrs gSa fd, mnkgj.kkFkZ, n n m( ) ( ) n, m 0,     izR;sd

nA ( )   esa m  'kwU;ksa dh iafDr;ksa vkSj LrHkksa dks tksM+us ijA

ge mnkgj.k 8 ds ckn fVIi.kh 3 esa bldk iqu% lanHkZ ysaxsA

vc vkidks fuEufyf[kr iz'uksa dks gy djuk pkfg,A blls vkidks ;g tkuus esa
lgk;rk feysxh fd vHkh rd tks vkius v/;;u fd;k gS mls fdruk le>k gSA

E1) fdlh Hkh lewg G  ds fy,, tk¡p dhft, fd I : G G : I(g) g   ,d
varjkdkfjrk gS ;k ughaA D;k ;g ,d ,dSd lekdkfjrk gS\

E2) n'kkZb, fd f : ( , ) ( , ) : f(x) lnx,       x  dk izkd̀frd y?kqx.kd,

,d lewg lekdkfjrk gSA Ker f  vkSj Im f  Hkh Kkr dhft,A

E3) D;k )Adet()A(f:),()),(GL(:f *
2    ,d lekdkfjrk gS\ ;fn

gk¡, rks Ker f  vkSj Im f  izkIr dhft,A vU;Fkk, Li"V dhft, fd f  ,d
lekdkfjrk D;ksa ugha gSA

E4) fuEufyf[kr esa ls dkSu-ls dFku lR; gSa\ vius mÙkjksa ds fy, dkj.k
nhft,A

i) z5)z(f::f   ,d ,dSd lekdkfjrk gSA

ii) f : : f(z) 5z     ,d ,dSd lekdkfjrk gSA

iii) 2f : : f(x) x    ,d lekdkfjrk gSA

iv) 2f : : f(x) x     ,d lekdkfjrk gSA

v) ;fn G  ,d lewg gS rFkk H G,  rks G  ls H  rd dksbZ lekdkfjrk
ugha gks ldrh gSA

mijksDr E4 ds lanHkZ esa, fuEufyf[kr fVIi.kh ij fopkj dhft,A

E4(i) vkSj (ii) esa f  dks nsf[k,A ;s ,d gh izdkj ls ifjHkkf"kr fd,
x, gSaA ijarq (i) esa ;g ,d lekdkfjrk gS, vkSj (ii) esa ugha gSA fdl otg ls ;g
varj gS\ otg gS izkar lewg vkSj lgizk¡r lewg dh lafØ;k,¡A ;fn lacaf/kr lafØ;k

cny tkrh gS, rks gks ldrk gS fd f  mls cukdj j[k u ik,A blfy,, tc Hkh
vki ,d lekdkfjrk dks ifjHkkf"kr dj jgs gksa, rks izkar lewg vkSj lgizk¡r lewg
dh ftu lafØ;kvksa ds lkFk vki dk;Z dj jgs gSa mUgsa ges'kk /;ku esa j[ksaA

;fn vki mijksDr mnkgj.kksa dks ns[krs gSa, rks vki bl vksj /;ku nsaxs fd
lekdkfjrk rRled dks rRled esa, vkSj izfrykse dks izfrykse esa, ys tkrh gSA
oLrqr%, ;g xq.k fdlh Hkh lewg lekdkfjrk ds fy, lR; gS, tSlk fd vc vki
ns[ksaxsA

eku yhft, 1 1 2 2f : (G , ) (G , )    ,d lewg lekdfjrk gSA rc,



285

...........................................................................................................................................................................

i) 1 2f (e ) e ,  tgk¡ 1G  dk rRled 1e  vkSj 2G  dk rRled 2e  gSA

ii) 1G  esa lHkh x  ds fy,, 1 1f (x ) [f (x)] . 

ge tkurs gSa fd 1 2 1f (x y) f (x) f (y) x, y G .    

i) eku yhft, 1x G .  vc, 1 1e x x.   vr%,

1 1 1 2f (x) f (e x) f (e ) f (x).   

lkFk gh, 2G  esa 2 2f (x) e f (x). 

bl izdkj, 1 2 2 2f (e ) f (x) e f (x).  

vr%, 2G  esa nk,¡ fujlu fu;e }kjk, 1 2f (e ) e .

ii) fdlh Hkh 1Gx  ds fy,, 1 1
2 1 1 2f (x) f (x ) f (x x ) f (e ) e ,       (i)

lsA

vr%, 1 1
1f (x ) [f (x)] x G .   

vkius vHkh ns[kk fd ;fn 21 GG:f   ,d lekdkfjrk gS, rks f  lewg 1G

ds rRled dks 2G  ds rRled esa izfrfpf=r djrk gS rFkk 1Gg  ds
izfrykse dks 2G)g(f   ds izfrykse esa izfrfpf=r djrk gSA D;k vkidks
yxrk gS fd bldk foykse lR; gksxk\ vFkkZr~, ;fn 21 GG:f   ,d
Qyu gS ftlls fd 21 e)e(f   vkSj 1 1

1[f (x)] f (x ) x G    , rks D;k
f  ,d lekdkfjrk gksxk\ vkb, ns[ksaA

n'kkZb, fd izes; 1 dk foykse vlR; gSA

0)0(f::f   vkSj 
n 1 n 0

f (n)
n 1 n 0

  
    

 ij fopkj dhft,A

D;ksafd )1(f)1(f)11(f  , blfy, f  lekdkfjrk ugha gSA

ijarq 21 e)e(f  , D;ksafd .0ee 21   vr%, izes; 1 (i), f  ds fy, lR; gSA

lkFk gh, ;fn 0n  , rks f ( n) n 1 (n 1) f (n).        

blh izdkj, vkidks fn[kkuk pkfg, fd ;fn 0n  , rks f ( n) f (n).  

vr%, f  izes; 1 (ii) dks Hkh larq"V djrk gSA

bl izdkj, izes; 1 ds foykse dk f  ,d izfrmnkgj.k gSA vr%, foykse vlR; gSA

***

vkb, vc lekdkfjrkvksa ds dqN vkSj mnkgj.kksa dks ns[ksaA ge foHkkx lewgksa ls
lekdkfjrk ds ,d egRoiw.kZ oxZ dks izkIr dj ldrs gSaA

eku yhft, H G.  Qyu Hx)x(p:HGG:p   ij fopkj
dhft,A n'kkZb, fd p  ,d vkPNknd lekdkfjrk gSA Ker p  D;k gS\
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loZizFke, /;ku nhft, fd p  ,d lqifjHkkf"kr Qyu gS, D;ksafd

x y Hx Hy p(x) p(y).    

vc, Gy,x   ds fy,, p(xy) Hxy Hx Hy p(x)p(y).     vr%, p  ,d
lekdkfjrk gSA

;gk¡] Im p {p(x) x G {Hx x G G / H}.      vr% p  vkPNnd gSA

blfy,] p  ,d vkPNknd lekdkfjrk gSA

}H)x(pGx{pKer   ¼;kn jf[k,, H/G  dk rRled H  gSA½

}HHxGx{ 

},HxGx{   bdkbZ 5 ds izes; 1 }kjkA

HG 

H.
***

mnkgj.k 7 esa vki ns[k ldrs gSa fd Ker p G.  vkidks bldh Hkh tk¡p djuh

pkfg, fd ;gk¡ izes; 1 lR; gSA

lekdkfjrk ds mnkgj.kksa dk ,d vU; oxZ vkfof"V Qyu (inclusion map) ls
lacaf/kr gSA

eku yhft, H  lewg G  dk ,d milewg gSA n'kkZb, fd Qyu

h)h(i:GH:i   ,d ,dSd lekdkfjrk gSA Ker i vkSj Im i  Hkh Kkr
dhft,A

D;ksafd 1 2 1 2 1 2 1 2i(h h ) h h i(h )i(h ) h , h H,     blfy, i  ,d
lewg lekdkfjrk gSA

lkFk gh, ;fn fdUgha Hh,h 21   ds fy,, )h(i)h(i 21  , rks 1 2h h .  vr%, i

,dSdh gSA

vc, },e{}ehHh{iKer   rFkk

Im i {i(h) h H} {h h H} H.    

***

mnkgj.k 8 ds lanHkZ esa, fuEufyf[kr fVIi.kh ij fopkj dhft,A

tc mnkgj.k 8 esa H G,  rc ge rRled Qyu I izkIr djrs gSa,
ftls vkius E1 esa ,dSd lekdkfjrk n'kkZ;k FkkA

vc Qyuksa ls lacaf/kr mnkgj.kksa ds ,d vU; oxZ ij fopkj dhft,A

eku yhft, fd   fcanq'k% ;ksx ds lkis{k   ls   rd ds lHkh

Qyuksa dk lewg gSA eku yhft, r  QyuA

).r(f)f(:: rr    dks ifjHkkf"kr dhft,A n'kkZb, fd r  ,d lekdkfjrk

gSA rIm   vkSj rKer   Hkh Kkr dhft,A

mnkgj.k 8 esa ,i  

dgykrk gSA ge

dHkh-dHkh Qyu i : H G
dks GiH   }kjk O;Dr

djrs gSaA

mnkgj.k 9% esa r  fcanq r  ij

(evaluation
homomorphism) dgykrk
gSA

mnkgj.k 7 esa fn;k p

izkd̀frd (natural) ;k fofgr

(canonical), lewg

lekdkfjrk dgykrk gSA bls

^izkd̀frd* cqykus dk dkj.k

vkidks Hkkx 8-4 esa Li"V gks

tk,xkA
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loZizFke, vkb, bldh tk¡p djsa fd r  lqifjHkkf"kr gSA ;fn   esa gf  ,

rks   esa )r(g)r(f   vkSj blh fy, ).g()f( rr   vr%, r  lqifjHkkf"kr gSA

vkxs, D;ksafd )g()f()r(g)r(f)r)(gf()gf( rrr  , blfy, r
,d lekdkfjrk gSA

vc, fdlh Hkh c  ds fy,, f : : f(x) c    ifjHkkf"kr dhft,A

rc, f s.t.  r (f ) f (r) c.     vr%, rc Im .   vr%, rIm R. 

r rKer {f (f ) 0} {f f (r) 0}.       

***

vc fuEufyf[kr iz'uksa dks gy djus dk iz;kl dhft,A

E5) 3S  ls 33 A/S  rd izkd̀frd lekdkfjrk p  yhft,, tgk¡

3A (1 2 3) .    D;k (1 2) Ker p?  D;k (1 2) Im p?

E6) eku yhft, 1S {z z 1},| |    tks ,dd Qyu o`Ùk gSA
1 2ixf : ( , ) (S , ) : f(x) e     dks ifjHkkf’kr dhft,A D;k f  ,d

lekdkfjrk gS\ ;fn gS, rks fKer  Kkr dhft,A ;fn ugha gS, rks f  dh
ifjHkk’kk dks bl rjg cny nhft, fd f  ,d lekdkfjrk cu tk,A

E7) eku yhft, G  ,d lewg gS rFkk H G.  n”kkZb, fd ,d ,slk lewg 1G

rFkk ,d ,slh lekdkfjrk 1GG:f   gS ftlls fd Ker f H.

 D;k mnkgj.k 7 ls dksbZ lgk;rk feyrh gS\

E8) 1
3 )21()(:)21(S:   ij fopkj dhft,A D;k   ,d

lekdkfjrk gS\ ;fn gS, rks Ker  Kkr dhft,A ;fn   lekdkfjrk ugha
gS, rks 3S  dk ,d milewg K,  rFkk ,d lekdkfjrk 3: S K,   Kkr
dhft,A

vc, vkb, nks lekdkfjrkvksa ds la;kstu ij fopkj djsaA vkb, igys   ls
lacaf/kr ,d mnkgj.k ij nf̀’V MkysaA

lekdkfjrkvksa z5)z(f::f   rFkk
p : 15 : p(z) z     ij fopkj dhft,A D;k fp   ,d lqifjHkkf’kr
lekdkfjrk gS\ D;ksa, ;k D;ksa ugh\

;fn  esa 1 2z z ,  rks 1 25z 5z ,  rFkk 1 25z 15 5z 15 .   

vr%, 1 2p f (z ) p f (z ).   bl izdkj, fp   lqifjHkkf’kr gSA

lkFk gh, )15z5()15z5(15)zz(5)zz(fp 212121  

      1 2p f (z ) p f (z ).  

bl izdkj, fp   ,d lekdkfjrk gSA

***
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Tkks vkius mnkgj.k 10 esa ns[kk gS, flQZ   ds fy, lR; ugha gSA ;g O;kid :i
esa lR; gSA vkb, ns[kas D;ksaA

;fn 21 GG:f   vkSj 32 GG:g   nks lewg lekdkfjrk,¡ gSa, rks

31 GG:fg   Hkh ,d lewg lekdkfjrk gSA

loZizFke, /;ku nhft, fd fg   lqifjHkkf’kr gS, D;ksafd
fIm  izk¡r g.

vc, eku yhft, 1x, y G .  rc,

))xy(f(g)xy(fg 

  ))y(f)x(f(g  D;ksafd f  ,d lekdkfjrk gSA

  ))y(f(g))x(f(g  D;ksafd g  ,d lekdkfjrk gSA

 g f (x) g f (y).  

bl izdkj, fg   ,d lekdkfjrk gSA

vc ,d lacaf/kr iz”u dks gy djus dk iz;kl dhft,A

E9) n”kkZb, fd y)iyx(f::f   rFkk ir)r(g::g   dk la;kstu
,d lekdkfjrk g SA )fg(Ker   vk S j Im(g f )  D;k g S a \ D;k

?gKer)fg(Ker   D;k ?fKer)fg(Ker   vius mÙkjksa ds fy, dkj.k
nhft,A

vHkh rd vkius ns[kk gS fd ,d lekdkfjrk dh vf’V vkSj izfrfcac lewgksa ds
mileqPp; gSaA vkius ftu mnkgj.kksa dk vHkh rd v/;;u fd;k gS, muesa vkius
“kk;n /;ku fn;k gksxk fd okLro esa ;s mileqPp; milewg gSaA vc ge ;g
fl) djsaxs fd fdlh Hkh lekdkfjrk dh vf’V ,d izlkekU; milewg gksrk gS, rFkk
bldk izfrfcac ,d milewg gksrk gSA

eku yhft, 21 GG:f   ,d lewg lekdkfjrk gSA rc,

i) Ker f lewg 1G  dk ,d izlkekU; milewg gS, rFkk

ii) Im f lewg 2G  dk ,d milewg gSA

i) 1 2Ker f {x G f (x) e }.  

D;ksafd 21 e)e(f  , blfy, 1e Ker f .  Ker f .  

vc, ;fn x, y Ker f , rks 2e)x(f   vkSj 2f (y) e .

1 1 1
2f (xy ) f (x) f (y ) f (x)[f (y)] e .     

1xy Ker f . 

blfy,, bdkbZ 3 ds milewg ijh{k.k }kjk, 1Ker f G .

vkxs, fdlh Hkh 1Gy  vkSj x Ker f  ds fy,,

)y(f)x(f)y(f)xyy(f 11  
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 )y(fe)]y(f[ 2

1 , D;ksafd 2f (x) e .

 2e .

1Ker f G . 
ii) ,fIm   D;ksafd 1f (e ) Im f.

vc, eku yhft, 2 2x , y Im f .  rc, 111 Gy,x   s.t. 21 x)x(f  rFkk

1 2f (y ) y .  rc, 1 1
2 1y f (y ). 

1 1 1
2 2 1 1 1 1x y f (x )f (y ) f (x y ) Imf.     

2Im f G . 

izes; 3 esa vki ns[k pqds gSa fd 2Im f G .  bl lanHkZ esa fuEufyf[kr fVIi.kh ij
fopkj dhft,A

vkfof’V Qyu 4SH:i   ij fopkj dhft,, tgk¡ H {I, (1 2)}.

;gk¡ Im i H.

vc, 4(2 4) S  yhft,A rc, 1(2 4) (1 2)(2 4) (2 4)(1 2)(2 4) (1 4) Im i.   

bl izdkj, iIm   4S .

;g mnkgj.k n”kkZrk gS fd fIm  dk 2G  ¼izes; 3 ds½ esa izlkekU; gksuk
vko”;d ugha gSA

ijarq, ;fn 2G  vkcsyh gS, rc vki tkurs gSa fd 2Im f G .
vkb, izes; 3 ls dqN rqjar fudyus okys ifj.kkeksa ij fopkj djsaA

n”kkZb, fd {ix x },   dk ,d izlkekU; milewg gSA

izes; 3 vkSj mnkgj.k 3 ls ge ns[krs gSa fd   dk {ix x }  ,d
izlkekU; milewg gSA

***

mnkgj.k 12%  *: ( , ) ( , ) : (x) cosx isin x         ij fopkj dhft,A

Ker  vkSj Im   Kkr dhft,A blh ls n”kkZb, fd 2     vkSj
1S ,  tgk¡ 1S  ,dd o`Ùk gSA

gy% vki n”kkZ ldrs gSa fd (x y) (x) (y).      bl izdkj,   ,d lewg
lekdkfjrk gSA

vc, fdlh n  ds fy,, (x) 1   iff x 2 n. 

bl izdkj, Ker {2 n n } 2 .       

vr%, izes; 3 }kjk, 2  
bl fLFkfr esa, dk Im   ,d milewg gS, vkSj *  vkcsyh gSA vr%, *Im . 
/;ku nhft, fd Im   fujis{k eku 1 okys lHkh lfEeJ la[;kvksa dk leqPp; gS,
vFkkZr~ ;g f=T;k 1 bdkbZ vkSj dsUnz (0, 0)  okys oÙ̀k ij fLFkr lHkh lfEeJ
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la[;kvksa dk leqPp; gS, vFkkZr~ 1S  gSA

vr%, 1 *S .
***

mijksDr lanHkZ esa, gyksa ds ckjs esa fuEufyf[kr O;kid fVIi.kh ij fopkj dhft,A

mijksDr mnkgj.k esa iz”u ds “kCnksa ij /;ku nhft,A vafre Hkkx esa
;g dgk x;k gS fd ^  n”kkZb, fd ---*A vr%, gy ds fiNys Lrj ij tks
vki fn[kk pqds gSa, vkidks fl) djus dh
vko”;drk gS fd 2    vkSj 1S  Øe”k% vius vius lewgksa esa izlkekU; milewg
gSaA

vki lh/ks Hkh n”kkZ ldrs Fks fd 2    vkSj 1S  izlkekU; milewg gSa, ijarq rc
vki fn, x, iz'u dk mÙkj ugha ns jgs gksrsA

vc, vkb, ,d lekdkfjrk dh vf’V ij ǹf’V MkysaA vkius bl vksj 'kk;n gh
/;ku fn;k gksxk fd dHkh-dHkh ;g {e}  gS ¼tSlk mnkgj.k 2 esa½, rFkk dHkh-dHkh
;g ,d cM+k milewg gksrk gS ¼tSLkk mnkgj.k 3 esa½A D;k vf’V dh eki dqN
bafxr djrh gS\ oLrqr%, tSlk fd vki vc ns[ksaxs, lekdkfjrk dh vf’V ftruh
cM+h gksxh, mruh gh og ,dSdh gksus ls nwj jgsxhA

eku yhft, 1 2f : G G  ,d lewg lekdkfjrk gSA rc, f  ,dSdh
gksrk gS ;fn vkSj dsoy ;fn 1Kerf {e },  tgk¡ 1e  lewg 1G  dk rRled
vo;o gSA

loZizFke, vkb, eku ysa fd f  ,dSdh gSA eku yhft, x Ker f .  rc,

2f (x) e ,  vFkkZr~ 1f (x) f (e ).  ijarq f  ,dSdh gSA

1x e . 

bl izdkj, 1Ker f {e }.

foykser%, eku yhft, 1Ker f {e }.

eku yhft, fd 1x, y G  s.t. f (x) f (y).  rc,

1 1f (xy ) f (x) f (y )  1 1
2f (x)[f (y)] f (y)[f (y)] e .   

1
1xy Ker f {e }.    1

1xy e .   vr%, x y.

blls iznf”kZr gksrk gS fd f  ,dSdh gSA

izes; 4 cgqr mi;ksxh gSA mnkgj.kkFkZ, izes; 4 vkSj mnkgj.k 8 ds mi;ksx ls ge

rqjar ns[k ldrs gSa fd dksbZ Hkh vkfof’V i : H G  ,dSdh gS, D;ksafd
Ker i {e}.

vkb, dqN vkSj mnkgj.kksa ij fopkj djsaA

mnkgj.k 7 dh fLFkfr ij fopkj dhft,A H  ij fdu izfrca/kksa ds
v/khu p  ,dSdh gS\
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Gp : G : p(x) Hx.H   vki tkurs gSa fd Ker p H.

bl izdkj, p  ,dSdh gS iff H {e}.

***

 2  ds LFkkukarj.kksa (translations) ds lewg T  ij fopkj dhft,
¼nsf[k, mnkgj.k 7, bdkbZ 2½A ,d Qyu 2: ( , ) (T, )     dks

a ,b(a , b) f   }kjk ifjHkkf’kr dhft,, tgka a ,bf (x , y) (x a , y b).    n”kkZb,
fd   ,d vkPNnd lekdkfjrk gS, tks 1-1 Hkh gSA

 vki bdkbZ 2 esa ns[k pqds gSa fd 2  esa (a ,b), (c,d)  ds fy,

a b,c d a,b c,df f f ,   

vFkkZr~, ((a , b) (c ,d)) (a , b) (c ,d).    

bl izdkj,   lewgksa dh lekdkfjrk gSA

vc, T  dk dksbZ Hkh vo;o a,bf (a ,b)   gSA vr%,   vkPNknd gSA

vc, vkb, ns[ksa fd ,dSdh D;ksa gSA /;ku nhft, fd T  dk rRled 0,0f  gSA

eku yhft, (a ,b) Ker .   rc,

0,0(a , b) f 

a,b 0,0f f 

a,b 0,0f (0 ,0) f (0,0). 

(a , b) (0 ,0). 

Ker {(0,0)},    vFkkZr~  1-1 gS izes; 4 }kjkA

vr%, beus fl) dj fn;k gS fd   ,d lekdkfjrk gS, tks ,dSdh vkPNknd gSA

***

vc] fuEufyf[kr iz”uksa dks gy djus dk iz;kl dhft,A

E10) fdlh Hkh n 1  ds fy,, n  ij, rFkk ,d ds nosa ewyksa ds lewg nU

ij, fopkj dhft,A eku yhft,   ,d dk ,d iwoZx nok¡ ewy gSA rc,

nU .     n”kkZb, fd r
n nf : U : f ( r )    ,d lewg lekdkfjrk

gSA Ker f vkSj Im f  dks Kkr dhft,A blh ls fu.kZ; yhft, fd f  ,dSdh
vkSj@;k vkPNknd gSA

E11) eku yhft, G  ,d lewg gS rFkk G  ds H  vkSj K  izlkekU; milewg
gSaA Qyu f : G (G H) (G K) : f (g) (Hg, Kg)    ij fopkj dhft,A
n”kkZb, fd f  ,d lekdkfjrk gSA Ker f  vkSj Im f  Hkh Kkr dhft,A
vkxs, crkb, fd H  vkSj K  ij fdu izfrca/kksa ds v/khu f  ,d ,dSd
lekdkfjrk gksxkA D;k f  vkPNknd gS\
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vc vkb, ,d vkPNknd lekdkfjrk ds ,d vfr mi;ksxh xq.k ij n`f’V MkysaA

 ;fn 1 2f : G G  ,d vkPNknd lekdkfjrk gS vkSj S  ,d leqPp; gS
tks 1G  dks tfur djrk gS, rks 2G  dks f (S)  tfur djrk gSA

bdkbZ 4 ls vki tkurs gSa fd ;fn S  lewg 1G  dks tfur djrk gS, rks
1 2 mr r r

1 1 2 m i iG S {x x x m , x S, r          lHkh i  ds fy,A

gesa 2G f (S)    n”kkZus dh vko”;drk gSA

vc, D;kasfd 1S G ,  blfy, 2f (S) G .

vr%, 2f (S) G .  

;g n”kkZus ds fy, fd 2G f (S)   , eku yhft, fd 2x G .

D;ksafd f  vkPNknd gS, blfy, 1y G   s.t. f (y) x.  D;kasfd 1y G ,  blfy,
fdlh m ,  ix S  vkSj ir ,   ds fy,, tgk¡ 1 i m,  1 mr r

1 my x x . 

bl izdkj, 1 mr r
1 mx f (y) f (x x ).  

     1 mr r
1 m(f (x )) (f (x ))  , D;ksafd f  ,d lekdkfjrk gSA

x f (S) ,    D;kasfd izR;sd i 1, 2, , m   ds fy, if (x ) f (S).

bl izdkj, 2G f (S) .  

vr%, 2G f (S) .  

vkb, lekdkfjrkvksa ds dqN egRoiw.kZ xq.k tkuus ds fy, izes; 5 dk mi;ksx djsaA
oLrqr%, ;s izes; 5 ds miizes; gSaA

 fdlh Hkh pØh; lewg dk lekdkjh izfrfcac pØh; gksrk gSA

E12 esa, ge vkils bls, rFkk vxys miizes; dks, fl) djus ds fy, dgsaxsA

fdlh Hkh ifjferr% tfur lewg dk lekdkjh izfrfcac ifjferr%
tfur gksrk gSA

vkb, vc ,d fof”k’V fLFkfr ij fopkj djsa, ftlesa izes; 5 dk mi;ksx gksrk gSA

eku yhft, 10f : D G  ,d lewg vkPNknd lekdkfjrk gSA
G  ds vo;o fdl izdkj ds fn[krs gSa\

vki tkurs gSa fd r  vkSj R  }kjk 10D  tfur gksrk gS, tgk¡ 2r I,
5R I  rFkk 1rR R r.  vr%, G  dks {f (r), f (R)} tfur djrk gSA lkFk gh,

D;ksafd f  ,d lekdkfjrk gS, blfy, 2 5[f (r)] I [f (R)] ,   rFkk
1f (r)f (R) [f (R)] f (r).

vr%, G  ds vo;o m nf (r) f (R)  ds :i ds gSa, tgk¡ m 0, 1  vkSj
n 0,1, 2, 3, 4.

***
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izes; 5 ds lanHkZ esa fuEufyf[kr fVIi.kh ij fopkj dhft,A

/;ku nhft, fd ;fn f  ¼izes; 5 esa½ vkPNknd ugha gS, rks ;g
vko”;d ugha gS fd f (S)  lewg 2G  dks tfur djsA mnkgj.kkFkZ, vkfof’V Qyu

3i : (1 2) S    yhft,A rc, 3i( (1 2) ) (1 2) S .       vc, vkb, ,d
vU; ekSfyd ifj.kke ij fopkj djsa tks n”kkZrk gS fd fdl izdkj ,d lewg ds
dqN chth; xq.kksa dks ,d lewg lekdkfjrk cuk, j[krk gSA

eku yhft, 1 2f : G G  ,d lewg lekdkfjrk gS, tgk¡ 1G  vkcsyh

gSA rc, 1f (G ) vkcsyh gksrk gSA

eku yhft, 1a, b f (G ).  rc 1x, y G   s.t. a f (x) vkSj
b f (y).

vr%, ab f (x)f (y) f (xy) f (yx)    D;ksafd 1G  vkcsyh gSA

f (y)f (x)

ba.

vr%, 1f (G ) vkcsyh gSA

fuEufyf[kr iz”uksa dks gy djrs gq,, vki lewgksa ds lekdkjh izfrfcacksa ds dqN
egRoiw.kZ xq.kksa dks fl) djsaxsA

E12) miizes; 1 rFkk miizes; 2 dks fl) dhft,A
miizes; 1 ds foykse dk dFku nhft,A D;k ;g lR; gS\ D;ksa, ;k D;ksa ugha\

E13) izes; 6 ds foykse dk dFku nhft,A D;k ;g lR; gS\ vius mÙkjksa ds
dkj.k nhft,A

E14) izes; 5 ds mi;ksx ls fl) dhft, fd ,d pØh; lewg dk foHkkx lewg
pØh; gksrk gSA

vHkh rd vkius lekdkfjrkvksa ds fofHkUu izdkjksa & ,dSdh, vkPNknd vkSj ,dSdh
vkPNknd & ds mnkgj.k ns[ksa gSaA izes;ksa 5 vkSj 6 ls vkius ns[k gh fy;k gS fd
fdl izdkj lekdkfjrk dqN chth; xq.kksa dks, tSls vkcsyh gksuk ;k ifjferr%
tfur gksuk, cuk, j[krk gSA vc, vki ns[ksaxs fd fdl izdkj ,dSdh vkPNknd
lekdkfjrk,¡ lacaf/kr lewgksa dh izR;sd NksVh ls NksVh chth; lwpuk dks cuk,
j[krh gSaA

bl Hkkx esa ge lekdkfjrkvksa ds ,d egRoiw.kZ oxZ, vFkkZr~ 1-1 vkSj vkPNknd
lekdkfjrkvksa dh ppkZ djsaxsA blfy,, vkb, Hkkx 8-2 ds izkjaHk esa nh gqbZ lkjf.k;ksa
1 vkSj 2 ij ykSSVsaA ogk¡ vkius ns[kk Fkk fd u dsoy 4 4f : U  ,d lekdkfjrk
gS, cfYd ;g 1-1 vkSj vkPNnd Hkh gSA vkius ;g Hkh ns[kk Fkk fd lkj.kh 2 Bhd
lkj.kh 1 tSlh fn[krh Fkh, tgk¡ m 1  dks  mi , m 0, 1, 2, 3  ls izfrLFkkfir
fd;k FkkA bl izdkj, u dsoy f  lafØ;k dks cuk, j[k jgk Fkk fd 4  4U
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 rFkk blh fy, 4( 4)  vkSj 4(U , )   dh iwjh rjg 

A ogk¡ dk f mldk mnkgj.k gS ftls ge vc ifjHkkf’kr djsaxsA

’ eku yhft, 1G  vkSj 2G  nks lewg gSaA

i) ,d lewg lekdkfjrk 1 2f : G G  ,d (group

isomorphism) ¼;k dsoy ½ dgykrh gS, ;fn f  ,dSdh ¼1-1½
vkSj vkPNknd gSA bl fLFkfr esa ge dgrs gSa fd 1G 2G

(isomorphic) gS, ;k ;g fd 1G 2G

 ge bl rF; dks ,1 2
~G G  ;k ,1 2G G  }kjk O;Dr djrs gSaA ¼ge

^ds rqY;dkjh gS* dks O;Dr djus ds fy, ' '  dk mi;ksx djsaxsA½

ii) lewg G  dh Lo;a rd rqY;kdkfjrk dks G  dh 
(automorphism) dgrs gSaA

mnkgj.kkFkZ, rRled Qyu G GI : G G : I (x) x,   G  dh Lokdkfjrk gS, rFkk

4U 4  ¼tSlh Åij ppkZ dh xbZ Fkh½A

lkFk gh, mnkgj.k 13 ls vki tkurs gSa fd fdlh Hkh lewg G  ds fy,,
GG .{e}

vkxs, mnkgj.k 14 ls vki tkurs gSa fd 2 T,   tks 2  ds LFkkukarj.kksa dk
lewg gSA

/;ku nhft, fd rqY;kdkfjrk ,d ,dSd lekdkfjrk rFkk ,d vkPNknd
lekdkfjrk nksuksa gh gksrh gSA

vkb, vc rqY;kdkjh lewgksa ds dqN vkSj mnkgj.kksa ij nf̀’V MkysaA

n”kkZb, fd 
a b

G a, b ,
b a

         
  2 ( ).  dk milewg gSA

blds ckn, n”kkZb, fd 
a b

f :G : f a ib
b a

  
      
  ,d rqY;kdkfjrk gSA

D;ksafd
0 0

G,
0 0

 
 

 
 blfy, G .

vc, ;fn 
a b

A G,
b a

 
   

 rks 
a b

( A) G.
b a

  
    

lkFk gh, bldh tk¡p dhft, fd fdlh Hkh A, B G  ds fy,, A B G. 

vr%, 2G ( ). 

vc, nwljs Hkkx ij fopkj dhft,A vkb, lR;kfir djsa fd f  lqifjHkkf’kr gSA ;fn

G  esa 
a b c d

b a d c

   
       

 gS, rks a c  vkSj b d.  vr%,   esa

a ib c id    vFkkZr~, a b c d
f f .

b a d c

      
             

 vr%, f  lqifjHkkf’kr gSA

“kCn (isomorphism) cuk

;wukuh “kCn ‘isos’ ls cuk gS,

ftldk vFkZ ^cjkcj* gSA
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vkxs, G  esa 
a b

b a

 
  

 vkSj 
c d

d c

 
  

 ds fy,,

a b c d a c b d
f f (a c) i(b d)

b a d c (b d) a c

         
                         

  (a ib) (c id)   

  
a b c d

f f .
b a d c

      
              

vr%, f  ,d lekdkfjrk gSA

vc,
a b a b 0 0

Ker f G a ib 0 G a 0, b 0 .
b a b a 0 0

                                             
vr%, izes; 4 }kjk, f  ,dSdh gSA

var esa, ;g tk¡p djus ds fy, fd Im f ,   gS, z  yhft,A rc, fdUgha
a, b  ds fy,, z a ib. 

bl izdkj, 
a b

z f .
b a

  
     

 vr%, f  vkPNknd gSA

bl rjg, f  ,d rqY;dkfjrk gSA vr%, 2G ( ).  

***

n”kkZb, fd

i) m nS S n m,  

ii) m n r p( ) ( ) r m, p n       rFkk

iii) m n m n.  
i) m ni :S S : i( ) ,     tgk¡ 

(x), x 1, ,m
(x)

x, x m 1, ,n

 
  

 




ds fy,
ds fy, -

vkidks bldh tk¡p djuh pkfg, fd i  ,d lekdkfjrk gSA

vr%, m ni(S ) S .

lkFk gh, D;ksafd i  ,dSdh gS, blfy, m mS i(S ).

bl izdkj, ge mi(S )  vkSj mS  dks ,d gh eku ldrs gSa rFkk dg
ldrs gSa fd m nS S .

ii) mnkgj.k 5 dh rjg, 
m n r p

A
i : ( ) ( ) : i(A) , 

 
   

 
  1

2 3

0

0 0
 dks

ifjHkkf’kr dhft,, tgk¡ 1 20 , 0  vkSj 30  Øe”k% dksfV;ksa
m (p n), (r m) n     vkSj (r m) (p n)    okys “kwU; vkO;wg gSaA

mijksDr (i) ds rdZ dk mi;ksx djrs gq,, vki ns[k ldrs gSa fd

m n r p( ) ( ).  
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D;ksafd r p ( )   vkcsyh gS, blfy, bldk izR;sd milewg izlkekU;
gSA bl izdkj, ifj.kke izkIr gks tkrk gSA

iii)
m n

1 m 1 2 m

(n m)

i : : i(a , , a ) (a , a , ,a ,0, ,0)


     
ckj

 ,d lqifjHkkf’kr

,dSd lekdkfjrk gSA

mijksDr (ii) dh gh rjg, m n   gS, D;ksafd n  vkcsyh gSA

***

vkxs c<+us ls igys okys, rqY;kdkfjrk dh “kfDr ds ckjs esa fuEufyf[kr egRoiw.kZ
fVIi.kh ij fopkj dhft,A

;fn 1 2f : G G  ,d lewg rqY;kdkfjrk gS, rks f  u dsoy lafØ;k
dks, cfYd 1G  dh laiw.kZ chth; lajpuk dks, cuk, j[krk gSA bl izdkj, 1G  vkSj

2G  ds iwjh rjg ls leku chth; xq.k gksus pkfg,A ;fn 1G  vifjfer gS, rks

2G  dks Hkh vifjfer gksuk pkfg,A ;fn 1G  vkcsyh gS, rks 2G  dks Hkh vkcsyh
gksuk pkfg,A ;fn 1G  esa dksfV n  okyk ,d vo;o gS, rks 2G  esa Hkh dksfV n

okyk ,d vo;o gksuk pkfg,, bR;kfnA

vkb, dqN vkSj mnkgj.kksa ds ek/;e ls vkidh ;g le>us esa lgk;rk djsa ftl
ij mijksDr fVIi.kh esa fdl vksj /;ku vkdf’kZr fd;k x;k gSA

;fn 1G  vkSj 2G  leku ifjfer dksfV okys nks lewg gSa, rks ;s
rqY;kdkjh gSaA lR;, ;k vlR;\ vius mÙkj ds fy, dkj.k nhft,A

Hkkx 8-2 ds izkjaHk esa nh gqbZ lkj.kh 1 vkSj lkj.kh 3 ij fopkj dhft,A ;gk¡

4 4o( ) 4 o(K ),   ijarq budh dsyh lkjf.k;k¡ fcYdqy vyx gSaA mnkgj.kkFkZ,
lkj.kh 1 n”kkZrh gS fd 4  esa dksfV 4 ds nks vo;o gSaA ijarq lkj.kh 3 n”kkZrh gS
fd 4K  esa dksbZ dksfV 4 dk vo;o ugha gSA bl izdkj, budh chth; lajpuk,¡
vyx gSaA

oLrqr%, 4  pØh; gS, ijarq 4K  pØh; ugha gSA vr% ;s rqY;kdkjh ugha gSaA bl
izdkj, fn;k gqvk dFku vlR; gSA

***

n”kkZb, fd   / 

ge tkurs gSa fd   pØh; gSA lkFk gh, bdkbZ 4 ls vki tkurs gSa fd
pØh; ugha gSA vr%  / 

***

mnkgj.k 19 gesa crkrk gS fd nks vifjfer lewgksa dk rqY;kdkjh gksuk vko”;d
ugha gSA /;ku nhft, fd ikB~;Øe okLrfod fo”ys’k.k ls vki tkurs gSa fd 
x.kuh; (countable) gSA vr%,   vkSj   ds chp esa ,d ,dSdh vkPNknd Qyu

gSA ijarq ;g Qyu lafØ;k dks cuk, ugha j[krk, tSlk fd vki mnkgj.k 19 ls
ns[k ldrs gSaA

nks rqY;kdkjh lewg chth;

:i ls leku fudk; gksrs gSaA

^ds rqY;dkjh ugha gSa* dks '/ '
O;Dr djrk gS

/
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fuEufyf[kr ifj.kke Hkh fVIi.kh 7 esa dgh xbZ ckr dks Li’V djrk gS, vFkkZr~
rqY;kdkjh lewg chth; :i ls leku gksrs gSaA

;fn f : G H  ,d lewg rqY;kdkfjrk gS rFkk x G,  rks
~x f (x) .     blds vkxs,

i) ;fn x  ifjfer dksfV dk gS, rks o(x) o(f (x)).

ii) ;fn x  vifjfer dksfV dk gS, rks f (x)  Hkh vifjfer dksfV dk gksxkA

;fn ge f  dks G  ds fdlh milewg K  rd lhfer j[ksa, rks gesa
Qyu 

K
f : K f (K)  izkIr gksrk gSA D;ksafd f  ,dSdh vkPNknd gS, blfy,

bldk lhfer Qyu 
K

f  Hkh ,dSdh vkPNknd gksxkA vr%, G  ds fdlh Hkh
milewg K  ds fy,, ~K f (K).

fof”k’V :i esa, fdlh Hkh x G  ds fy,, izes; 5 }kjk,
~ ~x f ( x ) f (x) .     

vc, ;fn x  dh dksfV ifjfer gS, rks

vr%, (i) fl) gks tkrk gSA

(ii) dks fl) djus ds fy,, eku yhft, fd x  vifjfer dksfV dk gSA rc,

x    ,d vifjfer lewg gSA blfy, f (x)   vifjfer lewg gS, rFkk blh

fy, f (x)  vifjfer dksfV dk gSA bl izdkj geus (ii) dks fl) dj fy;k gSA

vc, fuEufyf[kr iz”uksa dks gy djus dk iz;kl dhft,A

E15) n”kkZb, fd izR;sd iw.kkZad n  ds fy,, ~ n . 

¼ladsr% f : ( , ) (n , ) : f (k) nk      yhft,A½

E16) mnkgj.k 16 esa vkius ns[kk Fkk fd   D;ksa 2 ( ).  ds ,d milewg ds
rqY;kdkjh gSA D;k vki 2GL ( )  dk dksbZ ,slk milewg crk ldrs gSa

ftlds rqY;kdkjh   gS\ D;k ;g 2

1 x
x GL ( )

0 1

      
   

   gks ldrk

gS\

E17) D;k f : : f (x) 0    ,d lekdkfjrk gS\ D;k f  ,d rqY;kdkfjrk gS\

E18) eku yhft, G  ,d lewg gSA G  ij fdu izfrca/kksa ds v/khu,
1f : G G : f (a) a    ,d rqY;kdkfjrk gksxk\

E19) ;fn : G H   vkSj : H K   nks lewg rqY;kdkfjrk,¡ gSa, rks n”kkZb, fd
G  ls K  rd    ,d rqY;kdkfjrk gSA

E20) eku yhft, 1 2f : G G  ,d lewg rqY;kdkfjrk gS, rFkk 1 1g G .  rc
n”kkZb, fd k  ds fy,, lehdj.k k

1x g  ds 1G  esa gyksa dh la[;k
Bhd mruh gS ftruh 2G  esa k

1x f (g )  ds gyksa dh la[;k gSA
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E21) tk¡p dhft, fd 2

15 15f : U U : f ( )     ,d rqY;kdkfjrk gS ;k ugha,
tgk¡ 15U .   

E22) fdlh Hkh lewg G  ds fy,, fl) dhft, fd G {e} G {e} G.    tgk¡
e fdlh lewg dk rRled gSA

vkius bl vksj vo”; /;ku fn;k gksxk fd rqY;kdkfjrk dh ifjHkk’kk ls gesa dsoy
;g ekywe gS fd lekdkfjrk ,dSdh vkPNknd gS, vFkkZr~ blds izfrykse dk
vfLrRo gSA blls gesa bl izfrykse ds fdlh Hkh chth; xq.k ds ckjs esa dqN ugha
ekywe gSA vxyk ifj.kke gesa bl ckjs esa dqN crkrk gSA

;fn 1 2f : G G  lewgksa dh rqY;kdkfjrk gS, rks 1
2 1f : G G   Hkh

,d rqY;kdkfjrk gSA

^dyu* ls vki tkurs gSa fd 1f   ,dSdh vkPNknd gksrk gSA ¼bldk
lR;kiu dhft,!½ vr%, gesa dsoy ;g n”kkZus dh vko”;drk gS fd 1f   ,d
lekdkfjrk gSA

;g ns[kus ds fy,, eku yhft, 2a , b G   rFkk 1 1a f (a ), b f (b ).   

rc, f (a) a  vkSj f (b) b .

vr%, f (ab) f (a) f (b) a b .    ykxw djus ij, ge
1 1 1f (a b ) ab f (a )f (b )        izkIr djrs gSaA

bl izdkj, 1f   ,d lekdkfjrk gS, rFkk blh fy, ;g ,d rqY;kdkfjrk gSA

mnkgj.k 14 vkSj izes; 8 ls, ge rqjar dg ldrs gSa fd
1 2 1

a, b: T : (f ) (a ,b)      ,d rqY;kdkfjrk gSA

izes; 8 gesa crkrk gS fd ;fn 
1 2~G G , rks 2 1~G G . vkb, bl ifj.kke ds

mi;ksx ls vxys izes; dks fl) djsaA ;g izes; fVIi.kh 7 esa nh xbZ ckr dks ,d
rjg ls nksgjkrk gSA

1 2'G G iff  1 2G G ',  }kjk fn, tkus okyk laca/k  lHkh lewgksa ds
leqPp; ij ,d rqY;rk laca/k gSA

igys, eku yhft, G  ,d lewg gSA rc, I : G G : I(x) x   ,d
rqY;kdkfjrk gSA blfy,, G G.  vr%, ' '  LorqY; gSA

vkxs, ;fn 1 2G , G  lewg gSa rkfd 1 2G G ,  rks izes; 8 }kjk, 2 1G G .  vr%,
' '  lefer gSA

var esa, ;fn 1 2G G  vkSj 2 3G G ,  rks E19 }kjk vki tkurs gSa fd

1 3G G .  vr%, ' '  laØked gSA

bl izdkj, ' '  ,d rqY;rk laca/k gSA

bdkbZ 1 rFkk izes; 9 ls vki tkurs gSa fd ^rqY;kdkfjrk* lHkh lewgksa ds leqPp;
dks vla;qDr rqY;rk oxkZsa esa foHkkftr dj nsrh gSA ;s oxZ 
(isomorphism classes) dgykrs gSaA lewg fl)kar esa fdlh Hkh fn, gq, lewg ds
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rqY;kdkfjrk oxZ dks Kkr djus esa dkQh “kks/k vkSj v/;;u gksrk gSA bldk dkj.k
gS fd ;fn ge tkurs gSa fd lewg G  fdl oxZ esa fLFkr gS, rks ml oxZ esa fdlh
Hkh lewg ds lHkh chth; xq.k G  esa Hkh gksrs gSaA blls gesa G  dks le>us esa enn
feyrh gSA

vc, tSlk fd vki igys ns[k pqds gSa, ,d gh rqY;kdkfjrk oxZ ds lewgksa esa leku
chth; xq.kksa dk gksuk vko”;d gSA mnkgj.kkFkZ, 3S  vkSj 6  dks yhft,A
gkykafd nksuksa dksfV 6 ds gSa, ijarq ;s ,d gh rqY;kdkfjrk oxZ esa ugha gSa, vFkkZr~,

3 6[S ] [ ].   ¼D;ksa\½ lkFk gh, mnkgj.k 19 gesa crkrk gS fd [ ] [ ].   blls
tqM+k ,d mnkgj.k ij fopkj dhft,A

6  ds vykok 6[ ]  dk ,d vo;o nhft,A lkFk gh, tk¡p
dhft, fd [ ] [ ]   gS ;k ughaA

6 6g : U : g(1)    ifjHkkf’kr dhft,, tgk¡   ,d dk iwoZx 6ok¡ ewy
gSA g  dks bls 6  ds lHkh vo;oksa ds fy, foLr`r dhft, rkfd ;g ,d
lekdkfjrk cu tk,, vFkkZr~, mg(m) mg(1) .    rc, vkidks fn[kkuk pkfg,
fd g  ,d rqY;kdfjrk gSA

vr%, 6 6U [ ] . 

vkxs, bdkbZ 6 esa vki ns[k pqds gSa fd   ds izR;sd vo;o dh ifjfer dksfV gS,
ijarq   ds izR;sd vo;o dh dksfV ifjfer ugha gSA vr%, [ ] [ ]. 

***

vc dqN lacaf/kr iz”uksa dks gy djus dk iz;kl dhft,A

E23) ,sls rhu xq.kksa dh lwph cukb, tks ,d gh rqY;kdkfjrk oxZ ds lewgksa esa
ik, tkrs gSaA

E24) fVIi.kh 7 ds lanHkZ esa, ;fn f : G H  lewgksa dh rqY;kdkfjrk gS rFkk G

vkcsyh gS, rks n”kkZb, fd H  Hkh vkcsyh gSA D;k bldk foykse lR; gS\
D;ksa, ;k D;ksa ugha\

E25) D;k ,d lewg rFkk mldk mfpr milewg ,d gh rqY;kdkfjrk oxZ esa gks
ldrs gSa\ D;ksa, ;k D;ksa ugha\

E26) tk¡p dhft, fd 1 2'G ~ G  iff  1G  ls 2G  rd ,d lewg lekdkfjrk gS'
}kjk fn;k tkus okyk laca/k ' ~ ',  lHkh lewgksa ds leqPp; ij ,d rqY;rk
laca/k gS ;k ughaA

E27) eku yhft, fd 1 2 1 2A , A , B , B  ,sls lewg gSa fd 1 1A B  vkSj

2 2A B .  n”kkZb, ds 1 2 1 2A A B B . 

vHkh rc geus bl ij <ax ls fopkj ugha fd;k gS fd 1G / 2G  dks fdl izdkj
fl) fd;k tk,A mnkgj.k 19 esa vkius rqY;kdkfjrk dks vfl) djus dh ,d
fof/k ns[kh FkhA vkb,, izes; 7 dk mi;ksx djrs gq, ,slk djus dh ,d vU; fof/k
ij fopkj djsaA
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n”kkZb, fd *( , )  vkSj *( , )  rqY;kdkjh ugha gSaA

eku yhft,, ;fn laHko gks rks, fd ;s rqY;kdkjh gSa rFkk * *f :    ,d
rqY;kdkfjrk gSA rc, izes; 7 }kjk, o(i) o(f (i)).  vc, o(i) 4.

o(f (i)) 4. 

ijarq, 1  ds vykok fdlh Hkh okLrfod la[;k dh dksfV vifjfer gS, rFkk

o(1) 1,o( 1) 2.  

vr%, ge ,d varfoZjks/k ij igq¡prs gSaA vr%, ge tks ekudj pys Fks, og x+yr gSA
vFkkZr~ *  vkSj *  rqY;kdkjh ugha gSaA

***

mnkgj.k 21 esa geus iqu% blh rF; dk mi;ksx fd;k gS fd rqY;kdkjh lewgksa esa leku
chth; xq.k gksrs gSaA bldk mi;ksx djrs gq,, fuEufyf[kr iz”uksa dks gy dhft,A

E28) n”kkZb, fd ( , )  ds *( , )  rqY;kdkjh ugha gSA

E29) D;k fdlh n 2  ds fy,, ~ n   gS\ D;ksa] ;k D;ksa ughaA

E30) tk¡p dhft, fd ( , ) ( , ).     ;k ughaA

vkb, vc rqY;kdkfjrk oxksaZ ds ckjs esa ,d vfr egRoiw.kZ izes;, vkSj mlds
vuqiz;ksxksa ij n`f’V MkysaA [kaM 3 esa vki oy; fl)kar esa blds vuq:i rFkk
jSf[kd chtxf.kr ds dkslZ esa v/;;u djsaxsA jSf[kd :ikarj.kksa ds fy, esa Hkh vki
blds vuq:i dk v/;;u djsaxsA

bdkbZ 7 esa vkius foHkkx lewgksa ds ckjs esa v/;;u fd;k FkkA ogk¡ geus vkidks ;g
Hkh crk;k Fkk fd ;g ladYiuk lewg fl)kar ds fy, vfr egRoiw.kZ gSA vc vki
bl fVIi.kh esa nh xbZ ckr ds dkj.k dk v/;;u djsaxsA ge lekdkfjrkvksa vkSj
foHkkx lewgksa ds chp ds fj”rs ds ckjs esa ifj.kkeksa dks fl) djsaxsA bu izes;ksa ls
vkidks foHkkx lewgksa ds, vkSj blh fy, izlkekU; milewgksa ds, egRo dk dqN
vanktk gks tk,xkA

igyk ifj.kke  (Fundamental

Theorem of Homomorphism)  gSA vki ns[ksaxs fd ;g ifj.kke D;ksa ^ewy*
dgykrk gSA ;g ifj.kke    (First isomorphism

theorem) Hkh dgykrk gSA

loZizFke, vkb, ,d fof”k’V mnkgj.k ij n`f’V MkysaA blls vkidks ;g le>us esa
lgk;rk gksxh fd ;g izes; D;k crkrk gSA f : 6 : f (m) m     ij fopkj
dhft,A vki tkurs gSa fd f  izkd̀frd lekdkfjrk gS rFkk Im f 6 .    vc,
Ker f  D;k gS\

Ker f {m m 0} {m m 6 } 6 .         

vr%, vki ns[k ldrs gSa fd bl fLFkfr esa ( Ker f ) Im f ;   cfYd ;gk¡
( Ker f ) Im f .
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D;k ;g fu’d’kZ dsoy blh fLFkfr ds fy, lR; gS\ fuEufyf[kr izes; bl iz”u
dk mÙkj nsrk gSA

eku yhft, 1G  vkSj 2G  nks lewg gSa
rFkk 1 2f : G G  ,d lewg lekdkfjrk gSA rc, 1(G Ker f ) Im f .

fof”k’V :i esa, ;fn f  vkPNknd gS, rks 1 2(G Ker f ) G .

eku yhft, Ker f H.  vki tkurs gSa fd 1H G .  vkb, Qyu

1: (G H) Im f : (Hx) f (x)     dks ifjHkkf’kr djsaA

igyh ut+j esa yxrk gS fd   dh ifjHkk’kk lgleqPp; ds izfrfuf/k x  ij fuHkZj
gSA ;fn ,slk gS, rks gks ldrk gS fd Qyu   lqifjHkkf’kr u gksA vr%, vkb,
tk¡p djsa fd   dh ifjHkk’kk lgleqPp; izfrfuf/k ij fuHkZj gS ;k ughaA vFkkZr~,
;fn 1x, y G  rkfd Hx Hy,  rks D;k (Hx) (Hy)   \ vkb, ns[ksaA

vc, 1 1
2Hx Hy xy H Ker f f (xy ) e ,        2G  dk rRled gSA

     1
2f (x)[f (y)] e f (x) f (y)   

     (Hx) (Hy).  

vr%,   ,d lqifjHkkf’kr Qyu gSA

vc, vkb, tk¡p djsa fd D;k   ,d lekdkfjrk gSA 1Hx, Hy G H  ds fy,,

((Hx) (Hy)) (Hxy)  

      f (xy)

f (x) f (y),  D;ksafd f  ,d lekdkfjrk gSA

      (Hx) (Hy).  

vr%,   ,d lewg lekdkfjrk gSA

vkxs, vkb, ns[ksa fd D;k   ,dSdh gS ;k ughaA

1Ker {Hx x G    vkSj 2f (x) e }

      {Hx x Ker f} 

      {H},  D;ksafd Ker f H.

D;ksafd 1G H  dk rRled H  gS, blfy,   ,dSdh gS ¼izes; 4 }kjk½A

var esa, vkb, ns[ksa fd D;k   vkPNnd gS ;k ughaA

Im f  dk dksbZ Hkh vo;o f (x) (Hx)   ds :i dk gS, tgk¡ 1x G .

Im Im f .  

vr%, geus fl) dj fy;k gS fd   ,d ,dSdh vkPNknd lekdkfjrk gS, vFkkZr~
,d rqY;dkfjrk gSA bl izdkj, 

1 ~(G Ker f ) Im f .

fof”k’V :i esa, ;fn f  vkPNknd gS, rks 2Imf G .  bl izdkj, bl fLFkfr esa,

1 2~(G Ker f ) G .

ge ̂lekdkfjrk dk ewy

izes;* dks izk;% 'FTH' fy[krs

gSa( tks blds vaxzsth ds uke

dk la{ksi.k ds uke dk

la{ksi.k gSA
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izes; 10 dh fLFkfr dks vkd̀fr 1 esa n”kkZ;k x;k gSA ;gk¡ p  izkd̀frd lekdkfjrk

gSA

ψ p f

mijksDr vkjs[k crkrk gS fd ;fn vki 1G  ds vo;oksa ij igys p  ykxw djsa rFkk
fQj   ykxw djsa, rks ;g mu vo;oksa ij f  ykxw djus ds leku gSA vFkkZr~

p f . 

lkFk gh, /;ku nhft, fd izes; 10 dgrk gS fd f 1G

Ker f  

vc vkb, lekdkfjrk ds ewy izes; ds dqN vuqiz;ksx ns[ksaA ljyre fLFkfr;ksa esa
ls ,d gS GI : G G,  fdlh Hkh lewg G  ds fy,A ;gk¡ izes; 10 dk vuqiz;ksx
djus ij ge ns[krs gSa fd ,G G{e}  gS, tks vki mnkgj.k 13 esa igys gh ns[k
pqds gSaA ge G {e} vkSj G  ds bl ,dhdj.k dk mi;ksx vusd ckj djsaxsA

vc, vkb, dqN vrqPN mnkgj.kksa ij fopkj djsaA

vki ns[k pqds gSa fd  /   gS ijarq, D;k ?    D;ksa, ;k
D;ksa ugha\

f : : f (a ib) b     ifjHkkf’kr dhft,A rc, E9 ls vki tkurs gSa fd
f  ,d lekdkfjrk gS rFkk Ker f .   vkidks fn[kkuk pkfg, fd Imf . 

vr%, izes; 10 ds vuqiz;ksx ls ge ikrs gSa fd .  

***
5 3

2 ,    dks fl) djus ds fy, FTH dk mi;ksx dhft,,

tgk¡    dh m  izfrfyfi;ksa dk vuqykse xq.kuQy m gSA

 5 3: : [(a, b, c, d, e)] (a, b, c)      ifjHkkf’kr dhft,A ¼ge   dks
(a, b, c, d, e) (b, c, d)  , ;k ,sls dksbZ vU; fodYi ls Hkh ifjHkkf’kr dj ldrs

FksA½

;fn 5  esa 1 2 3 4 5 1 2 3 4 5(a , a , a , a , a ) (b , b , b , b , b ),  rks i ia b i. 
vr%, 1 2 3 1 2 3(a , a , a ) (b , b , b ),  vFkkZr~,

1 5 1 5[(a , , a )] [(b , , b )].   

bl izdkj,   lqifjHkkf’kr gSA

vkxs, 1 5 1 5 1 1 5 5[(a , , a ) (b , , b )] [(a b , ,a b )]       

1 1 2 2 3 3 1 2 3 1 2 3(a b , a b , a b ) (a , a , a ) (b , b , b )     

 
1G  2G  

fKerG1  

f  

p    
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1 5 1 5[(a , , a )] [(b , , b )].    

bl izdkj,   ,d lewg lekdkfjrk gSA

vc, 5Ker {(a, b, c, d, e) (a, b, c) (0, 0, 0)}   
2{(0, 0, 0, x, y) x, y } ,     gS, tSlk E22 esa FkkA

bldk lR;kiu Hkh dhft, fd 3Im .  

vr%, FTH }kjk, 
5 3

2 .  
¼/;ku nhft, fd mnkgj.k 17 dh gh rjg, ;gk¡ 2  dks i  }kjk 5  dk milewg
ekuk tk ldrk gSA½

***

Qyu f : ({1, 1}, ) :  
1,

f (n)
1,


 

        yhft,A

mnkgj.k 1 esa vkius ns[kk Fkk fd f  ,d lekdkfjrk gSA Ker f  vkSj Im f  izkIr
dhft,A bl fLFkfr esa FTH D;k dgrk gS\

eku yhft, E  vkSj O  Øe”k% le vkSj fo’ke iw.kkZadksa ds leqPp;ksa dks
O;Dr djrs gSaA rc, E 2   vkSj O 1 2 .  

;gk¡, Ker f {n f (n) 1} 2 ,      vkSj

Imf {f (n) n } {1, 1}.   

bl izdkj, FTH }kjk, {1, 1}.2  
/;ku nhft, fd blls gesa ;g Hkh irk pyrk gS fd o( 2 ) 2.   vr%,   esa
2  ds nks lgleqPp; gSa, vkSj ;s 2  vkSj 1 2   gSaA

vr%, ({2 , 1 2 }, ) ({1, 1}, ).     

***

 n”kkZb, fd 
*2

2

GL ( ) ,SL ( )
    tgk¡

2 2SL ( ) {A GL ( ) det(A) 1}.   

E3 ls vki tkurs gSa fd *
2f : GL ( ) : f (A) det(A)    ,d

lekdkfjrk gS, rFkk 2Ker f SL ( )   vkSj *Im f . 

bl izdkj, izes; 10 ds mi;ksx ls, 
*2

2

GL ( ) .SL ( )
  

¼/;ku nhft, fd ;gk¡ ge vu~vkcsyh lewg G  dk ,d ,slk vU; mnkgj.k ns[krs
gSa ftldk vkcsyh foHkkx lewg gSA½

***

 nf : : f (m) m    ifjHkkf’kr dhft,A n”kkZb, fd f  ,d
lekdkfjrk gSA bl fLFkfr esa, ewy izes; ls gesa D;k feyrk gS\

D;ksafd f (r s) r s r s r, s ,        blfy, f  ,d lekdkfjrk gSA

;fn n le gS

;fn n fo"ke gS
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vkxs, n  dk dksbZ Hkh vo;o a  gS tgk¡ 0 a n, a .  

D;ksafd a f (a) Im f ,   blfy, n Im f .

vc, Ker f {m f (m) 0} {m m n } n .         

vr%, izes; 10 }kjk, n .n
  

***

mnkgj.k 26 gesa crkrk gS fd n  vkSj foHkkx lewg n   chth; :i ls leku
gaSA vki bls igys Hkh bdkbZ 7 esa ns[k pqds gSaA vki bl rF; dk ckj-ckj mi;ksx
djsaxsA

vc FTH ds ckjs esa ,d egRoiw.kZ fVIi.kh ij fopkj dhft,A

mijksDr mnkgj.kksa ls vki ns[k ldrs gSa fd dksbZ Hkh vkPNknd
lekdkfjrk 1 2f : G G  okLro esa izkd̀frd ¼;k izlkekU;½ lekdkfjrk gSA bldk
dkj.k ;g gS fd FTH }kjk, 1 2f : G G  okLro esa 1 1p : G (G H)  gS, tgk¡
H Ker f  rFkk p(x) Hx.

blh dkj.k ls mnkgj.k 7 dk Qyu ^fofgr*, vFkkZr~ ekud, lekdkfjrk dgykrk
gSA vkSj, ;gh dkj.k gS fd izes; 10 lekdkfjrk dk  izes; dgykrk gSA ;g
gesa crkrk gS fd izR;sd lekdkfjrk vly esa fofgr gSA

vc, fuEufyf[kr iz”uksa dks gy djus dk iz;kl dhft,A

E31) eku yhft, fd G  ,d lewg gS, rFkk f : G G : f (g) e,   G  dk
rRledA n”kkZb, fd f  ,d lekdkfjrk gSA bl fLFkfr esa lekdkfjrk dk
ewy izes; D;k dgrk gS\

E32) mnkgj.k 2, mnkgj.k 4 (i) vkSj (iii), mnkgj.k 7 vkSj mnkgj.k 12 esa FTH

ls gesa D;k izkIr gksrk gS\

E33) eku yhft, m, n .  m  vkSj n  ij fdu izfrca/kksa ds v/khu

m n: : (a m ) a n          ,d lqifjHkkf’kr lekdkfjrk gksxk\
vkSj rc, bl fLFkfr esa FTH D;k dgrk gS\

E34) eku yhft, 1S  òÙk lewg z{z | | 1}   gSA n”kkZb, fd 1S . 
[  nsf[k, fd mnkgj.k 12 ls vkidks dqN lgk;rk feyrh gSA]

vc, ge ,d egRoiw.kZ ifj.kke dks fl) djus ds fy, lekdkfjrk ds ewy izes;
dk mi;ksx djsaxsA ;g gesa lHkh pØh; lewgksa ds rqY;kdkfjrk oxZ crkrk gSA

dksbZ Hkh pØh; lewg ( , )  ;k n( , )  ds rqY;kdkjh gksrk gS, tgk¡

n .
eku yhft, G x    ,d pØh; lewg gSA

nf : G : f (n) x   ifjHkkf’kr dhft,A

fn[kkb, fd f  lqifjHkkf’kr gSA
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lkFk gh, f  ,d lekdkfjrk gS D;ksafd

n m n mf (n m) x x x f (n) f (m) n, m .      

vkidks lR;kfir djuk pkfg, fd Imf G.

vc, Ker f  ds fy, gekjs ikl nks laHkkouk,¡ gSa – ;k rks Ker f {0},  ;k
Ker f {0}.

 (Ker f {0}) : bl fLFkfr esa f  ,dSdh gSA vr%, f  ,d rqY;kdkfjrk
gSA vr%, izes; 8 }kjk, 1f   ,d rqY;kdkfjrk gSA vFkkZr, G ( , ).   vr%, G
vifjfer gS, rFkk x  dh dksfV vifjfer gSA

(Ker f {0}) : D;ksafd Ker f ,  blfy, bdkbZ 4 ls vki tkurs gSa
fd fdlh n  ds fy,, Ker f n .   vr%, lekdkfjrk dks ewy izes; }kjk,

n G.  

nG ( n ) ( , ).     

;gk¡ /;ku nhft, fd D;ksafd nx ,     blfy, o(x) n.  vr%, 
n n

vkb, izes; 11 ds dqN egRoiw.kZ miizes;ksa ij fopkj djsaA

dksbZ Hkh nks vifjfer pØh; lewg rqY;kdkjh gksrs gSaA

 leku dksfV okys dksbZ Hkh nks ifjfer pØh; lewg rqY;kdkjh
gksrs gSaA

ge miizes;ksa dh miifÙk;k¡ vkids fy, NksM+ jgs gSa ¼nsf[k, E35½A

vkSj vc vkb, izes; 11 vkSj FTH ds ,d vuqiz;ksx dks ns[ksaA

;fn (m, n) 1,  rks fl) dhft, fd mn m n .     blds
vkxs, ;fn A  vkSj B  Øe”k% dksfV;ksa m  vkSj n  okys pØh; lewg gSa, tgk¡
(m,n) 1,  rks fl) dhft, fd A B  dksfV mn  okyk pØh; lewg gSA

  m nf : : f (r) (r m , r n )          ifjHkkf’kr dhft,A
/;ku nhft, fd f  lqifjHkkf’kr gS, D;ksafd ;fn   esa r s,  rks m  esa vkSj n
esa r s.

vc, f  ,d lekdkfjrk gS, D;ksafd

f (r s) ((r s) m , (r s) n )      

(r m , r n ) (s m , s n )        

f (r) f (s). 

vkxs, Ker f {r (r m , r n ) (0 m , 0 n )}          

   {r r m n }.     
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{r | r mn },     D;ksafd mn,  m  vkSj n  dk l.c.m. gS ¼nsf[k, bdkbZ 4½

mn . 

var esa, ge n”kkZ,¡xs fd f  vkPNknd gSA

eku yhft, m n(u m , v n ) .      

D;ksafd (m, n) 1,  blfy, s, t    s.t. ms nt 1   ¼nsf[k, bdkbZ 1½A

bl lehdj.k ds mi;ksx ls ge ns[krs gSa fd
f (u(1 ms) v (1 nt)) (u m , v n )        D;ksafd vms m ,   vkSj
unt n ,   vFkkZr~ (u m ,u n ) Imf .   

bl izdkj, f  vkPNknd gSA

vc, ge lekdkfjrk dk ewy izes; ykxw djds ikrs gSa fd ~( Ker f ) Imf ,
vFkkZr~ m n~( mn ) .   

vr%, 
mn m n

~ .  

vc, eku yhft, fd A x    vkSj B y    tgk¡ o (x) m  vkSj
o (y) n.  rc, 

m
~A   vkSj 

n
~B .  izes; 11 }kjkA

bl izdkj, E27 }kjk, mnA B ,    vFkkZr~, A B  dksfV mn  dk pØh; lewg

gSA

***

vc dqN iz”uksa dks gy djus dk iz;kl dhft,A

E35) miizes;ksa 3 vkSj 4 dks fl) dhft,A

E36) lHkh laHko lekdkfjrk,¡ 8 10f : U  Kkr dhft,A ,sls lHkh  ds fy,,

Ker f  Kkr dhft,A

E37) i) ;fn m  vkSj n  vlgHkkT; iw.kkZad ugha gSa, rks D;k mn m n ?   
D;ksa, ;k D;ksa ugha\

ii) eku yhft, fd   bdkbZ 4 esa ifjHkkf’kr vkW;yj Q+kb Qyu gSA fl)
dhft, fd ;fn m, n   s.t. (m, n) 1  rks (mn) (m) (n).   

vc ge (second isomorphism theorem) dh ppkZ
djsaxsA ;g milewgksa ds izfrPNsnuksa rFkk xq.kuQyksa ls lacaf/kr gSA vkb, igys 3S

ds mnkgj.k ds ek/;e ls le>sa fd ;g izes; gesa D;k crk,xkA eku yhft, fd
H (1 2)    vkSj K (1 2 3) .    rc, vki tkurs gSa fd 3K S  gSA vr%,
bdkbZ 6 ls, vki tkurs gSa fd 3HK S .  oLrqr% 3HK S .  lkFk gh,
H K {I}.   vc, H (H K)  vkSj 3HK K ( S K)  nksuksa gh ,d gh dksfV, 2
ds gSaA D;k buesa dksbZ vkSj fj”rk Hkh gS\ vki f}rh; rqY;kdkfjrk izes; ls ns[ksaxs
fd ;s nksuksa lewg rqY;kdkjh gSaA
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;fn H  vkSj K  fdlh lewg G  ds

milewg gSa, tgk¡ G  esa K  izlkekU; gS, rks (H (H K)) (HK K). 

loZizFke, gesa bldk lR;kiu djuk pkfg, fd foHkkx lewg H (H K)
vkSj (HK) K  lqifjHkkf’kr gSaA E25, bdkbZ 6 ls vki tkurs gSa fd H K H. 
lkFk gh, izes; 4 vkSj bdkbZ 6 ds E27 ls vki tkurs gSa fd HK G  rFkk ;g
fd K HK.
bl izdkj, fn, gq, foHkkx lewg vFkZiw.kZ gSaA

vc, ge vf’V H K  okys ,d vkPNknd lekdkfjrk f : H (HK) K  Kkr

djuk pkgrs gSaA blds ckn ge ok¡fNr ifj.kke izkIr djus ds fy,, lekdkfjrk ds
ewy izes; dks ykxw dj ldrs gSaA

vr%, vkb, f : H (HK) K : f (h) hK   ifjHkkf’kr djsaA

vkidks lR;kfir pkfg, fd f  lqifjHkkf’kr gSA

vc, x, y H  ds fy,,

f (xy) xyK (xK)(yK) f (x)f (y).  

vr%, f  ,d lekdkfjrk gSA

Imf {f (h) h H} {hK h H}.   

ge n”kkZ,¡xs fd Imf (HK) K.

blds fy,, dksbZ Hkh vo;o hK Im f  yhft,A D;ksafd h H,  blfy,

h HK.

hK (HK) K. 

Im f (HK             ---¼1½

nwljh vksj, (HK) K  dk dksbZ Hkh vo;o hkK hK  ds :i dk gksrk gS, tgk¡
h H, k K; 

hkK f (h) Im f .  

((HK) K) Im f.      ---¼2½

¼1½ vkSj ¼2½ ls, ge Im f ((HK) K)  izkIr djrs gSaA

var esa, Ker f {h H f (h) K}  

     {h H hK K}  

     {h H h K}  

     H K 

bl izdkj, ewy izes; ds mi;ksx ls, ge (H (H K)) (HK K)   izkIr djrs

gSaA
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izes; 12 vkcsyh lewgksa ds fy, D;k dgrk gS\ blds ckjs esa ge ;gk¡ ,d fVIi.kh
nsuk pkgsaxsA

;fn H  vkSj K,  (G, )  ds milewg gSa, rks izes; 12 dgrk gS fd
((H K) K) (H (H K)). 

izes; 12 fdl izdkj mi;ksxh gS, vkb, bldk ,d mnkgj.k ns[kasA bl ifj.kke ds
ek/;e ls vkarfjd vuqykse xq.kuQyksa vkSj foHkkx lewgksa ds chp ds laca/k dks
ns[ksaxsA

eku yhft, H  vkSj K  lewg G  ds izlkekU; milewg gSa fd ftlls
fd G H K.   rc, (G H) K  rFkk (G K) H.

ifjHkk’kk }kjk, G HK  vkSj H K {e}.   vr%,

G H HK H K H K K {e} K.   

blh izdkj, vki fl) dj ldrs gSa fd (G K) H.

vc, ge ,d ifj.kke dks ns jgs gSa, tks rqjar gh izes; 13 ls fudyrk gSA

eku yhft, G  ,d ifjfer lewg gS rFkk H  vkSj K  blds ,sls
izlkekU; milewg gSa ftuls fd G H K.   rc, o(G) o(H)o(K).

vc D;ksa ugha vki fuEufyf[kr iz”uksa dks gy djus ds fy, izes;ksa 12 vkSj 13 dk
iz;ksx djrs\

E38) miizes; 5 dks fl) dhft,A

E39) eku yhft, H  vkSj K  ,d ifjfer lewg G  ds milewg gSa rFkk H G.

izes; 12 ds mi;ksx ls 
o(H)o(K)

o(HK) .
o(H K)


  ¼vki bls bdkbZ 3 esa igys

gh fl) dj pqds gSaA½

E40) n”kkZb, fd 4
3 .12
  

 H 3   vkSj K 4   yhft,A½

E41) fl) dhft, fd ;fn 1G  vkSj 2G  lewg gSa, rks

1 2 1 2 2((G G ) (G {e }) G .  

E42) fl) dhft, fd 3 2( ) .   

vkSj vc vkb, r`rh; rqY;kdfjrk izes; dks ns[ksaA ;g Hkh okLro esa FTH dk ,d
lh/kk vuqiz;ksx gSA

eku yhft, H  vkSj K  lewg G  ds
,sls izlkekU; milewg gSa rkfd K H.

rc, 
(G K) G H.(H K) 

loZizFke, izes; 7, bdkbZ 7 ls vki tkurs gSa fd (H K) (G K).  vr%,
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izes; ds dFku esa fn, x, foHkkx lewg lqifjHkkf’kr gSaA

vc, izes; 10 ds vuqiz;ksx ds fy,, gesa G K  ls G H  rd dh ,d lekdkfjrk
dks ifjHkkf’kr djus dh vko”;drk gS, ftldh vf’V H K  fudyrh gSA

,d ,slk Qyu rks tkfgj gS, ;kfu f : G K G H : f (Kx) Hx. 

f  lqifjHkkf’kr gS, D;ksafd x, y G  ds fy,,

1 1xy K H xy H Hx Hy        f (Kx) f (Ky). 

vc, ge miifÙk dk “ks’k Hkkx vkids fy, NksM+ jgs gSa ¼nsf[k, E43½A

E43) n”kkZb, fd izes; 14 dh miifÙk esa ifjHkkf’kr f  ,d vkPNknd lekdkfjrk

gS, rFkk Ker f H K.  bl rjg izes; 14 dh miifÙk dks iwjk dhft,A

E44) fl) dhft, fd 10 5( 5 ) .   

vkb, vc lewg dh Lo;a ij rqY;kdkfjrkvksa dh ppkZ djsaA

lewg fl)kar esa Lokdkfjrkvksa dk vusd ckj mi;ksx fd;k tkrk gSA oLrqr%, lewg
dh Lokdkfjrkvksa ds leqPp; ds dqN fo”ks’k xq.k gksrs gSaA blfy, budh ppkZ ds
fy, geus ,d vyx Hkkx lefiZr fd;k gSA bl Hkkx esa loZizFke vki ns[ksaxs fd
lewg dh lHkh Lokdkfjrkvksa dk leqPp; ls ,d lewg D;ksa curk gSA blds ckn
ge blh lewg ds ,d fo”ks’k milewg dks ifjHkkf’kr djsaxs, rFkk ns[ksaxs fd ;g D;ksa
egRoiw.kZ gSA

Lokdkfjrk,¡ vkids fy, ubZ ugha gaSA vki fdlh Hkh lewg G  ds fy,, ,d ekSfyd
Lokdkfjrk GI : G G  ls igys ls ifjfpr gSaA vki ;g Hkh tkurs gSa fd

1: G G : (g) g      lweg G  dh ,d Lokdkfjrk gS ;fn vkSj dsoy ;fn G
vkcsyh gSA

vc vkb, fdlh lewg G  dh Lokdkfjrkvksa ds leqPp;, ij fopkj djsaA

{f : G G f Aut G  ,d rqY;kdkfjrk gS} dks ns[ksaA

vkius vHkh ns[kk fd Aut G ,   D;ksafd GI Aut G.

E19 ls vki tkurs gSa fd Aut G  la;kstu dh f}vk/kkjh lafØ;k ds lkis{k laòr
gSA lkFk gh, izes; 8 crkrk gS fd ;fn f Aut G,  rks 1f Aut G. 

bl izdkj, geus vHkh fuEufyf[kr izes; dks fl) dj fy;k gSA

eku yhft, G  ,d lewg gSA G  dh Lokdkfjrkvksa dk leqPp;,

Aut G  Qyuksa ds la;kstu ds lkis{k ,d lewg gSA

vkb, Aut G  ds dqN mnkgj.kksa ij nf̀’V MkysaA

n”kkZb, fd 2Aut .  

eku yhft, fd f :    ,d Lokdkfjrk gS, vkSj f (1) n.  ge n”kkZ,¡xs
fd n 1  ;k 1.
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D;ksafd f  vkPNknd gS rFkk 1 ,  blfy, m    s.t. f (m) 1,  vFkkZr~]
mf (1) 1,  vFkkZr~, mn 1.

n 1  ;k n 1. 

;fn n 1,  rks f (m) m m ,    vFkkZr~, f I.

;fn n 1   rks f (m) m m     vFkkZr~, f I. 

bl izdkj, Aut   esa dsoy nks vo;o gSa I  vkSj I.

blfy,, izes; 11 }kjk, 2Aut I .     

***

vc, vxys mnkgj.k esa fdlh lewg G  dk ,d vo;o fn;k jgus ij blds laxr

G  dh ,d Lokdkfjrk ifjHkkf’kr djsaxsA

eku yhft, G  ,d lewg gS rFkk g G.
1

g gf : G G : f (x) gxg   ifjHkkf’kr dhft,A n”kkZb, fd gf ,  G  dh Lokdkfjrk
gSA ¼vo;o 1gxg G   dks g  }kjk x  dk (conjugate) dgrs gSaA½

ge n”kkZ,¡xs fd G  dh lafØ;k dks gf  cuk, j[krk gS, rFkk ;g ,d ,dSdh
vkPNknd Qyu gSA

gf  ’  ;fn G  esa x y,  rks 1 1gxg gyg ,   vFkkZr~,

g gf (x) f (y).

bl izdkj, gf  lqifjHkkf’kr gSA

gf ;fn x, y G,  rks

1
gf (xy) g(xy)g 

      1 1gx(g g)yg ,   D;ksafd 1g g e,   G  dk rRledA

      1 1(gxg )(gyg ) 

      g gf (x) f (y).

bl izdkj, g G,   gf  ,d lekdkfjrk gSA

gf  g gKer f {x G f (x) e}   1{x G gxg e}  

      {x G x e}  

      {e}.

vr%, g G,   gf  ,dSdh gSA

gf  ;fn y G,  rks

1 1y (gg ) y(gg )  1 1g(g yg)g 

  1
g gf (g yg) Imf ,   D;ksafd 1g yg G. 

vr%, g G,   gf  vkPNknd Qyu gSA
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bl izdkj, g G,   G  dh gf  ,d Lokdkfjrk gSA

***

la;qXerk ds lanHkZ esa fuEufyf[kr fVIi.kh ij fopkj dhft,A

;fn G  ,d vkcsyh lewg gS, rks

gf (x) g x g x g G.     

bl izdkj, gf I g G.  

ge mnkgj.k 29 dh Lokdkfjrk dks ,d fof”k’V uke nsrs gSaA

’ eku yhft, G  ,d lewg gS rFkk g G.  Lokdkfjrk
1

g gf : G G : f (x) gxg ,   dks G g G  dh 
(inner automorphism) dgrs gSaA

G  dh lHkh vkarj Lokdkfjrkvksa ls cuk Aut G  ds mileqPp; dks Inn G  ls
izdV djrs gSaA

vkb, vkarj Lokdkfjrkvksa ds dqN mnkgj.kksa ij fopkj djsaA

3S  yhft,A g gf (I), f ((1 3))  vkSj gf ((1 2 3))  dks ifjdfyr
dhft,, tgk¡ g (1 2).  lkFk gh, lR;kiu dhft, fd g 3Im f S  rFkk

gKer f {I}.

/;ku nhft, fd 1(1 2) (1 2).   blfy,, 1g g. 

vc, 1
gf (I) g I g I,  

gf ((1 3)) (1 2)(1 3)(1 2) (2 3),   rFkk gf ((1 2 3)) (1 2)(1 2 3)(1 2) (1 3 2). 

[bu lHkh fLFkfr;ksa esa, /;ku nhft, fd ;fn 3S  yackbZ 2 ¼;k 3½ okyk pØ gS,
rks 1g g   Hkh yackbZ 2 ¼;k Øe”k% 3½ okyk pØ gSA bdkbZ 9 esa vki bldk dkj.k
ns[ksaxsA,

/;ku nsa fd 1
g g 3 3Im f {f ( ) S } {g g S }.     

vkidks bldk lR;kiu djuk pkfg, fd g gf ((2 3)) (1 3), f ((1 2)) (1 2)   rFkk

gf (1 3 2) (1 2 3).

vr%, g 3Im f S ,  rFkk 1
g 3Ker f { S g g I} {I}.    

***

fuEufyf[kr iz”uksa dks gy djus esa vkidks vkarj Lokdkfjrkvksa dks izkIr djus esa
dqN vH;kl feysxkA

E45) eku yhft, G  ,d lewg gS rFkk g G.  f : G G : f (x) gx 
ifjHkkf’kr dhft,A D;k f Aut G \ D;ksa, ;k D;ksa ugha\

E46) D;k izR;sd G  ds fy,, Inn G  vkcsyh gS\ ;fn G  vu~vkcsyh gS, rks D;k
Aut G  vu~vkcsyh gS\ vius mÙkjksa ds dkj.k nhft,A
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E47) eku yhft, G  ,d lewg gS rFkk H G.  n”kkZb, fd

gf (H) H g G    iff H G  fof”k’V :i esa, ;fn x G  gS s.t.

gf (x) x g G,    rks n”kkZb, fd x G. 
E48) lR;kiu dhft, fd gf InnG  dk izfrfcac G  gS, tgk¡

i) 2G GL ( )   vkSj 
0 1

g ,
1 0

 
   

ii) G    vkSj g 3,

iii) G 5    vkSj g 4,

iv) 8G Q  vkSj 
i 0

g .
0 i

 
   

 ¼mnkgj.k 5, bdkbZ 5 dks nsf[k,A½A

E49) D;k G Inn G G ?| |   D;ksa\

vc Aut G  dk ,d milewPp; Inn G  gS tks gf g  }kjk G  ds lkFk 1-1
laxfr esa izrhr gksrk gSA ijarq, vki E49 esa n”kkZ pqds gSa fd ;g 1-1 laxfr ugha
gSA vr%, iz”u mBrk gS & D;k G  vkSj Inn G  ds chp dksbZ laca/k gS\ bls
le>us ds fy,, vkb, igys ns[ksa fd D;k Inn G  ij dksbZ lewg lajpuk gSA
okLro esa, vki ns[ksaxs fd u dsoy Inn G  ,d lewg gS, cfYd mlls dqN T;knk
Hkh gS!

fdlh Hkh lewg G  ds fy,, Aut G  dk Inn G  ,d izlkekU;
milewg gSA

 Inn G  vfjDr gS D;ksafd G eI f Inn G,   tgk¡ G  esa e  rRled gSA

vc vkb, ns[ksa fd g, h G  ds fy,, D;k g hf f Inn G.

fdlh Hkh x G  ds fy,, 1
g h gf f (x) f (hxh ) 1 1g(hxh )g 

    1(gh)x(gh)  ghf (x).

bl izdkj, g h ghf f f .     ---¼3½

vr%, Inn G  la;kstu ds lkis{k laor̀ gSA

lkFk gh, Inn G  esa e Gf I  rRled gSA

vc, gf Inn G  ds fy,, 1g
f Inn G    s.t.

1 1g e Gg gg
f f f f I ,     ¼3½ ds mi;ksx lsA

bl izdkj, 1

1
gg

f (f ) ,
  vFkkZr~, Inn G  ds izR;sd vo;o dk Inn G  esa ,d

izfrykse gSA

bl izdkj, Inn G Aut G.

vc, ;g fl) djus ds fy, fd Inn G Aut G,  eku yhft, fd Aut G
vkSj gf Inn G.

rc, fdlh Hkh x G  ds fy,,
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1 1

g gf (x) f ( (x))       

1 1(g (x)g )   

1 1 1 1(g) ( (x)) (g )       

1 1 1(g)x[ (g)]    

1 (g)
f (x).

  (/;ku nhft, fd 1(g) G.  )

1

1
g (g)

f f Inn G Aut G



        vkSj gf Inn G.

Inn G Aut G. 
vkb, dqN fLFkfr;ksa esa Inn G  Kkr djsa, ftlls vkidks bl izlkekU; milewg
dh csgrj le> cu tk,A

 Inn   vkSj nInn , n ,    Kkr dhft,A

D;ksafd   vkSj n ,  n ,   vkcsyh gSa, blfy, fVIi.kh 10 }kjk,
Inn {I}  rFkk nInn {I} n .   

***

vkSj mnkgj.kksa dks ns[kus ls igys, vkb, ,d ,sls egRoiw.kZ izes; ij fopkj djsa tks
gesa Inn G  dks vu~vkcsyh G  ds fy, Kkr djus esa lgk;rk djsxhA ;fn vki
fVIi.kh 10 dks vc nksckjk ns[ksa, rks blls yxrk gS fd Inn G  dh eki crkrh gS
fd G  Øefofues; gksus ls fdruh nwj gSA ;kn dhft,, ;gh og ckr gS tks
G Z(G)  gesa crkrk gS, tgk¡ G  dk Z(G)  dsUnz gSA vr%, D;k xq.ku[kaM lewg
G Z(G)  vkSj lewg Inn G  ds chp dksbZ laca/k gS\ fuEufyf[kr izes; bl iz”u
dk mÙkj nsxkA

eku yhft, fd G  ,d lewg gSA rc, (G Z(G)) Inn G.

tSlk fd vkius vuqeku yxk fy;k gksxk, ge bl ifj.kke dks fl)
djus ds fy, “kfDr”kkyh lekdkfjrk ds ewy izes; dk mi;ksx djsaxsA ,slk djus
ds fy,, vkb,, gf : G Inn G : f (g) f   ifjHkkf’kr djsa, tks LokHkkfod fodYi
gSA

f  ’ ;fn G  esa 1 2g g ,  rks 1 1
1 1 2 2g xg g xg x G.   

vr%, 
1 2g gf (x) f (x) x G,    vFkkZr~ 

1 2g gf f .

f  % g, h G  ds fy,,

ghf (gh) f

     g hf f ,   tSlk izes; 16 dh miifÙk ds ¼3½ esa fn[kk;k x;k FkkA

     f (g) f (h). 

f  gIm f {f g G} Inn G.  

Ker f g GKer f {g G f I }  
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g{g G f (x) x x G}    

1{g G gxg x x G}    

{g G gx xg x G}    

Z(G).

vr%, lekdkfjrk ds ewy izes; }kjk,

(G Z(G)) Inn G.

Rkks geus igys fd G  vkSj Inn G  ds chp ,d laHko 1-1 laxfr dh ckr dh Fkh,
izes; 17 dgrk gS fd ;g rHkh laHko gS tc Z(G) {e}.

vc vkb, G  ds dqN vu~vkcsyh mnkgj.kksa ds fy,, izes; 17 dk mi;ksx djsaA

3Inn S  vkSj 8Inn Q  Kkr dhft,A

vki igys ns[k pqds gSa fd 3Z(S ) {e}.  vr%, izes; 17 }kjk, 3 3Inn S S .

vki bdkbZ 6 esa ;g Hkh ns[k pqds gSa fd 8Z(Q ) { I}.   vr%,

8 8Inn Q (Q I ),    ftldh dksfV 4 gSA

lkFk gh, I A B AB C 8f , f , f , f ( f ) Inn Q ,   tgk¡ 2 2 2
A B Cf I f f .  

vr%, 8 A BInn Q f f ,       tks Dykbu 4-lewg gSA

***

vc, vki fuEufyf[kr iz”uksa dks gy djus ds fy, izes; 17 dk mi;ksx djsaA

E50) 8G D  vkSj 10G D  ds fy,, Inn G  Kkr dhft,A vf/kd O;kid :i
ls 2nInn D  D;k gS\

E51) ;fn G  vifjfer gS, rks D;k Inn G  dk vifjfer gksuk vko”;d gS\
D;ksa, ;k D;ksa ugha\

blds lkFk gh ge lHkh izdkj dh lewg lekdkfjrkvksa dh bl ppkZ ds var rd
ig¡qp x, gSaA tSlk fd ge igys crk pqds gSa, vki buds lkFk vkxs Hkh dk;Z djrs
jgsaxsA

vkb, vc bl bdkbZ esa tks vkius v/;;u fd;k gS, ml ij ,d laf{kIr n`f’V
MkysaA

bl bdkbZ esa geus fuEufyf[kr fcanqvksa ij ppkZ dh gSA

1- lewg lekdkfjrk dh ifjHkk’kk, vkSj mlds mnkgj.kA

2- eku yhft, 1 2f : G G  ,d lewg lekdkfjrk gSA rc,

i) 1 2f (e ) e ,
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ii) 1 1

1[f (x)] f (x ) x G ,   

iii)  2Im f G ,

iv) 1Ker f G .
3- ,d lekdkfjrk 1-1 gksrh ;fn vkSj dsoy ;fn bldh vf’V rqPN milewg

gksA

4- lewg rqY;kdkfjrk dh ifjHkk’kk, vkSj mlds mnkgj.kA

5- nks lewg rqY;kdkjh gksrs gSa ;fn vkSj dsoy ;fn mudh iwjh rjg ls leku
chth; lajpuk,¡ vkSj xq.k gksaA

6- lewg lekdkfjrkvksa ¼Øe”k% rqY;kdkfjrkvksa½ dk la;kstu ,d lewg
lekdkfjrk ¼Øe”k% rqY;kdkfjrk½ gSA

7- lekdkfjrk ds ewy izes; (FTH) dh miifÙk rFkk mlds vusd vuqiz;ksxA
;g izes; dgrk gS fd ;fn 1 2f : G G  ,d lewg lekdkfjrk gS, rks

1(G Ker f ) Im f.

8- FTH ds dkj.k, dksbZ Hkh lewg lekdkfjrk 1 2f : G G  vko”;d :i ls
izkd̀frd lekdkfjrk 1 1p : G (G Ker f )  gSA blh dkj.k ls Qyu
izkd̀frd, ;k fofgr, Qyu dgykrk gSA

9- dksbZ Hkh vifjfer pØh; lewg ( , )  ds rqY;kdkjh gksrk gSA n  ds
fy,, dksfV n  dk dksbZ Hkh ifjfer lewg n( , )  ds rqY;kdkjh gksrk gSA

10- eku yhft, G  ,d lewg gS, H G, K G.   rc,

H (H K) (HK) K. 

11- eku yhft, G  ,d lewg gS, H G, K G   vkSj K H.  rc,

(G K) G H.(H K) 

12- lewg G  dh Lokdkfjrkvksa dk leqPp;, Aut G  Qyuksa ds la;kstu ds
lkis{k ,d lewg gSA

13- vkarj Lokdkfjrk dh ifjHkk’kk, vkSj mlds mnkgj.kA

14- fdlh Hkh lewg G  ds fy,, Inn G Aut G  gksrk gSA

15- fdlh Hkh lewg G  ds fy,, (G Z(G)) Inn G.

E1) I(gh) gh I(g)I(h) g, h G.     vr%, I  ,d varjkdkfjrk gSA lkFk gh,
I(g) I(h) g h.    vr%, I  ,dSdh gSA

bl izdkj, I  ,d lewg ,dSd lekdkfjrk gSA

E2) loZizFke, ;fn   esa x y,  rks ln x ln y , vFkkZr~, f (x) f (y).  vr%,
f  lqifjHkkf’kr gSA
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fdUgha x, y   ds fy,, f (xy) ln(xy) ln x ln y f (x) f (y).    

 f  ,d lewg lekdkfjrk gSA

 Ker f {x f (x) 0} {1}.   

 Im f {f (x) x } {ln x x }.     

         ¼D;ksafd fdlh Hkh r  ds fy,, r rf (e ) ln(e ) r).  ½

E3) fdUgha 2A, B GL ( )   ds fy, s.t. A B, det(A) det(B),   vFkkZr~,
f (A) f (B).   bl izdkj, f  lqifjHkkf’kr gSA

vkxs, 2A, B GL ( )   ds fy,,

f (AB) det (AB) det(A) det(B) f (A) f (B).  

f  ,d lekdkfjrk gSA

2 2Ker f {A GL ( ) f (A) 1} {A GL ( ) det(A) 1}      

   2SL ( ). 

2Im f {det(A) A GL ( )}  

             ¼D;ksafd fdlh Hkh r  ds fy,, 2

r 0
A GL ( )

0 1

 
   

 


   s.t. det(A) r).

E4) i) 1 2z , z   ds fy,,

1 2 1 2 1 2 1 2f (z z ) 5(z z ) 5z 5z f (z ) f (z ).      

lkFk gh, 1 2 1 2 1 2f (z ) f (z ) 5z 5z z z .    

bl izdkj, f  ,d ,dSdh lekdkfjrk gSA

blfy,, fn;k gqvk dFku lR; gSA

ii) vlR;A /;ku nhft, fd   xq.ku ds lkis{k ,d lewg gSA

1 2r , r   ds fy,, 1 2 1 2 1 2f (r r ) 5r r f (r ) f (r ).  

vr%, f  ,d lekdkfjrk ugha gSA blfy,, ;g ,d ,dSd lekdkfjrk
ugha gSA

iii) fn[kkb, fd f (x y) f (x) f (y).  

vr%, ;g vlR; gSA

iv) x, y   ds fy,, 2 2 2f (xy) (xy) x y ,   D;ksafd   vkcsyh gSA

vr%, f  ,d lekdkfjrk gSA

v) vlR;A mnkgj.kkFkZ, f : 5 : f (z) 5z    ij fopkj dhft,A (i) esa
vki n”kkZ pqds gSa fd ;g ,d lekdkfjrk gSA

E5) 3 3 3 3p :S S A : p(x) A x. 
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/;ku nhft, fd 3A {I, (1 2 3), (1 3 2)}.

vc, mnkgj.k 7 ls vki tkurs gSa fd 3Ker p A .

(1 2) Ker p. 

3 3Im p {A x x S }   (1 2) Im p. 

E6) fdUgha Hkh x, y ds fy,, 2i(x y) 2ix 2iyf (x y) e e e   

   f (x) f (y). 

    f  ,d lekdkfjrk gSA
2ixKer f {x f (x) 1} {x e 1}      

   },2x2x{    tSlk fd vki ^dyu* dh bdkbZ 4 ls
     tkurs gSaA

   . 

E7) mnkgj.k 7 ls vki tkurs gSa fd ;fn ge HGG1   ysa, rFkk f  dks
izkd̀frd lekdkfjrk p : G (G H)  ysa, rks Ker f H.

E8)   lqifjHkkf’kr ugha gSA mnkgj.kkFkZ, ((1 3)) (1 3)(1 2)(1 3) (2 3) H.   
bl izdkj, ,  3S  ls (1 2)   rd ,d lekdkfjrk ugha gks ldrhA

nwljh vksj, K dks (1 2 3)   yhft,   dks 1( ) (1 2 3)       ls
ifjHkkf’kr dhft,A n”kkZb, fd  ,d lekdkfjrk gSA ;gk¡ vki K  dks
{e} ;k 3S  Hkh ys ldrs Fks, vkSj   dks blds vuq:i ifjHkkf’kr dj ldrs
FksA rc Hkh   ,d lekdkfjrk gksrkA

E9) loZizFke, tk¡p dhft, fd nksuksa f  vkSj g lekdkfjrk,¡ gSaA

vc, g f : : g f (x iy) iy.       vr%,

)]by(i)ax[(fg)]iba()iyx[(fg   ibiy)by(i 

),iba(fg)iyx(fg    x, y, a, b  ds fy,A

fg   ,d lekdkfjrk gSA

Tkk¡p dhft, fd Ker f ,    Ker g {0}  vkSj Ker (g f ) . 

vr%, fKer)fg(Ker   rFkk Ker (g f ) Ker g.

lkFk gh, Im (g f ) {iy y }.  

E10) fdlh Hkh nr , s  ds fy,,

r s r sf ( r s ) f (r s) f ( r ) f (s ).         

f  ,d lekdkfjrk gSA

rKer f {r 1} {0}.     bl izdkj, f  ,dSdh gSA

}r)r(f{fIm n 
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          }1nr0{ r 

          nU .

vr%, f  vkPNknd gSA

E11) f  ’ ;fn 1 2g g , rks 21 HgHg   vkSj 1 2Kg Kg .  bl
izdkj, 1 1 2 2(Hg , Kg ) (Hg , Kg ).  vFkkZr~ 1 2f (g ) f (g ).

f  eku yhft, 1 2g , g G.  rc,

)Kg,Hg()Kg,Hg()KgKg,HgHg()gKg,gHg()gg(f 22112121212121 
       1 2f (g ) f (g ). 

HHgGg{fKer   vkSj HgGg{}KKg   vkSj }Kg

  H K. 

Im f {f (g) g G} {(Hg, Kg) g G}.   

f  ,dSdh lekdkfjrk gksxh iff Ker f {e},  vFkkZr~ iff H K {e}. 

f  vkPNknd  gS, D;ksafd fdlh 1 2
G G(Hg , Kg ) H K   ds fy,,

tgk¡ 1 2g g  gks ldrk gS fd dksbZ Gg  u gks  s.t. 1HgHg   vkSj

2Kg Kg .

mnkgj.kkFkZ, ;fn 1H {e }  vkSj 2K {e } , rks 1HgHg   iff 1g g .
blh izdkj, 2KgKg   iff 2g g .

E12) eku yhft,  xG  rFkk f : G G  ,d
lekdkfjrk gSA rc, )G(fG:f   ,d vkPNknd lekdkfjrk gSA vr%,
izes; 5 }kjk, f (G) f (x) .    vFkkZr~ )G(f  pØh; gSA

eku yhft, G S   , tgk¡ S  ,d ifjfer
leqPp; gS rFkk eku yhft, f : G G  ,d lekdkfjrk gSA rc, f (G),

G  dk lekdkjh izfrfcac gSA vr%, izes; 5 }kjk, ,)S(f)G(f   tgk¡
)S(f  ,d ifjfer leqPp; gSA

bl izdkj, )G(f  ifjferr% tfur gSA

;fn fdlh lewg dk lekdkjh izfrfcac pØh; gS,
rks og lewg pØh; gksxkA

;g vlR; gSA mnkgj.kkFkZ,  f : : f x, 0 x      yhft,A

vki ns[k pqds gSa fd f  ,d vkPNknd lekdkfjrk gSA lkFk gh,   pØh;
gS, ijarq   pØh; ugha gS ¼tSlk fd vki bdkbZ 4 esa ns[k pqds gSa½A

E13) ;fn 21 GG:f   ,d lewg lekdkfjrk gS fd )G(f 1  vkcsyh gS,
rks 1G  vkcsyh gksxkA

;g vlR; gSA E5 dh fLFkfr ij fopkj dhft,A ogk¡, 3 3 3p(S ) (S A ) ,
tks dksfV 2 dk gSA vr%, )S(p 3  pØh; gS, rFkk blh fy, vkcsyh gSA ijarq
tSlk fd vki tkurs gSa, 3S  vkcsyh ugha gSA
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E14) eku yhft, G ,d pØh; lewg gS rFkk G  dk HG  ,d foHkkx lewg

gSA rc, mnkgj.k 7 vkSj miizes; 1 }kjk, HG  pØh; gSA

E15) Qyu nk)k(f:n:f    lqifjHkkf’kr gSA vc,

f (m r) n(m r) nm nr f (m) f (r) m, r .        

f  ,d lekdkfjrk gSA

Ker f {0}.  f  ,dSdh gSA

Im f n .   f  vkPNknd gSA

f  ,d rqY;kdkfjrk gS, vkSj .n~  

E16) igys, vki fn[kkb, fd 2

1 x
G x GL ( ).

0 1

       
   

 

vc, 
1 x

f : G : f (x)
0 1

 
   

 
  ifjHkkf’kr dhft,A

fn[kkb, fd f  ,d lqifjHkkf’kr vkPNknd lekdkfjrk gSA

/;ku nhft, fd 
1 x 1 0

Ker f x {0}.
0 1 0 1

            
     



vr%, f  ,dSdh gSA bl izdkj, G. 

E17) n”kkZb, fd f  ,d lekdkfjrk gS, ijarq 1-1 ugha gSA blfy, f  ,d
rqY;kdkfjrk ugha gSA

E18) ;fn f  lekdkfjrk gS, rks ),b(f)a(f)ab(f   vFkkZr~

1 1 1(ab) a b a, b G.    

vr%, 1 1 1 1b a a b a, b G,       vFkkZr~ G  dks vkcsyh gksuk pkfg,A

tk¡p dhft, fd f  ,dSdh vkSj vkPNknd gSA

vr%, f  ,d rqY;kdkfjrk rHkh gS, tc G  vkcsyh gSA

E19) izes; 2 }kjk,    ,d lekdkfjrk gSA

vc, eku yhft, x Ker ( ).  

rc, 0)x)((  

0))x(( 

(x) 0  , D;ksafd   ,dSdh gSA

,0x   D;ksafd   ,dSdh gSA

Ker ( ) {0}.        ,dSdh gSA



320

...........................................................................................................................................................................
var esa, dksbZ Hkh k K  yhft,A rc, k (h),   fdlh h H  ds fy,,

D;ksafd   vkPNknd gSA

vc, fdlh g G  ds fy, h (g), 

D;ksafd   vkPNknd gSA

).g(k       vkPNknd gSA

   ,d rqY;kdkfjrk gSA

E20) 1G  lehdj.k 1
k gx   dk ,d gy gS

1
k g

)g(f)](f[ 1
k 

2G)(f   lehdj.k k
1x f (g )  dk ,d gy gSA

bl izdkj, ifj.kke izkIr gks tkrk gSA

E21) bdkbZ 4 ls vki tkurs gSa fd 2 15
o( ) 15.

(15, 2)
    vr%, 2

15U .   

vc, r s 2(r s) 2r 2s r sf ( ) f ( )f ( ).         

vr%, f  ,d lekdkfjrk gSA

lkFk gh, }r215U{}1U{fKer 15
rr2

15
r 

         r
15{ U 15 r},    D;ksafd (15, 2) 1.

         }{ 15

         {1}.

var esa, D;ksafd 2
15U     , blfy, 15U  dk dksbZ Hkh vo;o

2r rf ( )    ds :i dk gS, fdlh r 1, ,15   ds fy,A

vr%, 15Im f U .

bl izdkj, f  ,d rqY;kdkfjrk gSA

E22) eku yhft, ).e,x()x(f:}e{GG:f   rc, lR;kiu dhft, fd f
,d lqifjHkkf’kr lewg lekdkfjrk gSA

},e{fKer   tgk¡ G  dk e   rRled gSA

lkFk gh, Im f G {e}. 

vr%, f  ,d rqY;kdkfjrk gSA

blh izdkj, n”kkZb, fd .G~G}e{ 

E23) mnkgj.kkFkZ, pØh; gksuk mudk x.kukad, muds vyx-vyx milewgksa dh
la[;kA dbZ vU; xq.k gSa, ftUgsa vkidks buesa tksM+uk pkfg,A



321

...........................................................................................................................................................................
E24) izes; 6 }kjk, H  vkcsyh gSA

foykse gS% ;fn f : G H  ,d rqY;kdkfjrk gS vkSj H  vkcsyh gS, rks G

Hkh ,slk gh gksxkA

;g lR; gS, D;ksafd izes; 8 }kjk, 1f   Hkh ,d rqY;kdkfjrk gSA

E25) gk¡, tSlk fd vki E15 esa ns[k pqds gSaA

E26)   LorqY; gS D;ksafd fdlh Hkh lewg G  ds fy,, GI G G:   ,d

lekdkfjrk gSA   lefer gS D;ksafd fdlh Hkh lewg ls nwljs lewg rd
“kwU; lekdkfjrk ifjHkkf’kr gSA

  laØked gS D;ksafd lekdkfjrkvksa dk la;kstu ,d lekdkfjrk gSA

E27) eku yhft, 11 BA:f   vkSj 22 BA:g   rqY;kdkfjrk,¡ gSaA

1 2 1 2: A A B B : ((x, y)) (f (x), g(y))       ifjHkkf’kr dhft,A
fn[kkb, fd   ,d lqifjHkkf’kr lekdkfjrk gSA bldk Hkh lR;kiu dhft,
fd Ker Ker f Ker g  

1 2{(e , e )},  tgk¡ 21 e,e  Øe”k% 1 2A ,A  ds rRled gSaA

vkxs, fn[kkb, fd gImfImIm  1 2B B . 

vr%, ifj.kke izkIr gks tkrk gSA

E28) eku yhft,, ;fn laHko gks rks, fd  ~*  rFkk  :f  ,d
rqY;kdkfjrk gSA rc, .4))i(f(o   ijarq, ,0  dks NksM+ dj, ),(   dk
izR;sd vo;o vifjfer dksfV dk gS rFkk .1)0(o 

vr%, ge ,d varfoZjks/k ij igq¡prs gSaA blfy,,   vkSj   rqY;kdkjh
ugha gaSA

E29) D;ksafd   vifjfer gS rFkk  n  ifjfer gS, blfy, ;s nksuksa lewg
rqY;kdkjh ugha gks ldrs gSaA

E30) /;ku nhft, fd 0  gh   dk vo;o gS tks ifjfer dksfV dk gS vkSj
bldh dksfV 1 gSA ijarq   esa ( 1)  dksfV 2 dk gSA vr%, / .~ 

E31) /;ku nhft, fd f  lqifjHkkf’kr gSA fn[kkb, fd

1 2 1 2f (g g ) f (g )f (g ).

lkFk gh, GfKer   vkSj Im f {e}.

bl izdkj, }.e{~)GG( 

vki bdkbZ 7 esa igys gh (G G) {G}  ¼tks rRled gS½ ns[k pqds gSa, vkSj
bldk vuqiz;ksx dj pqds gSaA

E32) mnkgj.k 2 ds lanHkZ esa, Im exp    vkSj Ker exp {0}.

vr% lekdkfjrk ds ewy izes; }kjk, rFkk rF; ( {0})    }kjk
.~ 
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mnkgj.k 4(i) ds lanHkZ esa, 3Im f I ,    tgk¡

3

1 0 0

I 0 1 0

0 0 1

 
   
  

 vkSj Ker f {0}.

bl izdkj, FTH }kjk, 3I .  

mnkgj.k 4(iii) dk lanHkZ esa, 1Ker f {z z 1} S| |    , tks ,dd
bdkbZ òÙk gSA

Im f . 

bl izdkj, FTH }kjk, .~)S( 1  

mnkgj.k 7 ds lanHkZ esa, ge ikrs gSa fd ).HG(~)HG( 

mnkgj.k 12 ds lanHkZ esa, ge ikrs gSa fd 1S .2 
 

E33) ;fn b,a  ds fy,, a m b m    , rks m (a b).

  dks lqifjHkkf’kr gksus ds fy,, gesa )ba(n   dh vko”;drk gSA ;g
lR; gksxk ;fn n m. vkSj rc, n  esa a b,  vFkkZr~, (a) (b).  

[/;ku nhft, fd ;fn m n, rks bldk lR; gksuk t+:jh ughaA]

mnkgj.kkFkZ, 2 6:    dks yhft,A rc, 2  esa 1 3,  ijarq 6  esa
,slk ugha gSA,

vr%, vc ge eku ysa fd n m.  rc

 (a b) (a b) (a b) n        

   (a n ) (b n )    

   (a m ) (b m ).      

bl izdkj,   ,d lekdkfjrk gSA

Ker {a m a 0,    n esa } {a m a n }   

     mn . 

nIm ,   D;ksafd fdlh Hkh a n  ds fy,, a m    s.t.

(a m ) a n .    

vr% FTH }kjk, .~)n( nm  

bl izdkj, ,n
~

n m

m





   tgk¡ n m.

E34) 1 2 ixf : S : f (x) e    ifjHkkf’kr dhft,A rc, f  lqifjHkkf’kr gS D;ksafd

2 ix 1e S x ,     pw¡fd 2 ixe cos 2 x i sin 2 x 1.     

vc, 2 i(x y) 2 ix 2 i yf (x y) e e e f (x)f (y).       
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f  ,d lekdkfjrk gSA

/;ku nhft, fd 1S  dk dksbZ Hkh vo;o

 sinicos  cos2 isin2 f
2 2 2
      
  

 ds :i dk gS, tgk¡

.  

f  vkPNknd gSA

lkFk gh, }1ex{fKer xi2  

          }1x2sinix2cosx{  

          ,   D;ksafd 1sinicos   iff 2 .  

vr%, lekdkfjrk ds ewy izes; }kjk, .S~)( 1

E35) eku yhft, fd A  vkSj B  vifjfer pØh;
lewg gSaA rc, izes; 11 }kjk A    vkSj B    gSA vr% izes; 9 }kjk

.B~A 

eku yhft, A  vkSj B dksfV n  okys pØh;
lewg gSaA rc, nA    vkSj nB .   bl izdkj, izes; 9 }kjk, A B.

E36) izes; 11 }kjk, 10 10U  

vc, ;fn 8 10f : ,    rks FTH }kjk, .fIm~)fKer( 108  

vr%, 5,2,1)fKer(o 8   ;k 10 , yxzkat ds izes; }kjkA

lkFk gh, 8

8
o( Ker f ) .

o(Ker f )
  vr%, 4,2,1)fKer(o 8   ;k 8.

bu nksuksa laHkkoukvksa dks lkFk j[kus ij, ge 1)fKer(o 8   ;k 2  izkIr
djrs gSa, ftlls fd o(Ker f )   Øe”k% 8  ;k 4.

;fn o(Ker f ) 8,  rks 8Ker f ,   vFkkZr~, 8 10f : : f (m) 0.  

;fn ,4)fKer(o   rks Ker f 2 .    vr%, fIm  dksfV 2 okys vo;o
ls tfur gksxk pkfg,A vr%, 8 10f : : f (1(mod8)) 5(mod10)  
ifjHkkf’kr dhft, rFkk f  dks lekdkfjrk cukus ds fy, foLrr̀ dhft,A
vkidks fn[kkuk pkfg, fd f  lqifjHkkf’kr gS vFkkZr~ ;fn 8  esa x y,  rks

10  esa 5x 5y.

vr%, laHkkouk,¡ gSa 1)m(f:U:f 108   vkSj
5m

8 10g : U : g(m) .  

E37) i) ughaA mnkgj.kkFkZ, 22    pØh; ugha gSA ;g )0,1(  vkSj (0, 1)
}kjk tfur gksrk gSA ijarq 4  pØh; gSA

vr%, ;s rqY;kdkjh ugha gSaA

ii) bdkbZ 4 ls vki tkurs gSa fd )mn(  mn  ds fHkUu-fHkUu tudksa dh
la[;k gSA lkFk gh, mnkgj.k 27 ls, ,~

nmmn    blds vkxs,

m  ds izR;sd tud x vkSj n  ds izR;sd tud y  ds fy,,
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{(x, 0), (0, y)}, m n   dk ,d tud leqPp; gS vkSj ;s tud
leqPp; vyx-vyx gSaA

vr%, (mn) (m) (n).   

E38) D;ksafd (G H) K  gS, blfy, o(G H) o(K),  vFkkZr~, 
o(G)

o(K).
o(H)



o(G) o(H) o(K).  

E39) izes; 12 }kjk, (HK H) (K (H K)).

o(HK) o(K)
,

o(H) o(H K)
 

  vFkkZr~, 
o(H)o(K)

o(HK) .
o(H K)




E40) eku yhft, H 3   vkSj K 4 .   izes; 12 }kjk, ge tkurs gSa fd
((H K) K) (H (H K)). 

vc, ,43KH    D;ksafd 1)4,3(   ¼nsf[k, bdkbZ 4½A

lkFk gh, H K 3 4 12 ,       D;ksafd l.c.m 12)4,3(   ¼nsf[k,

bdkbZ 4½A
bl izdkj, izes; 12 }kjk, 3 .4 12

  
vki ;g Hkh tkurs gSa fd 4.4

  

4
3 .12   

E41) ),G}e({})e{G(~GG 212121   tSlk vki mnkgj.k 11, bdkbZ 6 esa
ns[k pqds gSaA

vr%, izes; 13 ls, 1 2 1 2 1 2 2(G G ) G {e } {e } G G ,     E22 lsA

E42)  3  rFkk 2 .   
3 2f : : f[(a, b,c)] (a,b)    dks ifjHkkf’kr dhft,A

Tkk¡p dhft, fd f lqifHkkf’kr gSA

vc, 3  esa )c,b,a(  vkSj )r,q,p(  ds fy,,

)qb,pa()]rc,qb,pa[(f)]r,q,p()c,b,a[(f 

                    )q,p()b,a( 

             f[(a, b, c)] f[(p, q, r)]. 

vr%, f  ,d lekdkfjrk gSA

)}0,0()b,a()c,b,a({fKer 3  

 }c)c,0,0({ 

 ,~  tSlk E22 esa FkkA

lkFk gh, 2Imf ,  D;ksafd fdlh Hkh 
2(p, q) ds fy,,
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(p, q) f[(p, q, 0)].

bl izdkj, mnkgj.k 17 vkSj FTH }kjk, 3 3 2( ) ( Ker f ) .     

E43)  G K  esa fdlh Hkh Ky,Kx  ds fy,,

f ((Kx)(Ky)) f (Kxy) Hxy (Hx)(Hy) f (Kx)f (Ky).   

f  ,d lekdkfjrk gSA

vc, HG  dk dksbZ Hkh vo;o Hx  ds :i dk gksrk gSA lkFk gh,
Hx f (Kx) Im f. 

Im f G H. 

var esa, }H)Kx(fKGKx{fKer 

         }HHxKGKx{ 

         }HxKGKx{ 

         KH

vr%, izes; 10 }kjk, .HG~)KH()KG( // 

E44) /;ku nhft, fd 10 5 . 

vr%, izes; 14 }kjk, 





5
~

)105(
)10(  -

lkFk gh, 510
~

5,~
10 


   vkSj 10

5 5 .10  

bl rjg ifj.kke izkIr gks tkrk gSA

E45) ;fn f  ,d lekdkfjrk gS, rks vki izes; 1 ls tkurs gSa fd f (e) e.  ijarq
;gk¡, f (e) g.

vr%, GAutf   iff ,eg   gS rFkk rc Gf I .

E46) ;fn G  vkcsyh gS, rks Inn G {I}.  vr%, GInn  rqPNr% vkcsyh gSA

vc, eku yhft, G  vkcsyh ugha gS, vkSj eku yhft, Gh,g   s.t.

gh hg.

vc, 1 1 1
g h g gh(f f )(x) f (hxh ) ghxh g f (x) x G.      

vr%, ghhg fff   vkSj h g hg ghf f f f . 

bl izdkj, ,ffff ghhg    vFkkZr~ GInn  vkcsyh ugha gSA

vr%, bl fLFkfr esa GAut  vkcsyh ugha gSA

E47) fdlh Hkh Hh   vkSj g G  ds fy,,

HHghgH)h(f 1
g  

  G.



326

...........................................................................................................................................................................

E48) i) 1
g22g g

dc

ba
g

dc

ba
f:)(GL)(GL:f 


























 

vc,  .
01

10
g 










  
1 0 1

g .
1 0

  
   

 

1a b 0 1 a b 0 1 d c
g g .

c d 1 0 c d 1 0 b a
           

                     

vc, fdlh Hkh 
2

a b
GL ( )

c d

 
 

 
  ds fy,, 2

d c
GL ( )

b a

 
   



s.t. .
dc

ba

ab

cd
fg 





























g 2 2f (GL ( )) GL ( ).  

ii) g gf : : f (x) g x ( g) x.      

.Ifg   gf ( )   .

iii) ;gk¡ Hkh, D;ksafd G  vkcsyh gS, blfy, .Ifg   bl izdkj,

gIm f 5  -

iv) 1 3i 0 i 0
C , C C

0 i 0 i
    

        
.

vc, Cf ( I) I   .

lkFk gh, ,A)A(f,ACAC)A(f C
1

C  

C Cf ( B) B, f ( C) C     .

vr%, C 8Im f Q .

E49) ;fn ,G   rks }.I{GInn   vr%, G  vifjfer gS, ijarq .1GInn 

vr%, buds x.kukad ges”kk cjkcj ugha gksrsA

E50) vki E21, bdkbZ 7, esa n”kkZ pqds gSa fd  2
8 R)D(Z . vr%,

8o(Z(D )) 2 .

blfy,, 8
8

o(D )
o(Inn Q ) 4

2
  .

lkFk gh, 8DInn  pØh; ugha gS, D;ksafd izes; 5, bdkbZ 7 ls, )D(ZD 88

pØh; ugha gSA vki bldk lR;kiu dhft, fd 8D  Dykbu 4-lewg
2 2r R rR

{I, f , f , f }  gSA

}.e{)D(Z 10   vr%, .D~DInn 1010 
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O;kid :i ls, }R,I{)D(Z 2/nn2  , ;fn n  le gS, rFkk }e{)D(Z n2  ,

;fn n  fo’ke gSA

bl izdkj, ;fn n  le gS, rks n2DInn  dksfV n  okyk vpØh; lewg gSA
;fn n  fo’ke gS, rks .D~DInn n2n2 

E51) ugha, mnkgj.kkFkZ, Inn {I} .
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9-1 izLrkouk

mÌs”;

9-2 izkjafHkd ladYiuk,¡

9-3   nS  esa Øep;ksa ds xq.k

9-4 ,dkarj lewg

9-5 dsyh dk izes;

9-5 lkjka”k

9-6 gy@mÙkj

bl bdkbZ esa ge foLrkj ls ml lewg ds ckjs esa ppkZ djsaxs ftldk vkius Hkkx 1-5,

bdkbZ 1 vkSj miHkkx 2-4-2, bdkbZ 2 esa laf{kIr :i ls v/;;u fd;k FkkA ;g lefer
lewg gSA tSlk fd vki fiNyh bdkb;ksa esa izk;% ns[k pqds gSa lefer lewg nS  rFkk
mlds milewgksa ls gesa vusd mnkgj.k izkIr gq, gSaA tSlk fd vki tkurs gSa, lefer
lewgksa vkSj muds milewgksa dks Øep; lewg dgrs gSaA ,sfrgkfld rkSj ij ns[kk tk,,

rks Øep; lewgksa rFkk :ikrj.kksa dks lewgksa ds v/;;u ls gh, lewg fl)kar dk
vk/kkj cuk gSA 18oha “krkCnh esa vusd ;wjksi ds xf.krKksa us Øep;ksa ij “kks/k dk;Z
fd;k FkkA ijarq, bl fl)kar dk vk/kkj, rFkk ftl ladsru dk vki v/;;u djsaxs,
mldk eq[; Js; Ý+k¡lhlh xf.krK vkWxLrhu-ywbZ dkS”kh (Augustin- Louis Cauchy)

dks tkrk gSA

Hkkx 9-2 esa ge vkidks ;kn fnyk,axs fd vkius bdkb;ksa 1 vkSj 2 esa Øep;ksa vkSj
Øep; lewgksa ds ckjs esa D;k v/;;u fd;k FkkA

Hkkx 9-3 esa ge nS  ds vo;oksa ds vusd xq.kksa ij n`f’V MkysaxsA fof”k’V :i ls, vki
ns[ksaxs fd nS  dk izR;sd vo;o ,d pØ ;k vla;qDr pØksa dk ,d xq.kuQy D;ksa
gSA fQj, vki v/;;u djsaxs fd n 2  ds fy,, nS dks 2-pØ D;ksa tfur djrs gSaA

Hkkx 9-4 esa gekjk /;ku dqN [kkl Øep;ksa ij dsfUnzr gksxkA bUgsa le Øep; dgrs
gSaA vki ns[ksaxs fd nS  esa le Øep;ksa dk leqPp; nS  dk ,d izlkekeU; milewg
D;ksa gSA bl milewg dks ,dkarj lewg dgrs gSaA ,dkarj lewg ds vusd jkspd xq.k
gSa, ftudk vki v/;;u Hkh djsaxsA

var esa, Hkkx 9-5 esa vki izfl) xf.krK dSys (Cayley) }kjk fn, x, ,d ifj.kke dk
v/;;u djsaxs, tks dgrk gS fd izR;sd lewg ,d Øep; lewg ds rqY;kdkjh gSA bl
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izdkj, lewgksa ds izR;sd rqY;kdkfjrk oxZ dks ,d Øep; lewg }kjk fu:fir fd;k
tk ldrk gSA blh ifj.kke ds dkj.k Øep; lewg bruk egRo j[krs gSaA

d̀i;k bl bdkbZ dks /;ku ls i<+sa, D;ksafd ;g lewg fl)kar ds v/;;u vkSj le> ds
fy, vkidks ,d Bksl vk/kkj nsrk gSA gekjk lq>ko gS fd bl bdkbZ dh i<+kbZ djus
ls igys, vki Hkkx 1-5 vkSj miHkkx 2-4-2 dk iqu% v/;;u dj ysaA

bl bdkbZ dh i<+kbZ ds ckn, vki fuEufyf[kr djus esa leFkZ gks tk,¡xs%

 nS  esa fdlh Hkh Øep; dks vla;qDr pØksa ds xq.kuQy ds :i esa, vkSj
i{kkarj.kksa ds xq.kuQy ds :i esa, O;Dr djuk(

 Kkr djuk fd nS  dk dksbZ vo;o fo’ke gS ;k le gS(

 fl) djuk fd ?kkr n  okyk ,dkarj lewg nA ,  nS  esa izlkekU; gS, rFkk

bldh dksfV 
n!

;
2

 ;g fl) djuk fd n 5,   nA  ljy gS, vkSj bldk vuqiz;ksx djuk(

 dsyh ds izes; dk dFku nsuk vkSj mls fl) djukA

Hkkx 1-5 ¼bdkbZ 1½ vkSj miHkkx 2-4-2 ¼bdkbZ 2½ ls vki tkurs gSa fd ,d vfjDr
leqPp; X  ij dksbZ Øep; X  ls X  rd ,d ,dSdh vkPNknd Qyu gksrk gSA
ge X  ij lHkh Øep;ksa ds leqPp; dks S(X)  }kjk O;Dr djrs gSaA vc, vkb, ,sls
dqN rF;ksa dks ,df=r djsa ftudk v/;;u vkius miHkkx 2-4-2 esa fd;k FkkA eku
yhft, X  ,d ifjfer leqPp; gS ftlesa n  vo;o gSaA ljyrk ds fy,, ge bu
vo;oksa dks izrhdksa 1, 2, , n  ls O;Dr djrs gSaA rc, vki tkurs gSa fd bu n
izrhdksa ds lHkh Øep;ksa ds leqPp; dks nS  }kjk O;Dr fd;k tkrk gSA

vki ;g Hkh tkurs gSa fd ge fdlh Hkh nSf   dks 2-iafDr :i esa

1 2 n
f

f (1) f (2) f (n)

 
  
 


       ---¼1½

ls O;Dr djrs gSaA

nS  esa fdrus vo;o gksaxs, vkids fglkc ls\ ;g fxuus ds fy,, mijksDr ¼1½ esa f  dks
nsf[k,A vc, f (1)  ds fy, n  laHkkouk,¡ gSa, ;kuh 1, 2, ,n.  ,d ckj )1(f  fu/kkZfjr
gks tk,, rks f (2)  ds fy, )1n(   laHkkouk,¡ gSa, ;kuh{1, 2, , n}\{f (1)} , D;ksafd f

,dSdh vkSj vkPNknd gSA bl rjg, f (1)  vkSj f (2)  dks )1n(n   rjhdksa ls pquk tk
ldrk gSA blh izfØ;k dks tkjh j[kus ij, vki ns[k ldrs gSa fd nf S  ds fy, !n
fofHkUu laHkkouk,¡ gSaA vr%, nS !n
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vc, vkb, fdlh Hkh leqPp; X  ds fy,, S(X)  dh chft, lajpuk ij n`f’V MkysaA

^dyu* ls vki tkurs gSa fd X  ls X  rd ,dSdh vkPNknd Qyuksa dk la;kstu

X  ls X  rd ,d ,dSdh vkPNknd Qyu gksrk gSA vr%, ;fn f , g S(X),  rks

).X(Sgf   vr%, S(X)  ij la;kstu ,d f}-vk/kkjh lafØ;k gSA Øep;ksa ds

la;kstu dks ifjdfyr djus esa vH;kl izkIr djus esa vkidh lgk;rk ds fy,, ,d

mnkgj.k ij fopkj dhft,A

f g  Kkr dhft,, tgk¡ 4S  esa )3421(f   vkSj g (1 4 2).

bdkbZ 2 ls vki tkurs gSa fd
1 2 3 4

f (1 2 4 3) ,
2 4 1 3

 
   

 
 rFkk

1 2 3 4
g (1 4 2) .

4 1 3 2

 
   

 

rc, f g  dks izkIr djus ds fy,, ge igys g  dks ykxw djrs gSa, vkSj fQj f  dks
ykxw djrs gSaA

f g(1) f (g(1)) f (4) 3    ,

f g(2) f (g(2)) f (1) 2   ,

f g(3) f (g(3)) f (3) 1,    rFkk

f g(4) f (g(4)) f (2) 4.  

1 2 3 4
f g .

3 2 1 4

 
   

 


ge bl izfØ;k dks vkjs[k ds :i esa vkd̀fr 2 esa n”kkZ jgs gSaA

4S (1 2 4 3) (1 4 2)

***

vc, vkb, ge S(X)  ij okil vk tk,¡ fdlh leqPp; X  ds fy, S(X) A vki
miHkkx 2-4-2 esa fuEufyf[kr ifj.kke dh miifÙk dk v/;;u dj pqds gSaA

 gf   

1 

g f 
1 

2 

2 

1 

3 
3 3 

2 

4 
4 

4 
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 eku yhft, X  ,d vfjDr leqPp; gSA rc )),X(S(   ,d lewg gS, tks

X dgykrk gSA

bl izdkj, nS  dksfV !n  okyk ,d lewg gSA bdkbZ 2 ls ;kn dhft, fd nS  dks
n dgrs gSaA

vc, bdkbZ 2 ls vki ;g Hkh tkurs gSa fd ;fn nf S , rks

1 f (1) f (2) f (n)
f .

1 2 n
  
  
 




mijksDr nksgjko ds ckn, rFkk fiNyh bdkb;ksa ls izkIr vuqHko ls, vc vkidks
fuEufyf[kr iz”uksa dks gy djuk pkfg,A

E1) n”kkZb, fd n 3  ds fy,, n(S , )  ,d vØefofues; lewg gSA

E2) n”kkZb, fd m nS S ,  ;fn m n.

E3) eku yhft, G  ,d lewg gS rFkk g G.  n”kkZb, fd f : G G : f (x) gx, 
S(G)  esa gSA ¼ f  dks G  dk g  }kjk (left regular

representation)  dgrs gSaA½

;gk¡, ge “kCnkoyh vkSj ladsru ds ckjs esa ,d fVIi.kh nsuk pkgsaaxsA

bdkbZ 2 dh fVIi.kh 5 ds vuqlkj, vkxs ls ge Øep;ksa ds la;kstu dks
Øep;ksa dk xq.ku dgsaxsA lkFk gh, ge la;kstu ds fpg~u dks ugha j[ksaxsA bl izdkj,

gf  fg , tc rd gesa lac) lafØ;k ij cy u nsuk
gksA

 ds Øep; ds fy, gekjs }kjk mi;ksx fd;k x;k nks-iafDr ladsru
FkksM+k tfVy gSA vkb, ns[ksa fd D;k dksbZ laf{kIr ladsru gSA ;fn Øep; ,d pØ
gS, rks vki tkurs gSa fd ge bls dsoy ,d iafDr esa O;Dr dj ldrs gSa, tSlk fd
mnkgj.k 1 esa fd;k gSA

vkb, igys ;kn djsa fd ,d pØ dks 2-iafDr :i ls ,d iafDr esa dSls fy[kk tkrk
gSA

4S  esa Øep; 
1 2 3 4

f
3 1 4 2

 
  
 

yhft,A izrhdksa esa ls fdlh ,d dks pqfu,, eku

yhft, 1 dks pquk gSA

vc, ge ck;k¡ dks’Bd fy[kus ds ckn 1 fy[krs gSa% 1(

D;ksafd f ,  1 dks 3 esa ys tkrk gS, blfy,

ge 1 ds ckn 3 fy[krs gSa % 31(

D;ksafd f ,  3 dks 4 esa ys tkrk gS, blfy,

ge 3 ds ckn 4 fy[krs gSa% 431(
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D;ksafd f ,  4 dks 2 esa ys tkrk gS, blfy,

ge 4 ds ckn 2 fy[krs gSa% 2431(

D;ksafd f ,  2 dks 1 esa ys tkrk gS ¼ftl izrhd ls
geus izkjaHk fd;k Fkk½, blfy, ge 2 ds ckn dks’Bd can dj nsrs gSa% )2431(

vc, D;ksafd f  esa dksbZ izrhd “ks’k ugha cpk gS, blfy, ge f (1 3 4 2)  fy[krs gSaA

bldk vFkZ gS fd ,d pØ izR;sd izrhd dks mlds nkbZa vksj ds izrhd esa ys tkrk gS,
dks’Bdksa esa vafre izrhd dks NksM+dj, ftls pØ izFke izrhd esa ys tkrk gSA

;fn geus viuk izFke izrhd 3 pquk gksrk, rks gesa f (3 4 2 1)  izkIr gqvk gksrkA
/;ku nhft, fd ;g pØ (1 3 4 2)  gh gS, D;ksafd nksuksa pØ f (i), i 1, 2, 3, 4  ds
fy, leku eku n”kkZrs gSaA vr%, ;s nksuksa ml Øep; dks O;Dr djrs gSa ftls geus
vkjs[kh; :i ls vkd̀fr 3 esa fn[kk;k gSA ;g ,d 4-pØ, vFkkZr~ yackbZ 4 okys pØ
dk mnkgj.k gSA vkd̀fr 3 ls “kk;n vkidks dqN vanktk gks x;k gksxk gS fd ge
bl Qyu dks pØ D;ksa dgrs gSaA

vc, 
1 2 3 4

g
2 4 3 1

 
  
 

 yhft,A vkidks bldh tk¡p djuh pkfg, fd g (1 2 4).

ijarq 3 dks D;k gks x;k\ D;ksafd g(3) 3 , vFkkZr~ 3 dks g  fu;r djrk gS, blfy,
ge bls g  ds pØ fu:i.k esa “kkfey ugha djrs gSaA

vf/kd O;kid :i esa, gesa fuEufyf[kr ifjHkk’kk izkIr gSA

’ r n ds fy,, ,d Øep; nSf   ,d r -pØ (r-cycle) ¼;k r
(cycle of length r ½ dgykrk gS, ;fn 1 vkSj n  ds chp esa r

fHkUu-fHkUu iw.kkZad 1 2 rx , x , , x  fLFkr gksa ftuls fd

i i 1 r 1f (x ) x i 1, , r 1, f (x ) x ,    
rFkk 1 2 rf (k) k k {1, 2, , n} \{x , x , , x }.    

rc, ge  1 2 rf (x x x )  fy[krs gSaA

fof”k’V :i ls, ,d 2-pØ dks  (transposition) dgrs gaSA

mnkgj.kkFkZ, Øep; 3S)32(f   ,d i{kkarj.k gSA ;gk¡

3)2(f,1)1(f   vkSj f (3) 2.

/;ku nhft, fd ;fn 7f (2 3) S ,   rks f (2) 3, f (3) 2   rFkk k 1, 4, 5, 6, 7
ds fy, f (k) k.

vxys Hkkx esa vki ns[ksaxs fd Øep;ksa ds fl)kar esa i{kkarj.k ,d vfr egRoiw.kZ
Hkwfedk vnk djrs gSaA

1-pØksa ds ckjs esa fuEufyf[kr egRoiw.kZ izs{k.k ij fopkj dhft,A

 4S  esa dksbZ 1-pØ yhft,] eku yhft, ),3(  3 dks 3 esa gh ys tkrk gS,
rFkk 1, 2  vkSj 4 dks Øe”k% 1, 2  vkSj 4 esa ys tkrk gSA bl izdkj,

 

2 4 

3 1 

vkd`fr 3% (1 3 4 2).

;fn ,s)s(f   rks ge

dgrs gSa fd s  dks f

(fix) 
;fn f (s) s,  rks ge

dgrs gSa fd s  dks
f

(moves) gSA
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1 2 3 4
(3) I

1 2 3 4

 
  
 

 tks rRled Øep; gSA bl izdkj, nS

(i)
1 2 n

I
1 2 n

 
  
 




 gS, D;ksafd ;g i  dks i  esa, rFkk

vU; )1n(   izrhdksa dks Lo;a esa, ys tkrk gSA

vki igys ls gh 3S  esa pØksa ls ifjfpr gSaA vki tkurs gSa fd ;gk¡ nks 3-pØ gSa,
)321(  vkSj (1 3 2). 3S  esa rhu i{kkarj.k Hkh gSa, ;kuh )31(),21(  vkSj (2 3). vki

fiNyh bdkb;ksa ds vusd mnkgj.kksa vkSj iz”uksa esa bu pØksa ds lkFk dk;Z dj pqds gSaA
vc, vki fuEufyf[kr iz”uksa dks gy djrs le; vU; pØksa ds lkFk dk;Z dj ldrs
gSaA

E4) 7S  esa 2 fHkUu-fHkUu i{kkarj.k, 2 fHkUu-fHkUu 3-pØ rFkk 2 fHkUu-fHkUu 7-pØ
fyf[k,A vius fodYiksa dh iqf’V dhft,A

E5)
1 2 3 4 5

5 2 3 1 4

 
 
 

 dks ,d pØ ds :i esa fyf[k,A

E6) i) n”kkZb, fd 8S  esa )123()321(),21()21( 11    rFkk
1(2 5 6 8) (8 6 5 2). 

ii) ;fn 1 2 r nf (i i i ) S , n r   , rks n”kkZb, fd 1
r r 1 2 1f (i i i i ).

 

E7) [G, G] ds nks fHkUu-fHkUu vo;o nhft,, tgk¡ 4G S .

vc rd geus Øep;ksa ls lacaf/kr ekSfyd ladYiukvksa dk iqujoyksdu dj fy;k gSA
vkxs, ge nS  ds vo;oksa ds egRoiw.kZ xq.kksa dh ppkZ djssaxsA

Sn
fiNys Hkkx esa tks vkius v/;;u fd;k gS, mlls “kk;n vki lkspsa fd ge fdlh Hkh
Øep; dks ,d pØ ds :i esa fy[k ldrs gSaA ijarq 5S  esa fuEufyf[kr mnkgj.k ij
fopkj dhft,A

eku yhft, 
1 2 3 4 5

g .
3 5 4 1 2

 
  
 

vkb, ge izrhd 1 ls izkjaHk djsa, rFkk g  ij pØ izkIr djus dh izfØ;k ykxw  djsaA
ge rhu pj.kksa ds ckn )431(  izkIr djrs gSa D;ksafd g,  4 dks 1 esa ys tkrk gS, vkSj
blfy, ge dks’Bdksa dks can dj nsrs gSa, gkykafd vHkh rd geus g  esa lHkh izrhdksa
dks ugha fy[kk gSA vr%, D;k cps gq, izrhdksa 2 vkSj 5 dks g  us fu;r dj j[kk gS\
ughaA ge ns[krs gSa fd 2)2(g   vkSj g(5) 5.

blfy,, vxys pj.k ds :i esa, ge ,sls izrhd dks pqurs gSa tks vHkh rd izdV ugha
gqvk gS rFkk pØ fy[kus dh izfØ;k dks iqu% izkjaHk djrs gSaA bl izdkj, gesa ,d vU;
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pØ (2 5)  izkIr gksrk gSA vc, }5,4,3,2,1{  ds lHkh izrhd lekIr gks x, gSaA vr%,
bls pØksa ds inksa esa ge g  dks dSls fy[ksa\ vkb, ns[ksaA

;fn ge )52()431(  dks nks-iafDr :i esa fy[ksa, rks gesa D;k izkIr gksrk gS\

1 2 3 4 5 1 2 3 4 5 1 3 4 2 5
,

3 2 4 1 5 1 5 3 4 2 3 4 1 5 2

     
     

     
  tks g  gh gSA

g (1 3 4)(2 5). 

ge g  ds bl fu:i.k dks, tks nks fofHkUu izrhdksa dks xfreku djus okys pØksa dk
xq.kuQy gS, g  dk (cycle decomposition) dgrs gSaA vkd̀fr
4 esa ge bls ,d vkjs[k }kjk fu:fir dj jgs gSa ftlesa fo;kstu Li’V :i ls
fn[krk gSA

g (1 3 4) (2 5)

 3  

1  4  

2  5  

/;ku nhft, fd g  esa “kkfey nksuksa pØksa ds izrhd vla;qDr leqPp; }4,3,1{  vkSj
{2, 5} cukrs gSaA blds vkxs, izR;sd pØ dk izkjaHk ge vyx-vyx izrhdksa ls dj
ldrs gSa, ftl dkj.k g  dks O;Dr djus dh vusd fof/k;k¡ gSaA mnkgj.k ds fy,,

g (4 1 3)(2 5) (2 5)(1 3 4) (5 2)(3 4 1).  

ijarq,  mnkgj.kkFkZ, ge
)314(  ds cnys (4 3 1) ugha fy[k ldrs, D;ksafd )52)(134(h   vkSj g  vyx

Qyu gSaA D;ksa\ /;ku nhft, fd g(1) 3,  ijarq h(1) 4.

vr%, ge vla;qDr izrhdksa okys vyx pØksa ds xq.kuQy dks fdlh Hkh Øe esa fy[k
ldrs gSaA izR;sd pØ esa izkjafHkd vo;o dk pquko LosfPNd gS, ysfdu ;g lqfuf”pr
djuk gS fd izR;sd pØ ,d gh Qyu dks fu:fir djrk gSA

vr%, vki ns[krs gSa fd bl fLFkfr esa g  dks pØ ds :i esa ugha fy[kk tk ldrk gS,
vfirq ,sls pØksa ds xq.kuQy ds :i esa fy[kk tk ldrk gS, ftls ge vc ifjHkkf’kr
djsaxsA

nks pØ (disjoint) dgykrs gSa ;fn muesa dksbZ lkoZ izrhd u gksA

bl izdkj, yackbZ 2 ;k vf/kd okys vla;qDr pØ izrhdksa ds vla;qDr leqPp;ksa dks
xfreku djrs gSaA vr%, mnkgj.kkFkZ, 4S  esa pØ )21(  vkSj )43(  vla;qDr gSaA ijarq

)21(  vkSj )41(  vla;qDr ugha gSa, D;ksafd ;s nksuksa 1 dks xfreku djrs gSaA vc,

vkb, ,d vkSj mnkgj.k ij fopkj djsaA
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5

1 2 3 4 5
h S

1 3 2 5 4

 
  
 

 dks ,d pØ ;k vla;qDr pØksa ds xq.kuQy

ds :i esa fyf[k,A

tSls geus Åij g  ds fy, fd;k Fkk, ge izrhd 1 ls izkjaHk djrs gSa ysfdu 1,

h  }kjk fu;r gSA blfy,, ge 1 dks NksM+ nsrs gSa, vkSj 2 dh vksj c<+rs gSaA gesa pØ
(2 3)  izkIr gksrk gSA vc, 4 ysrs gSa, vkSj ge pØ (4 5)  izkIr djrs gSa, vc lHkh
izrhd lekIr gks x, gSa, vr%, h (2 3)(4 5).

/;ku nhft, fd fu;e vuqlkj, ge h  ds fu:i.k esa 1-pØ dks “kkfey ugha djrs gSa,
tc rd fd ge bl pØ ij cy ugha nsuk pkgrs gSa, D;ksafd ;g dsoy rRled
Øep; gSA bl izdkj, ge ¼1½ dks NksM+rs gq,, h (2 3)(4 5),  ;k h (4 5)(2 3)
fy[krs gSaA

***

vc vkb, tks geus Åij vla;qDr pØksa ds ckjs esa ns[kk gS, mls O;kidhd̀r djsaA

;fn 1  vkSj n2 S  vla;qDr pØ gSa, rks 1 2 2 1.    

eku yhft, 1 1 2 r(a a a )    vkSj 2 1 2 s(b b b )    tgk¡ nsr 
vkSj 1 r 1 s{a , , a } {b , , b } .  

eku yhft, 1 r 1 s 1 2 k{1, 2, , n} {a , , a , b , , b , c , c , , c }.     tgk¡
k n (r s) 0,     vkSj 1 i i 2 i(c ) c (c ) i 1, , k.      

vc, 1 2 i 1 i(a ) (a ),     D;ksafd 2 i i(a ) a i 1, , r.    

             i 1a i 1, , r,     rFkk r 1 1a a   j[kus ijA

lkFk gh, 2 1 i 2 i 1 i 1(a ) (a ) a i 1, , r.        

blh izdkj, vki n”kkZ ldrs gSa fd 1 2 i 2 1 i(b ) (b ) i 1, ,s,         s 1 1b b 
j[kus ijA

var esa, ii1i21 c)c()c(   rFkk 2 1 i i(c ) c i 1, , k.     

bl izdkj, 1 2 2 1(x) (x) x {1, ,n}.       

vr%, 1 2 2 1.    

izes; 2 ds dkj.k gh geus igys ns[kk Fkk fd g (1 3 4)(2 5) (2 5)(1 3 4).   igys
ftl izfØ;k dk ge g  ¼rFkk mnkgj.k 2 esa h ½ dks vla;qDr pØksa ds xq.kuQy ds :i
esa fy[kus ds fy, mi;ksx dj pqds gSa, mls fdlh Hkh ,sls Øep; dks blh rjg fy[kus
ds fy, fd;k tk ldrk gS, tks izrhdksa ds ifjfer leqPp; dks xfreku djrk gSA

fdlh Hkh ifjfer leqPp; dk izR;sd Øep; ;k rks ,d

pØ gksrk gS, ;k vla;qDr pØksa dk xq.kuQyA

/;ku nhft, fd rRled Øep; dks rqPN :i ls 1-pØ ;k 1-pØksa ds
xq.kuQy ds :i esa ns[kk tk ldrk gSA
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vc, 1 2S {I}, S {I, (1 2)},   rFkk vki ns[k pqds gSa fd 3S  dk izR;sd vo;o ,d
pØ gSA

vr%, vkb, eku ysa fd 4n   rFkk nS  ,d pØ ugha gSA bldk vFkZ gS fd

I. 

eku yhft, }n,,2,1{x1   s.t.  1x  dks   xfreku djrk gS, rFkk 1 2(x ) x 
yhft,A

fQj eku yhft, ),x()x(x),x())x(()x(x 1
3
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123   bR;kfnA
D;ksafd }n,,2,1{   ifjfer gS, blfy, bl izfØ;k }kjk fdlh pj.k ij izrhdksa dh
iqujkorhZ gksus yxsxhA eku yhft, fd fdlh i j  ds fy,, i j

1 1(x ) (x ).  

;fn ,ijr   rks r
1 1x (x ). 

eku yhft, m lcls NksVk /kukRed iw.kkZad gS ftlls fd m
1 1(x ) x . 

rc )xxx( m211   ,d pØ gS, rFkk i 1 i(x ) (x ) i 1, , m.     

vc 1 1 2 my {1, 2, , n}\{x , x , , x }    yhft,, tgk¡ 1y  dks   xfreku djrk gSA
,slk 1y  gS, D;ksafd   ,d pØ ugha gSA

rc, mijksDr izfØ;k dk mi;ksx djrs gq,, ge fdlh s 2  ds fy,,

2 1 2 s(y y y )    izkIr djrs gSa, tgk¡ i 1, ,s   ds fy,, i 1
i 1y (y ). 

D;k 1  vkSj 2  vla;qDr gSa\ eku yhft,, ;fn laHko gks rks, fd ,slk ugha gSA rc,

fdUgh i  vkSj j  ds fy,, ge i jx y  izkIr djrs gSa, vFkkZr~ i 1 j 1
1 1(x ) (y )    ,

vFkkZr~ i j
1 1(x ) y   vFkkZr~ 1 i j 1y x ,   tks 1y  dks pquus ds rjhds dk varfoZjks/k

djrk gSA

vr%, 1  vkSj 2  vla;qDr gSaA

ge bl izfØ;k dks, ftlds }kjk geus 1  vkSj 2  izkIr fd, Fks, vkxs tkjh j[k
ldrs gSa tc rd fd   }kjk xfreku fd, x, lHkh izrhd lekIr u gks tk,¡A /;ku
nhft, fd izR;sd ,sls }n,,2,1{i   ds fy, s.t. ,i)i(   1-pØ )i(  = I.

blfy, ge bls fo;kstu esa “kkfey ugha djrs gSaA bl izdkj, var esa ge 1 ls cM+h
yackb;ksa okys t  vla;qDr pØksa ds xq.kuQy ds :i esa t21    izkIr
djrs gSaA

izes; 3 ds dkj.k, nS  esa fdlh Hkh 2-iafDr ds :i esa fy[ks Øep; dks vf/kd
lqfo/kktud :i ls Øep; fo;kstu ds :i esa O;Dr fd;k tk ldrk gSA D;k vki
blls lger gSa\ lkFk gh, izes; 2 ds dkj.k, fo;kstu esa pØ fdl Øe esa fy[ks x,
gSa mlls dksbZ varj ugha iM+rk gSA

;fn vkius vHkh rd dh ppkZ dks le> fy;k gS, rks vki fuEufyf[kr iz”uksa dks gy
dj ik,¡xsA

E8) fuEufyf[kr esa ls izR;sd Øep; dks vla;qDr pØksa ds xq.kuQy ds :i esa
fyf[k,A
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i)
1 2 3 4 5

,
5 4 2 1 3

 
 
 

ii)
1 2 3 4 5 6 7 8

,
8 4 7 2 1 3 6 5

 
 
 

iii)
1 2 3 4 5

.
4 5 3 1 2

 
 
 

E9) 84 S)13)(4256(,S)32)(41(   vkSj 8S)75)(64)(213(   dks nks-iafDr
:i esa fyf[k,A

E10) D;k 6S  esa pØ )31(  vkSj )451(  Øefofue; djrs gSa\ vius mÙkj ds
dkj.k nhft,A

E11) ;fn f  ,d r -pØ gS, rks n”kkZb, fd o(f ) r,  vFkkZr~ If r   vkSj sf I,
;fn s r.

 ;fn 1 2 rf (i i i )  , rks 2 r 1
1 2 1 3 1 rf (i ) i , f (i ) i , , f (i ) i .   ½

E11 ls vki tkurs gSa fd ,d pØ dh dksfV D;k gSA vr%, bl rF; dk, rFkk nS

ds vo;o ds pØ fo;kstu dk, mi;ksx djrs gq,, D;k ge nS  ds fdlh Hkh vo;o
dh dksfV vklkuh ls izkIr dj ldrs gSa\ ,d mnkgj.k yhft,A

o(g) Kkr dhft,, tgk¡ 5S  esa g (1 3 4)(2 5).

eku yhft, )431(1   vkSj 2 (2 5). 

rc 1o( ) o((1 3 4)) 3,    rFkk 2o( ) o((2 5)) 2.  

vc, tSlk fd izes; 2 esa ns[kk Fkk, 1 2 2 1.    

vr%, 2 2 2 2 2
1 2 1 2 1g ( ) I,          D;ksafd 3)(o 1   vkSj 2o( ) 2. 

lkFk gh, 3 2 3
1 1 2 2g g ,        D;ksafd 1o( ) 3. 

          ,I  D;ksafd 2o( ) 2. 

blh izdkj, vkidks lR;kiu djuk pkfg, fd

4 5 6 6 6 3 2 2 3
1 2 1 2g I, g I, g ( ) ( ) I.        

bl izdkj, ))(o),(o(m.c.l6)g(o 21 

1   vkSj 2  dh yackbZ;ksa dk l.c.m.

***

mijksDr mnkgj.k esa tks vkius g  ds fy, izkIr fd;k gS, og O;kid :i ls lR; gSA
;gh fuEufyf[kr izes; gesa crkrh gS, ftls brkyoh xf.krK ikvksyks :Q+huh (Paolo

Ruffini) us fl) fd;k FkkA
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eku yhft, nS ,  n 3 ds fy,, eku yhft, fd vla;qDr pØksa ds

xq.kuQy ds :i esa, 1 2 r .      rc )(o   1 2 r, , ,    dh yackb;ksa dk
y?kqre lekioR;Z (l.c.m) gSA

E11 esa vki fl) dj pqds gSa fd yackbZ p  okys pØ dh dksfV p  gksrh
gSA vc, 1 2     yhft,, tgk¡ 1  vkSj 2  Øe”k% yackb;ksa r vkSj s  okys
vla;qDr pØ gSaA bl izdkj, r)(o 1   rFkk 2o( ) s.   eku yhft, t)(o   rFkk

l.c.m (r, s) m.

D;ksafd mr  vkSj s m,  blfy, m m
1 2I .   

,m
2

m
1

m   D;ksafd 1 2 2 1.    

     I.

D;ksafd t o( ),   blfy, t / m.      ---¼2½

lkFk gh, t t t
1 2I ,      blfy, t t 1 t

1 2 2( ) .     

D;ksafd 1  vkSj 2  vla;qDr gSa, blfy, 1  vkSj 1
2
  Hkh vla;qDr gSa, rFkk blh

fy,, t
1  vkSj t

2
  vla;qDr gSaA bl izdkj, ;s cjkcj rHkh gks ldrs gSa, tc

t t
1 2I      gksA

vr%, r t  vkSj s t.

bl izdkj, m t.      ---¼3½

¼2½ vkSj ¼3½ ls ge fu’d’kZ fudkyrs gSa fd m t.

vkb, vc xq.kuQy esa vla;qDr pØksa dh la[;k ij vkxeu dk fu;e ykxw djsaA

;fn   ,d pØ gS, ;k 2 pØksa dk xq.kuQy gS, rks vki ns[k pqds gSa fd izes; lR;
gSA

eku yhft, fd ;g izes; mu lHkh Øep;ksa ds fy, lR; gS tks )1r(   pØksa ds
xq.kuQy ds :i esa fy[ks tkrs gSaA

vc, eku yhft, 1 2 r ,      r vla;qDr pØksa dk xq.kuQy gSA rc, r ,  
tgk¡ 1 2 r 1.    

vr%, 1 2 r 1o( ) m , , ,        dh yackb;ka Øe”k% 1 2 r, , ,     dk l.c.m  gSA

vc, eku yhft, r  dh yackbZ r  gS rFkk o( ) t. 

rc, tSlk fd Åij 2r   dh fLFkfr esa Fkk, vki n”kkZ ldrs gaS fd

r 1 2 rt l.c.m(m, ) l.c.m( , , , ).     

vr%, izes; dk dFku r vla;qDr pØksa ds xq.kuQy ds fy, lR; gSA

bl izdkj, vkxeu fu;e }kjk, izes; O;kid :i esa lR; gSA

izes; 4 ds mi;ksx ls vki nS  esa vo;oksa dh dksfV;k¡ ljyrk ls Kkr dj ldrs gSaA
vkb, ,d mnkgj.k ij fopkj djsaA
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10S esa
1 2 3 4 5 6 7 8 9 10

7 8 5 6 3 4 2 1 9 10

 
   

 
 dh dksfV Kkr dhft,A

/;ku nhft, fd (1 7 2 8)(3 5)(4 6). 

bl izdkj, 1 2 3 1 2 3, ( ) 4, ( ) 2 ( ),              tgk¡ )( yEckbZ ( ).

vr%, o( ) l.c.m(4, 2, 2) 4.  

***

vki ns[k ldrs gSa fd fdl izdkj pØ fo;kstu nS  ds vo;o dh dksfV Kkr djus
dh izfØ;k dks ljy cuk nsrk gSA blds vykok, ;g fu:i.k nS  ds Øep; dk ,d
lqanj fu:i.k Hkh gSA

vc, ,d pØ, ;k vla;qDr pØksa ds xq.kuQy, ds ,d egRoiw.kZ xq.k ij fopkj dhft,A

bdkbZ 6 ls vki tkurs gSa fd nS,   la;qXeh gksrs gSa ;fn nS
s.t. 1.      nS  ds fy,, n”kkZb, fd

i) ;fn nS  esa 1 2 r(x x x ),    rks

1
1 2 r( (x ) (x ) (x )).    

ii) ;fn nS  s21    esa vla;qDr pØksa dk xq.kuQy gS, rks nS  esa
1

1 2 s
       vla;qDr pØksa dk xq.kuQy gS, tgk¡

i i( ) ( ) i 1, ,s.     yca kbZ yackbZ

i) /;ku nhft, 1
i i i 1( (x )) (x ) (x ) i 1, , r,

          r 1 1x x 
ysrs gq,A

lkFk gh, eku yhft, 1 ry {1, ,n} \{ (x ), , (x )}.   

rc, y (z),   fdlh iz x ds fy,,    i 1, , r   ds fy, gS, D;ksafd
  {1, ,n}  dk ,d ,dSdh Qyu gSA

vr%, 1 1(y) ( (z)) (z),        D;kasfd (z) z. 
1

1 2 r( (x ) (x ) (x )),      tks yackbZ r  okyk pØ gSA

ii) eku yhft, fd vla;qDr pØksa ds xq.kuQy ds :i esa 1 2 s .      rc,

mnkgj.k 29, bdkbZ 8 ls, vki tkurs gSa fd   }kjk la;qXerk vkarj
Lokdkfjrk f  gSA

)())(( 1
s

1
2

1
1

1         ---¼4½

lkFk gh, (i) }kjk, 1
i

  dsoy mls xfreku djrk gS ftls i  xfreku
djrk gSA

vr%, nS  ¼4½ 1  dk vla;qDr pØksa ds xq.kuQy ds :i esa fu:i.k gS,
tgk¡ 1

i i( ) ( )    ZyackbZ yca kb A

***

mnkgj.k 5(i) n'kkZrk gS fd
r-

r-

(ii)
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tks mnkgj.k 5 esa fl) fd;k x;k gS og cgqr mi;ksxh gS, rFkk bl bdkbZ esa bldk
mi;ksx vusd ckj fd;k tk,xkA

dqN lacaf/kr iz”uksa dks gy djus dk iz;kl dhft,A

E12) o( )  Kkr dhft,, tgk¡ 10

1 2 3 4 5 6 7 8 9 10
S .

3 5 6 4 7 9 2 10 1 8

 
   

 

E13) ,sls pØksa 1  vkSj 2 nS   dk mnkgj.k nhft,,

tgk¡ 1 2 1 2o( ) l.c.m( ( ), ( )).       D;k blls izes; 4 vlR; gks tkrk gS\
D;ksa, ;k D;ksa ugha\

E14) ;fn nS ,  rks D;k o( ) n   vo”; gksuk pkfg,\ D;k o( ) n  vo”;
gksuk pkfg,\ vius mÙkjksa ds fy, dkj.k nhft,A

vc, vkb, i{kkarj.kksa dh ppkZ djsaA 5S  esa pØ )351(  ij fopkj dhft,A vkidks
bldk lR;kiu djuk pkfg, fd ;g xq.kuQy (1 3)(1 5)  ds leku gSA vkidks
bldk Hkh lR;kiu djuk pkfg, fd ).35)(51()351(   /;ku nhft, fd nksuksa
xq.kuQyksa esa i{kkarj.k vla;qDr ugha gSaA

blh izfØ;k dks ;g n”kkZus ds fy, mi;ksx fd;k tk ldrk gS fd r-

,)i(i)i(i)i(i)ii(i 211r1r1r21  

lkFk gh, ,)i(i)i)(ii(i)ii(i r1r3221r21    iqu% i{kkarj.kksa 

/;ku nhft, fd D;ksafd i{kkarj.k vla;qDr ugha gSa, blfy, ;s Øefofue; ugha djrs
gSa ¼nsf[k, E16½A vkxs, tSlk vki Åij ns[k pqds gSa, ,d pØ dk i{kkarj.kksa ds
xq.kuQy ds :i esa fu:i.k vf}rh; ugha gksrk gSA

i{kkarj.kksa ds egRo dh ppkZ djus ls igys, fuEufyf[kr iz”uksa dks gy djus dk iz;kl
dhft,A

E15) 5S  esa fuEufyf[kr pØksa dks i{kkarj.kksa ds xq.kuQyksa ds :i esa fyf[k,A

i)   (1 3 4), ii) (4 3 1),   iii)    (2 4 5 3).

E16) n”kkZb, fd fdUgha rhu vyx izrhdksa i, j, k  ds fy,, nS , n 3 , esa
(i j)( j k) ( j k)(i j).

vc vkb, fdlh Øep; ds pØ fo;kstu dk mi;ksx ,d ,sls ifj.kke dks fl) djus
ds fy, djsa tks n”kkZrk gS fd Øep;ksa ds fl)kar esa i{kkarj.k brus egRoiw.kZ D;ksa gSA

n 2  ds fy, nS  esa izR;sd Øep; dks i{kkarj.kksa ds xq.kuQy ds :i esa
fy[kk tk ldrk gSA

izes; 3 }kjk vki tkurs gSa fd izR;sd Øep; ,d ;k vf/kd vla;qDr pØksa
dk xq.kuQy gksrk gSA lkFk gh, vkius vHkh ns[kk fd izR;sd pØ i{kkarj.kksa dk ,d
xq.kuQy gksrk gSA vr%, izR;sd Øep; ,d ;k vf/kd i{kkarj.kksa dk ,d xq.kuQy
gksrk gSA
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/;ku nhft, fd I (1 2)(1 2).  bl izdkj, I  Hkh i{kkarj.kksa dk xq.kuQy gSA

vkb, ,d mnkgj.k }kjk ns[ksa fd izes; 5 O;ogkfjd :i ls fdl izdkj dk;Z djrk gSA

1 2 3 4 5 6 7

3 6 4 1 2 5 7

 
   

 
 dks i{kkarj.kksa ds xq.kuQy ds :i esa fyf[k,A

(1 3 4)(2 6 5),   vla;qDr pØksa ds xq.kuQy ds :i esaA

      (1 4)(1 3)(2 5)(2 6).

***

;gk¡ fuEufyf[kr egRoiw.kZ fVIi.kh ij fopkj dhft,A

/;ku nhft, fd ;fn i{kkraj.kksa ds xq.kuQy ds :i esa, t21   ,

rks vki ;g fu’d’kZ ugha fudky ldrs fd o( ) 2.   izes; 4 ;gk¡ ykxw ugha fd;k
tk ldrk gSA ;g izes; dsoy vla;qDr pØ fo;kstu ds fy, ykxw gksrk gS, rFkk ;gk¡

i  vla;qDr ugha gSaA

vc, izes; 5 esa vki ns[k pqds gSa fd nS nS

oLrqr% blls NksVk ,d leqPp; nS  dks tfur djrk gSA bdkbZ 4
ls ;kn dhft, fd leqPp; S  fdlh lewg G  dks tfur djrk gS, ;fn G  dk
izR;sd vo;o 1 2 nr r r

1 2 ns s s  ds :i dk gS, tgk¡ is S  rFkk ir .

nS  dks )}n1(,),31(),21{(   tfur djrk gSA

izes; 5 ls vki tkurs gS fd dksbZ Hkh nS  i{kkarj.kksa dk xq.kuQy gksrk
gSA vc, dksbZ Hkh i{kkarj.k n(i j) S  yhft,A rc, (i j) (1 i)(1 j)(1 i).

vr%, dksbZ Hkh nS  fdUgha {1, ,n}   ds fy,, (1 r)  ds :i ds i{kkarj.kksa dk
xq.kuQy gSA

bl izdkj, nS  dks )}n1(,),31(),21{(   tfur djrk gSA

oLrqr%, izes; 6 esa fn, leqPp; ls NksVk leqPp;, ;kuh {(1 2), (1 2 n)}  Hkh n 3
ds fy,, nS  dks tfur djrk gSA ijarq, ;gk¡ ge bls fl) ugha djsaxsA

vc vki fuEufyf[kr iz”uksa dks gy djus dk iz;kl dj ldrs gSaA

E17) E8(ii) esa fn, Øep;ksa dks i{kkarj.kksa ds xq.kuQy ds :i esa fyf[k,A

E18) 8S)862)(75)(431(   dks (1 i), tgk¡ i {1, ,8}   ds :i ds i{kkarj.kksa
ds xq.kuQy ds :i esa fyf[k,A

E19) n”kkZb, fd (1 2)(2 3) (9 10) (1 10)(1 9) (1 2). 

E20) D;k nS  esa lHkh i{kkarj.kksas dk leqPp; nS  dk ,d milewg gS\ D;ksa, ;k D;ksa
ugha\

izes; 5 esa fn;k x;k fo;kstu gesa nS  ds ,d ,sls fo”ks’k egRoiw.kZ milewg dh vksj
ys tkrk gS ftldh vc ge ppkZ djsaxsA
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vki ns[k pqds gSa fd nS  esa fdlh Hkh Øep; dks i{kkarj.kksa ds xq.kuQy ds :i esa
fy[kk tk ldrk gSA vki ;g Hkh ns[k pqds gSa fd bl xq.kuQy esa xq.ku[kaM vf}rh;
:i ls fu/kkZfjr ugha gksrs gSaA dsoy ;gh ugha, xq.kuQy esa xq.ku[kaMksa dh la[;k rd
esa varj gks ldrk gSA mnkgj.kkFkZ, 4S  esa (1 2)(34)(1 4) (1 2)(3 4)(2 3)(1 4)(3 2).
;gk¡ LHS esa 3 i{kkarj.k gSa rFkk RHS esa 5 i{kkarj.k gSaA D;k RHS esa 4, ;k 6,

i{kkarj.k gks ldrs gSa\ ,slk dksbZ fu:i.k Kkr djus dk iz;kl dhft,A

okLro esa, i{kkarj.kksa ds xq.kuQy ds :i esa lHkh fu:i.kksa esa ,d ckr ns[kus dks
feyrh gS & ;fn nS  dks dksbZ Øep; ,sls ,d fu:i.k esa i{kkarj.kksa dk fo’ke la[;k
esa xq.kuQy gS, rks og ,sls fdlh Hkh fu:i.k esa i{kkarj.kksa dk fo’ke la[;k esa
xq.kuQy gksxkA blh izdkj, ;fn nSf  ,d fu:i.k esa i{kkarj.kksa dk le la[;k esa
xq.kuQy gS, rks f  ,sls fdlh Hkh fu:i.k esa i{kkarj.kksa dk le la[;k esa xq.kuQy
gksxkA bl ckr dks ns[kus ds fy,, gesa loZizFke ,d ladYiuk dks ifjHkkf’kr djus dh
vko”;drk gSA

nf S (n 2)   ds  (signature) dks

sign
n

i, j 1
i j

f ( j) f (i)

j i





f  ls ifjHkkf’kr djrs gSaA

mnkgj.kkFkZ, 3f (1 2 3) S   ds fy,,

sign
f (2) f (1) f (3) f (1) f (3) f (2)

f
2 1 3 1 3 2

  
  

  

     
3 2 1 2 1 3

1.
1 2 1

             
     

blh izdkj, ;fn 3f (1 2) S ,   rks f  dk fpg~ud izkIr djus ds fy,, gesa )3(f  ls
lac) xq.ku[kaMksa dks Hkh “kkfey djuk gksxkA

vr%, sign
f (2) f (1) f (3) f (1) f (3) f (2)

f . .
2 1 3 1 3 2

  


  
 ¼/;ku nhft, fd ;gk¡ f (3) 3 A½

   
1 2 3 2 3 1

1.
1 2 1

              
     

vc, Øep; ds fpg~ud ds vknh gksus ds fy,, vki dqN ljy iz”uksa dks gy djus
dk iz;kl dhft,A

E21) nI S  dk fpg~ud D;k gS\

E22) 5

1 2 3 4 5
S

4 3 2 1 5

 
   

 
 dk fpg~ud Kkr dhft,A

 


n

1i
n21i 
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vHkh rd tks vkius mnkgj.k ns[ks gSa, muls vkius “kk;n ;g fu’d’kZ fudky fy;k
gksxk fd fpg~ud nS  ls   rd ,d Qyu gSA vki ns[ksaxs fd ;g okLro esa nS  ls
({1, 1}, )   rd ,d lekdkfjrk gSA vkb, loZizFke n”kkZ,a fd sign lafØ;k dks cuk,
j[krk gSA

sign n: S    ,d lqifjHkkf’kr lekdkfjrk gS, tgk¡ n 2.

ifjHkk’kk }kjk, ;fn nSg,f   s.t. ,gf   rks f (i) g(i) i 1, ,n.   

 .  esa  sign f   sign g.

bl izdkj, sign lqifjHkkf’kr gSA

vkxs, sign 

n

i, j 1
i j

f (g( j)) f (g(i))
(f g)

j i







        i, j i, j
i j i j

f (g( j)) f (g(i)) g( j) g(i)

g( j) g(i) j 1
 

 
  

   ---¼5½

vc, tSls tSls i  vkSj j, 1 ls n  rd fHkUu-fHkUu ekuksa ds lHkh laHko ;qXeksa dks xzg.k
djrs gSa, oSls oSls )i(g  vkSj g(j) Hkh ,slk gh djrs gSa, D;ksafd g  ,dSdh vkPNknd
Qyu gSA blfy,, f  dks {g(1), ,g(n)}  dk ,d Øep; ekuk tk ldrk gSA

i j

f (g( j)) f (g(i))

g( j) g(i)


 

  sign f .

¼5½ gesa crkrk gS fd sign (f g) (sign f)  (sign g).

izes; 7 }kjk, ge tkurs gSa fd, mnkgj.kkFkZ,

sign ( 1 2 3 4) sign (  ( 1 2)(2 3)(3 4))  sign (1  2)   sign (2  3)   sign (3  4). 

vki “kk;n lksp gSa fd sign ( 1   2 3 4)  izkIr djus dh ;g fof/k bls izR;{k fof/k ls
Kkr djus dh rqyuk esa vf/kd yach gSA ijarq fuEufyf[kr izes;, vkSj izes; 7, gesa
fpg~ud Qyu ds ,sls xq.k crkrs gaS tks bl izfØ;k dks NksVk dj nsrs gSaA fuLlansg,

gesa bl lHkh esa izes; 5 dh vfr egÙoiw.kZ Hkwfedk dks Hkwyuk ugha pkfg,A

 sign n: S , n 2,   ij fopkj dhft,A

i) ;fn nSt  ,d i{kkarj.k gS, rks sign t 1. 

ii) Im (sign)  {1, 1}  -

i) eku yhft, t (p q),  tgk¡ 1 p q n.    [vkidks miifÙk dks
le>usa esa lgk;rk ds fy,, bls i<+rs le; vki lkFk-lkFk n(1 2) S
dks (p q)  ekudj dk;Z dj ldrs gSaA,

vc, sign t  ds dsoy ,d xq.ku[kaM esa p  vkSj q  nksuksa vkrs gSa, vFkkZr~
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t(q) t(p) p q
1.

q p q p

 
  

  ---¼6½

sign t  dk izR;sd xq.ku[kaM, ftlesa p  ;k q  ugha vkrk gS, 1 ds cjkcj

gS, D;ksafd 
t(i) t( j) i j

1,
i j i j

 
 

 
 ;fn i, j p, q. ---¼7½

“ks’k xq.ku[kaMksa esa ;k rks p  gksrk gS ;k q  gksrk gS, ijarq nksuksa ugha
gksrsA buds ;qXe cuk dj gesa fuEufyf[kr xq.kuQYk esa ls ,d
xq.kuQy izkIr gksrk gS%

t(i) t(p) t(i) t(q) i q i p
1,

i p i q i p i q

   
 

   
 ;fn i q,

t(i) t(p) t(q) t(i) i q p i
1,

i p q i i p q i

   
 

   
 ;fn q i p,        ---¼8½

t(p) t(i) t(q) t(i) q i p i
1,

p i q i p i q i

   
 

   
 ;fn i p.

bl izdkj, ¼6½, ¼7½, vkSj ¼8½ ls sign t  ds lHkh xq.ku[kaMksa ds ekuksa dks
ysus ij, vki ns[k ldrs gSa fd sign t 1. 

ii) eku yhft, nf S .  izes; 5 ls vki tkurs gSa fd 1 2 rf t t t ,   nS  esa
fdUgha i{kkarj.kksa r1 t,,t   ds fy,A

1 2 rsign  f sign(  t  t t )  

      1 2 r(sign t ) (sign t )...(sign t )  gS, izes; 7 }kjkA

      ,)1( r  mijksDr (ii) }kjkA

sign  f 1   ;k ,1  tks bl ij fuHkZj gS fd r le gS ;k fo’ke gSA

vr%, Im ( ) {1, 1}sign    -

vki ;g Hkh tkurs gSa fd fdlh Hkh i{kkarj.k t  ds fy,, sign t 1, 
rFkk sign I 1.

).sign(Im}1,1{ 

}.1,1{)sign(Im 

vr%, izes; 7 vkSj 8 gesa crkrs gSa fd n 2  ds fy,,

1}{1,S:sign n   ,d 

vc, ge mls fl) djus dh fLFkfr esa, ftlds ckjs esa geus bl Hkkx ds izkjaHk esa
dgk FkkA

eku yhft, nSf   rFkk s21r21 ttttttf    Qyu f  ds i{kkarj.kksa
ds xq.kuQy ds :i esa nks xq.ku[kaMu gSaA rc, ;k rks r vkSj s nksuksa le iw.kkZad gSa,
;k nksuksa fo’ke iw.kkZad gSaA
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vkb, Qyu sign n:S {1, 1}   dks 1 2 rf t t t   ij ykxw djsaA izes; 8 ls
vki tkurs gSa fd

.)1()tsign()tsign()tsign(fsign r
r21   ---¼9½

lkFk gh, 1 2 sf t t t .   

blfy,, .)1(fsign s       ---¼10½

¼9½ vkSj ¼10½ ls ge r s( 1) ( 1)    izkIr djrs gSaA

;g rHkh gks ldrk gS, tc s vkSj r nksuksa le gksa ;k nksuksa fo’ke gksaA

bl rjg f  ds i{kkarj.kksa okys fdlh Hkh xq.ku[kaaMu esa xq.ku[kaMksa dh la[;k ges”kk ;k
rks le gksxh, ;k ges”kk fo’ke gksxhA

mijksDr izes; gesa fuEufyf[kr ifjHkk’kk rd ys tkrh gSA

’ Øep; nSf    (even) dgykrk gS ;fn bls le la[;k okesa
i{kkarj.kksa ds ,d xq.kuQy ds :i esa fy[kk tk ldrk gSA f   (odd) dgykrk
gS, ;fn bls fo’ke la[;k esa i{kkarj.kksa ds xq.kuQy ds :i esa fy[kk tk ldrk gSA

mnkgj.kkFkZ, 3S)21(   ,d fo’ke Øep; gSA oLrqr%, dksbZ Hkh i{kkarj.k ,d fo’ke
Øep; gksrk gSA nwljh vksj, dksbZ Hkh 3-pØ ,d le Øep; gksrk gS, D;ksafd
(i j k) (i k)(i j).  vr%, sign (i j k) ( 1)( 1) 1.   

bl lanHkZ esa fuEufyf[kr fVIi.kh ij fopkj dhft,A

izes; 8 vkSj 9 gesa crkrs gSaS fd nSf   fo’ke gS iff  sign f ( 1).   bl
izdkj, nSf   le gS iff  sign f 1.

vc, vkids fy, fo’ke vkSj le Øep;ksa ds lkFk dk;Z djus dk ,d volj gSA

E23) E15 vkSj E18 esa dkSu-ls Øep; fo’ke gSa\

E24) ;fn nSg,f   fo’ke gSa, rks D;k gf   Hkh fo’ke gksxk\ D;ksa\

E25) rRled Øep; fo’ke gS ;k le gS\ D;ksa\

vc, ge nS  ds ,d egRoiw.kZ mileqPp;, vFkkZr~ fSf{ nnA  le gS} ij fopkj
djsaxsA vki ns[ksaxs fd n nA S .

%  nS  esa le Øep;ksa dk leqPp; nA  dksfV 
n!

2
 okyk nS  dk ,d

izlkekU; milewg gSA

vki igys gh ns[k pqds gSa fd fpg~Ud Qyu, sign n:S {1, 1}   ,d
vkPNknd lekdkfjrk gSA

vc, }1fsignSf{)sign(Ker n 

       fSf{ n  le gS}
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       nA .

bl izdkj, n nA S .
lkFk gh, lekdkfjrk ds ewy izes; }kjk,

n n
~(S A ) {1, 1}.

n no(S A ) 2,   vFkkZr~ 
n

n

o(S )
2.

o(A )


n
n

o(S ) n!
o(A ) .

2 2
  

izes; 10 ls tqM+h fuEufyf[kr egRoiw.kZ fVIif.k;ksa ij x+kSj djsaA

 /;ku nhft, fd izes; 10 gesa crkrk gS fd

i) nS nS ’
,

ii) nS  esa nA  ds dsoy nks lgleqPp; gSa — nA  vkSj nA ,  tgk¡ ,  nS  esa
dksbZ Hkh fo’ke Øep; gSA bl izdkj,

nnn
.(1 2)AS A 

izes; 10 gesa fuEufyf[kr ifjHkk’kk rd igq¡pkrh gSA

nS esa le Øep;ksa dk lewg nA n
(alternating group of degree n)

vkb, ns[ksa fd 3A  ds vo;o D;k gaSA izes; 10 crkrk gS fd 3

3!
o(A ) 3.

2
 

pwafd (1 2 3) (1 3)(1 2) ,  blfy, 3(1 2 3) A .  blh izdkj, 3(1 3 2) A .
fuLlansg, 3I A .  lkFk gh, 3(1 2) A .  blh izdkj, )32(  vkSj )31(  Hkh 3A  esa
ugha gSaA

3A {I, (1 2 3), (1 3 2)}. 

fiNyh bdkb;ksa ds vusd mnkgj.kksa esa vki 3S  ds bl milewg ls ifjfpr gSaA

vc, fuEufyf[kr iz”uksa dks gy dhft,A

E26) fl) dhft, fd ,d r-pØ fo’ke gksrk gS ;fn r le gS, rFkk le gksrk gS
;fn r fo’ke gSA

E27) 4A  ds lHkh vo;oksa dks fyf[k,A D;k 4A  vkcsyh gS\ D;ksa\

E28) 5 5S A  ds nksuksa vo;o nhft,A

E29) tk¡p dhft, fd n 3  ds fy,, nS  esa lHkh fo’ke Øep;ksa ls nS  dk ,d

milewg curk gS ;k ughaA

vc, ,d {k.k ds fy, vkb, bdkbZ 5 vkSj yxzkat ds izes; ij okil tk,¡A bl izes;
ds vuqlkj ifjfer lewg ds milewg dh dksfV ml lewg dh dksfV dks foHkkftr
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djrh gSA ijarq, ogk¡ geus ;g n”kkZus ds fy, dksbZ mnkgj.k ugha fn;k Fkk fd bldk
foykse D;ksa lR; ugha gSA vc D;ksafd vki 4A  ls ifjfpr gks x, gSa, blfy, ge
foykse dks vfl) djus dh fLFkfr esa gaSA

n”kkZb, fd 46 o(A ),  ijarq 4A dk dksfV 6 okyk dksbZ milewg ugha gSA

eku yhft,, ;fn laHko gks, fd 4A  dk dksfV 6 okyk ,d milewg H  gSA rc,

o(H) 6  vkSj 4(A ) 12.  4A : H 2.   4H A . 
¼nsf[k, izes; 2, bdkbZ 6½A

bl izdkj, HA 4  dksfV 2 okyk ,d foHkkx lewg gS, vkSj blh fy, ;g pØh; gSA
eku yhft, 4A H Hg .  

rc, .AgH)Hg( 4
2   ¼;kn dhft, fd 4A H  dk rRled H  gSA½

2
4g H g A .   

D;ksafd 4(1 2 3) A ,  blfy, 2(1 2 3) (1 3 2) H. 

blh izdkj, 2(1 3 2) (1 2 3) H. 

blh rdZ ds iz;ksx ls, nA  esa lHkh 3-pØ H  esa gSaA

bl izdkj, (1 4 2), (1 2 4), (1 4 3), (1 3 4), (2 3 4)  vkSj (2 4 3)  Hkh H  ds
fHkUu-fHkUu vo;o gSaA fuLlansg, I H.

bl izdkj, H  esa de ls de 9 vo;o gSaA

o(H) 9.   ;g gekjh ifjdYiuk fd o(H) 6,  dk varfoZjks/k djrk gSA

vr%, 4A  dk dksfV 6 okyk dksbZ milewg ugha gSA

***

ge ,d vU; izfrmnkgj.k ikus ds fy, Hkh 4A  dk mi;ksx djsaxsA ¼ns[kk, 4A

fdruk mi;ksxh gS!½A bdkbZ 6 esa vkius lh[kk Fkk fd ;fn H N  vkSj N G,  rks
G  esa H  dk izlkekU; gksuk vko”;d ugha gSA rks yhft,, ;gk¡ ,d iz”u ds :i esa
vkids fy, ,d mnkgj.k gS ¼nsf[k, E30½A

E30) 4A  dk mileqPp; )}42)(31(),32)(41(),43)(21(,I{V4   yhft,A

n”kkZb, fd 4 4V A .  ;g Hkh n”kkZb, fd 4V  dk )}43)(21(,I{H   ,d

izlkekU; milewg gS, ijarq H    4A .

¼bl rjg, ge ikrs gSa fd 4H V . vkSj 4 4V A ,  ijarq H    4A . ½

E31) 5A  esa fuEufyf[kr dksfV ds fdrus vo;o gSa\

i)  2 ii)   3 iii)   5 iv)   15

vius mÙkjksa ds fy, dkj.k nhft,A

ifjfer lewgksa ds fy, yxzkat
ds izes; dk foykse lR; ugha
gSA

^ ^ ,d laØked laca/k ugha
gSA
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vc, vkb, nA  ds fy, ,d tud leqPp; Kkr djsaA vki igys gh ns[k pqds gSa fd

nS  dks }ni2)i1({S   tfur djrk gSA D;ksafd nA  esa dksbZ i{kkarj.k ugha gS,
blfy, nS A .   vr%, nA  ds fy, tud leqPp; D;k gks ldrk gS, Lo;a
leqPp; nA  ds vykok\

n 3  ds fy,, nS esa lHkh 3-pØksa dk leqPp; nA , dks tfur djrk gSA

eku yhft, fd nS  esa 3-pØksa dk leqPp; S  gSA D;ksafd dksbZ Hkh 3-pØ
,d le Øep; gksrk gS, blfy, nS A .  

vc, izes; 6 esa vki ns[k pqds gSa fd nS  dks }ni1)i1({   tfur djrk gSA vr%,
eku yhft, nA .  rc, nS .

vr%, 1 2 r(1 i )(1 i ) (1 i ),    tgk¡ ji vksa dk fHkUu-fHkUu gksuk vko”;d ugha gSA
ijarq, fdlh m  ds fy,, r 2m,  D;ksafd nA .

lkFk gh, ;fn j j 1i i ,  rks j j 1(1 i )(1 i ) I. 

vr%, vkb, eku ysa fd j j 1i i j 1, , r 1.   

vc, 1 2 2 1(1 i )(1 i ) (1 i i ).

blh izdkj, 3 4 4 3(1 i )(1 i ) (1 i i ).

bl fof/k ls cxy ds i{kkarj.kksa dh tksfM+;ksa dks ysrs gq,, ge
(1 i j), i, j 2, ,n, i j    ds :i ds m 3-pØksa ds xq.kuQy ds :i esa   dks izkIr
djrs gSaA

bl izdkj, S . 

nA S .   

vkb, izes; 11 ds ,d vuqiz;ksx ij fopkj djsaA

 eku yhft, nH A , n 3  ds fy,, rFkk eku yhft, (1 2 3) H.
n”kkZb, fd (1 3 2) H.  lkFk gh, n”kkZb, fd i {1, 2, ,n}\{1, 3}   ds fy,,

(1 i 3)(1 2 3)(1 3 i) H.

D;ksafd 1)321()231(   rFkk nH A , blfy, (1 3 2) H.  vkxs,

nA)3i1(   rFkk nH A .  vr%,

1(1 i 3)(1 2 3)(1 i 3) (1 i 3)(1 2 3)(1 3 i) H.  

***

vc, ,d ,sls iz”u dks gy dhft,, ftldh vko”;drk gesa izes; 11 ds ,d egRoiw.kZ
miizes; dks fl) djus ds fy, iM+sxhA

E32) eku yhft, nH A , n 3 , rFkk (1 2 3) H.  fuEufyf[kr ifjdfyr
dhft,%

i) ),i31)(321)(3i1(
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ii) ),1ij)(2i1)(i1j(

iii) ),2k1)(i2j)(k21(

tgk¡ }n,,2,1{k,j,i   fHkUu-fHkUu gSa rFkk bl izdkj gSa fd mijksDr
xq.kuQyksa esa lHkh 3-pØ ifjHkkf’kr gSaA

n”kkZb, fd Åij vkids }kjk ifjdfyr lHkh vo;o H  esa gSaA blh ls n”kkZb,
fd nH A .

vc, vkb, izes; 11 ds ,d miizes; dks fl) djus ds fy, E32 dk mi;ksx djsaA

eku yhft, nH A , n 3.  ;fn H  esa ,d 3-pØ gS, rks nH A .

mnkgj.k 5 ls vki tkurs gSa fd 3-pØ dk izR;sd la;qXeh ,d 3-pØ gksrk
gS, rFkk la;qXerk nA  dh lafØ;k dks cuk, j[krk gSA

vc, eku yhft, (i j k) H  rFkk )tsr(  dksbZ 3-pØ gSA tSls E32 esa fd;k Fkk,
)ris(),kri( 21   vkSj 3 ( j t i)   ysdj, vkidks lR;kiu djuk pkfg, fd
1

3 2 1 3 2 1(i j k)( ) (r s t).      

vr%, (r s t) H.

bl izdkj, lHkh 3-pØ H  esa gSaA vr%, izes; 11 }kjk, nH A .

mijksDr ifj.kke ds vlj ij fopkj dhft,A ;g dgrk gS fd ;fn nA  ds fdlh Hkh
izlkekU; milewg esa ,d 3-pØ gS, rks ;g milewg iwjk nA  gh gSA tc ge nA

dh ljyrk dh ppkZ djsaxs, rc vki ns[ksaxs fd bl izes; dk dSls ykxw dj ldrs gSaA

i 1, 2, 3  ds fy,, iA  ljy gSA D;ksa\ ,slk gS, 1 2A {I}; A {I}; 

3A (1 2 3) ,    tks dksfV 3 dk gS, vkSj blh fy, ljy gS ¼nsf[k, bdkbZ 6½A lkFk
gh, E30 esa vkius ns[kk Fkk fd 4A  ljy ugha gSA 5A  ds ckjs esa D;k dg ldrs gSa\
fuEufyf[kr izes; bldk mÙkj nsrk gSA ;g izes; ;qok xf.krK xSyksvk dks Kkr FkhA
ijarq, bldh izFke vkSipkfjd miifÙk Ý+k¡lhlh fo”ys’kd vkSj chtxf.krK dehy t+ksnkZ
(Camille Jordan) }kjk 1870 esa nh xbZ FkhA

n 5 ds fy,, nA  ljy gksrk gSA

eku yhft, n 5.  eku yhft,, ;fn laHko gks, fd nA  dk ,d vrqPN
izlkekU; milewg H  gSA

D;ksafd H {I},  blfy, H, I.       ,sls lHkh   esa ls og H  pqfu, tks
1 ls n  esa ls lc ls de la[;k esa iw.kkZadksa dks xfreku djrk gS, eku yhft, k

iw.kkZadksa dks   xfreku djrk gSA

loZizFke, k 1 , D;ksafd ;fn   ,d vo;o dks xfreku djrk gS, rks mls de ls
de 2 vo;oksa dks xfreku djuk gksxk D;ksafd ;g ,d vrRled ,dSdh vkPNknd
Qyu gSA

ijarq k 2 , D;kasfd nA ,  vkSj blh fy,   ,d i{kkarj.k ugha gks ldrkA  ;fn

k 3 , rks   dks ,d 3-pØ gksuk pkfg,A rc, miizes; 1 }kjk, nH A .
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vc, eku yhft, k 4,  rFkk eku yhft,, ;fn laHko gks, fd  )xxx( r21 
,d vla;qDr xq.kuQy gS, tgk¡ 3 r k. 

vc, ge 1 2 3(x x x )   ysrs gSa, vkSj 1 1.    

D;ksafd nH A ,  blfy, 1 H.   vr%, H.

vc, ;fn   fdlh vo;o dks xfreku djrk gS, rks mls de ls de ,d ls vf/kd
vo;oksa dks xfreku djuk gksxkA

eku yhft, 1r11r xy)x(    rFkk r 2 2 r 2(x ) y x    , tgk¡ r 1 r 2 1x , x , y   vkSj

2y .  i 1, , r   ds fy,, dksbZ Hkh ix  ugha gSA

rc, r 1 1(x ) y   vkSj r 2 2(x ) y . 

vc, 1 1 1
r 1 r 1 r 1(x ) (x ) (x ),  
          D;ksafd r 1x   dks   fu;r djrk gSA

    1 1
1 1(y ) (y ),       D;ksafd 1y  dks   fu;r djrk gSA

    r 1x .

lkFk gh, 1 1 1
1 3 4 4 3 1(x ) (x ) (x ) (x ) x x .            

vr%, I. 

vkxs,   }kjk fu;r fdlh t  ds fy,, 1 2 rt {x , x , , x }.   vr%,   Hkh t  dks fu;r
djrk gSA

blfy,, H  vkSj ,    dh rqyuk esa ,d vo;o de xfreku djrk gS ¼D;ksafd

r 1 r 1(x ) x   ½A ;g ml fof/k dk varfojksZ/k gS ftlls geus   dk pquko fd;k FkkA
vr%, gekjh ifjdYiuk fd   dks ge ,sls vla;qDr x.qkuQy ds :i esa fy[k ldrs
gSa ftlesa ,d xq.ku[kaM yackbZ 3  okyk pØ gS, laHko ugha gSA

vr%, vc gekjs ikl ,d gh laHkkouk cph gS, vkSj og gS fd 4k   rFkk   vla;qDr
i{kkarj.kksa dk xq.kuQy gS, eku yhft,

1 2 3 4(x x )(x x )   , tgk¡   ,d le la[;k esa vla;qDr i{kkarj.kksa dk xq.kuQy gSA

vc 1 2 3(x x x )   vkSj 1 1       yhft,A rc, vkidks n”kkZuk pkfg, fd
D;ksa H.  lkFk gh, vkidks fn[kkuk pkfg, fd

1 1 1
1 2 3 3 2 1 2 1 4 3 2 1 3 1 2 4( (x ) (x ) (x )) (x x x ) (x x x )(x x x ) (x x )(x x )        

vr%, 3 1 2 4(x x )(x x ) H.

vc, D;ksafd ,n 5  blfy, {1, 2, ,n}  esa 1 2 3 4i x , x , x , x . 

eku yhft, 1 3(x x i).   rc, 1
3 1(i x x ). 

iqu% vkidks fn[kkuk pkfg, fd 1 H. 

vc, )xx)(xx))(x()x())(x()x(( 42134
1

2
1

1
1

3
11  
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     )xx)(xx)(xx)(ix( 4213421

     )ixx()xx)(ix( 31311 

     . 

bl izdkj, H.

vr%, k 3  dh fLFkfr dh rjg, nH A .

vr%, lHkh fLFkfr;ksa esa, ;fn nH A ,  rks H {I}  ;k nH A .

bl izdkj, n 5  ds fy,, nA  ljy gSA

vkidks “kk;n mijksDr miifÙk dqN my>h gqbZ yx ldrh gS, ysfdu bldk izR;sd
pj.k dks Lo;a djrs gq,, lko/kkuhiwoZd v/;;u dhft,A

izes; 12 ds mi;ksx ls ge vc nS  ds lHkh vrqPN izlkekU; milewg ekywe dj
ldrs gSaA vki ns[k pqds gSa fd },I{S1   vkSj ;g Hkh fd )}21(,I{S2   ljy gSA
vki ;g Hkh tkurs gSa fd 3S  dk vrqPN izlkekU; milewg dsoy 3A  gSA

vki ns[k pqds gSa fd 4S  ds U;wure nks izlkekU; milewg, 4V  vkSj 4A  gSA

n 5  ds fy,, nS  ds ckjs esa D;k dg ldrs gSa\ vki tkurs gSa fd

n nA S n .   D;k dksbZ vU; izlkekU; milewg Hkh gSa, tSls 4S  esa gSa\
fuEufyf[kr ifj.kke ij fopkj dhft,A

n 5,   nS dk vrqPN mfpr izlkekU; milewg dsoy nA  gSA

n 5  ds fy,, eku yhft, nS dk H  ,d vrqPN izlkekU; milewg gSA
rc, n nH A A . 
vr%, izes; 12 }kjk, }I{AH n   ;k n nH A A . 

;fn n nH A A ,    rks n nA H S . 

vr%, n n n(H A ) (S A )  rFkk n no(S A ) 2.

blfy,, }I{)AH( n   ;k n n n(H A ) (S A ).

bl izdkj, nAH   ;k nH S .

;fn nH A {I}  , rks H  dk I  ds vfrfjDr dksbZ le Øep; ugha gksxkA

vr%, ;fn H, I   , rks   ,d fo’ke Øep; gSA

vc, eku yhft, H  ds nks vyx vrqPN vo;o 1  vkSj 2  gSaA rc, ;s nksuksa fo’ke
gSaA blfy, 21  le gksxkA lkFk gh, 1 2 H   , D;ksafd nH S .

vr%, 1 2 nH A {I}.    

bl izdkj, 1
2 1 .    vr%, 1H     , tgk¡ 1o( ) 2.   eku yhft, 1 (i j). 

D;ksafd n 5,  blfy, k {1, ,n}\{i, j}.  
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rc, D;ksafd nH S .  blfy, 1(i k)(i j)(i k) H   vFkkZr~ ( j k) H , tks ,d

varfojksZ/k gS D;ksafd 1H {I, }  - vr%, nH A {I},   vFkkZr~, n nH A A . 

bl izdkj, nS  ds mfpr izlkekU; milewg dsoy }I{  vkSj nA  gSaA

izes;ksa 12 vkSj 13 nksuksa dh miifÙk;ksa esa, geus tk¡p djus ds fy, vusd pj.k vkids
fy, NksM+ fn, gSaA d̀i;k izR;sd pj.k dks Lo;a iwjk dhft,A

vkb, ;g tkuus ds fy, ,d mnkgj.k ij fopkj djsa fd fdl rjg izes; 12 vkSj 13
gekjh lgk;rk djrs gSaA

6S  ls 7  rd lHkh laHko lewg lekdkfjrkvksa dks Kkr dhft,A

eku yhft, 76S:f   ,d lekdkfjrk gSA

rc, 6Ker f S .  vr% Ker f {I},  ;k 6Ker f A ,  ;k 6Ker f S .

;fn Ker f {I},  rks 6 7S Im f .   ijarq 6 7o(S ) 7 o( ).  

vr%, ge ,d varfoZjks/k ij igq¡pkrs gSaA Ker f {I}. 

;fn 6Ker f A .  rks 6 6 7S A Im f .   ;gk¡ 6 6o(Im f ) o(S A ) 2. 

ijarq 2    7o( ).  vr%, ge ,d varfoZjks/k ij igq¡pkrs gSaA 6Ker f A . 

bl izdkj, dsoy ,d gh laHkkouk 6Ker f S ,  vFkkZr~, 6f ( ) 0 S     vFkkZr~ f

“kwU; Qyu gSA

***

vc fuEufyf[kr iz”uksa dks gy djus dk iz;kl dhft,A

E33) eku yhft, GA:f 7   ,d lewg lekdkfjrk gSA n”kkZb, fd 2520)G(o 
;k 7f (x) e x A .  

E33) 5S  ls 5U  rd laHko lHkh lewg lekdkfjrk,¡ D;k gSa, vkSj D;ksa\

[ % ,sls izR;sd f  ds fy,, Ker f  dh laHkkoukvksa dk fo”ys’k.k dhft,A,

vkSj vc vkb, ns[ksa fd lewg fl)kar esa Øep; lewg brus egRoi.kZ D;ksa gSaA

bl ikB~;Øe esa, vkius lHkh izdkj ds lewgkas & ifjfer, vifjfer, vkcsyh, vu~vkcsyh,
pØh; vkSj vpØh;, dk v/;;u fd;k gSA vkius   vkSj   ds milewgksa,

),(nm    ds milewgksa, 2n n nD , S , U  ds milewgksa, rFkk vU; vusd lewgksa ds
milewgksa dk v/;;u fd;k gSA vki ;g Hkh ns[k pqds gSa fd lewgksa ds vuarr% vusd
rqY;kdkfjrk oxZ gSaA vkSj fQj Hkh, ;g vn~Hkqr ckr gS fd bu rqY;kdkfjrk oxksaZ esa ls
izR;sd esa ,d Øep; lewg vo”; gksrk gSA bl rF; dk vuqHko lcls igys vaxzst+
xf.krK, vkFkZj dsyh (Arthur Cayley) us fd;k Fkk, vkSj mUgksaus gh bl fl) fd;k
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FkkA budk gh uke lewg lafØ;k lkjf.k;ksa dks fn;k x;k gS, ftudks vkius ckj-ckj
mi;ksx fd;k gSA vkb, ns[ksa fd dsyh dk izes; D;k dgrk gSA

dksbZ Hkh lewg G  Øep; lewg S(G)  ds ,d milewg ds
rqY;kdkjh gksrk gSA bl izdkj, G  dks ,d Øep; lewg ds :i esa ns[kk tk ldrk
gSA

 a G  ds fy,, ge oke fu;fer fu:i.k a af : G G : f (x) ax 

ifjHkkf’kr djrs gSaA

E3 esa vki n”kkZ pqds gSa fd af S(G) a G .  

vc, vkb, ,d Qyu af : G S(G) : f (a) f   ifjHkkf’kr djsaA

f ’ ;fn G  esa a b, rks ax bx x G.    vr%, S(G)  esa

a bf f .

f bls fl) djus ds fy, ge ns[krs gSa fd

a b a ab(f f ) (x) f (bx) abx f (x) a, b G.    

ab a bf (ab) f f f f (a) f (b) a, b G.      

f  bls fl) djus ds fy, fuEufyf[kr ij fopkj dhft,%

}IfGa{fKer Ga 

      }Gxx)x(fGa{ a 

      }GxxaxGa{ 

      {e},  oke fujlu }kjkA

bl izdkj, lekdkfjrk ds ewy izes; }kjk,

G Ker f Im f S(G). 

vFkkZr~ G Im f S(G),  D;ksafd G (G {e}).

vFkkZr~, G,  S(G)  ds milewg ds rqY;kdkjh gSA

izes; 14 ds egRo ij cy nsus dh vko”;drk gSA bl lanHkZ esa, fuEufyf[kr fVIi.kh
ij fopkj dhft,A

;fn ge mijksDr izes; 14 dks bdkbZ 8 ds izes; 9 ds lkFk j[ksa, rks vki
D;k ns[krs gSa\ ge ikrs gSa fd ;gk¡ mrus gh vrqY;kdkjh (non-isomorphic) lewg gSa,
ftrus fd vrqY;kdkjh oxZ [H] gSa, tgk¡ H S(X),  fdlh X  ds fy,A

vkb, dsyh ds izes; dk mi;ksx djrs gq, fdlh lewg dks fu:fir djus ds ,d
mnkgj.k ij fopkj djsaA

4S  dk og milewg Kkr dhft, ftlds rqY;kdkjh Dykbu 4-lewg

4K  gSA

;kn dhft, fd S(G), G

ls G rd ds lHkh ,dSdh
vkPNknd Qyuksa dk lewg
gSA
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4K  ds fy, xq.ku lkj.kh ij fopkj dhft,%

eabcc

aecbb

bceaa

cbaee

cbae

vc, oke fu:i.k Qyu dk mi;ksx djrs gqq,, vkb, ns[ksa fd gesa fIm  ¼izes; 14
esa½ D;k nsrk gSA bl lkj.kh ds mi;ksx ls, vki ns[k ldrs gSa fd ,Ife   D;ksafd

ef (x) x x G.  

vkxs, lkj.kh dh nwljh iafDr dks ns[kus ij, ge ikrs gSa fd

a a a af (e) a, f (a) e, f (b) c, f (c) b.   

vr%, af (e a)(b c).

blh izdkj, vkidks n”kkZuk pkfg, fd )ca)(be(fb   vkSj cf (e c)(a b).

vr%, 
4
~K {I, (e a)(b c), (e b)(a c), (e c)(a b)}.

vc, izrhdksa c,b,a,e  dks 1, 2, 3, 4 }kjk izfrLFkkfir dj nhft,, vkSj fQj vki

4VfIm   ¼E30 esa½ izkIr djsaxs tks 4S  esa gSA

4 4
~K V .

***

mijksDr mnkgj.k ls tqM+k fuEufyf[kr izs{k.k dks nsf[k,A

/;ku nhft, fd )G(S  ds milewg esa S(G)  ds lHkh chth; xq.kksa dk
gksuk vko”;d ugha gSA mnkgj.k ;fn G  dksfV 6 okyk ,d vkcsyh lewg gS, rks

)G(S  vu~vkcsyh gksxk, ijarq 6S(G)( S  ;gk¡½ dk og milewg ftlds rqY;kdkjh G

gS vkcsyh gksxk ghA bl izdkj, mnkgj.k 10 esa, 4S  vu~vkcsyh gS, ijarq 4 4K V ,  tks
vkcsyh gSA

vc, fuEufyf[kr iz”uksa dks gy djus dk iz;kl dhft,A

E35) 4S  dk og milewg izkIr dhft, ftlds rqY;kdkjh 4  gSA D;k 
4 4

~ A \
D;ksa, ;k D;ksa ugha\

E36) ;fn G  dksfV n  okyk ,d ifjfer lewg gS, rks n”kkZb, fd G,  nS  ds ,d
milewg ds rqY;kdkjh gSA

E37) fuEufyf[kr lewgksa esa ls izR;sd ds fy, 8S  dk ,d milewg Kkr dhft,
ftlds og rqY;kdkjh gS%

i)   8D , ii)   8 , iii)   8U , iv)   8Q .



355

.........................................................................................................................................................................

blds lkFk gh ge Øep;ksa ij viuh ppkZ dks lekIr djrs gSaA ge lewg fl)kar ij
Hkh viuh ppkZ dks lekIr djrs gSaA vxys [kaM esa, vki oy; fl)kar dk v/;;u
izkjaHk djsaxsA fuLlansg, vkius tks izFke nks [kaMksa esa lh[kk gS, mldk Hkh vki mi;ksx
djrs jgsaxs, D;ksafd izR;sd oy; ,d lewg Hkh gksrk gS, tSlk fd vki ns[ksaxsA

rks vkb, ns[ksa fd bl bdkbZ esa vkius D;k v/;;u fd;k gSA

bl bdkbZ esa geus fuEufyf[kr fcanqvksa ij ppkZ dh gSA

1- Øep;ksa ds ckjs esa, fof”k’V :i ls lewg n(S , )  ds ckjs esa tks vkius igys
lh[kk gS mldk laf{kIr esa nksgjko n 3  ds fy,, nS  dksfV n! dk ,d ifjfer
vu~vkcsyh lewg gSA

2- pØksa vkSj i{kkarj.kksa dh ifjHkk’kk, vkSj muds dqN xq.kA

3- nS  esa fdlh Hkh vrRled Øep; dks pØksa ds ,d vla;qDr xq.kuQy ds :i esa
O;Dr fd;k tk ldrk gSA

4- lHkh i{kkarj.kksa dk leqPp; nS  dks tfur djrk gS, tgk¡ n 2.  lkFk gh, nS

dks )}n,1(,),31(),21{(   tfur djrk gS, tgk¡ n 2.

5- n 2  ds fy,, Qyu  sign
n

n
i, j 1

i j

( j) (i)
:S {1, 1}: f ( )

( j i)


 
   

  ,d

vkPNknd lekdkfjrk gSA

6- fo’ke vkSj le Øep;A

7- n 2  ds fy,, nS  esa le Øep;ksa dk leqPp; nA  dksfV 
n!

2
 okyk nS  dk

,d izlkekU; milewg gksrk gSA

8- n 3  ds fy,, nS  esa lHkh 3-pØksa ds leqPp; }kjk nA  tfur gksrk gSA

9- n 5  ds fy,, nA  ljy gSA

10- )5n(Sn   dk vrqPN mfpr izlkekU; milewg dsoy nA  gSA

11- izR;sd lewg fdlh Øep; lewg ds rqY;kdkjh gksrk gSA

E1) bdkbZ 2 esa vki ns[k pqds gSa fd ),S( n   ,d lewg gS, n . 

D;ksafd 1S {I}  vkSj 2o(S ) 2,  blfy, ;s lewg vkcsyh gSaA vc, vkb, 3S

ij nf̀’V MkysaA

D;ksafd 
1 2 3 1 2 3 1 2 3

2 3 1 3 2 1 1 3 2

     
     

     
 rFkk
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1 2 3 1 2 3 1 2 3 1 2 3

3 2 1 2 3 1 2 1 3 1 3 2

       
        

       
  blfy, ;s nksuksa

Øep; Øefofue; ugha djrs gSaA

3S  vu~vkcsyh gSA

vc fdlh Hkh nS , n 3  ds fy,, ij fopkj dhft,A D;ksafd nS  esa )321(
vkSj )31(  gSa, blfy, Åij nh rdZ ls gh ;g iznf”kZr gksrk gS fd nS

vu~vkcsyh gS n 3. 

E2) mnkgj.k 17, bdkbZ 8 nsf[k,A

E3) ;fn G  esa x y,  rks gx gy,  vFkkZr~ ).y(f)x(f   vr%, f  lqifjHkkf’kr gSA

vkxs f  ,dSdh gS, D;ksafd ,yxgygx)y(f)x(f   oke fujlu
fu;e }kjkA

lkFk gh, fdlh Hkh x G  ds fy,, 1f (g x) x.   vr% f  vkPNknd gSA
blfy, f S(G).

E4) ;gk¡ vusd mÙkj gks ldrs gSaA

gekjk mÙkj )21(  vkSj )531(),42(  vkSj )7654321(),321(  vkSj
(2 1 3 4 5 6 7)  gSA

/;ku nhft, fd ),42()21(   D;ksafd (1 2),  2 dks 1 esa ys tkrk gS rFkk
(2 4),  2 dks 4 esa ys tkrk gSA

blh izdkj, Li’V dhft, fd vkids mÙkj esa Øep; fHkUu-fHkUu D;ksa gSA

E5) ;gk¡ 1 5, 5 4, 4 1, 2 2, 3 3.      bl izdkj ;g pØ (1 5 4)  gSA

E6) i)
11 2 3 4 8 2 1 3 4 8

(1 2) , (1 2) ,
2 1 3 4 8 1 2 3 4 8

   
    
   

 
   vFkkZr~

1(1 2) (2 1) (1 2).  

1 2 3 4 5 8 1 2 3 4 5 8
(1 2 3) (3 2 1)

2 3 1 4 5 8 3 1 2 4 5 8

   
    
   

 
 

 

   
1 2 3 8

I.
1 2 3 8

 
  
 




vr%, 1(1 2 3) (3 2 1). 

ii) 1kk i)i(f   rFkk kf (x) x x i ,    tgk¡ k 1, , r   r 1 1i i , 
j[krs gq,A

vr%, 
k1k

1 i)i(f 
  vkSj 1

kf (x) x x i ,     tgk¡ k 1, , r. 

bl izdkj, 1
r r 1 2 1f (i i i i ).
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E7) 1 1g h gh   yhft,, tgk¡ )31(h),21(g   rFkk g (2 3), h (2 4).   rc,

vki bldk lR;kiu dhft, fd (1 2)(1 3)(1 2)(1 3) (3 1 2)  rFkk
(2 3)(2 4)(2 3)(2 4) (4 2 3).  /;ku nsa fd (3 1 2) (4 2 3), D;ksafd,

mnkgj.kkFkZ, (3 1 2), 4 dks 4 esa ys tkrk gS rFkk (4 2 3),  4 dks 2 esa ys
tkrk gSA

E8) i) (1 5 3 2 4).

ii) ;gk¡ 1 8 5 1.    vHkh rd lHkh izrhd ugha fy, x, gSa, mnkgj.kkFkZ,
2 NwV x;k gSA blfy,, ge 2 dks ysrs gSaA ge 2 4 2   izkIr djrs gaSA

vHkh Hkh lHkh izrhd iwjs ugha gq, gSa, tSls fd 3A vr%, ge 3 ysrs gSaA ge
3 7 6 3    izkIr djrs gSaA

vc, lHkh izrhd ys fy, x, gSaA vr%, Øep; xq.kuQy
(1 8 5)(2 4)(3 7 6)  gSA

iii) (1 4)(2 5).

E9)
1 4 2 3

(1 4)(2 3) ,
4 1 3 2

 
  
 

6 5 2 4 3 1 7 8
(6 5 2 4)(3 1) ,

5 2 4 6 1 3 7 8

 
  
 

1 2 3 4 6 5 7 8
(3 1 2)(4 6)(5 7) .

2 3 1 6 4 7 5 8

 
  
 

E10) ughaA D;ksafd 
1 2 3 4 5 6

(1 3)(1 5 4)
5 2 1 3 4 6

 
  
 

 rFkk

1 2 3 4 5 6
(1 5 4)(1 3) .

3 2 5 1 4 6

 
  
 

D;ksafd, mnkgj.kkFkZ, (1 3)(1 5 4), 3 dks 1  esa ys tkrk gS, vkSj (1 5 4)(1 3),

3 dks 5 esa ys tkrk gS, ;s nksuksa fHkUu-fHkUu Qyu gSaA

E11) eku yhft, 1 2 rf (i i i ).   rc, tSlk fd vkius izes; 3 dh miifÙk esa ns[kk
Fkk, ,i)i(f,,i)i(f)i(f,i)i(f r1

1r
31

2
221    r

1 r 1f (i ) f (i ) i . 

blh izdkj, r
k kf (i ) i k 2, , r.   

rf I. 

lkFk gh, s r  ds fy,, s
1 s 1 1f (i ) i i   sf I. 

o(f ) r. 
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E12) (1 3 6 9)(2 5 7)(8 10). 

o( ) l.c.m (4, 3, 2)  

   12.

E13) 3S  esa, 1 2(1 2)     ij fopkj dhft,A rc, 1 2 I.  

blfy,, 1 2o( ) 1.  

ijarq, l.c.m(2, 2) 2.

;gk¡, izes; 4 vlQy ugha ekuk tk ldrk gS D;ksafd bl fLFkfr esa ;g ykxw
gh ugha gksrkA ;g flQZ+  ds xq.kuQy ds fy, ykxw gksrk gSA
;gk¡ 1  vkSj 2  vla;qDr ugha gSaA

E14) ugha, mnkgj.kkFkZ, nksuksa iz”uksa ds fy, E12 nsf[k,A

E15) i) (1 4)(1 3).

ii) (4 1)(4 3)( (1 4)(3 4)).

iii) (2 3)(2 5)(2 4).

E16) )kji()kj)(ji(   rFkk ( j k)(i j) (i k j) (i j k). 

E17) (1 5)(1 8)(2 4)(3 6)(3 7).

E18) (1 3 4) (1 4)(1 3), (5 7) (1 5)(1 7)(1 5), 
),21)(61)(81)(21()21)(61)(21)(21)(81)(21()62)(82()862( 

D;ksafd (12)(12) I.

(1 3 4)(5 7)(2 6 8) (1 4)(1 3)(1 5)(1 7)(1 5)(1 2)(1 8)(1 6)(1 2). 

E19) fdUgha rhu izrhdksa j,i  vkSj k  ds fy,,

(i j)( j k) (i j k).

rc, ;fn m ,d vU; izrhd gS, rks

(i j k)(k m) (i j k m),  bR;kfnA

)109()32)(21(  )109()43)(321( 

)109()4321( 

(1 2 3 10) 

(1 10)(1 9) (1 2). 

E20) ughaA D;ksafd I  ,d i{kkarj.k ugha gS, blfy, ;g bl leqPp; esa ugha gSA

E21)
n n

i, j 1 i, j 1
i j i j

I( j) I(i) j i
I 1

j 1 j i
sign   

 
 

 
  

   -
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E22)
(2) (1) (3) (1) (3) (2) (4) (3) (4) (2)

2 1 3 1 3 2 4 3 4 2
sign  

         
     

    

(4) (1) (5) (4) (5) (3) (5) (2) (5) (1)

4 1 5 4 5 3 5 2 5 1

         
    

    

3 4 2 4 2 3 1 2 1 3 1 4 5 1 5 2 5 3 5 4
1.

1 2 1 1 2 3 1 2 3 4

         
          

E23) E15(iii) esa Øep; fo’ke gS, D;kasfd ;g 3 i{kkarj.kksa dk ,d xq.kuQy gSA
blh izdkj, Li’V dhft, fd vU; D;ksa fo’ke gSa ;k ugha gSaA

E24) .1)g(sign)f(sign 

.1)1)(1()gf(sign  

gf   le gSA

E25) .1Isign   I  le gSA

vki ;g Hkh rdZ ns ldrs Fks fd I (1 2)(1 2)  vkSj blfy, I  le gSA

E26) vki ns[k pqds gSa fd ),ii()ii)(ii()iii( r1r3221r21    tks )1r( 
i{kkarj.kksa dk xq.kuQy gSA

bl izdkj,   fo’ke gS ;fn r le gS, rFkk   le gS ;fn r fo’ke gSA

E27) vki tkurs gSa fd 4

4!
o(A ) 12.

2
 

vc, 4I A .  fQj lHkh 3-pØ 4A  esa gSaA

vr%, (1 2 3), (1 3 2), (1 2 4), (1 4 2), (1 3 4), (1 4 3), (2 3 4), (2 4 3),

4A  esa gaSA

vkSj fQj, nks i{kkarj.kksa ds lHkh laHko xq.kuQy Hkh 4A esa izkIr gSaA ;s gSa
(1 2)(3 4), (1 3)(4 2), (1 4)(2 3).

vr%, geus 4A  ds lHkh 12 vo;o izkIr dj fy, gSaA

tgk¡ rd Øefofues;rk dk iz”u gS, /;ku nhft, fd

)42)(31()421)(321(   rFkk (1 2 4)(1 2 3) (1 4)(2 3).

bl izdkj, )321(  vkSj )421(  Øefofue; ugha djrs gSaA vr%, 4A  vkcsyh
ugha gSA

E28) 5 5o(S A ) 2.  ,d vo;o lgleqPp; 5A  gS, rFkk nwljk vo;o 5(1 2)A

gS D;ksafd 5(1 2) A .

/;ku nhft, fd nS  esa fdlh Hkh fo’ke   ds fy,, 55 AA)21(   D;ksafd
1

5(1 2) A . 
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E29) nS  esa )21(  vkSj )31(  fo’ke Øep; gSa, ijarq )31)(21(  ,d le Øep;

gSA vr%, ;g leqPp; nS  dk milewg ugha gSA

vki ;g rdZ Hkh ns ldrs Fks fd I  le gS vkSj blfy, bl leqPp; esa ugha
gSA vr%, ;g leqPp; nS  dk milewg ugha gSA

E30) mnkgj.k 5 ls vki tkurs gSa fd 1  dk ogh vla;qDr pØ fo;kstu
lajpuk gS tks  dks 4V   vkSj 4A .

lkFk gh, 4V  esa os lHkh vo;o gSa tks 4S  esa nks vla;qDr i{kkarj.kksa ds
xq.kuQy gSaA vr%, 1

4 4 4V A , V .    

bl izdkj,  4 4V A .
D;ksafd 4V : H 2.  blfy, 4H V .

vc, 1(1 2 3)(1 2)(3 4)(1 2 3) (1 4)(2 3) H.    vr%, H    4A .

E31) ge bls Kkr djus ds fy, fxurh ds rdZ dk mi;ksx djsaxsA 5A  ds vo;o
3-pØ, 5-pØ rFkk 2 vla;qDr i{kkarj.kksa ds xq.kuQy gSaA

i) 5S  esa dksfV 2 okys le Øep; dsoy 4 fHkUu-fHkUu izrhdksa dk mi;ksx
djrs gq,, (1 2)(3 4)  ds :i ds gSaA

lkFk gh, )12()21(   rFkk (1 2)(3 4) (3 4)(2 1).

vr%, 5A  es ,sls vo;oksa dh dqy la[;k gS 
1 5 4 3 2

15.
2 2 2

     

ii) dksfV 3 okys le Øep; dsoy 3-pØ gSaA

lkFk gh, (1 2 3) (2 3 1) (3 1 2) . 

vr%, 5S  esa fHkUu-fHkUu 3-pØksa dh la[;k gS 
1

(5 4 3) 20.
3

  

iii) ;g 5S  esa fHkUu-fHkUu 5-pØksa dh la[;k gS, vFkkZr~

1
(5 4 3 2 1) 24.

5
    

iv) D;ksafd ge 5A  ds 59 vo;o igys gh Kkr dj pqds gSa, vkSj

5o(A ) 60,  blfy, ;s gh 5A  ds vrqPN vo;o gSaA blfy,, 5A  esa
dksfV 15 dk dksbZ vo;o ugha gSA

E32) vo;oksa dks ifjdfyr djus ds fy,, ge mnkgj.k 5 dk mi;ksx djsaxsA

i) eku yhft, i 2.  ;fn 1 (1 i 3),   rks fn;k gqvk vo;o gS
)),3()2()1(()321( 1

11    mnkgj.k 5 lsA

(i 2 1) H,   D;ksafd nH A  vkSj 1 nA . 

;fn i 2  gS rks, 1 (1 2 3).   vr%, 1
1 1(1 2 3) (1 2 3) H.   
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ii) ;gk¡, 2 ( j 1 i)   rFkk fn;k gqvk vo;o gS%

1
2 2(1 i 2) (i j 2) H,   

mijksDr (ii) ls, rFkk D;ksafd 2 nA . 

;gk¡ geus ekuk gS fd j 1, 2.

(i) dh rjg, ;fn j 2,  rks 2 (1 i 2),   ftlls
1

2 2(1 i 2) (1 i 2) H.   

iii) ;gk¡ 3 (1 2 k)   rFkk fn;k gqvk vo;o gS 1
3 3(i j 2) (i j k) H,   

mijksDr (ii) ls, rFkk D;ksafd 3 nA . 

;gk¡ Hkh i, j, k 1, 2.

vr%, fdlh Hkh n(i j k) A  ds fy,, (i), (ii) vkSj (iii) gesa crkrs gSa fd
1

3 2 1 3 2 1(i j k) ( )(1 2 3)( ) H.       

bl izdkj, izR;sd 3-pØ H  esa fLFkr gSA vr%, izes; 11 ls, nH A .

E33) Ker f A.  vr% Ker f {I}  ;k 7Ker f A .

;fn Ker f {I},  rks f  ,dSdh gS rFkk 7f (A ) G,  tgk¡

7 7o(f (A )) o(A ) 2520. 

o(G) 2520. 

;fn 7Ker f A ,  rks 7f (x) I x A .  

E34) eku yhft, 55 US:f   ,d lewg lekdkfjrk gSA

rc, 5Ker f S .  vr%, Ker f {I},  ;k 5Ker f A  ;k 5Ker f S .

;fn Ker f {I},  rks 5 5S Im f U .

ijarq rc, o(Im f ) 5!,  rFkk 5o(U ) 5.

vr%, ge ,d varfoZjks/k ij igq¡prs gSaA

blfy,, Ker f {I}.

;fn 5Ker f A ,  rks 5 5Im f (S A ).  vr%, 5Im f , U  dk dksfV 2 okyk
milewg  gSA ijarq 2   5o(U ). blfy,, yxzkat ds izes; ls, ;g fLFkfr laHko
ugha gSA

vr%, dsoy 5Ker f S  gh laHko gS, vFkkZr~ 5 5f :S U : f ( ) 1   -

E35) vki tkurs gSa fd  14  vkSj o(1) 4.  vr%, 4  ds rqY;kdkjh 4S

ds milewg dks dksfV 4 okyk pØh; lewg gksuk pkfg,A

vkSj, ;g Øep; 1f  }kjk tfur gSA

vc, 41f (x) 1 x x .   

1f (1 2 3 0),   tks pØ (1 2 3 4)  gh gSA
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4 (1 2 3 4) ,     tks 5A  ds rqY;kdkjh ugha gS D;ksafd 4(1 2 3 4) A .
lkFk gh, /;ku nhft, fd 4A  pØh; ugha gSA ¼D;ksa\½

E36) eku yhft, 1 2 nG {g , g , ,g }.   rc S(G),  n  izrhdksa ij Øep;ksa dk
leqPp; gSA vr% nS(G) S .  bl izdkj, ,SfIm~G n  tgk¡ f  dsyh ds
izes; dh miifÙk esa tSlk gSA

E37) i) 2 4 1
8D {r, R r I, R I, rR R r} .     

vr%, 8D  dks 2 4 1
1 2 1 2 1 2 2 1{ , I, I, }            }kjk tfur

milewg ds rqY;kdkjh gksuk pkfg,A

lkFk gh, bdkbZ 2 ls ;kn dhft, fd ;fn ge r vkSj R  dks ogk¡ fn,
x, vkd̀fr 3 esa n”kkZ, Øe”k% ijkorZu vkSj ?kw.kZu ekusa, rks )42(1 
vkSj 2 (1 2 3 4). 

vkidks bldh Hkh tk¡p djuh pkfg, fd lHkh ok¡fNr izfrca/k larq’V gks jgs
gSaA vr%, 8 8D (2 4), (1 2 3 4) S .  

ii) E35 dh rjg, 8 8(1 2 3 4 5 6 7 8) S .   

iii) D;ksafd 8 8U ,   blfy, 8 8U (1 2 8) S .   

iv) lR;kiu dhft, fd 8Q  dh dsyh lkj.kh uhps fn, vuqlkj gS%

I I A A B B C C

I I I A A B B C C

I I I A A B B C C

A A A I I C C B B

A A A I I C C B B

B B B C C I I A A

B B B C C I I A A

C C C B B A A I I

C C C B B A A I I

    
   

    
   

    
   

    
   

    

vr%, bl lkj.kh dh izR;sd iafDr dks ns[kus ij, vki ns[k ldrs gSa fd%

I Gf I ;

I 8f (x) x x .      vr%,

If (I I)(A A)(B B)(C C).     

;fn ge If  esa I, I, A, A,B, B, C    vkSj C  dks Øe”k% 1,2, ,7
vkSj 8 ls izfrLFkkfir djsa, rks ge If (1 2)(3 4)(5 6)(7 8)   izkIr djrs
gSaA

blh izdkj, vkidks tk¡p djuh pkfg, fd
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A

1 2 3 4 5 6 7 8
f (1 3 2 4)(5 7 6 8),

3 4 2 1 7 8 6 5

 
  
 

),7685)(3241(f A 

),7483)(6251(fB 

),8473)(5261(f B 

Cf (1 7 2 8)(3 5 4 6),

Cf (1 8 2 7)(3 6 4 5). 

8 x 8 8Q {f x Q } S .  
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