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ikB~;Øe vfHkdYi lfefr* 

 

izks- j'eh Hkkj}kt       izks- ehuk lgk; 

th-th-,l banzizLFk fo'ofo|ky;] fnYyh     y[kuÅ fo'ofo|ky; 

MkW- lquhrk xqIrk       MkW- 'kfp JhokLro 

fnYyh fo'ofo|ky;       fnYyh fo'ofo|ky; 

izks- vEcj gchc       izks- tqxy oekZ  
f'ko ukMkj fo'ofo|ky;       vkbZ- vkbZ- Vh] eqacbZ 
xkSre cq) uxj          

izks- ,l- ,- dk=s      

iq.ks fo'ofo|ky;     

izks- oh- d̀".k dqekj  

,u- vkbZ- ,l- bZ- vkj] Hkqous'oj  

MkW- vfer dqyJs"B     

vkbZ- vkbZ- ,l- bZ- vkj] eksgkyh      

izks- vi.kkZ esgjk      

vkbZ vkbZ Vh] fnYyh       

izks- jkgqy jk;      

Hkkjrh; lkaf[;dh laLFkku] fnYyh      
 

* bl lfefr dh vxLr  2016 esa cSBd gqbZ FkhA ;g ikB~;Øe vfHkdYi izksxzke fo'ks"kK lfefr ds lq>koksa rFkk 
;wthlh&lhchlh,l- ds lkaps ij vk/kkfjr gSA     

[kaM fuekZ.k ny       
izks- ijohu flaDys;j (laiknd vkSj ys[kd) 

foKku fo|kihB] bXuw 

ikB~;Øe leUo;d:  izks- ijohu flaDys;j  (email: sos@ignou.ac.in) 

 

 

vkHkkj:  

i) izks- ikoZrh 'kkL=h] eqEcbZ fo'ofo|ky;] vkSj MkW- bUnzk{kh nÙkk] tht+l ,aM esjh dkWyst] fnYyh 
fo'ofo|ky;] ds izfr] mudh foLrr̀ fVIif.k;ksa ds fy,A 

ii) bXuw ds iwoZ Lukrd ikB~;Øe] vewrZ chtxf.kr ¼,e- Vh- bZ-06½] dh dqN lkexzh dk bl [kaM esa 
mi;ksx fd;k x;k gSA  

 
 

 
 
 
 
 
 
 
 
 

 

 

 

 

  
 

ladk; lnL; 

foKku fo|kihB] bXuw 
izks- ,e- ,l ukFkkor (funs'kd) 

MkW- nhfidk 
izks- ijohu flaDys;j 
Jh iou dqekj 
izks- iwf.kZek feÙky 

izks- lqtkrk oekZ 
MkW- ,l- osadVjkeu 

 



 

[kaM izLrkouk  

bl ikB~;Øe ds igys nks [kaMksa esa vkius lewg fl)kar ds fofHkUu igyqvksa ij i<+kbZ dh gSA 
bl [kaM dh pkj bdkb;ksa esa ge ,d vU; chth; lajpuk ls vkidks ifjfpr djk,axsA bl 
lajpuk esa ,d leqPp; gksrk gS vkSj ml ij ifjHkkf’kr nks f}-vk/kkjh lafØ;k,¡ gksrh gSaA ;fn 
,slk fudk; dqN vfHkxg̀hrksa dks larq’V djrk gks] ftUgsa geus bdkbZ 10 esa fn;k gS] rks ge bls 
oy; dgsaxsA 

xf.krK fjpMZ MsfaMfd.M (Dedekind) (1831-1916) vkSj fy;ksiksYM ØkWusdj (Kronecker) 
(1823-1891)  us lcls igys oy; dh ladYiuk izLrqr dh FkhA ØkWusdj us bl izdkj ds 
fudk; dks ‘vkWMZj’ dgk FkkA xf.krK MsfoM fgYcVZ (Hilbert) us bl chth; fudk; dks ‘oy;’ 
uke 1897  esa fn;k FkkA vewrZ oy; dh tks ifjHkk’kk vkt ds nkSj esa nh tk jgh gS] og 
‘chtxf.kr dh ekrk’ ,eh uks;Fkj (Emmy Noether) dh nsu ekuh tkrh gSA mUgksaus 1921 esa 
izdkf'kr vius 'kks/k i= esa bldk dkQ+h iz;ksx fd;k FkkA 

bl [kaM dks i<+rs le; vki ns[ksaxs fd oy; ,d vkcsyh lewg gS] ftlesa dqN vkSj fo'ks’k xq.k 
gSaA vki tkusaxs fd lewg fl)kar dh vusd ladYiukvksa ds vuq:i oy; fl)kar esa gksrs gSaA 
blfy, lewgksa ds ckjs esa tks dqN Hkh vkius i<+k gS] og bl [kaM] rFkk vxys [kaM] dk v/;;u 
djrs le; lgk;d fl) gksxkA 

ge oy; fl)kar dk izLrqrhdj.k Bhd mlh rjg djsaxs tSls geus vkidk ifjp; lewg 
fl)kar ls fd;k gSA lcls igys ge fofHkUu izdkj ds oy;ksa dh ifjHkk’kk nsaxsA blds ckn 
vkidk ifjp; mioy;ksa (tks fd milewgksa ds vuq:i gSa) vkSj xq.ktkofy;ksa (tks fd izlkekU; 
milewgksa ds vuq:i gSa) ls gksxkA bdkbZ 7 dh rjg] blls vki foHkkx lewgksa ds vuq:i 
foHkkx oy; dh le> cuk ldsaxsA bl [kaM dh vafre bdkbZ esa ge oy; lekdkfjrkvksa vkSj 
rqY;kdkfjrkvksa ij ppkZ djsaxsA vki ns[kasxs fd lewgksa ls lacaf/kr vfr mi;ksxh rqY;kdkfjrk 
izes;ksa ds vuq:i oy; fl)kar esa Hkh rhu izes; gSa tks oy; rqY;kdkfjrkvksa ij ykxw gksrs gSaA 
buls gesa oy;ksa dh lajpuk dk fo'ys’k.k djus esa cgqr lgk;rk feyrh gSA 

fiNys [kaMksa dh rjg bl [kaM esa Hkh geus vusd mnkgj.k vkSj iz'u fn, gSa ftlls vki ikB~; 
lkexzh dks vklkuh ls le> ldsaA bdkbZ esa fn, x, iz'uksa dk mruk gh egRo gS ftruk fd 
'ks’k ikB~; lkexzh dkA blfy, tc Hkh vki fdlh iz'u ij igq¡prs gSa] vki mls gy djds gh 
vkxs c<+saA 

fiNys [kaMksa dh rjg geus vkidks [kaM ds var esa dbZ fofo/k mnkgj.k vkSj iz'u fn, gSaA ;s 
loky bl [kaM esa] vkSj fiNys [kaMksa esa] nh xbZ ikB~; lkexzh ij vk/kkfjr gSaA bu lokyksa dks 
gy djus ls vkidh oy; fl)kar dh le> csgrj gks tk,xhA gk¡] vkidks bUgsa gy djus esa 
et+k Hkh vk,xk! 
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ladsr vkSj izrhd ([kaM 3 esa iz;ksx gksus okys) 
 

[kaM 1 vkSj  2  esa fn, ladsrksa vkSj izrhdksa dks Hkh nksckjk ns[k yhft,A 

 

),,R( ⋅+  lafØ;k,a +  vkSj · ds lkis{k oy; R    

]b,a[C  ]b,a[  ls R  rd lHkh larr Qyuksa dk oy; 

AEnd  lewg A  dh varjkdkfjrkvksa dk oy; 

)R(U  oy; R dh ek=dksa dk lewg 

H  okLrfod prq’Vf;vksa dk oy;   

)R(C  oy; R dk dsanz 
>< a  a  ls tfur eq[; xq.ktkoyh 

><
n1

a,,a K  
n21

a,,a,a K  ls tfur xq.ktkoyh 
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bdkbZ 10                                                               oy; 

bdkbZ 10 
 

                                                        

                                                                                oy; 

bdkbZ dh :ijs[kk            i`"B la[;k    
 

10.1 izLrkouk          381 

mís'; 

10.2 oy; D;k gS?              382 

10.3 izkjafHkd xq.k          391 

10.4 rRledh oy;          394 

10.5 lkjka'k           402 

10.6 gy / mÙkj               403 

 

10.1 izLrkouk 
bl ikB~;Øe esa vHkh rd] vkius lewgksa ds fofHkUu izdkjksa rFkk muds xq.kksa ds ckjs esa 
v/;;u fd;k gSA dqN lewgksa ij vU; f}-vk/kkjh lafØ;k,¡ Hkh ifjHkkf’kr gSaA 
mnkgj.kkFkZ] ),( +C  ,d lewg gS] vkSj C  ij xq.ku dh f}-vk/kkjh lafØ;k Hkh 

ifjHkkf’kr gSA bl bdkbZ esa] vki ,sls leqPp;ksa dk v/;;u izkjaHk djsaxs ftu ij nks 
f}-vk/kkjh lafØ;k,¡ ifjHkkf"kr gSa] ftuesa ls izR;sd dqN xq.kksa dks larq"V djrk gSA 
QZ,  vkSj R  ,sls chth; fudk; ds mnkgj.k gSaa] tSlk fd vki ns[ksaxsA 

 
vc] vki tkurs gSa fd ;ksx vkSj xq.ku nksuksa R  ij f}-vk/kkjh lafØ;k,¡ gSaA lkFk gh] 
vki ns[k pqds gSa fd R  ;ksx ds v/khu ,d vkcsyh lewg gS] gkykafd ;g xq.ku ds 
lkis{k ,d lewg ugha gSA ijarq] R  esa xq.ku lkgp;Z gSA lkFk gh] ;ksx vkSj xq.ku] 
caVu fu;eksa ls lac) gSa] vFkkZr~ acab)cb(a +=+ rFkk bcacc)ba( +=+  lHkh 
okLrfod la[;kvksa b,a  vkSj c ds fy,A   

 

R  ij f}-vk/kkjh lafØ;kvksa ds bUgha xq.kksa dks O;kidhÑr djds] ge Hkkx 10.2 esa 
,d chth; fudk; dks ifjHkkf"kr djrs gSa] tks oy;  dgykrk gSA bl ifjHkk"kk dk 
Js; izfl) chtxf.krK ,seh ukWbnj (Emmy Noether) dks tkrk gS] ftUgsa ‘chtxf.kr 
dh ekrk’ Hkh dgk tkrk gSA 

 
Hkkx 10.3 esa] vki oy;ksa ds vusd ,sls xq.kksa dk v/;;u djsaxs] tks lh/ks ifjHkk"kk ls 
izkIr gks tkrs gSaA  
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[kaM 3                      oy;ksa ls ifjp; 
          bu lHkh Hkkxksa esa] vki oy;ksa ds vusd mnkgj.kksa ij fopkj djsaxsA ijarq] Hkkx 10.4 

esa] fof'k"V :i ls ge oy;ksa ds dqN O;kid oxksZa] tSls vkO;wg oy;ksa vkSj cgqin 
oy;ksa ij [k+kl /;ku nsaxsA oSls rks] vxys [kaM esa vki cgqin oy;ksa ds ckjs esa 
foLr̀r :i ls v/;;u djsaxs ghA 

  

tSlk fd ikB~;oLrq ls ekywe gksrk gS] ;g bdkbZ bl ikB~~~~ ~;Øe ds 'ks"k Hkkx ds fy, 
,d vk/kkj gSA blfy,] bldk v/;;u lko/kkuhiwoZd djsaA tSls tSls dksbZ iz'u 
vkids lEeq[k vk,] mls oSls oSls gy djus dk iz;kl djsaA blls vki lqfuf'pr gks 
tk,¡xs fd vkius bl bdkbZ ds fuEufyf[kr lh[kus ds mís';ksa dks izkIr dj fy;k gSA 

 

mís'; 
bl bdkbZ dh i<+kbZ ds ckn] vki fuEufyf[kr djus esa leFkZ gks tk,¡xs:  
• oy;ksa dks ifjHkkf"kr djuk rFkk muds mnkgj.k nsuk; 
• oy; dks ifjHkkf"kr djus okys vfHkx`ghrksa ls oy;ksa ds dqN izkjafHkd xq.kksa dks 

izkIr djuk; 
• fu/kkZfjr djuk fd dksbZ oy; Øefofues; gS ;k ugha] rFkk@;k mldk rRled 

gS ;k ughaA 

 

10.2 oy; D;k gS? 

 

vki iw.kkZadksa ds leqPp; Z  ls ifjfpr gSaA vki ;g Hkh tkurs gSa fd ;g ;ksx ds 
lkis{k ,d lewg gSA D;k ;g xq.ku ds lkis{k Hkh ,d lewg gS? ugha] ijarq ;g xq.ku 
ds lkis{k ,d lkfelewg gS] D;ksafd xq.ku lkgp;Z gSA lkFk gh] Z  esa xq.ku ;ksx ij 
cafVr gksrk gSA iw.kkZadksa ds ;ksx vkSj xq.ku ds bu xq.kksa dh otg ls ge dgrs gSa fd 
fudk; ),,( ⋅+Z  ,d oy; gS] fuEufyf[kr ifjHkk"kk ds vuqlkjA 

 

ifjHkk"kk: ,d chth; fudk; ),,,R( ⋅+  tgk¡ R ,d vjfDr leqPp; gS] ftl ij nks 

f}-vk/kkjh lafØ;k,a ifjHkkf"kr gSa ftUgsa izk;% ;ksx (+ }kjk O;Dr) vkSj xq.ku (· }kjk 
O;Dr) dgk tkrk gS] ,d oy; (ring) dgykrk gS ;fn fuEufyf[kr vfHkx`ghr 
larq"V gksrs gSa: 

)1R  R esa lHkh b,a  ds fy,] ,abba +=+  vFkkZr~ ;ksx Øefofues; gSA 

)2R  R esa lHkh c,b,a  ds fy,] ),cb(ac)ba( ++=++  vFkkZr~ ;ksx  R esa lkgp;Z 

      gSA 

)3R  R esas ,d vo;o gS (ftls 0 ls O;Dr djrs gSa) ftlls fd R  esa lHkh a  ds 
     fy,] ,a0a0a +==+  vFkkZr~ R  dk ,d ;ksT; rRled gksrk gSA 

)4R  R esa izR;sd a  ds fy,] R  esa ,d vo;o x  ftlls fd ,ax0xa +==+   

     vFkkZr~ R  ds izR;sd vo;o dk ,d ;ksT; izfrykse gksrk gSA 

)5R  R esa lHkh c,b,a  ds fy,] ),cb(ac)ba( ⋅⋅=⋅⋅  vFkkZr~ R esa xq.ku lkgp;Z 

      gSA 
)6R (caVu fu;e): R esa lHkh c,b,a  ds fy,]  

        caba)cb(a ⋅+⋅=+⋅  (oke caVu fu;e), rFkk  
        cbcac)ba( ⋅+⋅=⋅+  (nf{k.k caVu fu;e) A  

        vFkkZr~] ck,¡ vkSj nk,¡ nksuksa rjQ+ ls xq.ku ;ksx ij caVrk gSA  

bl chth; fudk; dk 
vaxzsth uke ‘ring’ izfl) 
xf.krK MsfoM fgcVZ 
(David Hilbert) }kjk 1897 

esa fn;k x;k FkkA 

vkÑfr 1: ,seh ukWbnj 

           (1882-1935) 
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bdkbZ 10                                                               oy; 

vc] vfHkxg̀hrksa 1R  ls 4R dks /;ku ls ns[ksaA ;s gesa ),R( +  ds ckjs esa D;k crkrs gSa? 

D;k ;s ugha crkrs gSa fd ),R( +  ,d vkcsyh lewg gS? vr%] bdkbZ 2 ls vki tkurs gSa 
fd ;ksT; rRled 0  vf}rh; gS rFkk  R  ds izR;sd vo;o dk ,d vf}rh; izfrykse 
gS (ftls ge a−  }kjk O;Dr djrs gSa)A ge vo;o 0  dks bl oy; dk 'kwU; vo;o 

(zero element) dgrs gSaA 

 

vc] bdkbZ 2 vfHkxg̀hr 5R  ds ckjs esa vkidks D;k crkrk gS? D;k ;g gesa ;g ugha 
crkrk fd ),R( ⋅  ,d lkfelewg gS? vr%] ge ,d oy; dh ifjHkk"kk esa 6R1R −  dks 
fuEufyf[kr :i esa laf{kIr dj ldrs gSa: 
 

ifjHkk"kk: ,d chth; fudk; ),,R( ⋅+  ,d oy; dgykrk gS ;fn:  

)1R ′  ),R( +  ,d vkcsyh lewg gS] 
)2R ′  ),R( ⋅  ,d lkfelewg gS] rFkk 
)3R ′  R esa lHkh c,b,a  ds fy,]  

 caba)cb(a ⋅+⋅=+⋅  rFkk .cbcac)ba( ⋅+⋅=⋅+  

 

/;ku nhft, fd mijksDr 1R ′  ds fy, ;g vko';d gS fd R  dks ,d vfjDr 
leqPp; gksuk pkfg, rFkk R  ij ''+  ,d f}-vk/kkjh lafØ;k gksuh pkfg,A blh 
izdkj] 2R ′  dh ;g vko';drk gS fd R  ij  ‘ ⋅ ’ ,d f}-vk/kkjh lafØ;k gksA  
 

vkxs c<+us ls igys] ge ladsru ds ckjs esa ,d fVIi.kh djuk pkgsaxsA  

 

fVIi.kh 1: ;kn dhft, fd lewgksa ds lanHkZ esa] geus r; fd;k Fkk fd lqfo/kk ds 
fy, ),G( ∗  dks dsoy ladsr G  ls n'kkZ,axsA ;gk¡ Hkh] Hkfo’; esa ge lqfo/kk ds fy, 

),(R, •+  ds fy,] dsoy ladsr R  dk mi;ksx djsaxs ;fn ‘ + ’ vkSj ‘ ⋅ ’ dk eryc 
lkQ+ gksA lkFk gh] ge R ds nks vo;oksa a  vkSj b  ds xq.kuQy dks Hkh izk;% ba ⋅  ds 
LFkku ij ab  }kjk O;Dr djsaxsA  
 

vkb, vc oy;ksa ds dqN mnkgj.kksa ij fopkj djsaA vki ;g igys gh ns[k pqds gSa fd 

Z  ,d oy; gSA Hkkx 10.1 esa] gekjh laf{kIr ppkZ crkrh gS fd ),,( ⋅+R  ,d oy; 
D;ksa gSA leqPp;ksa Q  vkSj C  ds ckjs esa vki D;k dg ldrs gSa? D;k ),,( ⋅+Q  vkSj 

),,( ⋅+C  vfHkx`ghrksa 6R1R −  (;k )3R1R ′′− dks larq"V djrs gSa? vkidks bldh tk¡p 
djuh pkfg, fd os larq"V djrs gSaA vr%] ;s fudk; oy; gSaA 

 

vc] ,d psrkouh! 
 

fVIi.kh 2: /;ku nhft, fd oy; R  ij tks nks lafØ;k,¡ ifjHkkf"kr gSa] mudk Øe 
egRoiw.kZ gSA bl izdkj] ;fn ),,R( ⋅+  ,d oy; gS] rks bldk vFkZ ;g ugha gS fd 

),,R( +⋅  ,d oy; gksxkA mnkgj.kkFkZ] ),,( ⋅+Z  ,d oy; gS] ijarq ),,( +⋅Z  ,d 
oy; ugha gS D;ksafd] mnkgj.k ds rkSj ij] ),( ⋅Z  vfHkxg̀hr 1R ′  dks larq"V ugha 
djrk gSA (D;ksa?) 

vkb, vc dqN ,sls mnkgj.kksa dks ns[ksa tks gesa okLro esa oy;ksa ds vUrr% vusd 
mnkgj.k iznku djrs gSaA 

 

mnkgj.k 1: n'kkZb, fd ),,n( ⋅+Z  ,d oy; gS] tgk¡ .n Z∈   

 

gy: [kaM 1 ls vki tkurs gSa fd }mnm{n ZZ ∈=  ;ksx ds lkis{k ,d vkcsyh lewg 

gSA bl izdkj] 1R ′dks Zn  larq"V djrk gSA  
vki ;g Hkh tkurs gSa fd Zn  esa xq.ku lkgp;Z gksrk gSA bl izdkj] 2R ′dks Zn  

larq"V djrk gSA  

. 



 

 

384

[kaM 3                      oy;ksa ls ifjp; 
          var esa] Zn  esa xq.ku nk,¡ ls vkSj ck,¡ ls] nksuksa rjQ+ ls ;ksx ij cafVr gSA bl izdkj] 

3R ′ dks Zn  larq"V djrk gSA  
vr%] Zn  iw.kkZadksa ds lkekU; ;ksx vkSj xq.ku ds lkis{k ,d oy; gSA 

*** 

 

mnkgj.k 2: n'kkZb, fd N∈n  ds fy,] ),,( n ⋅+Z  ,d oy; gSA  
 

gy: vki igys ls tkurs gSa fd ),( n +Z  ,d vkcsyh lewg gS] rFkk nZ  esa xq.ku 

lkgp;Z gksrk gSA bl izdkj] 1R ′  vkSj 2R ′  dks nZ larq"V djrk gSA  

vc] fdUgha 
n

c,b,a Z∈ ds fy,] 

.cabacabacaba)cb(a)cb(a ⋅+⋅=⋅+⋅=⋅+⋅=+⋅=+⋅   

bl izdkj] .caba)cb(a ⋅+⋅=+⋅   

blh rjg] .c,b,acbcac)ba( nZ∈∀⋅+⋅=⋅+  

vr%] 3R ′  dks nZ larq"V djrk gSA  
 

bl izdkj] ),,( n ⋅+Z  vfHkxg̀hrksa 3R1R ′−′  dks] ;k −1R 6R  dks] larq"V djrk gSA 
blfy,] ;g ,d oy; gSA 
   *** 

 

mnkgj.k 3: leqPp; minm{i]i[ +=+= ZZZ  vkSj n  iw.kkZad gSa}, tgk¡] 1i
2

−=  dks 

yhft,A 
ge ZZ i+   ij ‘ + ’ vkSj ‘ ⋅ ’ lfEeJ la[;kvksa ds lkekU; ;ksx vkSj xq.ku gh ifjHkkf"kr 
djrs gSaA bl izdkj] ZZ i+  esa inm +  vkSj its +  ds fy,]  

),tn(i)sm()its()inm( +++=+++  rFkk  
).nsmt(i)ntms()its()inm( ++−=+⋅+  

fl) dhft, fd bl ;ksx vkSj xq.ku ds lkis{k ZZ i+  ,d oy; gSA  
bl oy; dks xf.krK dkyZ Ý+sfMªd xkÅl (Carl Friedrich Gauss) ds uke ij 
xkmlh; iw.kkZadksa (Gaussian integers) dk oy; dgrs gSaA  
 

gy: vkidks ;g fl) djuk pkfg, fd ),,i( ++ ZZ ),( +C  dk  milewg gSA bl 
izdkj] vfHkxg̀hr −1R 4R  (;k )1R ′  larq"V gks jgs gSaA  
 

vki ;g Hkh tkurs gSa fd C  esa xq.ku lkgp;Z gSA blfy,] ;g ]i[Z  esa Hkh lkgp;Z 
gSA blls iznf'kZr gksrk gS fd 5R  (;k )2R ′  Hkh larq"V gks jgk gSA 

 

var esa] D;ksafd C  ds fy, nf{k.k vkSj oke caVu fu;e lR; gSa] blfy, ;s ]i[Z  ds 
fy, Hkh lR; gSaA 
 

bl izdkj] ),,i( ⋅++ ZZ  ,d oy; gSA 

*** 

 

/;ku nhft, fd mnkgj.k 3 esa geus dSls C  ij f}-vk/kkjh lafØ;kvksa ds xq.kksa ds 
mi;ksx ls mlds mileqPp; ]i[Z  ij nksuksa lafØ;kvksa ds xq.kksa dks fl) fd;k gSA 
/;ku nsa fd ;s lafØ;k,¡ ]i[Z  ij laor̀ gSaA 

 
mijksDr mnkgj.kksa esa vki ns[k ldrs gSa fd nZ  ifjfer gS] tcfd Zn  vifjfer gSA  

blls ge fuEufyf[kr ifjHkk"kk rd igq¡prs gSa] ftlls vkidks gSjkuh ugha gksuk  

. 
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pkfg,A 

 

ifjHkk"kk: oy; ),,R( ⋅+  ifjfer (finite) dgykrk gS ;fn R  ,d ifjfer leqPp; 

gS] vU;Fkk vifjfer (infinite) dgykrk gSA 

 

D;k nZ  ds vfrfjDr dksbZ ifjfer oy; gksrs gSa? fuEufyf[kr mnkgj.kksa ij fopkj 

dhft,A 

 

mnkgj.k 4: tk¡p dhft, fd )(
43
ZM  lkekU; vkO;wg ;ksx vkSj xq.ku ds lkis{k ,d 

ifjfer oy; gS ;k ughaA  

 

gy: loZizFke] bdkbZ 2 esa vki ns[k pqds gSa fd 1n ≥  ds fy,] )),((
n3

+ZM  ,d 

vkcsyh lewg gSA  

 

lkFk gh] bdkbZ 1 esa vki ns[k pqds gSa fd vkO;wg xq.ku lkgp;Z gSA 

 

vkxs] eku yhft, fd )(
43
ZM  ds dksbZ rhu vo;o ],a[A

ij
=  

]c[C]b[B ijij == vkSj  gSaA rc]  

],d[)]cb[(]a[)CB(A kjijijk =+⋅=+⋅
l

tgk¡ i,,k l  vkSj j  ds eku 2,1  ;k 3  gks 

ldrs gSa] rFkk 
 )cb(a)cb(a)cb(ad

j3j33kj2j22kj1j11kkj
+++++=  

      )cacaca()bababa(
j33kj22kj11kj33kj22kj11k

+++++=  

      = AB  vkSj AC ds )j,k( osa vo;oksa dk ;ksxA  
vr%] .ACAB)CB(A +=+  

blh izdkj] vkidks fl) djuk pkfg, fd 
).(C,B,ABCACC)BA( 43 ZM∈∀+=+   

bl izdkj] caVu fu;e larq"V gSaA 

 

vr%] ),),((
43

⋅+ZM  ,d oy; gSA 

 

var esa] )(
43
ZM  ds izR;sd vo;o esa 9  izfof"V;k¡ gSa] ftuesa ls izR;sd 4Z  dk ,d 

vo;o gSA vr%] buesa ls izR;sd izfof"V ds fy, 4  laHkkouk,¡] 32,1,0 vkSj  gSaA bl 
izdkj] )(

43
ZM  esa vo;oksa dh dqy la[;k 9

4 gSA vr%] )(
43
ZM  ,d ifjfer oy; 

gSA 

*** 

 

vxyk mnkgj.k bdkbZ 2 ds mnkgj.k 10 ls lacaf/kr gSA blesa ftu lafØ;kvksa ij ge 
fopkj dj jgs gSa] os lkekU; ;ksx vkSj xq.ku ugha gSaA 

 

mnkgj.k 5: eku yhft, fd X  ,d vfjDr leqPp; gS] X  ds lHkh mileqPp;ksa dk 
laxzg )X(℘  gS rFkk ∆  lefer varj lafØ;k dks O;Dr djrk gSA n'kkZb, fd 

),),X(( ∩∆℘  ,d oy; gSA 
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          gy: X ds fdUgha nks mileqPp;ksa A  vkSj B  ds fy,] ).A\B()B\A(BA ∪=∆    

 

bdkbZ 2 ds mnkgj.k 10 esa vki lh[k pqds gSa fd )),X(( ∆℘  ,d vkcsyh lewg gSA 

vki ;g Hkh tkurs gSa fd ∩  lkgp;Z gSA  
vc] vkb, ns[ksa fd D;k ∆ ij ∩  cafVr gSA   
eku yhft, fd ).X(C,B,A ℘∈  rc]  

)]B\C()C\B[(A)CB(A ∪∩=∆∩     

 )],B\C(A[)]C\B(A[ ∩∪∩=  D;ksafd ∪  ij ∩  cafVr gSA  
 )],BA(\)CA[()]CA(\)BA[( ∩∩∪∩∩=  D;ksafd ∩  iwjdhdj.k  

             ij forfjr gSA  
 ).CA()BA( ∩∆∩=   

vr%] oke caVu fu;e lR; gSA  
blh izdkj] vkidks tk¡p djuh pkfg, fd nf{k.k caVu fu;e Hkh lR; gSA 

vr%] ),),X(( ∩∆℘  ,d oy; gSA 

 

vc] ;fn X  ifjfer gS] eku yhft, ,10X = rks .2)X(
10

=℘  blfy,] 

),),X(( ∩∆℘  ,d ifjfer oy; gSA  
ijarq] ;fn X  vifjfer gS] rks ),),X(( ∩∆℘  ,d vifjfer oy; gSA 

*** 

 

vc] tcfd vki oy;ksa ds vusd mnkgj.kksa dk v/;;u dj pqds gSa] vkb, oy; dh 
ifjHkk"kk ds 6R  dks fQj ns[ksaA bl vfHkxg̀hr esa geus nks lehdj.kksa dks fy[kk gSA 
bu nksuksa dh tk¡p djus dh vko';drk D;ksa gS? ;fn ,caba)cb(a ⋅+⋅=+⋅  rks 
D;k blls ;g fu"d"kZ ugha fudyrk fd ?cbcac)ba( ⋅+⋅=⋅+  vFkkZr~] ;fn oke 

caVu fu;e lR; gS] rks D;k blls nf{k.k caVu fu;e dh lR;rk r; ugha gS? blds 
ckjs esa] fuEufyf[kr fVIi.kh ij fopkj dhft,A 
 

fVIi.kh 3: vHkh rd vki vusd oy;ksa ds mnkgj.k ns[k pqds gSaA D;k oy; ij 
ifjHkkf"kr nksuksa lafØ;k,¡ Øefofues; gSa? mnkgj.k 4 esa D;k ,slk gS? mnkgj.kkFkZ] D;k 

?

000

000

111

000

111

000

000

111

000

000

000

111

































=

































 ,slk ugha gSA bl izdkj] 

)(
43
ZM  esa xq.ku Øefofues; ugha gSA oLrqr%] vf/kd O;kid :i esa] 2n ≥  ds 

fy,] )(n CM  ij xq.ku Øefofue s; ugha gSA blfy,] bl fLFkfr esa] ge ;g 

ifjdYiuk ugha dj ldrs fd ;fn oke caVu fu;e lR; gS] rks nf{k.k caVu fu;e 
Hkh lR; gSA gesa nksuksa fu;ekssa dh oS/krk dh vyx :i ls tk¡p djus dh vko';drk 
gSA  
 

fVIi.kh  3 ls tqM+h gSa fuEufyf[kr ifjHkk"kk,¡A 

 

ifjHkk"kk,¡: 1) ,d oy; ),,R( ⋅+  ds nks vo;o a a vkSj b  xq.ku ds lkis{k ,d 

nwljs ls Øefofue s; djrs gSa ;fn .a.bb.a =  
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2) dksbZ oy; ),,R( ⋅+  ,d Øefofues; oy; (commutative ring) dgykrk gS 
;fn R  ij ‘ ⋅ ’ Øefofues; gS] vFkkZr~ lHkh Rb,a ∈ ds fy,] .a.bb.a =   
vr%] ,d oy; R Øefofues; gS ;fn vkSj dsoy ;fn lHkh Rb,a ∈  ds fy, a vkSj 

b ⋅  ds lkis{k ,d nwljs ls Øefofues; djrs gSaA 

 

mnkgj.kkFkZ] QZ,  vkSj R  Øefofues; oy; gSa] tcfd 2n ≥  ds fy,  )(n CM  ugha 

gSA ,d vU; foLrr̀ mnkgj.k yhft,A 

 

mnkgj.k 6: n'kkZb, fd ),),X(( ∩∆℘  ,d Øefofues; oy; gS] tgk¡ X  ,d vfjDr 

leqPp; gSA 

 

gy: mnkgj.k 5 esa vki v/;;u dj pqds gSa fd ),),X(( ∩∆℘ ,d oy; D;ksa gSA vc] 
dyu ikB~;Øe ls] vki tkurs gSa fd ).X(B,AABBA ℘∈∀∩=∩  

bl izdkj] ∩  Øefofues; gSA  
vr%] ),),X(( ∩∆℘ ,d Øefofues; oy; gSA 

*** 

 

vc] fuEufyf[kr fVIi.kh ij fopkj dhft,] tks fVIi.kh 3 esa dgh xbZ ckr dks vkxs 
c<+krh gSA 

 

fVIi.kh 4: eku yhft, fd R  ,d leqPp; gS] ftl ij f}-vk/kkjh lafØ;k,¡ +  vkSj · 
ifjHkkf"kr gSaA eku yhft, fd R  ij · Øefofues; gSA rc] bldh tk¡p djus ds fy, 
fd ),,R( ⋅+  ds fy, 6R  lR; gS ;k ugha] dsoy ,d caVu fu;e dh tk¡p djuk gh 
dkQ+h gSA D;ksa? blfy, fd ;fn ,Rc,b,acaba)cb(a ∈∀⋅+⋅=+⋅  rks 

.Rc,b,acbcabcac)ba(cc)ba( ∈∀⋅+⋅=⋅+⋅=+⋅=⋅+  

vr%] bl fLFkfr esa nwljk caVu fu;e Hkh lR; gSA 

 

vc] fuEufyf[kr iz'uksa dks gy djus dk iz;kl dhft,A 
 

E1) 
6
Z  ds 'kwU;srj vo;oksa ds leqPp; ∗

6
Z  esa ;ksx vkSj xq.ku ds fy, dsyh 

lkjf.k;k¡ fyf[k,A bu lkjf.k;ksa dks ns[k dj fu/kkZfjr dhft, fd ),,(
6

⋅+
∗

Z  

,d oy; gS ;k ughaA 

E2) n'kkZb, fd }0{  lkekU; ;ksx vkSj xq.ku ds lkis{k ,d oy; gSA (;g ,d rqPN 

oy;  (trivial ring) dgykrk gSA) 
 lkFk gh] n'kkZb, fd ;fn dksbZ ,dy (singleton), oy; gS] rks og }0{  gksxkA 

 E3) n'kkZb, fd leqPp; }q,pq2p{2]2[ QQQQ ∈+=+=  okLrfod 

la[;kvksa ds ;ksx vkSj xq.ku ds lkis{k ,d Øefofues; oy; gSA 

E4) eku yhft, fd .b,a
b0

0a
R













∈







= R  n'kkZb, fd vkO;wg ;ksx vkSj xq.ku 

ds lkis{k R  ,d oy; gSA D;k R ,d Øefofues; oy; gS? D;ksa] ;k D;ksa ugha? 
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E5) eku yhft, fd .b,a
0b

0a
R





















= gSa ¡k,[;okLrfod la fl) dhft, fd  

vkO;wg ;ksx vkSj xq.ku ds lkis{k R  ,d oy; gSA D;k R ,d Øefofues; oy; gS? 

D;ksa? 

E6) fuEufyf[kr esa oy; dkSu-ls gSa? vius mÙkjksa ds fy, dkj.k nhft,A 

  i) ),,),X(( ∩∪℘  tgk¡ X  ,d vfjDr leqPp; gS] 

 ii) ),,,( +⋅
∗

R  

 iii) ),(32 RM
×

vkO;wg ;ksx vkSj xq.ku ds lkis{kA  

E7) eku yhft, fd ),,R( ⋅+  ,d oy; gS] tgk¡ }.c,b,a{R =  uhps nh gqbZ dsyh 

lkjf.k;ksa dks iwjk dhft,A gj ubZ izfof"V fy[kus ds ihNs vius rdZ dks Li’V 
dhft,A 

  

bc

cb

aa

cba+

 

c

ab

a

cba⋅

 

E8) tk¡p dhft, fd ,,( ⊕Z �) ,d oy; gS ;k ugha] tgk¡ 

)n,m(d.c.g)n,m( =⊕  rFkk � .n,m)n,m(m.c.l)n,m( Z∈∀=   
  

 
vkb, vc mu oy;ksa dks ns[ksa ftuds vo;o ,sls Qyu gSa ftudk vki ‘dyu’ esa 
v/;;u dj pqdss gSaA 

 

mnkgj.k 7: laor̀ varjky ]1,0[  ij ifjHkkf"kr lHkh larr okLrfod-eku Qyuksa ds 
leqPp; 1]C[0,  ij fopkj dhft,A ]1,0[C  esa f  vkSj g  ds fy,] rFkk ]1,0[x ∈   ds 
fy,] ge gf +  vkSj g.f  dks fuEufyf[kr }kjk ifjHkkf"kr djrs gSa:  

)x(g)x(f)x)(gf( +=+  (vFkkZr~ fcanq'k% ;ksx), rFkk  
)x(g)x(f)x)(gf( ⋅=⋅  (vFkkZr~ fcanq'k% xq.ku)A 

n'kkZb, fd +  vkSj · ds lkis{k ]1,0[C  ,d oy; gSA  

 

gy: ‘dyu’ ls vki tkurs gSa fd ;fn f  vkSj ],1,0[Cg ∈  rks gf +  vkSj gf ⋅  nksuksa 
]1,0[C  esa gksrs gSaA 

vkxs] bl rF; dk mi;ksx djrs gq, fd R  esa ;ksx lkgp;Z vkSj Øefofues; gksrk gS] 
vkidsk bldh tk¡p djuh pkfg, fd 1R  vkSj 2R  dks ]1,0[C  larq"V djrk gSA  

]1,0[C  dk ;ksT; rRled 0)x(:]1,0[: =→ 00 R gSA  
]1,0[Cf ∈  dk ;ksT; izfrykse )f(−  gS] tgk¡ ].1,0[x)x(f)x)(f( ∈∀−=−   

bl izdkj] )],1,0[C( +  ,d vkcsyh lewg gSA 

iqu%] bldk lR;kiu djus ds fy, fd ]1,0[C  esa xq.ku 5R  dks larq"V djrk gS] 

vkidks bl rF; dk mi;ksx djuk pkfg, fd R  esa xq.ku lkgp;Z gSA   
vc] vkb, ns[ksa fd D;k vfHkx̀ghr 6R  lR; gSA 

hfgf)hg(f ⋅+⋅=+⋅  dks fl) djus ds fy,] ge )x))(hg(f( +⋅  dks ysrs gSa] tgk¡ 
].1,0[x ∈   

vc]  )x)(hg)(x(f)x))(hg(f( +=+⋅  

            ))x(h)x(g)(x(f +=  

],1,0[C 1][0,  ij larr 
Qyuksa dk oy; 
dgykrk gSA 
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            ),x(h)x(f)x(g)x(f +=  D;ksafd R  esa +  ij · cafVr gksrk gSA
            )x)(hf()x)(gf( ⋅+⋅=  

            )x)(hfgf( ⋅+⋅=  

vr%] .hfgf)hg(f ⋅+⋅=+⋅  

D;ksafd xq.ku R  esa Øefofues; gS] blfy, ;g ]1,0[C  esa Øefofues; gSA vr%] 
fVIi.kh 4 }kjk] nwljk caVu fu;e Hkh lR; gSA bl izdkj] ]1,0[C  ds fy, 6R  lR; 

gSA  
 

vr%] ),],1,0[C( ⋅+  ,d oy; gSA 

*** 

 

vxyk mnkgj.k gesa ,d fn, gq, vkcsyh lewg ls ,d oy; dks ifjHkkf"kr djus dh 
,d fof/k dks n'kkZrk gSA 

 

mnkgj.k 8: eku yhft, fd ),A( +  ,d vkcsyh lewg gSA Adh lHkh varjkdkfjrkvksa 
ds leqPp; AEnd  ij fopkj dhft,A AEndg,f ∈  ds fy,] rFkk Aa ∈ ds fy,] 
fuEufyf[kr }kjk gf +  vkSj gf ⋅  dks ifjHkkf"kr dhft,: 





==⋅

+=+

)).a(g(f)a(gf)a)(gf(

),a(g)a(f)a)(gf(

o

vkSj
    …(1) 

n'kkZb, fd ),,AEnd( ⋅+  ,d oy; gSA (;g oy; A dk varjkdkfjrk oy; 

(endomorphisms ring) dgykrk gSA) 
 

gy: bdkbZ 8 ls vki tkurs gSa fd 

}.Ab,a)b(f)a(f)ba(fAA:f{AEnd ∈∀+=+→=  

vkb, igys bldh tk¡p djsa fd (1) esa ifjHkkf"kr ‘ + ’ vkSj ‘·’ AEnd ij f}-vk/kkjh 

lafØ;k,¡ gSaA 

lHkh Ab,a ∈ ds fy,] 
)ba(g)ba(f)ba)(gf( +++=++  

   )),b(g)a(g())b(f)a(f( +++=  D;ksafd .AEndg,f ∈  

   ))b(g)b(f())a(g)a(f( +++=  

   ),b)(gf()a)(gf( +++=  rFkk 
))ba(g(f)ba)(gf( +=+⋅  

  )),b(g)a(g(f +=  D;ksafd .AEndg ∈  
  )),b(g(f))a(g(f += D;ksafd .AEndf ∈  

  ).b)(gf()a)(gf( ⋅+⋅=  

bl izdkj] gf +  vkSj gf ⋅  nksuksa AEnd esa gSaA 

 

vc] vkb, ns[ksa fd D;k ),,AEnd( ⋅+  vfHkxg̀hrksa −1R 6R rd dks larq"V djrk gSA 

D;ksafd vkcsyh lewg A  esa ;ksx Øefofues; vkSj lkgp;Z gS] blfy, AEnd esa Hkh 

;ksx ,slk gh gSA  
A  ij 'kwU; varjkdkfjrk AEnd dk 'kwU; vo;o gSA  

AEndf ∈  dk ;ksT; izfrykse )f(−   gS] tgk¡ .Aa)a(f)a)(f( ∈∀−=−   

bl izdkj] ),AEnd( +  ,d vkcsyh lewg gSA 
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          vki ;g Hkh tkurs gSa fd O;kid :i esa] Qyuksa dk la;kstu ,d lkgp;Z lafØ;k gS] 

vkSj blhfy, ;g AEnd esa Hkh ,slk gh gSA 

 

var esa] 6R dh tk¡p djus ds fy,] ge fdUgha AEndh,g,f ∈  ds fy,] )hg(f +⋅

dks ns[krs gSaA  
fdlh Hkh Aa ∈  ds fy,] 

))a)(hg((f)a)](hg(f[ +=+⋅  

    ))a(h)a(g(f +=  

    )),a(h(f))a(g(f +=  D;ksafd .AEndf ∈  

    )a)(hf()a)(gf( ⋅+⋅=  

    ).a)(hfgf( ⋅+⋅=  

.hfgf)hg(f ⋅+⋅=+⋅∴  

blh rjg vkidks fl) djuk pkfg, fd .hghfh)gf( ⋅+⋅=⋅+   

;gk¡ /;ku nhft, fd AEnd  esa · Øefofues; ugha gS] D;ksafd AEndg,f ∈  ds 
fy,] gf o  vkSj fg o  dk cjkcj gksuk vko';d ugha gSA 

 

bl izdkj] AEnd  ds fy, −1R 6R  lR; gSaA  
vr%] ),,AEnd( ⋅+  ,d oy; gSA 

*** 

 

vc] vki fuEufyf[kr iz'uksa dks gy djsaA 
 

E9) eku yhft, fd X  ,d vfjDr leqPp; gS rFkk ),,R( ⋅+  ,d oy; gSA ;g Hkh 
eku yhft, fd X  ls R rd ds lHkh Qyuksa dk leqPp; )R,X(Map  gS] 

vFkkZr~ }.RX:ff{)R,X(Map →=  

 )R,X(Map ij +  vkSj · dks fcanq'k% ;ksx vkSj xq.ku }kjk ifjHkkf"kr dhft,A 
n'kkZb, fd ),),R,X(Map( ⋅+  ,d oy; gSA  
X  vkSj R  ij fdu izfrca/kksa ds v/khu )R,X(Map  ,d Øefofues; oy; 

gksxk? 

E10) vki tkurs gSa fd ),,( ⋅+R  ,d oy; gSA vc tk¡p dhft, fd ,,( ⊕R �) 

,d oy; gS ;k ugha] tgk¡ ⊕  vkSj �, lHkh R∈b,a  ds fy, fuEu }kjk 

ifjHkkf"kr gSa% ,1baba ++=⊕  vkSj a � .babab ++⋅=   

(;gk¡ +  vkSj · okLrfod la[;kvksa ds lkekU; ;ksx vkSj xq.ku dks O;Dr djrs 
gSaA) 

E11) eku yhft, fd R ,d oy; gSA fl) dhft, fd vkO;wg ;ksx vkSj xq.ku ds 
lkis{k )R(

2
M  ,d oy; gSA (okLro esa] )R(

n
M ,d oy; gS N∈∀ n ) 

 
vc] bdkbZ 2 esa vki ns[k pqds gSa fd lewgksa dk dkrhZ; xq.kuQy ,d lewg gS] tks 
mudk vuqykse xq.kuQy dgykrk gSA vkb, ns[ksa fd ,slk gh oy;ksa ds dkrhZ; 
xq.kuQy ds lkFk gksrk gS ;k ughaaA 
 
mnkgj.k 9: eku yhft, fd ),,A( ⋅+  vkSj ,B(  �, �) nks oy; gSaA n'kkZb, fd  

fuEufyf[kr }kjk ifjHkkf"kr ⊕  vkSj ∗  ds lkis{k budk dkrhZ; xq.kuQy BA×  ,d  

E10 gesa crkrk gS fd ,d 
fn, gq, leqPp; ls vusd 
fofHkUu oy; ifjHkkf"kr gks 
ldrs gSaA 
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oy; gS %  
b,aa()b,a()b,a( ′+=′′⊕ � ),b′  vkSj  

b,aa()b,a()b,a( ′⋅=′′∗ � ),b′   

BA×  esa lHkh )b,a(),b,a( ′′  ds fy,A  
[oy; ),,BA( ∗⊕×  oy;ksa ),,A( ⋅+  vkSj ,B( �, �) dk cká vuqykse xq.kuQy 

(external direct product) (;k dsoy vuqykse xq.kuQy) dgykrk gSA] 
 

gy: bdkbZ 2 esa vki ns[k pqds gSa fd ),BA( ⊕×  ,d lewg gSA vkxs] ;g ,d vkcsyh 
lewg gS] D;ksafd ),A( +  vkSj ,B( �) vkcsyh lewg gSaA 

D;ksafd A  vkSj B  esa xq.ku lkgp;Z gSa] blfy, BA×  esa ∗  lkgp;Z gSA  
iqu%] bl rF; dk mi;ksx djrs gq, fd A  vkSj B ds fy, 6R  lR; gS] vkidks ;g 
fl) djuk pkfg, fd BA×  ds fy, 6R  lR; gSA  
 

bl izdkj] ),,BA( ∗⊕×  ,d oy; gSA 

*** 

 

;fn vkius mijksDr mnkgj.k dks le> fy;k gS] rks vki fuEufyf[kr iz'uksa dks gy 
dj ldsaxsA 
 

E12) vuqykse xq.kuQy 32 ZZ ×  ds fy, ;ksx vkSj xq.ku lkjf.k;ksa dks fyf[k,A bl 

rjg fu/kkZfjr dhft, fd D;k ;g oy; Øefofues; gS ;k ughaA 

E13) n'kkZb, fd 
2
R  vkSj 3

C  oy; gSaA 

 

E13 ds O;kidhdj.k ls vki ns[k ldrs gSa fd ,2n ≥∀
n
R  vkSj n

C  oy; D;ksa gSaA  

vc rd vki oy;ksa ds vusd mnkgj.kksa ls ifjfpr gks x, gksaxsA vr%] vkb, oy;ksa 
ds dqN ekSfyd xq.kksa dh ppkZ djuk izkjaHk djsaA 

 

10.3 izkjafHkd xq.k 
bl Hkkx esa] ge oy;ksa ds dqN ekSfyd xq.kksa dks fl) djsaxs rFkk mudk vuqiz;ksx 
djsaxsA ;s xq.k oy; dh ifjHkk"kk ds lh/ks ifj.kke gSaA vkxs c<+rs gq, vkidks ugha 
Hkwyuk pkfg, fd fdlh Hkh oy; R ds fy,] ),R( +  ,d vkcsyh lewg gksrk gSA vr%] 

bl ikB~;Øe dh fiNyh bdkb;ksa esa bLrseky fd, x, ladsr vkSj lewgksa ds fy, 
izkIr ifj.kke vkcsyh lewg ),R( +  ds fy, Hkh ykxw gSaA fo'ks’k rkSj ij] /;ku nhft, 

fd 

i) ;ksT; rRled 0  vf}rh; gS] rFkk fdlh Hkh vo;o Ra∈ dk ;ksT; izfrykse 

)a(−  gS( 
ii) ;Raa)a( ∈∀=−−  

iii) ;ksx ds fy, fujlu fu;e ykxw gksrk gS] vFkkZr~ 
;bacbca,Rc,b,a =⇒+=+∈∀  

iv) .Rb,a)b(aba ∈∀−+=−  

bl Hkkx esa] dqN ekSfyd ifj.kkeksa dks fl) djrs le;] ge mijksDr rF;ksa dk chp-

chp esa mi;ksx djsaxsA 
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          vr%] vkb, dqN ,sls xq.kksa ls izkjaHk djsa tks eq[; :i ls vfHkx̀ghr 6R  ls izkIr gksrs 

gSaA vki tkurs gSa fd fdUgha Z∈n,m ds fy,] 00m =⋅  rFkk 
.n)m(mn)n(m −=−=−   

fuEufyf[kr izes; gesa crkrk gS fd ;s xq.k] rFkk dqN vU; xq.k] fdlh Hkh oy; R ds 
fy, lR; gSaA 

 

izes; 1: eku yhft, fd R  ,d oy; gSA rc] fdUgha Rc,b,a ∈ ds fy,] 
i) ,a000a ⋅==⋅  

ii) ),ab(b)a()b(a −=−=−  

iii) ,ab)b)(a( =−−  

iv) acab)cb(a −=−  vkSj .cabaa)cb( −=−  

 

miifÙk: i) vc] 000 =+  

 ,0a)00(a ⋅=+⇒  fdlh Hkh Ra ∈ ds fy,A 
 ,0a)0a()0a( ⋅=⋅+⋅⇒ oke caVu fu;e ds vuqiz;ksx lsA 

                   ,00a +⋅= D;ksafd 0 ;ksT; rRled gSA 

 ,00a =⋅⇒  ),R( +  ds fy, fujlu fu;e }kjkA 

 nf{k.k caVu fu;e dk mi;ksx djrs gq,] vkidks blh izdkj n'kkZuk pkfg, fd 
.0a0 =⋅  (/;ku nhft, fd ge ;g eku dj ugha py ldrs fd ,0aa0 ⋅=⋅   

D;ksafd gks ldrk gS fd R  Øefofues; oy; ugha gSA) 
 bl izdkj] ,a000a ⋅==⋅  lHkh Ra ∈ ds fy,A 
ii) Rb,a ∈  ds fy,] 

,0a0 ⋅=  mijksDr (i) lsA 

    )),b(b(a −+=  D;ksafd ).b(b0 −+=   
   ),b(aab −+=  caVu }kjkA 

 vc] 0)]ab([ab =−+  vkSj .0)b(aab =−+   

ijarq] tSlk fd vki tkurs gSa] vo;o dk ;ksT; izfrykse vf}rh; gksrk gSA 

 vr%] ge )b(a)]ab([ −=−  izkIr djrs gSaA 

 blh izdkj] 0)a(a =−+ dk mi;ksx djrs gq, fd vkidks ;g n'kkZuk pkfg, 
fd .b)a()]ab([ −=−  

 bl izdkj] ),ab(b)a()b(a −=−=−  lHkh Rb,a ∈  ds fy,A 
iii) Rb,a ∈  ds fy,] 
 )),b(a()b)(a( −−=−−  mijksDr (ii) lsA 

       )],ab([−−=  mijksDr (ii) lsA  
       ,ab=  D;ksafd ,x)x( =−−  lHkh Rx ∈ ds fy,A 

iv) Rc,b,a ∈  ds fy,] 
 ))c(b(a)cb(a −+=−  

     ),c(aab −+=  caVu }kjkA 
     )),ac((ab −+=  mijksDr (ii) lsA 

     .acab −=  

blh izdkj vkidks fl) djuk pkfg, fd .cabaa)cb( −=−  

 

bu xq.kksa ds mi;ksx ls vc vki dqN iz'uksa dks gy dhft,A 
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E14) fl) dhft, fd ;fn fdlh oy; R  esa nksuksa lafØ;k,¡ cjkcj gksrh gSa  (vFkkZr~] 
Rb,aabba ∈∀=+ ), rks R rqPN oy; gksxkA 

E15) eku yhft, fd R  ,d oy; gSA Ra,,a,a n21 ∈K  ds fy,] 
),a...aa( n21 +++  dks fuEu rjhds+ ls ifjHkkf"kr dhft,%  

tgk¡ ,n N∈   ,a)aa()aaa( n1n1n21 +++=+++
−

LL  vFkkZr~ iqujkorhZ 

rjhds+ lsA  
vc] vkxeu ds fl)kar dk mi;ksx djrs gq,] fl) dhft, fd ;fn 

,Rb,,b,a n1 ∈K  tgk¡ ,n N∈  rks  
,ababab)bbb(a n21n21 +++=+++ LL  rFkk 
.abababa)bbb( n21n21 +++=+++ LL  

 
tks vkius E15 esa fd;k gS] vkb, mldk foLrkj djsaA ge oy; ds rhu ;k vf/kd 
vo;oksa ds ;ksx vkSj xq.kuQy dks ns[ksaxsA ge bUgsa iqujkorhZ :i esa ifjHkkf"kr djsaxs] 
tSlk fd geus lewgksa dh fLFkfr esa fd;k Fkk (nsf[k, bdkbZ 2)A 

 

ifjHkk"kk,a: ;fn ,2k,k ≥∈N  ,slk gS fd ,d oy; R  esa k  vo;oksa dk ;ksx 
ifjHkkf"kr gS] rks ge )1k( +  vo;oksa 

1k21
a,,a,a

+
K  ds ;ksx dks blh Øe esa 

ysdj fuEu :i esa ifjHkkf"kr djrs gSa]  
.a)aa(aa 1kk11k1 ++

+++=++ LL  

blh izdkj] ;fn ,2k,k ≥∈N  ,slk gS fd R  esa k  vo;oksa dk xq.kuQy ifjHkkf"kr 
gS] rks ge )1k( +  vo;oksa 

1k21
a,,a,a

+
K  ds xq.kuQy dks (blh Øe esa ysrs gq,) 

fuEu :i esa ifjHkkf"kr djrs gSa% .a)aaa(aaa 1kk211k21 ++
⋅⋅=⋅ KK   

 

tSlk fd geus bdkbZ 2 esa lewgksa ds fy, fd;k Fkk] vki +  vkSj · nksuksa ds lkis{k 
oy;ksa ds fy, Hkh ?kkrkadksa  ds fu;e izkIr dj ldrs gSaA oSls] vkidks fdlh Hkh oy; 
R ds fy,] fuEufyf[kr ifj.kkeksa dks fl) djuk pkfg,A 

 

LI 1) ;fn m  vkSj n  /kukRed iw.kkZad gSa rFkk ,Ra ∈  rks  

 nmnm
aaa

+

=⋅  vkSj .a)a(
mnnm

=   

LI 2) Z∈n,m  vkSj Rb,a ∈ ds fy,]   
 i) ,manaa)mn( +=+  

 ii) ),na(m)ma(na)nm( ==  

 iii) ,nbna)ba(n +=+  

 iv) ),mb(ab)ma()ab(m ==  rFkk  
 v) .b)mna()ab(mn)nb)(ma( ==  

LI 3) (O;kidhÑr caVu fu;e): N∈n,m  ds fy,] ;fn 

,Rb,,b,a,,a,a n1m21 ∈KK  rks  
 )bb)(aa(

n1m1
++++ LL  

 ,babababababa nm1mn212n111 +++++++++= LLLL   

 rFkk ;ksx ds Øe dks cnyk tk ldrk gS D;ksafd R esa ;ksx Øefofues; gSA 

 

vc] dqN lacaf/kr iz'uksa dks gy djus dk iz;kl dhft,A 
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E16) ;fn R  ,d oy; gS rFkk Rb,a ∈  ,sls gSa fd ,baab =  rks fuEufyf[kr 

f}in izlkj (binomial expansion) dks fl) djus ds fy,] N∈n  ij 
vkxeu dk mi;ksx dhft, %  

 ,babCbaCbaCa)ba(
n1n

1n
nkkn

k
n1n

1
nnn

++++++=+
−

−

−−

LL  tgk¡ 

.
!)kn(!k

!n
Ck

n

−

=  

E17) LI 1, vFkkZr~ N∈∈∀=⋅
+

n,m,Raaaa
nmnm  dks fl) dhft,] tgk¡ R  ,d 

oy; gSA D;k ;g rc Hkh lR; gksxk vxj ?0n,m ≤  D;ksa] ;k D;ksa ugha? 

E18) ~ ;fn R  ,d oy; gS] rks  LI 2(v), vFkkZr 
,Rb,a,n,m)ab(mn)nb)(ma( ∈∈∀= Z  dks fl) dhft,A 

 
oy;ksa ds vU; vusd xq.k gSa ftudh ppkZ ge bl [kaM esa vkxs djrs jgsaxsA vHkh ds 
fy,] vkb, ge dqN ,sls oy;ksa ij /;ku nsa tks mu ij ifjHkkf"kr xq.ku ds xq.kksa ds 
vuqlkj oxhZÑr fd, tkrs gSaA 

 

10.4 rRledh oy; 
 

oy; dh ifjHkk’kk ;g xkjaVh nsrh gS fd f}-vk/kkjh lafØ;k xq.ku lkgp;Z gksrh gSA 
ge ;g Hkh tkurs gSa fd · vkSj +  caVu fu;eksa dks larq’V djrs gSaA xq.ku ds xq.kksa ds 
ckjs esa blls vf/kd dqN ugha dgk tkrk gSA ;fn ge bl lafØ;k ij dqN izfrca/k 
yxk nsa] rks gesa vusd izdkjksa ds oy; izkIr gksrs gSaA mnkgj.kkFkZ] vki tkurs gSa fd 
;fn xq.ku Øefofues; gS] rks gesa ,d Øefofues; oy; izkIr gksrk gSA vkb, ns[ksa fd 
D;k gksrk gS] ;fn ge izfrca/k yxk,a fd ),R( ⋅  bdkbZ 2 ds Hkkx 2.2 ds 2G  dks 

larq"V djsA 
ifjHkk"kk: oy; ),,R( ⋅+  ,d rRledh oy;  (ring with identity or ring with 

unity)  dgykrk gS] ;fn xq.ku ds lkis{k R  dk ,d rRled vo;o gks] vFkkZr~ ;fn 
R  esa ,d ,slk vo;o e  gS] ftlls fd lHkh Ra ∈  ds fy, .aeaae ==  

D;k vkidh ut+j esa ,slk dksbZ oy; gS?  D;k QZ,  vkSj R  rRledh oy; ds 

mnkgj.k ugha gSa? izR;sd fLFkfr esa] vo;o 1 ,d ,slk rRled gSA 

bu lHkh mnkgj.kksa dks ns[krs gq, vki 'kk;n lksp jgs gksaxs fd izR;sd oy; ,d 
rRldh okyk oy; gksrk gSA vc] fuEufyf[kr mnkgj.k ij fopkj dhft,A 
 

mnkgj.k 10: n'kkZb, fd oy; Z5  ,d rRledh oy; ugha gSA 

 

gy: ge bls varfoZjks/k }kjk fl) djsaxsA eku yhft, fd Z5  dk ,d rRled e  gSA 
rc] fdlh Z∈n  ds fy,] .n5e =   

vc] ,5n555e5 =⋅⇒=  tks laHko ugha gS] D;ksafd .n Z∈  

vr%] ge ,d varfoZjks/k ij igq¡prs gSaA  
bl izdkj] Z5  ,d rRledh oy; ugha gSA 

*** 

 

blls igys fd ge vxyh ifjHkk’kk ij tk,¡] vki dqN NksVs iz'uksa dks gy dj 
yhft,A 
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E19) fl) dhft, fd ;fn fdlh oy; R  dk xq.ku ds lkis{k ,d rRled vo;o 
gS] rks ;g rRled vf}rh; gksrk gSA (ge izk;% R  esa bl vf}rh; 
rRled vo;o dks izrhd 1  }kjk O;Dr djrs gSaA) 

E20) tk¡p dhft, fd Zn  ,d rRledh oy; gS ;k ugha] tgk¡ }.1{\n N∈  

 

vc] Z  ij fopkj dhft,A vki ns[k pqds gSa fd Z  ,d rRledh oy; gS rFkk 
Øefofues; gSA bl izdkj] Z  ,d ,sls izdkj ds oy; dk mnkgj.k gS ftls vc ge 
ifjHkkf"kr djsaxsA bls tks uke fn;k x;k gS] mlls vkidks dksbZ gSjkuh ugha gksxh! 
 

ifjHkk"kk: oy; ),,R( ⋅+  ,d Øefofues; rRledh (commutative ring with 

identity) oy; dgykrk gS ;fn og ,d Øefofues; oy; gS rFkk mldk 
xq.kukRed rRled gksrk gSA 

bl izdkj] oy; RQZ ,,  vkSj C  lHkh Øefofues; rRledh oy; gSaA bu lHkh 

oy;ksa esa iw.kkZad 1 rRled] vFkkZr~ xq.kukRed rRled gSA vkb, foLr`r :i ls ,d 
mnkgj.k ij nf̀"V MkysaA 

 

mnkgj.k 11: n'kkZb, fd },b,a5ba{]5[S ZZ ∈+== fuEufyf[kr :i ls 

ifjHkkf"kr ;ksx vkSj xq.ku ds lkis{k ,d oy; gS % 
),db(5)ca()5dc()5ba( +++=+++  rFkk 

).bcad(5)bd5ac()5dc()5ba( +++=+⋅+  

vkxs] D;k S  Øefofues; gS? D;k S  dk rRled gS? vius mÙkjksa ds fy, dkj.k 
nhft,A 
 

gy: xkmlh; iw.kkZadksa dh fLFkfr dh rjg] vkidks bldh tk¡p djuh pkfg, fd S  ij 
;ksx vkSj xq.ku nksuksa gh f}-vk/kkjh lafØ;k,¡ gSa] rFkk ogh lafØ;k,¡ gSa tks ),,( ⋅+R  

ij ifjHkkf"kr gSaA 
vkxs] bl rF; dk mi;ksx djrs gq, fd 1R  vkSj 2R  dks Z  larq’V djrk gS] vkidks 
fl) djuk pkfg, fd 1R  vkSj 2R  dks S  larq’V djrk gSA 

lkFk gh] S0∈  ;ksT; rRled gS] rFkk b5a +  dk ;ksT; izfrykse )b(5)a( −+−  

gSA  
bl izdkj] ),S( +  ,d vkcsyh lewg gSA  

lkFk gh] D;ksafd R  esa xq.ku lkgp;Z vkSj Øefofues; gS] blfy, ;g S  esa Hkh 
lkgp;Z vkSj Øefofues; gSA 

var esa] S5nm,5dc,5ba ∈+++  ds fy,] 

)]5nm()5dc)[(5ba( ++++  

)]nd(5)mc)[(5ba( ++++=  

)]mc(b)nd(a[5)nd(b5)mc(a +++++++=  

)]bman(5bn5am[)]bcad(5bd5ac[ +++++++=  

).5nm)(5ba()5dc)(5ba( +++++=  

bl izdkj] oke caVu fu;e lR; gSA  
D;ksafd S  esa xq.ku Øefofues; gS] blfy, nf{k.k caVu fu;e Hkh lR; gSA 

bl izdkj] ),,S( ⋅+  ,d Øefofues; oy; gSA 
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          var esa] S1∈  ,slk gS fd S)5ba( ∈+ ds fy,] .5ba1)5ba( +=⋅+   

vr%] S  rRled 1 okyk ,d Øefofues; rRledh oy; gSA 

*** 

 

tks vkius mnkgj.k 11 esa ns[kk gS] og vf/kd O;kid rkSj ij Hkh lR; gSA vFkkZr~] 
fdlh Hkh iw.kkZad n  ds fy, tks ,d oxZ ugha gS] ,n]n[ ZZZ += ,d Øefofues; 

rRledh oy; gSA [fu%lansg] ;fn n  ,d oxZ gS eku yhft, ,m,mn
2

Z∈=  rks

.mn ±=  rc .m]n[ ZZZZ =+= ]  

bl izdkj] ]2[],2[],5[ −− ZZZ lHkh Øefofues; rRledh oy; gSaA 

 

ge ,sls Hkh Øefofues; oy; Kkr dj ldrs gSa] tks rRledh oy; ugha gSaA 
mnkgj.kkFkZ] mnkgj.k 10 dk oy; Øefofues; gS] ijarq bldk dksbZ xq.kukRed 
rRled ugha gSA blds foykse ds ckjs esa D;k dg ldrs gSa?  vFkkZr~] ;fn R  

rRledh oy; gS] rks D;k ;g Øefofues; gksxk?  vkb, ns[ksaA  
 

mnkgj.k 12: D;k izR;sd rRledh oy; Øefofues; gksrk gS? D;ksa] ;k D;ksa ugha? 

 

gy: )(2 RM  ij fopkj dhft,A D;ksafd ),(AA
10

01
A

10

01
A 2 RM∈∀








==








 

blfy, )(2 RM dk rReld 








10

01
 gSA  

ijarq ;fn 







=

02

01
A  vkSj 








=

20

10
B

 

rks  

,
20

10

20

10

02

01
AB 








=
















=  rFkk  

.
04

02

02

01

20

10
BA 








=
















=  

bl izdkj] .BAAB ≠  

vr%] )(
2
RM  Øefofues; ugha gSA 

*** 

 

vc] vkb, mnkgj.k 9 esa fn, oy; dks fQj ns[ksaaA Øefofues;rk vkSj xq.kukRed 
rRled ds lanHkZ esa blds ckjs esa ge D;k dg ldrs gSa? vkb, ns[ksaA 

 

mnkgj.k 13: eku yhft, fd A  vkSj B  oy; gSaA n'kkZb, fd  

i) BA×  Øefofues; gS ;fn vkSj dsoy ;fn nksuksa oy; A  vkSj B  Øefofues; 
gSaA 

ii) BA×  dk rRled gS ;fn vkSj dsoy ;fn nksuksa AvkSj B  ds rRled gSaA 

 

gy: lqfo/kk ds fy, ge rhuksa oy;ksa B,A  vkSj BA×  esa lafØ;kvksa dks +  vkSj · }kjk 

O;Dr djsaxsA  
i) eku yhft, fd )b,a(  vkSj .BA)b,a( ×∈′′  rc]  

)b,a()b,a()b,a()b,a( ⋅′′=′′⋅  

ge dgrs gSa fd fdlh oy; 
R dk rRled gS] ;fn ;g 
rRledh gSA 
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 )bb,aa()bb,aa( ⋅′⋅′=′⋅′⋅⇔  

 aaaa ⋅′=′⋅⇔  vkSj .bbbb ⋅′=′⋅  

 bl izdkj] BA×  Øefofues; gS ;fn vkSj dsoy ;fn nksuksa AvkSj B

Øefofues; oy; gSaA 

ii) vkidks blh izdkj n'kkZuk pkfg, fd BA×  rRledh gS ;fn vkSj dsoy ;fn 
nksuksa A  vkSj B  rRledh gSaA ;fn A  vkSj B  ds rRled Øe'k% 

1
e  vkSj 2e gSa] 

rks BA×  dk rRled )e,e( 21 gSA 

*** 

 

vc vki ,d iz'u dks gy D;ksa ugha dj ysrs? 

 

E21) mnkgj.kksa  2 ls 8 esa] dkSu-dkSu ls oy; rRledh oy; gSa? vius mÙkjksa ds 
fy, dkj.k nhft,A 

 
vc] D;k rqPN oy; rRledh oy; gks ldrk gS? yxrk gS fd ,slk ugha gS] D;ksafd 
gekjs fnekx+ esa cSBk gS fd Z  esa 10 ≠  gksrk gSA  
ijarq] .000 =⋅    
vr%] bl oy; ds fy, 0  xq.kukRed rRled Hkh gSA  
bl izdkj] rqPN oy; ,d rRledh oy; gS] ftlesa ;ksT;  vkSj xq.kukRed 
rRled ,d gh gSaA  

ijarq] ;fn R  ,d rqPN oy; ugha gS] rks gesa fuEufyf[kr ifj.kke izkIr gSA 

 

izes; 2: eku yhft, fd R  rRled 1 okyk ,d oy; gSA ;fn },0{R ≠  rks vo;o 

0  vkSj 1 vyx gSaA 

 
miifÙk: D;ksafd ,}0{R ≠ blfy, Ra ∈∃  s.t. .0a ≠  

vc] eku yhft, fd .10 =   
rc] ,00a1aa =⋅=⋅=  izes; 1 }kjkA  
vFkkZr~] ,0a =  tks ,d varfoZjks/k gSA  

vr%] tks ge eku dj pys Fks] og gSA  
vr%] .10 ≠   
 

vc] vkids fy, dqN lacaf/kr iz'u gSaA                                      
 

E22) tk¡p dhft, fd E10 esa fn;k x;k oy; ,d Øefofues; rRledh oy; gS ;k 
ughaA 

E23) tk¡p dhft, fd 












∈







= Rx

xx

xx
X  lkekU; vkO;wg ;ksx vkSj xq.ku ds 

lkis{k ,d Øefofues; rRlledh oy; gS ;k ughaA 

E24) eku yhft, fd R  ,d vrqPN cwyh; oy; (Boolean ring) (vFkkZr~] 
).Raaa

2
∈∀=  n'kkZb, fd .Raaa ∈∀−=  blls n'kkZb, fd R  

Øefofues; gksxk ghA 
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          vc vkb, ,d vØefofues; rRledh oy; ds ,d egRoiw.kZ mnkgj.k ij fopkj 

djsaA ;g okLrfod prq"Vf;vksa (real quaternions) dk oy; gSA bldh loZizFke 
O;k[;k vk;jySaM ds xf.krK fofy;e jksvu gSfeYVu (William Rowan Hamilton) 

(1805-1865) }kjk dh xbZ FkhA ;g oy; T;kfefr] la[;k fl)kar rFkk ;kaf=dh ds 
v/;;u esa ,d egRoiw.kZ Hkwfedk vnk djrh gSA ckn esa] fVIi.kh 5 esa] ge bl oy; 
prq"Vf;vksa ds lewg 8Q ls laca/k ij fopkj djsaxsA (;kn dhft, fd vkius fiNyh 
bdkb;ksa esa 8Q

 
dk v/;;u fd;k FkkA) 

 

mnkgj.k 14: eku yhft, fd },d,c,b,adkcjbia{ RH ∈+++=  tgk¡ k,j,i  ,sls 

izrhd gSa tks kjijk,jikij,kj1i
222

−==−====−= vkSj ikjki −==  

dks larq"V djrs gSaA  
ge H  esa ;ksx vkSj xq.ku dks fuEufyf[kr }kjk ifjHkkf"kr djrs gSa %  

)kdjciba()dkcjbia(
1111

+++++++  

,k)dd(j)cc(i)bb()aa( 1111 +++++++= rFkk  
+−−−=+++⋅+++ )ddccbbaa()kdjciba()dkcjbia(

11111111
 

.k)dacbbcad(j)dbcabdac(i)dccdbaab(
111111111111

+−++++−+−++  

(ns[kus esa ;g xq.ku dqN tfVy yx ldrk gSA ijarq ,slk gS ughaA vki bls j,i  vkSj 

k  ds chp D;k laca/kksa dks /;ku esa j[kdj ‘dyu’ esa cgqinksa ds xq.ku dh rjg dj 
ldrs gSaA) 
n'kkZb, fd H  ,d vØefofues; rRledh oy; gSA  
gy: vkidks fl) djuk pkfg, fd  

i) ),( +H  ,d vkcsyh lewg gS] ftlesa ;ksT; rRled k0j0i000 +++= gS] 

ii) H  esa xq.ku lkgp;Z gS] (;g dqN my>k gqvk gks ldrk gS] ijarq bls NksfM+, 
er!) 

iii) caVu fu;e lR; gSa] rFkk 
iv) k0j0i011 +++=  H  esa rRled gSA 

 

bl izdkj] H  ,d rRledh oy; gSA 

 

D;k vki blls lger gksaxs fd H  ,d Øefofues; oy; ugha gS? t+:j gksaxs ;fn 
vkidks ;kn gksxk fd ,jiij ≠  mnkgj.k ds rkSj ijA 

*** 

 

vc] prq’Vf;vksa ds ckjs esa fuEufyf[kr egRoiw.kZ fVIi.kh ij fopkj dhft,A 

 

fVIi.kh 5: bdkbZ 2 ds E29 esa] vkidk ifjp; prq"V;h lewg 8Q ls djk;k x;k FkkA 
ogk¡] ;fn ge Ck,Bj,Ai ===  vkSj I1 =  j[ksa] rks vki ns[ksaxs fd k,j,i  mUgha 
laca/kksa dks lrqa"V djrs gSa ftUgsa C,B,A  larq"V djrs gSaA 

vr%] }k,j,i,1{Q
8

±±±±=  leqPp; H  dk ,d mileqPp; gS] tgk¡ mnkgj.k 14 esa 
fn, laca/kksa dks k,j,i  larq"V djrs gSaA 

oLrqr%] tSlk fd vki [kaM 2 esa ns[k pqds gSa] .jiQ8 ><×><=   
nwljh vksj] lewg =H .kji RRRR +++   
bl izdkj] prq"V;h lewg ),( +H ugha gSA 

vkÑfr 2: fo-jks- gSfeYVu 

 

 

H ds vo;o H  ds jpf;rk 
ds uke ij okLrfod 
gsfeYVksfu;e dgykrs gSaA 
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lkFk gh] ,Q8 H</  D;ksafd 
8

Q  xq.ku ds lkis{k ,d lewg gS] tcfd H  ;ksx ds lkis{k 

,d lewg gSA 

vc] vkb, rRledh oy;ksa ds ,d jkspd igyw ij fopkj djsaA ,sls oy;ksa esa dqN 
vo;o xq.ku ds lkis{k O;qRØe.kh; (invertible) gksrs gSaA mnkgj.kkFkZ] Z  ij fopkj 
dhft,A ;gk¡ 111 =⋅ rFkk .1)1()1( =−⋅−  bl izdkj] 1 vkSj )1(−  nksuksa O;qRØe.kh; 
gSaA ijarq Z  dk dksbZ vU; vo;o O;qRØe.kh; ugha gS] D;ksafd ;fn fdlh Z∈y  ds 
fy,] Z∈x  ,slk gS fd ,1xy =  rks 1x =  ;k .1x −=   

nwljh vksj] R  ,d ,slk rRledh oy; gS ftlesa ∗

R  dk izR;sd vo;o O;qRØe.kh; 
gSA 

 

;s mnkgj.k gesa fuEufyf[kr ifjHkk’kk ij ys tkrs gSaA 

 

ifjHkk"kk: eku yhft, fd ),,R( ⋅+  ,d rRledh oy; gSA R  dk ,d vo;o r  ,d 

ek=d (unit)  dgykrk gS ;fn ,slk Rs ∈  gS ftlls fd .sr1rs ==  bl fLFkfr esa] s

dks r  dk  ,d izfrykse (inverse) dgrs gSaA  (/;ku nhft, fd bl fLFkfr esa s  Hkh 
,d ek=d gS!) 
 

mijksDr ifjHkk"kk gesa crkrh gS fd ,d ek=d ,d rRledh oy; dk ,d 
O;qRØe.kh; vo;o gksrk gSA mnkgj.kkFkZ] izR;sd rRledh oy; esa rRled ,d 
ek=d gksrk gS] D;ksafd .111 =⋅  blh izdkj]C  dk izR;sd 'kwU;srj vo;o ,d ek=d 
gSA vr%] ,d rRledh oy; esa vusd ek=d gks ldrs gSaA bl laca/k esa fuEufyf[kr 
fVIi.kh ij fopkj dhft,A 

 

fVIi.kh 6: ‘ek=d’ vkSj ‘rRled’ ds varj dks /;kuiwoZd nsf[k,A ,d ek=d dksbZ Hkh 
O;qRØe.kh; vo;o gksrk gS] tcfd rRled vf}rh; gS rFkk lacaf/kr oy; esa ;g 
xq.kukRed rRled gSA bl izdkj] ,d rRledh oy; esa] rRled ,d ek=d gS] 
ijarq oy; esa rRled ds vfrfjDr vusd ek=d gks ldrs gSaA 

 

vc] tSls fd ,d ;ksT; izfrykse vf}rh; gksrk gS] D;k ,d ek=d dk xq.kukRed 
izfrykse vf}rh; gksxk? vkb, ns[ksaA 

 

izes; 3 : ;fn ,d rRledh oy; R esa r  ,d ek=d gS] rks ,d vf}rh; Rs ∈  gS 
ftlls fd ,1rs =  vFkkZr~ R  esa r  dk ,d vf}rh; izfrykse gksrk gSA  

 

bldh miifÙk bdkbZ 2 esa izes; 2 dh miifÙk dh rjg gh gSA ge bls vkidks fl) 
djus ds fy, NksM+ jgs gSa (nsf[k, E25). 

 

vki ns[k pqds gSa fd fdlh rRledh oy; esa ek=dksa a dk leqPp; ifjfer ;k 
vifjfer gks ldrk gSA oLrqr%] ek=d ds vkSj vf/kd xq.k gSa] tSlk fd fuEufyf[kr 
izes; gesa crkrk gSA 

 

izes; 4: eku yhft, fd R ,d rRledh oy; gSA R  esa ek=dksaa dk leqPp; xq.ku 
ds lkis{k ,d lewg gksrk gSA (;g lewg R  ds ek=dksaa dk lewg (group of units of 

R) dgykrk rFkk bls U(R)}kjk O;Dr djrs gSaA) 
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          miifÙk: loZizFke] D;ksafd ,)R(U1∈ blfy, «.≠)R(U   

 

vkxs] ;fn ),R(Ur,r 21 ∈  rks Rs,s
21

∈∃  s.t. ,1rssr 1111 == rFkk .1rssr 2222 ==  

vr%] .1srs1rs)sr(r)ss)(rr( 111112211221 ==⋅⋅==  

bl izdkj] )R(U  esa xq.ku lao`r gSA 

lkFk gh] )R(U1∈  rRled gSA 

vkxs] fdlh Hkh )R(Ur∈  ds fy,] og vf}rh; ),R(Us∈  ftlls fd sr1rs ==  R  

dk izfrykse gSA 

vr%] )),R(U( ⋅  ,d lewg gSA 

vkb, dqN mnkgj.kksa ij fopkj djsaA 

 

mnkgj.k 15: )R(U  Kkr dhft,] tgk¡ R  fuEufyf[kr gS %  
i)  ],i[Z     ii)  ].1,0[C  

 

gy: i) ]i[Z  esa iba +  ,d ek=d gS  iff ]i[idc Z∈+∃  s.t. ,1)idc)(iba( =++  
vFkkZr~ ,1)bcad(i)bdac( =++−   

 vFkkZr~] .0bcad1bdac =+=− rFkk    …(2) 

 vc] ;fn ,0a =  rks (2) ls 1bd −=  vkSj 0bc = fudyrk gSA  
 vr%] 0c =  rFkk }.1,1{)(Ud,b −=∈ Z   

 vr%] .1b0a ±=⇒=       …(3) 

 ;fn ,0a ≠  rks   
 ),bdac(a1aa −=⋅=  (2) }kjkA 
   ,c)ba(badca

222
+=−=  D;ksafd (2) ls bcad −=  izkIr gksrk gSA 

 vr%] .a)ba(
22

+   

 ;g rHkh laHko gS tc 0b =  vkSj ,||aa
2

=  D;ksafd .aa
2

≥   

 0ad =∴  rFkk .0aa
2

≠±=  bl izdkj] ,0d = ftlls (2) }kjk 1ac =  izkIr 

gksrk gSA 

 bl izdkj] ,1a ±=  ftlls .1c ±=   

 vr%] 1a0a ±=⇒≠  vkSj .0b =     …(4) 

 (3) ls] ge ])i[(Ui Z∈± izkIr djrs gSaA 

 (4) ls] ge ])i[(U1 Z∈±  izkIr djrs gSaA 

 dsoy ;s gh laHkkouk,¡ gSaA 

 vr%] }.i,1{])i[(U ±±=Z   

 

ii) ])1,0[C(Uf ∈   

 ]1,0[Cg∈∃⇔  s.t. ]1,0[x1)x(g)x(f ∈∀=  

 ].1,0[x0)x(f ∈∀≠⇔   

 vr%] ]}.1,0[x0)x(f]1,0[Cf{])1,0[C(U ∈∀≠∈=   

*** 

mnkgj.k 16: eku yhft, fd ]x[R  mu cgqinksa dk leqPp; gS ftuds xq.kkad R  esa 
gSa ([kaM 1, ‘dyu’ dks nsf[k,)A n'kkZb, fd ),],x[( ⋅+R  ,d Øefofues; rRledh 
oy; gSA lkFk gh] ])x[(U R Hkh Kkr dhft,A 

 

vki cgqin oy;ksa dk 
v/;;u foLr̀r :i ls 
[kaM 4 esa djsaxsA 
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gy: loZizFke] ‘dyu’ ls ;kn dhft, fd ]x[R�  esa )x(f  vkSj )x(g  ds fy,]
 

,xbxbb)x(gxaxaa)x(f
s

s10
r

r10 +++=+++= LL rFkk  fdUgha _.ksrj 
iw.kkZadksa r  vkSj s  ds fy, rFkk s,,1j,r,,1ib,a ji KK ==∀∈R  ds fy,A 

vc] ;k rks sr ≤  ;k .sr ≥  fcuk dqN [kks,] ge eku ysrs gSaa fd .sr ≥  rc] 
,]x[xaxax)ba(x)ba()ba()x(g)x(f

r
r

1s
1s

s
ss1100 R∈+++++++++=+

+

+
LL

rFkk .]x[xbaxbax)baba(ba)x(g)x(f
sr

sr
k

kji

ji100100 R∈++













++++=

+

=+

∑ LL   

bl izdkj] ]x[R  ij +  vkSj · f}-vk/kkjh lafØ;k,¡ gSaA  
vkidks fl) djuk pkfg, fd )],x[( +R  ,d vkcsyh lewg gS] ftlesa ;ksT; rRled 

0  gS rFkk ∑
=

m

0i

i

ixa  dk ;ksT; izfrykse ∑
=

−

m

0i

i
i x)a( gSA  

 

vkxs] vkidks ;g n'kkZuk pkfg, fd ]x[R  esa xq.ku lkgp;Z gSA (;g 'kk;n vkidks 

dqN my>k gqvk yxs] ijarq bls igys ?kkr 3  rd ds cgqinksa ds fy, fn[kkus dk 
iz;kl dhft,] rkfd vkidks vuqeku yxs fd gks D;k jgk gSA) 
 

var esa] vkb, fl) djsa fd caVu fu;e larq’V gks jgs gSaA eku yhft, fd 

∑∑
==

==

s

0j

j

j

r

0i

i

i xb)x(g,xa)x(f  rFkk .xc)x(h
t

0k

k
k∑

=

=  lkFk gh] fcuk dqN [kks,] ;g 

eku ysrs gSaa fd st ≤  rFkk .0ccc s2t1t ====
++

L   

rc] 









+








=+ ∑∑

==

s

0j

j

jj

r

0i

i

i x)cb(xa))x(h)x(g)(x(f  

k
sr

0k kji

jji x)cb(a∑ ∑
+

= =+









+=  

k
sr

0k kji

jiji x)caba(∑ ∑
+

= =+









+=  

∑ ∑∑ ∑
+

= =+

+

= =+











+










=

sr

0k

k

kji

ji

sr

0k

k

kji

ji xcaxba  

).x(h)x(f)x(g)x(f +=  
vr%] oke caVu fu;e ]x[R  ds fy, lR; gSA 

 

/;ku nhft, fd D;ksafd R  ,d Øefofues; oy; gS] blfy, )x(f)x(g)x(g)x(f =  

.]x[)x(g),x(f R∈∀  bl izdkj] ]x[R  esa xq.ku Øefofues; gSA vr%] ]x[R  ds fy, 

nf{k.k caVu fu;e Hkh lR; gSA                                           

 

blfy,] ]x[R  ,d Øefofues; oy; gSA 

 

lkFk gh] ]x[R  esa rRled vpj cgqin ]x[1 R∈  gS] D;ksafd 
].x[)x(f)x(f)x(f1 R∈∀=⋅   

vr%] ]x[R  rRledh gSA 

vc] ;fn ]x[)x(f R∈  ,d ek=d gS] rks ]x[)x(g R∈∃  s.t. .1)x(g)x(f =   
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          vr%] .01deg)x(gdeg)x(fdeg ==+     …(5) 

ijarq] .0)x(gdeg,0)x(fdeg ≥≥   
vr%] (5) gesa crkrk gS fd ).x(gdeg0)x(fdeg ==   

bl izdkj] .)x(g,)x(f
∗∗

∈∈ RR   

bl izdkj] .)(U])x[(U
∗

== RRR    

*** 

 

vc] vkidks dqN iz'u gy djus pkfg,A 

  

E25) izes; 3 dks fl) dhft,A 

E26) n'kkZb, fd ).(GL))((U 22 CCM =  

 (ladsr: lkjf.kd Qyu dk mi;ksx dhft,A) 
E27) ])x[(U Z  dks Kkr dhft,A 

E28) ;fn R  ,d rRledh oy; gS] rks D;k  
 i) )),R(U( +  ,d lewg gS? 

 ii) )),R(U( ⋅  ,d vkcsyh lewg gS? 

E29) n'kkZb, fd ;fn R  ,d rRledh oy; gS rFkk Ra∈  ,d ek=d gS] rks 
.Rrra ∈∀   

D;k bldk foykse lR; gS? vFkkZr~] ;fn Ra∈∃  s.t. ,Rrra ∈∀  rks D;k a 

,d ek=d gksxk gh? D;ksa] ;k D;ksa ugha? 

E30) n'kkZb, fd R  ls R  rd ds lHkh vodyuh; Qyuksa dk leqPp; fcanq'k% ;ksx 
vkSj xq.ku ds lkis{k ,d oy; gSA D;k ;g ,d rRledh oy; gS?  D;k ;g 
Øefofues; gS? vius mÙkjksa ds fy, dkj.k nhft,A 

 

vc rd bl bdkbZ esa geus fofHkUu izdkjksa ds oy;ksa dh ppkZ dh gSA vki 
Øefofues; vkSj vØefofues; oy;ksa rFkk rRledh vkSj fcuk rRled ds oy;ksa ds 
mnkgj.kksa dks ns[k pqds gSaA ge bl ppkZ dks vxyh bdkbZ esa tkjh j[ksaxs] tgk¡ ge 
oy;ksa ds fy, milewgksa ds vuq:i ij ckr djsaxsA  
 

vc] vkb, laf{kIr esa ns[ksa fd bl bdkbZ esa vkius D;k v/;;u fd;k gSA 

 

10.5 lkjka’k 
 
bl bdkbZ esa geus fuEufyf[kr fcanqvksa ij ppkZ dh gSA 
1. os vfHkx̀ghr tks ,d oy; dks ifjHkkf’kr djrs gSa] rFkk bl chth; fudk; ds 

dqN mnkgj.kA fof'k’V :i esa] oy;ksa ds ckg~; vuqykse xq.kuQy dk 
mnkgj.kA  

2. oy;ksa ds dqN izkjafHkd xq.k] tSls  
,a000a ⋅==⋅  

 ,b)a()ab()b(a −=−=−  

 ,ab)b)(a( =−−  

 ,acab)cb(a −=−  

fdlh Øefofues; 
oy; R esa ,d vo;o 
a ,d vo;o b dks 
foHkkftr djrk gS] 
;fn Rc ∈∃  s.t. 

.bca =  bls ba }kjk 
O;Dr fd;k tkrk gSA 
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 cabaa)cb( −=− gSA 

  tgk¡ c,b,a  oy; R  ds vo;o gSaA   

3. oy; esa ;ksx vkSj xq.ku ds fy, ?kkrkadksa ds fu;e] rFkk O;kid caVu  fu;eA 

4. Øefofues; oy;] rRledh oy; rFkk Øefofues; rRledh oy; dh 
ifjHkk’kk,¡] rFkk muds mnkgj.kA 

5. ,d vrqPN rRledh oy; esa ;ksT; vkSj xq.ku rRled vyx gSaA 

6. ,d rRledh oy; esa ek=d dh ifjHkk’kk] vkSj mnkgj.kA 

7. ,d rRledh oy; R  ds lHkh ek=dksaa dk leqPp; xq.ku ds lkis{k ,d lewg 
gksrk gSA bl lewg dks )R(U }kjk O;Dr fd;k tkrk gSA 

 

10.6 gy / mÙkj 

 

E1)         
*

6
Z esa ;ksx            

*

6
Z esa xq.ku 

        

432105

321054

210543

105432

054321

54321+

  

123455

240244

303033

420422

543211

54321⋅

 

 

 mijksDr lkjf.k;ksa ls vki ns[k ldrs gSa fd *
6Z  esa u rks ;ksx vkSj u gh xq.ku 

f}-vk/kkjh lafØ;k,¡ gSa] D;ksafd .0
*
6Z∉  bl izdkj] ),,(

*

6
⋅+Z  ,d oy; ugha gks 

ldrk gSA 

 

E2) /;ku nhft, fd }0{  ij +  vkSj · f}-vk/kkjh lafØ;k,¡ gSaA vfHkx̀ghr −1R 6R  

rqPNh; :i ls ),},0({ ⋅+  }kjk larq’V gksrs gSa] ftldk vkidks lR;kiu djuk 

pkfg,A 

 

vc] eku yhft, fd ,d ,dy }a{  ,d oy; gSA rc] blesa ;ksT; rRled 0  
dks varfoZ’V gksuk pkfg,A ijarq }a{  esa dsoy ,d gh vo;o gSA bl izdkj] 

.0a =  vr%] }.0{}a{ =   

E3) ge ]2[Q  esa ;ksx vkSj xq.ku dks fuEufyf[kr }kjk ifjHkkf’kr djrs gSa % 

),db(2)ca()d2c()b2a( +++=+++  rFkk 

.d,c,b,a)bcad(2)bd2ac()d2c()b2a( Q∈∀+++=+⋅+   

 D;ksafd R  esa +  lkgp;Z vkSj Øefofues; gS] blfy, QQ 2+  esa Hkh +  ds 

fy, ;g lR; gSA  
;gk¡] 0200 ⋅+=  ;ksT; rRled gS] rFkk b2a +  dk ;ksT; izfrykse 

)b(2)a( −+−  gSA 

bl izdkj] 1R ′ (;k −1R 4R ) dks ]2[Q  larq’V djrk gSA  

(/;ku nhft, fd vki ]2[Q  dks ),( +R  dk milewg n'kkZ dj Hkh fn[kk 

ldrs Fks fd 1R ′  dkssss ssssss ]2[Q  larq’V djrk gSA) 
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          D;ksafd R  esa xq.ku lkgp;Z gS] blfy, QQ 2+  ds fy, 5R  (;k 2R ′ ) lR; 

gSA  
 D;ksafd R  esa xq.ku ;ksx ij cafVr gS] blfy, QQ 2+  esa Hkh ,slk gh gSA 

vr%]  6R  (;k 3R ′ ) dks ]2[Q  larq’V djrk gSA 

 

bl izdkj] ),,2( ⋅++ QQ  ,d oy; gSA 

 

 vkxs] D;ksafd R  ij ⋅  Øefofues; gS] blfy, ;g ]2[Q  ij Hkh Øefofues; 

gSA vr%] �Q ]2[  ,d Øefofues; oy; gSA 

E4) tSlk fd vki tkurs gSa] R  ij +  vkSj · lqifjHkkf’kr f}-vk/kkjh lafØ;k,¡ gSaA  

 vc] .R
db0

0ca

d0

0c

b0

0a
R

d0

0c
,

b0

0a
∈








−

−

=







−







∈















] fy,ds    

bl izdkj] ).(),R( 2 RM≤+   

vr%] ),R( +  ,d vkcsyh lewg gSA 

 lkFk gh] tSlk fd vki bdkbZ 1 ls tkurs gSa] ),R( ⋅  ,d lkfelewg gSA 

 bdkbZ 1 ls vki ;g Hkh tkurs gSa fd ),,,R( ⋅+  6R  dks larq’V djrk gSA  

vr%] R  ,d oy; gSA 

vc] fdUgha R
d0

0c
,

b0

0a
∈















ds fy,] 

.
b0

0a

d0

0c

db0

0ca

bd0

0ac

d0

0c

b0

0a
















=








=








=
















  

vr%] R  Øefofues; oy; gSA 

 

E5) vkidks n'kkZuk pkfg, fd R  ij +  vkSj  · f}-vk/kkjh lafØ;k,¡ gSaA vkidks 
bldh E4 dh rjg gh ;g Hkh n'kkZuk pkfg, fd −1R 6R  dks ),,R( ⋅+  

larq’V djrk gSA 

 ijarq] ,
02

01

04

03

04

03

02

01
















≠
















,d mnkgj.k ds rkSj ijA  

vr%] R  ,d Øefofues; oy; ugha gSA 

 

E6) i) )X(℘  ij ∪  vkSj ∩  lqifjHkkf’kr f}-vk/kkjh lafØ;k,¡ gSaA ijarq] fdlh 
Hkh «≠⊆ A,XA  ds fy,] ,slk dksbZ XB ⊆  ugha gS ftlls fd 

«,=∪ BA  tks ∪ds lkis{k rRled gSA  
  vr%] ),),X(( ∩∪℘  ,d oy; ugha gSA 

 ii) D;ksafd ∗

R  ij +  ,d f}-vk/kkjh lafØ;k ugha gS] blfy, ;g oy; ugha gSA 

  iii) tSlk fd vki bdkbZ 1 ls tkurs gSa] )(32 RM
×

 ij xq.ku ,d f}-vk/kkjh 

lafØ;k ugha gSA vr%] ;g oy; ugha gSA 

 

E7)  

 

 

 bacc

acbb

cbaa

cba+
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D;ksafd ,bcbb ≠=+  blfy, b  ;ksT; rRled ugha gSA blh izdkj] c  Hkh 

;ksT; rRled ugha gSA vr%] a  gh 'kwU; vo;o gSA vr%] mijksDr lkj.kh esa 
izFke iafDr vkSj LraHk dks bl otg ls ,slk Hkjk x;k gSA  
vc] ;kn jf[k, fd D;ksafd ),R( +  ,d lewg gS] blfy, lkj.kh dh izR;sd 

iafDr vkSj izR;sd LraHk esa R  dk izR;sd vo;o ,d vkSj dsoy ,d ckj vkuk 
pkfg,A  
vr%] D;ksafd ,bccb +=+ rFkk nwljh iafDr esa dsoy vo;o a ugha fn[kk;k gS] 

blfy, .bcacb +==+   

bl izdkj] mijksDr lkj.kh dks bl izdkj Hkjk x;k gSA 

 

aaac

aaab

aaaa

cba•

 

D;ksafd abb =⋅  vkSj ,bba =+  blfy, .bbbab)ba(bb ⋅+⋅=⋅+=⋅  

bl izdkj] ba ⋅  'kwU; vo;o] vFkkZr~ a  gSA 

blh izdkj] vkidks cbb =+  dk mi;ksx djrs gq,] ns[kuk pkfg, fd abc =⋅  

D;ksa gSA vr%] mijksDr xq.ku lkj.kh ds nwljs LraHk ds izR;sd izdks’B esa a  gSA 

vc] .abab)ba()bb(aaa =⋅=⋅⋅=⋅⋅=⋅  

blh izdkj] vkidks Li’V djuk pkfg, fd D;ksa 
,aca,aac,aab =⋅=⋅=⋅ .accacb =⋅=⋅ vkSj   

vr%] mijksDr lkj.kh dks blh izdkj Hkjk x;k gSA 

 

E8) bdkbZ 1 ls vki tkurs gSa fd Z∈)n,m(  vkSj .n,m]n,m[ ZZ ∈∀∈   

bl izdkj] Z  ij ⊕  vkSj � f}-vk/kkjh lafØ;k,¡ gSaA ijarq] ),( ⊕Z  ,d lewg 

ugha gSA bldk dkj.k ;g gS fd 0  rRled gS] ijarq ∗

∈Zm   fn;k gksus ij] 
dksbZ ,slk Z∈n  ugha gS ftlls fd .0)n,m( =  mnkgj.kkFkZ] fdlh Hkh Z∈n  
ds fy,] .0)n,1( ≠    

 

E9) D;ksafd R vfHkx̀ghrksa 5R,2R,1R  vkSj 6R  dks larq’V djrk gS] blfy, 
)R,X(Map Hkh ,slk gh djrk gSA  

'kwU; vo;o 0)x(:RX: =→ 00  gSA 

RX:f →  dk ;ksT; izfrykse )x(f)x)(f(:RX:)f( −=−→− gSA 

 bl izdkj] ),,),R,X(Map( ⋅+ −1R 6R  dks larq’V djrk gSA vr%] ;g ,d 

oy; gSA 

           fdlh Hkh )R,X(MapX ] fy,ds  Øefofues; gksxk iff R  Øefofues; gks] 
D;ksafd .Xx)x(f)x(g)x(g)x(f)x)(fg()x)(gf(fggf ∈∀=⇔⋅=⋅⇔⋅=⋅   

  

E10) loZizFke vkidks bldk lR;kiu djuk pkfg, fd R  ij ⊕  vkSj � lqifjHkkf’kr 

f}-vk/kkjh lafØ;k,¡ gSaA  
vkxs] vkb, bldh tk¡p djsa fd −1R 6R  dks ,,( ⊕R  � )  larq’V djrk gS ;k 

ughaA 

vc] ,c,b,a R∈∀  

 :R1  .ab1ab1baba ⊕=++=++=⊕  
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           :R2  1c1bac)1ba(c)ba( ++++=⊕++=⊕⊕  

                   1)1cb(a ++++=  

                            ).cb(a ⊕⊕=   
:R3  .a11a)1(a =+−=−⊕   

bl izdkj] ⊕  ds lkis{k )1(−  rRled gSA  
 :R4  .11)2a(a)2a(a −=+−−+=−−⊕                                               

bl izdkj] 2a −−  ⊕  ds lkis{k a  dk izfrykse  gSA  
 :R5  a( � )b � )baab(c ++= � c)baab(c)baab(c ++++++=  

                            )cbbc(a)cbbc(a ++++++=  

                                    a= � b( � ).c   

:R6  a � a)cb( =⊕ � )1cb(a)1cb(a)1cb( ++++++=++  

                                    1)caac()baab( ++++++=  

                                    a(= � a()b ⊕ � ).c   

D;ksafd  a � bb = � ,a  nf{k.k caVu fu;e Hkh larq’V gksrk gSA 

bl izdkj] ,,( ⊕R � )  ,d oy; gSA 

 

E11) ;g n'kkZus ds fy, fd )R(
2
M  vfHkx̀ghrksa −1R 6R  dks larq’V djrk gS] bl 

rF; dk mi;ksx dhft, fd −1R 6R  dks ),,R( ⋅+  larq’V djrk gSA 

mnkgj.kkFkZ] 6R  dh tk¡p djus ds fy,] fuEufyf[kr ij fopkj dhft, % 










++

++

⋅







=


















+








⋅








2121

2121

22

22

11

11

ddcc

bbaa

dc

ba

dc

ba

dc

ba

dc

ba
 










++++++

++++++

=

)dd(d)bb(c)cc(d)aa(c

)dd(b)bb(a)cc(b)aa(a

21212121

21212121
  

 ,
ddcbdcca

bdabbcaa

ddcbdcca

bdabbcaa

2222

2222

1111

1111










++

++

+








++

++

=  D;ksafd 1R  vkSj 6R   

 

         ,
dc

ba

dc

ba

dc

ba

dc

ba

22

22

11

11









⋅







+








⋅







=   

)R(2M esa   
























22

22

11

11

dc

ba

dc

ba
,

dc

ba
vkSj  ds fy,A 

 

E12) }.2,1,0{},1,0{ 32 == ZZ
 
 

 )}.2,1(),1,1(),0,1(),2,0(),1,0(),0,0{(32 =×∴ ZZ   
 /;ku nhft, fd 32 ZZ ×

 
ds izR;sd vo;o esa] izFke ?kVd ‘mod 2’ gS rFkk 

nwljk ?kVd ‘mod 3’  gSA  
 

 bl izdkj] lkjf.k;k¡ gSa %  

dks R  larq’V djrk gSA 
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)1,0()0,0()2,0()1,1()0,1()2,1()2,1(

)0,0()2,0()1,0()0,1()2,1()1,1()1,1(

)2,0()1,0()0,0()2,1()1,1()0,1()0,1(

)1,1()0,1()2,1()1,0()0,0()2,0()2,0(

)0,1()2,1()1,1()0,0()2,0()1,0()1,0(

)2,1()1,1()0,1()2,0()1,0()0,0()0,0(

)2,1()1,1()0,1()2,0()1,0()0,0(+

  

 

)1,1()2,1()0,1()1,0()2,0()0,0()2,1(

)2,1()1,1()0,1()2,0()1,0()0,0()1,1(

)0,1()0,1()0,1()0,0()0,0()0,0()0,1(

)1,0()2,0()0,0()1,0()2,0()0,0()2,0(

)2,0()1,0()0,0()2,0()1,0()0,0()1,0(

)0,0()0,0()0,0()0,0()0,0()0,0()0,0(

)2,1()1,1()0,1()2,0()1,0()0,0(•

 

mijksDr xq.ku lkj.kh ij nf̀’V Mkfy,A blesa izfof’V;k¡ )0,0()0,0( ⋅   ls 
)2,1()2,1( ⋅  rd lkj.kh ds fod.kZ ds izfr lefer gSaA 

bl izdkj] 
32
ZZ ×  ,d Øefofues; oy; gSA 

 

E13) D;ksafd ,
2

RRR ×=  blfy, mnkgj.k 9 dh rjg ;g ?kVd-vuqlkj ;ksx vkSj 

xq.ku ds lkis{k ,d oy; gSA 

 blh izdkj] 2
C  ,d oy; gSA vr%] CCC ×=

23
 ,d oy; gSA 

 

E14) ge tkurs gSa fd .Raa0a ∈∀=+    
D;ksafd ,0a0a ⋅=+  blfy, ge ikrs gSa fd .Raa0a ∈∀=⋅   

ijarq] izes; 1 }kjk vki tkurs gSa fd .00a =⋅   
bl izdkj] ,Ra0a ∈∀=  vFkkZr~ }.0{R =   

 

E15) eku yhft, )n(P  fuEufyf[kr fo/ks; gS %  
,abab)bb(a n1n1 ++=++ LL Rb,,b,a n1 ∈K  ds fy,A 

 vc )1(P  lR; gS] D;ksafd .ab)b(a 11 =    

 eku yhft, fd fdlh N∈k  ds fy,] )k(P  lR; gSA 

 vc fuEufyf[kr ij fopkj dhft, %  
],b)bb[(a)bbb(a 1kk11kk1 ++

+++=+++ LL  ifjHkk’kk }kjkA 

        ,ab)bb(a 1kk1 +
+++= L  6R }kjkA 

        ,ab)abab(
1kk1 +

+++= L  D;ksafd )k(P  lR; gSA 

        ,ababab
1kk1 +

+++= L  ifjHkk’kk }kjkA 

 bl izdkj] )1k(P +  lR; gSA 

 vr%] )n(P  izR;sd N∈n  ds fy, lR; gSA 

 blh izdkj vkidks nwljh lfedk fl) djuh pkfg,A 

 

E16) D;ksafd ,ba)ba(
111

+=+  blfy, fn;k gqvk izlkj 1n =  ds fy, lR; gSA  

Ekku yhft, fd ;g izlkj fdlh N∈m  ds fy, lR; gS] vFkkZr~  
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           .babCbaCa)ba(

m1m
1m

m1m
1

mmm
++++=+

−

−

−

L  

 vc] 







+=++=+ ∑

=

−+ k
m

0k

km
k

mm1m
baC)ba()ba)(ba()ba(  

 ∑∑
=

+−+−

=

+=

m

0k

1kkm
k

mk1km
m

0k

k
m

,baCbaC  caVu }kjkA 

 )abCbaCbaCa(
m

m
m221m

2
m11m

1
m1m

++++=
−+−++

L  

    )babCbaCbaC(
1mm

1m
m21m

1
mm

0
m +

−

−

+++++ L  

 1mkk1m
1k

m
k

m11m
0

m
1

m1m
bba)CC(ba)CC(a

+−+

−

−++

+++++++= LL  

 1mm
m

1mkk1m
k

1m11m
1

1m1m
babCbaCbaCa

++−++−+++

++++++= LL  

 (D;ksafd .)CCC k
1m

1k
m

k
m +

−
=+  

 bl izdkj] ;g lfedk 1mn +=  ds fy, Hkh lR; gSA 

 vr%] vkxeu ds fl)kar }kjk] ;g lHkh N∈n  ds fy, lR; gSA 

 

E17) ifjHkk’kk }kjk] m(aaaa
m

K⋅=  ckj)A 
 vc vkb, N∈m  dks fu;r djsa] rFkk eku ysa fd )n(p fo/ks;

N∈=⋅
+

n,aaa
nmnm gS ds fy,A   

 rc] ifjHkk’kk }kjk] )1(P  lR; gSA 

 eku yhft, fd fdlh N∈k  ds fy,] )k(P  lR; gSA  

 rc] ),aa(aaa
km1km

⋅⋅=⋅
+  ifjHkk’kk }kjkA 

            ,a)aa(
km

⋅⋅=  5R }kjkA 

            ,aa
km

⋅=
+  D;ksafd )k(P  lR; gSA 

            )1k(m
a

++

=  gS] ifjHkk’kk }kjkA 

 vr%] )1k(P +  lR; gSA 

 bl izdkj] PMI }kjk )n(P  lR; gS .n N∈∀  

 

 D;ksafd ),R( ⋅  ,d lewg ugha gS] blfy, gks ldrk gS fd 0
a  ;k 1

a
−  ifjHkkf’kr 

ugha gksaA mnkgj.kkFkZ] Z  esa 
1

2
−

 gSA blh izdkj] Z2 esa 1a
0

=  ugha gSA vr%] 
;fn ,0n,m ≤  rks t+:jh ugha fd m

a  vkSj n
a  R  esa gksaA blfy,] bl lfedk 

dk ,n,m,0n,m Z∈≤  ds fy, foLrkj ugha fd;k tk ldrk gSA 

 

E18) eku yhft, fd .0n,m >  rc]  
m(aaama +++= L  ckj) vkSj n(bbnb ++= L  ckj)A  

vr%] caVu ds O;kid fu;e ls E15 dks foLr̀r djus ij]  
mn(ab)bb)(aa()nb)(ma( =++++= LL ckj) 

      ).ab(mn=      …(6) 

 

 vc] eku yhft, fd .0n0m >< vkSj  rc] .0m >−  

 lkFk gh] )m)[(a()a()a()a)(m( −−++−+−=−− L  ckj]A 
 vr%] ),ab)(mn()nb)(a)(m( −−=−−  izes; 1 vkSj (6) }kjkA 

      ),ab)(mn(−−=  izes; 1 }kjkA 

      ).ab)(mn(=   
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 blh izdkj] vkidks fLFkfr;ksa 0n,0m <<  vkSj 0n,0m <>  dks fl) djuk 

pkfg,A 

E19) bls bdkbZ 2 ds izes; 2 tSls gh fl) fd;k tk ldrk gSA 

E20) mnkgj.k 10 dh rjg] n'kkZb, fd 2n ≥  ds fy,] Zn  dk rRled ugha gks 
ldrk gSA  

E21) 
n
Z  dk rRled 1  gS] D;ksafd  .aa1a1a nZ∈∀⋅==⋅  

 ]i[Z  dk rRled 0i1+  gSA (D;ksa?)  

 )(
43
ZM  dk rRled 

















=

100

010

001

I  gS] D;ksafd 

).(AAIAAI 43 ZM∈∀==
 
 

 )X(℘  dk rRled X  gS] D;ksafd .XAAXAXA ⊆∀∩==∩  

 ]1,0[C  dk rRled 1)x(g:]1,0[:g =→R  gS] D;ksafd
)x(f)x(g)x(f)x)(gf( =⋅=⋅  rFkk ].1,0[x)x(f)x)(fg( ∈∀=⋅   

/;ku nhft, fd ]1,0[  ij g  larr gS] D;ksafd ;g ,d vpj Qyu gSA 

 AEnd  dk rRled x)x(I:AA:I AA =→  gSA (D;ksa?) 

 

E22) D;ksafd a � bb = � .b,aa R∈∀  blfy, � Øefofues; gSA   

lkFk gh] a � .aa0 R∈∀=   

bl izdkj] 0  xq.kukRed rRled gSA (/;ku nhft, fd ;gk¡ ;ksT; rRled 
'kwU; ugha gSA) 

 vr%] ,,( ⊕R �) ,d Øefofues; rRledh oy; gSA   

 

E23) vkidks igys n'kkZuk pkfg, fd X  ij +  vkSj · laor̀ gSaA rc] tk¡p dhft, fd 
−1R 6R  dks X  larq’V djrk gS ;k ughaA  

 /;ku nhft, fd 








00

00
 ;ksT; rRled gSA 

 fQj vkidks fn[kkuk pkfg, fd fdUgha nks vo;oks A  vkSj B  ds fy,]
.BAAB =   

bl izdkj] ;g oy; Øefofues; gSA  

bldk rRled 








2/12/1

2/12/1
 gS] ftls vkidks fl) djuk pkfg,A 

 

E24) fdlh .aaRa
2

=∈ ] fy,ds  fof'k’V :i esa]  
 a2)a2(

2
=  

,a2a4a2a4
2

=⇒=⇒  D;ksafd .aa
2

=   

 0aa0a2 =+⇒=⇒  

 .aa −=⇒      …(7) 

 

 vc] fdUgha .RbaRb,a ∈+∈ ] fy,ds   
 ba)ba(

2
+=+∴  

 babbaaba
22

+=+++⇒  
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           ,babbaaba +=+++⇒  D;ksafd aa

2
=  vkSj .bb

2
=  

 ,baab −=⇒  fujlu }kjkA 
 ,baab =⇒  D;ksafd (7) ls baba =−  izkIr gSA 

 bl izdkj] R  Øefofues; gSA 

 

E25) ifjHkk’kk }kjk] Rs∈∃  s.t. .sr1rs ==   
vc eku yhft, fd Rt ∈∃  s.t. .tr1rt ==   

rc] .tt1t)sr()rt(s1ss =⋅===⋅=  

bl izdkj] izfrykse vf}rh; gSA 

E26) mnkgj.k 12  dh rjg] )(
2
CM  dk rRled 








=

10

01
I  gSA 

 vc] ))((UA
2
CM∈  iff )(B

2
CM∈∃  s.t. .IAB =   

rc] .1)Idet()ABdet( ==   
 bl izdkj] .1)Bdet()Adet( =   
 vr%] ,0)Adet( ≠  vFkkZr~] ).(GLA 2 C∈   
 blfy,] ).(GL))((U 22 CCM ⊆         …(7) 

 

 foykser%] ;fn ),(GLA 2 C∈  rks B∃  s.t. ,BAIAB ==  D;ksafd )),(GL(
2

⋅C  

,d lewg gSA 

 bl izdkj] )).((UA 2 CM∈  

 vr%] )).((U)(GL 22 CMC ⊆   
 (8 ) vkSj (9) ls] ).(GL))((U 22 CCM =  

 

E27) mnkgj.k 16 dh gh rjg] n'kkZb, fd ;fn ,])x[(U)x(f Z∈  rks Z∈)x(f rFkk 
Z∈∃ n  s.t. .1n)x(f =⋅  

 bl izdkj] .1)x(f ±=   

 vr%] }.1{])x[(U ±=Z   

 

E28) i) ughaA mnkgj.kkFkZ] }1{)(U ±=Z  ;ksx ds lkis{k lewg ugha gSA (D;ksa?) 

  ii) izes; 4 }kjk] )),R(U( ⋅   ,d lewg gSA ijarq bldk vkcsyh gksuk 
vko';d ugha gSA mnkgj.kkFkZ] ;fn ),(R 2 CM=  rks ),(GL)R(U 2 C=

tks vkcsyh ugha gSA 

 

E29) D;ksafd ,)R(Ua ∈  blfy, Rb ∈∃ s.t. .1ab =    
 rc] ).br(ar)ab(r1r ==⋅=   

 bl izdkj] .ra   

 foykser%] ;fn Ra ∈  s.t. ,Rrra ∈∀   rks .1a   

 vr%] Rb ∈∃  s.t. .1ab = bl izdkj] ).R(Ua ∈   

 

E30) eku yhft, fd f::f{ RR→=�  vodyuh; gS}.  

 ‘dyu’ ls vki tkurs gSa fd vodyuh; Qyuksa dk ;ksx vkSj xq.kuQy 
vodyuh; gksrk gSA blfy,] �  ij +  vkSj · f}-vk/kkjh lafØ;k,a gSaA ;g 
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fl) djus ds fy, fd �  vfHkxg̀hrksa 5R,2R,1R  vkSj 6R  dks larq’V djrk 

gS] bl rF; dk mi;ksx dhft, fd R  bu vfHkx̀ghrksa dks larq’V djrk gSA 

 fQj] n'kkZb, fd 'kwU; Qyu 0  ;ksT; rRled gS rFkk �∈f  dk 
RR→− :f  ;ksT; izfrykse gSA 

 vr%] ),,( ⋅+�  ,d oy; gSA       
 �  esa vpj Qyu 1)x(g::g =→ RR  gS] rFkk ;g rRled gSA (D;ksa?) 

 D;ksafd R  ,d Øefofues; oy; gS] blfy, �  Hkh Øefofues; oy; gSA 
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 bdkbZ11 
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11.5 lkj ka” k             424 
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11.1  izLrkouk  

bl bdkb Z esa  g e oy ;ks a d h p pkZ  d ks v kSj  vk xs  ys tk,axs A t ks  v kiu s bd kbZ  3 e sa  
lh[ kk  F kk ] ;g k¡ g e ml h d s vu q:i oy ; f l) kar  dh l adYiu k  ij  /; ku  dsaf n zr  
dj saxsA n wlj s  “ kCn ksa esa ] ; g k¡ l ewg  ds mil ewg  ds  la xr  ladYiu k]  mioy ; ds  f of HkUu  
igyqv ksa ij  p pkZ d h tk, xhA t Slk f d v ki n s[k pq ds gSa ] oy; ,d lew g Hk h g ksr k  
gSA vr %] vkid ks ;g  lqu dj  vk” p ;Z u gha g ksu k pkf g,  f d mioy;  ,d milew g H k h  
gksr k  g SA bl h d kj .k l s v ki ik,¡ xs f d mioy;k sa d h  pp kZ dj r s le;  bdkb Z 3 dk  
lan HkZ dbZ c kj  f y;k  t k,x kA blf y, ;g  vP Nk  j gs xk f d  bl bd kbZ  dk  v/ ;;u  
izkj aHk dj u s l s igys  bdkbZ  3 dk “ k h?kzr k ls i qu koyk sd u  dj  ysaA  

ge kj h p pk Z Hk kx 11.2 ls izkj aHk g ksx hA ; gk¡ g e v ki dk if j p; dj k,¡xs mioy; d h  
ladYiu k ls A ge s” kk d h g h r j g] v ki mioy; ksa ds vu sd mn k gj .k ksa dk v/;;u  Hk h  
dj saxsA  

vxys  Hk k x]  11.3 esa v ki f of HkUu  ij h{ k.k  l h[k saxs  f tU gsa y k xw dj ds  e kyw e gks xk  f d   
oy; d k d ksbZ mil eqP p; d k mioy;  g S ;k u ghaA  ;g k¡ ge ml  ikB ~ ;lk ex zh  d k  
mi;k sx  dj saxs  f tld k vkiu s H kk x 3.3] bd kbZ 3 esa  v/;;u  f d ;k  F kkA  bl H k kx e sa 
vki ; g Hkh n s[ ksa xs f d f dlh oy; ds mioy; esa o y; ds vu sd cht h; xq. k g ksr s 
gSaA tS lk v ki tku sa xs] mioy; cht h; :i ls oy; ls  vu sd igyqv ksa e sa vy x Hkh g k s 
ldr k g SA  

var  esa]  Hk k x 11.4 esa v ki bl  ckj s  e sa v/; ;u  dj sax s f d f dlh  oy;  ds  mioy ;k sa d k  
izf r PNsn u ] lf Eef yu ] ; ksx v kSj  d kr hZ;  xq .ku Qy  oy ; g ksr k gS ;k  u gha A ; gk¡ ij  H kh  
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vki bd kbZ 3 esa mil ewg ksa ij  le qPp ; laf Ø; kv ksa ds  if j .kkek sa ij  dh xb Z p pk Z e sa  
dkQ+ h l eku r k i k,¡xsA  

geu s u h ps os l h[ ku s ds mÌs” ; f n , gSa ] f tu ds bn Z-f xn Z  bl bdkbZ d ks cu k ;k x; k gS A  
;f n  vki  Hk kx ksa  dk  l ko/k ku hiwoZd  v/ ;;u  dj sa xs]  r F kk  iz” u ksa d ks  L o;a gy dj sa xs ] r k s  
vki bu  mÌs” ;ksa  dks  iz kIr  dj  i k,¡xsA dsoy r c gh  vki  bl i kB ~;Ø e d h vxy h  
bdkb; ksa d ks l e>u s esa l qf o/kk i k,¡xsA  

mÌs’;    

bl bdkbZ dh i< +kb Z ds c kn ] vki f u Eu f yf [kr  dj u s esa  le FkZ g ks t k,¡xs %  

• oy; ds ,d mioy; d ks if j Hk kf ’kr  dj u k]  r Fk k mlds  mn kgj . k n su k(  

• tk¡p dj u k f d oy ; dk , d mil eqP p; ,d mioy;  gS ; k u g ha (  

• oy; ds mioy; ksa d s izf r PNsn u ] lf Eeyu ] ; ksx  ;k d kr hZ ; x q.ku Qy d s 
mioy; gksu s d s f y, izf r ca/kksa dks f l ) dj u k]  r Fk k m u dk vu qiz ;ks x dj u k (  

• f l) dj u k f d mioy; ksa dk  vu qy kse  x q.ku Qy  la caf /kr  oy;ksa  ds  vu qy kse  
xq.ku Qy dk  ,d mioy ; g ksr k gSA  

11.2  mioy; D;k gksrk gS\ 

tc vki “ k Cn  *mioy;* l qu r s gSa ] r ks v kid ks D ;k [+; k y vkr k gS\ [ kaM  1 vk Sj  bdkb Z 
10 ds vu qHko l s] vki  “ kk ;n  ; g g h l ks pasx s f d ; g , d oy; d k ,sl k mil eqPp ; g S 
tks L o;a ,d oy ; g SA ;f n  ,sl k g S] r ks v ki l gh  gS aA  

f iNyh bd kbZ esa  v kiu s n s[ kk  F k k f d u  dsoy QZ ⊆  vf ir q Z v kSj  Q leku 
lafØ;kvksa ds l ksi{ k oy; gSaA bl ls ir k p yr k g S f d Q  dk Z ,d mioy; gS]  

tSlk f d vc vki n s[ ksa xsA  

ifjHkk"kk % e ku  yhf t, f d ),,R( ⋅+ ,d oy; gS  r Fk k R dk S  ,d vf j Dr  
mile qPp;  gS A g e S  dks R dk ,d miyo; (subring) dgr s g aS] ;f n  ),,S( ⋅+

L o;a ,d oy; gks ] v Fk kZr ~ S  mu  laf Ø;kv ksa ds l kis{ k , d oy; gks f tu ds lki s{k R

,d oy; g SA  

vr %] ),,( ⋅+Z , ),,( ⋅+Q  dk ,d mioy ; gS A lk Fk gh ] ),,( ⋅+R , ),,( ⋅+Q dk ,d 

mioy; gSA vk xs] b dkbZ 10 ds mn kgj .k 1 ds  ls vk i n s[k ldr s gSa f d l e iw. kkZ adk s a 
dk l eqPp ; Z2  mu  laf Ø;k vks a ds lkis{ k ,d oy ; gS t ks  Zdks ,d oy ; cu kr s g SaA  
vr %] ),,2( ⋅+Z , ),,( ⋅+Z dk  ,d mioy ; gSA   

blh izd kj ] bd kbZ 10 ds mn k gj .k 11 ls vki n s [k ldr s gSa f d ),],5[( ⋅+Z  vk Sj  

),],5[( ⋅+−Z , ),,( ⋅+C  ds miyo; gSaA  

bl ladYiu k ls lacaf /kr  f u Eu f yf [kr  f V Iif .k;ksa ij  f opkj  d hf t,A 
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fVIi.kh 1 % ;f n  ),,R( ⋅+  dk ),,S( ⋅+ ,d mioy; gS ] r ks ge dsoy dgsax s f d R

dk S ,d mioy; gS]  tc r d f d lacaf /kr  laf Ø; k vksa  i j  t+ksj  n su k v ko” ;d u  gksA  

fVIi.kh 2 % /; ku  n hf t, f d S  vkSj R dh lafØ;kvksa dks ,d gh gksuk pkfg,] 
;f n  S dks  R dk ,d miyo;  g ksu k  g SA mn kgj . kk Fk Z]  bdkb Z  10 ds E10 dk ,,( ⊕R  

� ) , ),,( ⋅+C  dk ,d miyo; ugh a gS] D;k saf d +  vkSj  ⋅  Øe” k% ⊕  vkSj  � ls 

f HkUu-f HkUu  gSaA  

vkSj  mn kgj .k n su s ls igys ] v kb, ,d oy; dh if j Hkk’k k dk f o” ys’k. k dj saA ; g  
if j Hkk’k k d gr h gS f d ,d  oy; R dk , d mioy ; mU gha laf Ø; kv ksa d s l kis{ k ,d  
oy; g ksr k  gS  f tu ds r gr  R ,d oy; gSA  vc ] bu  laf Ø;k vks a ds f y, c aV u  f u ;e]  
Øef of u es; f u ;e  v kSj  lk g p;sZ  f u ;e  R ij  ykxw  g ksr s gSa A blf y, ; s R ds f dl h H kh  
mile qPp;  ij  Hk h y kx w g ksr s gSaA  vr %]  ; g f l)  dj u s ds f y, f d R dk d ksb Z 
mile qPp;  S  ,d oy; gS]  g esa S ds f y, Ng ksa vf Hkx f̀ gr ksa  1R - 6R ¼bdkbZ 10 ds½  d h  
tk¡p dj u s d h v ko” ;dr k u gha gSA ;g tk¡p dj u k d kQ h g ksx k f d  

i) +  vkSj  · n ksu ksa ds v/ khu  S laoÙ̀ k g S] 

ii) S0∈ ] r Fk k 

iii) izR;sd Sa ∈  ds f y,] Sa ∈− . 

;f n  S bu  r hu  izf r ca/kksa dks lar q’V  dj r k gS ] r ks R dk  S ,d mioy; gksr k  gS A vr %] 
gesa , d mioy ; ds f y, f u Eu f yf [kr  cn yh gqbZ  if j Hkk’k k iz kIr  gksr h g SA  

ifjHkk’kk % eku  y hf t, f d S  oy; ),(R, ⋅+ dk ,d vf j Dr  mi eqPP; gSA S d ks 

R dk ,d mioy; d gr s g Sa] ;f n  

)1S  +  vkSj  · ds lkis {k S  laor̀  gS ] vF kk Zr ~] Sba,ba ∈⋅+ , tc Hkh  ;Sb,a ∈   

)2S  S;0 ∈  r Fkk 

)3S  izR;sd Sa ∈  ds f y,] .Sa ∈−  

/;ku  n hf t, f d ,3S-1S  vkSj  dkb Z 3 dk ize s; 1 g esa cr kr s gSa f d R  dk ,d 
mile qPp;  S, R dk ,d mioy ; g ksr k gS ;f n  ),,R(),S( +≤+  r Fkk S  ij  ⋅  ,d 

f }-vk/k kj h l af Ø;k gSA  

vkb, vc mioy ;ks a ds d qN vkSj  mn k gj .kk sa ij  f opkj  dj saA 

mnkgj.k 1 % eku  yhf t, f d  R ,d oy; gSA  n ” kkZ b, f d }0{ vkSj  ,R R ds 
mioy; gSaA ¼r qPN  oy; {0},  R dk rqPN mioy; dg ykr k  gSA½  

gy % D ;k saf d +  vk Sj  · ds l kis{ k }0{  laoÙ̀k g S] r F kk ,00 =− blf y, mij ksDr  
if j Hkk’k k ds 3S-1S  dks }0{

 
lar q’V  dj r k gSA vr %] },0{  R dk ,d mioy ; gSA  

D;k saf d ),,R( ⋅+ ,d oy; gS r Fk k R,R ⊆  blf y, R dk R ,d mioy ; g S A  

*** 
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mn kgj . k 1  gesa f u Eu f yf [kr  if j Hkk’k kv ksa d h v ksj  ys tkr k g S] t ks mi lew gks a ds f y, 
,slh gh if j Hk k’ kk vksa  ds vu q:i g SaA  

ifjHkk"kk,¡ % eku  y hf t, f d R ,d oy; gSA R dk mioy ; S   

i)     ,d mfpr (proper) mioy; d gykr k  gS ] ;f n  R;S ≠  

ii) ,d vrqPN (non-trivial) mioy; d gykr k  gS ] ;f n  }.0{S ≠  

vc] vkb, mf pr  vr qP N mioy ;ksa  ds dq N mn kgj .k ksa ij  f opkj  dj saA 

mnkgj.k 2 % n ” kkZb, f d },b,apba{]p[ QQ ∈+=

 
R  dk ,d mioy; g S]  

tgk¡ p  ,d oxZ-eqDr  iw. kk Zad (square-free integer) gSA 

gy % loZiz Fk e] ].p[QQ⊆  vr % .]p[ «≠Q  

n wlj s] Q∈d,c,b,a  ds f y,]  

],p[)db(p)ca()pdc()pba( Q∈+++=+++
 

r Fkk    

].p[)bcad(p)pbdac()pdc()pba( Q∈+++=+⋅+   

bl izdkj ]  1S  dks ]p[Q
 

lar q’V  dj r k g SA  

vk xs] ].p[p000 Q∈+=  vr %] 2S dks ]pQ[  lar q’V  dj r k gSA  

var  e sa]  ]p[pba Q∈+ ds f y,]
 

]p[p)b()a( Q∈−+− ,slk gS f d  

.0]p)b()a[()pba( =−+−++  

bl izdkj ]  3S dks ]p[Q  lar q’V  dj r k gSA  

vr %] if j Hkk’ kk  } kj k ],p[Q  Rds ,d mioy ; gS A 

*** 

mnkgj.k 3 % t k¡p d hf t, f d ]1,0[C  f can q” k% ;ksx  v kSj  x q .ku  ds l kis{ k ]1,0[  ls 

R r d ds lHk h Qyu ksa ds  oy; �  dk ,d mioy ; g S ; k u ghaA  

gy % bdkb Z 10 ds mn kgj .k 7 ls vki t ku r s gSa f d  ]1,0[C  f can q” k% ;ks x v kSj  xq. ku  

ds lkis {k ,d  oy; gSA  

lkF k gh ] .]1,0[C �⊆  

vr %] ],1,0[C  �  dk ,d mioy ; gS A  

*** 

mnkgj.k 4 % Z  ds lHkh  mioy ;ksa dks Kkr  d hf t,A  
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gy % eku  y hf t, f d Z  dk S ,d mioy; g SA r c] ).,(),S( +≤+ Z  

vr %] bdkb Z 4 ls v ki tku r s gaS f d f dl h Z∈n  ds f y,] Z�nS = .  

f oykser %] bd kbZ 10 ds mn kgj . k 1 ls vki  tku r s gSa f d Zn , Z dk mioy;  g S 
.n Z∈∀  

bl izdkj ]  Z  ds lHkh mioy; ZZ ∈n,n , gSaA  

*** 

vc] d qN iz” u ksa  dks gy dj u s d k iz; kl dhf t,A 

 

E1) D;k  2n ≥  ds f y, ),,,( n ⋅+Z  Z  dk mioy ; g S\ D; ksa ] ; k D ;k sa u g ha\ 

E2) n ” kkZb, f d ],i[Z  C  dk mioy ; g SA  

E3)  tk¡p dhf t, f d ),(3 ZM
 

)(3 QM
 

dk mioy; gS ;k u ghaA  

E4) D;k  Z  esa xq. kk adks a okys  lHk h c gqin ksa dk leqP p; ] ],x[Z  okL r fod cgqin ksa  
okys oy; ]x[R  dk mioy; gS\ D ;ks a] ;k D; ksa u g ha\  

 E5) ;g n ” kk Zu s ds f y, f d mioy ; d h if j Hkk’ kk  esa i zf r ca/k  1S  vkSj  3S  vko” ;d 
gSa ] mn k gj .k n hf t,A D; k 2S vko” ;d gS\ D; ksa] ;k  D; ksa u gha\  

 

f dlh mil eqP p; d s ,d mioy ; gksu s d s f y,] *mio y;* dh if j Hk k’ kk ds  r hu  
izf r ca/kksa d h tk¡ p dj u k vkids  f y, vko” ; d g SA D ;k  bu  lHkh dh o kL r o esa 
vko” ;dr k gS\ tSl k f d v ki E5 esa n s[k pqd s g Sa] 2S  dh vko” ;dr k 1S  vkSj  3S  ls 
iwj h gk s tkr h g SA r ks D; k izf r ca/k ksa d h la[ ;k  dks de f d;k t k ldr k g S\ vc bl h 
ckr  ij  ge pp kZ dj u s t k j gs gSaA  

11.3  mioy; ijh{k.k   

f iNys Hkk x e sa mioy ; d h if j Hkk’ k k esa  f n , izf r ca/kksa 3S-1S  esa  lq/k kj  f d;k t k l dr k 
gSA bld s f y, bdkbZ  3 ls ;kn  d hf t, f d f dlh oy ; R ds ,d vf j Dr  mil eqPp ; 
S ds f y,] ),R(),S( +≤+  iff Sba ∈−  tc Hkh .Sb,a ∈  bl otg l s g e ,d 

mile qPp;  ds mioy; gksu s d s izf r ca/kk sa dh  la[ ;k esa dV kSr h dj  ldr s gSa A 
f u Eu f yf [kr  izes; ij  f op kj  dhf t,A  

izes; 1 ¼mioy; ijh{k.k½ % eku  y hf t, f d ,S  ),,R( ⋅+  dk ,d vf j Dr  
mile qPp;  gS A r c] ,S  R dk ,d mioy; gk sr k g S ;f n  v kS j  dsoy ;f n    

i) ;Sy,xSyx ∈∀∈−  r Fkk 

ii) .Sy,xSxy ∈∀∈  

mIifÙk % loZiz Fk e]  v kb, e ku  ysa f d ,S R dk ,d mioy ;  gS]  v Fk kZr ~ ,S  3S-1S dks 
lar q’V  dj r k g SA vc ] ;f n  ,Sy,x ∈  r ks ,S)y(,x ∈−  3S  } kj kA 
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vr %] ,Syx)y(x ∈−=−+  1S  } kj k] v Fk kZr ~ (i) dk s S  lar q’V  dj r k gSA  

lkF k gh ] S  } kj k (ii) Hk h 1S  ds dkj .k l ar q’V  g ks j g k g SA  

f oykser %] eku  y hf t, f d ,S  (i) vk Sj  (ii) dks lar q’V  dj r k  gS]  r Fk k eku  y hf t, f d 
.Sy,x ∈   

(i) } kj k]  .S0xx ∈=−  vr %] 2S  dks S  lar q’V  dj r k gSA  

iqu %] (i) } kj k ] .Sxx0 ∈−=−  vr %] 3S  dks S  lar q’V  dj r k gSA  

lkF k gh ] Sy,x ∈  ds f y, ,S)y(xyx ∈−−=+  (i) } kj kA  

vk xs] (ii) } kj k ] S  xq.ku  ds lkis {k laoÙ̀ k g SA  

bl izdkj ]  1S  dks S  lar q’V  dj r k g S] r Fk k bl hf y,] ,d m ioy; dh if j Hk k’ kk d ks 
lar q’V  dj r k g SA vr %]  izes ; f l) gk s tkr k g SA  

izes; 1 esa  f n , f u d’k ge sa ; g t k¡p dj u s dh  ,d v kl ku  f of /k izn ku  dj r s gSa f d 
dksbZ mil eqPp ; ,d mioy; gS ; k u g haA  

vkb, d qN mn kgj . kksa  ij  n f̀ ’V  M kysaA  

vki i gys gh ;g t ku  p qds gSa f d Q  dk Z  ,d mioy; gSA oL r qr %] v ki bld h 

tk¡p dj u s ds f y, f d CR,  vk Sj  n(]n[Z oxZ u g ha gS ] )n Z∈  dk Z  ,d 

mioy; gS]  ize s; 1 dk mi;k sx dj  l dr s g SaA vc ] dq N f oL r r̀  mn kgj .k n s[ ksaA  

mnkgj.k 5 % n ” k kZb, f d 63Z , 6Z  
dk ,d mioy; gSA  

gy % loZiz Fk e] D; k v ki bl ls l ger  gSa f d ?}3,0{3
6

=Z  ;kn  dh f t, f d 

},53,.....,13,03{3
6

⋅⋅⋅=Z  r Fkk ,39,06 ==  bR;kf n A 

vc .3330 =−=−  

bl izdkj ]  .3y,x3yx 66 ZZ ∈∀∈−  

vr %] ize s; 1 } kj k] 63Z , 6Z dk ,d mioy; gSA  

*** 

mnkgj.k 6 % f n , x, bdkbZ 10 ds mn k gj .k 5 esa oy ; )X(℘  ij  f opkj  dhf t,A 

n ” kkZb, f d },X,{S «=  )X(℘  dk ,d mioy; gSA  

gy % / ;ku  n hf t, f d ).X(AAA ℘∈∀=∆ «  ∴ )X(℘  esa AA −=  gSA  

vc] iz es;  1 dk vu qiz ;k sx dj u s ds f y, ] g e igy s u ksV  dj r s gSa f d S  vf j Dr  gSA  
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vk xs] ,SXXX,SXX,S ∈=∆=∆∈=∆∈=∆ ««««««   
.SXX,SXXX,S ∈=∩=∩∈=∩∈=∩ ««««««  

bl izdkj ]  ize s; 1 } kj k] )X(℘  dk S ,d mioy; gSA  

*** 

f u Eu f yf [kr  iz” u ksa dk gy dj u s ls v kidks  miyo ;ksa ds dqN mn k gj .k iz kIr  gksa xsA  

E6) n ” kkZb, f d  

 i)  ,R  C  dk ,d mioy ; g S]  

 ii) ],i[Z  C  dk ,d mioy;  gS ] r F kk 

 iii) ],2[Q  R  dk ,d mioy;  gS A 

E7) eku  y hf t, f d X  ,d vf j Dr  leqP p; gS ] 
/

«.≠⊆ A,XA  n ” kkZb, f d 

)X(℘  dk }X,A,A,{S
c«=  ,d mioy; gS A D ;k ),A(℘  )X(℘  dk ,d 

mioy; gS\  

E8) n ” kkZb, f d ;f n  ,A  B  dk ,d mioy ; g S v kSj  ,B  C dk ,d m ioy; gS ] r ks  
,A  C dk ,d mioy; g ksx kA bl i zdkj ]  ,d oy; d s mio y;ksa ds l eqPp ; 

ij  laca/k *dk mioy;  gS* laØk ed gSA D; k ; g laca/ k lef er  g S\ D; k ; g 
L or qY; gS\ D; kas ] ; k D ;ksa  u gha\  

E9) tk¡p d hf t, f d )(2 ZM  dk 












∈







= Zb,a

bb

aa
R

 

,d mioy; g S ; k 

u ghaA   

vki i gys gh n s[ k pqds gSa  f d Zds vu ar r % vu sd mioy ; gS a] t ks f d ZZ ∈n,n  

gSaA vr %] ,d vif j f er  oy; ds vu ar r % vu sd mioy ; g ks ldr s gSaA  

lkF k gh ] mn kgj .k 6 v kSj  E7 gesa n ” k kZr s g Sa f d ,d l eq Pp; X  ds izR;sd mf pr  
mile qPp;  ds f y,] ge sa )X(℘  dk ,d mf pr  vr qPN mioy ; izk Ir  g ksr k gSA vr %] 

;f n  X  esa n  vo;o gSa ] r ks )X(℘ esa n
2   vo;o g ksr s g SaA X  ds vyko k]  X  ds bu  

mile qPp; ksa esa ls izR ;sd ds f y, ] )X(℘  esa blds la xr  ,d mf pr  mioy;  gS A bl 

izdkj ] ,d if j f er  oy; d s vu sd mf pr  vr qP N vio y; g ks ldr s gSaA  

vkb, vc ,d r Rl edh oy ; ds mioy; ksa d s O;o gkj  ij  f opkj  dj saA  

mnkgj.k 7 % n ” kkZb, f d ;f n  R ,d r Rled h oy; gS ] r ks t+:j h u gha gS f d R dk 
mioy; r Rl edh g ksA  

gy % Z� ij  f opkj  dhf t,A ; g r Rle d 1 okyk r Rled h oy; gS ] ij ar q blds 
mioy; Z2  dk dksb Z x q.ku kR ed r Rl ed u g ha gSA  

n wlj h v ksj ] vki n s[ k pqds gSa f d Z , C  dk ,d mioy ; g S]  r Fkk  bu  n ksu ksa dk gh 
r Rled 1 g SA  

*** 
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mnkgj.k 8 % D; k f dlh r Rl ed h oy; d k mioy; r Rledh gS ] r ks D; k n ksu ksa ds 
r Rledks a dk cj kcj  gk su k vko” ;d gS\ D; ksa] ;k D; ksa u gha\  

gy % E7 ls v ki t ku r s gSa f d )X(℘  dk )A(℘  ,d mioy; g SA vki bd kbZ 10 ds 
mn kgj . k 5 ls ;g  Hk h tku r s gSa f d A  vkSj  X  Øe” k% )A(℘  vkSj  )X(℘  ds r Rled 

gSaA  

vr %] ;f n  ,XA ≠  tSl k E7 esa gS ] r ks n ksu ksa r Rl ed cj kcj  u g ha g ksa xsA  

*** 

vc] vkb, ,d  ,sls mn k gj .k ij  n f̀ ’V  M kysa ] tk s bl r F; dk s O ;kid hdr̀  dj r k gS 
f d Zn , Z dk ,d mioy ; g S Z∈∀ n . 

mnkgj.k 9 : eku  yhf t, f d R ,d oy; gS  r Fk k .Ra ∈  n ” kkZ b, f d 
,}Rxax{aR ∈=
 
R dk ,d mioy ; g SA  

gy % D ;k saf d «,≠R  blf y, «.≠aR   

vc] aR ds f dUg ha n ks  vo;o ksa ax v kSj  ay ds f y,] 

,aR)yx(aayax ∈−=−  r Fkk aR)xay(a)ay()ax( ∈= (D;ks af d ).Rxay ∈  

bl izdkj ]  ize s; 1 } kj k] ,aR  R dk ,d mioy; gSA  

*** 

mn kgj . k 9 dk mi ;ks x dj r s g q,] mn kgj . kk Fk Z] ge  r qj ar  dg ldr s gSa f d nmZ , 
n
Z  

dk ,d mioy; gS .m nZ∈∀  gk¡]  ;g  t+:j  g S f d bu  mioy; ksa d k f HkUu-f H kUu  

gksu k  v ko” ;d u g ha g SA mn kgj . kk Fk Z] 
55

3 ZZ =
 

vkSj  .42
66
ZZ =

 
   

vxys mn k gj .k esa ] v ki ,d f o” ks’ k mio y; d k v/ ;; u  dj saxsA  

mnkgj.k 10% eku  yhf t, f d R ,d oy; gS r Fk k 
}.RrxrrxRx{)R(C ∈∀=∈= n ” kkZb, f d ),R(C R dk ,d mioy; gSA )R(C(  

dks R dk dsanz (centre) dgr s gSa)A  

gy % lo ZizF ke ] D;k saf d ,)R(C0∈  blf y, .«≠)R(C  

vk xs] )R(Cy,x ∈  v kSj  Rr ∈  ds f y,] rxxr =  vkSj  .ryyr =  

vr %] .r)yx(yrxrryrx)yx(r −=−=−=−  

bl izdkj ]  ).R(Cyx ∈−  

lkF k gh ] ).xy(ry)rx(y)xr()ry(x)yr(xr)xy( =====  

bl izdkj ]  ).R(Cxy ∈  

vr %] R dk )R(C ,d mioy ; g SA  

*** 
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vc] vki d qN l acaf /kr  iz” u ksa d ks gy D ;ksa  u gha  dj  ys r s\  

E10) ,n,
n

NZ ∈  ds lHk h mioy ;ksa  dks  Kkr  d hf t,A bu esa ls f dr u s r Rled h g Sa\  

E11) tk¡p d hf t, f d f u Eu f yf [kr  )(2 RM ds mioy ; g Sa ; k u g ha %   

 i)    ,b,a
b0

0a
S













∈







= Z  

 ii)   .c,b,a
0c

ba
T













∈







= R  

 ;f n  ;s mioy;  gS a] r k s D ;k bu ds r Rl ed gSa\ ;f n  g k¡]  r ks D ;k bu ds r Rl ed  
)(2 RM  ds r Rled ds cj kcj  gSa\  

E12) f dlh oy; R ds ,d ,sls  mil eqP p; d k] i qf ’V  lf gr  m n kgj .k n hf t, ] tk s 
),R( +  dk ,d mi lew g g S] ij ar q R dk ,d mioy; u g ha gSA  

E13) f u Eu f yf [kr  esa ls  dk Su-ls d F ku  lR; gSa\ viu s mÙ kj ks a  ds f y, dkj .k n hf t;sA  

 i) Øef of u es; oy; d k mioy; Ø ef of u es; g ksr k gSA 

 ii) ;f n  R dk S  ,d r Rledh mioy ; g S] r ks R Hkh r Rl edh  g ks xkA  

 iii) ;f n  R dk ,d Øef of u es; mioy; gS ] r ks R Hkh Øef of u es;  gks xkA   

E14) )(R,R 2 RMZ ==  vkSj  H=R  ds f y, )R(C  Kkr  dhf t, ¼n sf [k, 

mn kgj . k 14] bdkbZ 10½ -  

E15) eku  y hf t, f d ),,R( ⋅+  ,d oy; g SA D ;k lew g ),R( +  dk dsan z )R(C ds 

cj kcj  gS\ D ;ksa\   

E16) ;f n  R r Rledh gS ] r ks D; k )R(C r Rledh gS\ D ;ks a] ;k D; ksa u gha\     

E17) f u Eu f yf [kr  izR;sd f L F kf r  esa t k¡p d hf t, f d ,S  R dk mi oy; gS  ;k  u gha A  

 i) �QQ ;R,b3
b

aS =









∈=  

 ii) ).(R,b,a
b0

1a
S 2 RMR =













∈







=  

vkb, ,d eg Ùoiw.k Z f V Ii.k h ds l k Fk b l Hk kx d ks le k Ir  dj saA  

fVIi.kh 3 % mn k gj .k ksa 7 vk Sj  8 ls] r F kk E13 ls] v ki n s[k ldr s gSa f d ,d o y; 
vkSj  mlds  mioy ; dh f H kUu-f Hk Uu  cht h; l aj pu k,¡ g ks ldr h  gS aA ,d oy;  f tl 
xq.k dks lar q’V  dj r k gS ] g ks ldr k g S m ldk mioy;  ml x q.k dks lar q’V  u g ha dj sa ] 
r Fkk b ldk  f oykse  Hk h lR;  gS A v kidk s oy; ksa vk Sj  mu ds mioy; ksa d s l kF k d k;Z 
dj r s le; bl r F; d ks ln So viu s /; ku  e sa j [ku k p kf g,A  

vc] vkb, ,d  oy; ds  mioy; ksa ds v/ k%L Fk  le qPp ;ksa  ij  laf Ø;k vksa ds v/k hu  bu  
mioy; ksa ds O;o gkj  ij  f opkj  dj saA  
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11.4  mioy;ksa ij leqPp; lafØ;k,¡  

bdkbZ 3 esa vkiu s n s[ k k F kk f d lew g ds n k s mi lew gks a dk izf r PNsn u  ,d mil ewg 
gksr k  gS A D ;k ;g mioy; ksa ds  f y, Hkh  lR; gS\ vk xs]  D; k mioy ;ksa  dk lf Eeyu   

,d mioy; gk sr k g S\ D ;k ,d mioy; dk iwj d ,d  mioy; gksr k g S\ bu  iz” u ksa 
ds mÙ kj  mil ew gksa  ds vu q:i iz” u ksa d s m Ùkj k sa ds l e ku  gSa ] tS lk f d vkiu s vc r d 
vu qe ku  yx k f y;k g ksx kA bl H kk x esa] g e viu k / ;ku  bu  iz” u ksa ds] r Fk k v U; ,s ls 
gh iz” u ks a ds mÙ kj ksa ij  dsaf n zr  dj sax sA  

vkb, ] mij k sDr  igy s iz” u  ds m Ùkj  ds lk Fk  izkj aH k dj sa A 

izes; 2 % eku  yhf t, f d 1S vk Sj  2S f dlh oy ; R ds mioy ; gS aA r c] 21 SS ∩ Hkh 

R dk ,d mioy; gSA  

miifÙk % D; ksaf d 1S0∈  vkSj  ,S0
2

∈  blf y, 21 SS0 ∩∈ . .SS
21

«≠∩∴   

vc] eku  y hf t, f d .SSy,x
21

∩∈  r c] 1Sy,x ∈ vk Sj  .Sy,x
2

∈  

bl izdkj ]  ize s; 1 } kj k] yx −  r Fkk  xy  n ksu ksa 1S esa gSa r Fk k 2S  esa Hk h gSa ] v Fk kZr ~ ] 

21 SS ∩  esa yx −  vkSj  xy  f L Fkr  gSaA  

bl izdkj ]  ,SS
21

∩  R dk ,d mioy; gSA  

mij ksDr  miif Ùk esa bL r se ky f d, x, r dZ dh r j g gh ] v ki f l) dj  l dr s g Sa f d 
oy; R ds rhu] pkj ;k vf/kd mioy;ksa dk izfrPNsnu Hkh R dk ,d 
mioy; gksrk gSA 

vkb, iz es;  2 dk vu qiz ;k sx dj u s ds f y, ,d mn k gj .k ij  f opkj  dj saA  

mnkgj.k 11 % n ” kkZb, f d Z  ds f dUg ha n ks mioy; ksa d k  izf r PNsn u  Zr  gS] f dlh 
Z∈r  ds f y,A 

gy %  eku  y hf t, f d Z  ds n ks mioy; Zn  vk Sj  Zm  gSaA r c]  izes;  2 } kj k 
ZZ mn ∩ ,  Z  dk ,d mio y; gSA bl i zdkj ] mn k gj .k 4 } kj k ] f dlh Z∈r  ds 

f y,] ZZZ rmn =∩ . oL r qr %] vkid ks bdkb Z 4 ds v/; ;u  dk mi; ksx  dj r s gq, 
f n [kku k pkf g, f d n  vkSj  m  dk l.c.m  r gSA  

*** 

vc oy; d s mioy ;ksa  ds lf Ee yu  ij  f opkj  dj saA D ;k vki lks pr s g Sa f d ; g ,d 
mioy; gks xk\ vkb, n s [ksa A v kidk s ; g ; kn  j [ku k p k f g, f d n ks mil ew gksa ds 
lf Eeyu  dk mile wg gk su k v ko” ;d u g ha gSA  

mnkgj.k 12 % n ” kkZb, f d ZZ 32S ∪= , Z  dk ,d mioy; u g ha gSA  

gy % /; ku  n hf t, f d S2∈  vkSj  .S3∈  ij ar q ,S132 ∉−=−  D;ksaf d Z2)1( ∉−

r Fkk .3)1( Z∉−  bl izd kj ] iz es ; 1  } kj k] Z  dk S  ,d mioy; u g ha  gSA  

*** 

vc] f u Eu f yf [kr  lacaf /kr  iz” u ksa d ks gy dhf t,A  
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E18) vki t ku r s gS a f d ]i[Z  vkSj  Q , C  ds mioy; gSaA D; k bu dk lf Eeyu  C  

dk ,d mioy; gS\ D ;ks a] ;k D; ksa u g ha\  

E19) R ds mioy;k sa 1S  vkSj  2S  ij  f du  izf r ca/kksa ds v/k hu  21 SS ∪ , R dk ,d 

mioy; gks xk\ viu s m Ùkj  ds f y, d kj .k n hf t,A  

vc] vkb, mioy; ksa d s f y, n ks mi lew gk sa ds xq. ku Qy  ds vu q:i if j .k ke ij  n f̀ ’V  
M kysaA ; kn  j f [k, f d oy; ,d v kcsyh  lew g gksr k g SA    

mnkgj.k 13 % ;f n  S  vk Sj  T  f dlh oy; R ds mioy;  gS a] r ks D; k TS + , R dk  
milew g gS\ D ;ks a] ;k D; ksa u g ha\  

gy % vki  tku r s g Sa f d .STTS +=+  

vr %] bdkb Z 3 ds izes ; 7 } kj k] ).,R(),TS( +≤++  

ij ar q] xq. ku  ds l kis{ k TS +  dk laoÙ̀ k g ksu k  v ko” ;d u g ha g S A 

mn kgj . kk Fk Z] f u Eu f yf [kr  leqP p; ksa ij  f opkj  d hf t, %  













∈







= Rb,a

0b

0a
S

  

vkSj  .b,a
00

ba
T













∈







= R

 

 

bdkbZ 10 ds E5 } kj k] S  vkSj  ,T  )(2 RM ds mioy; gSaA ij ar q ] 

,c,b,a
0c

ba
TS













∈







=+ R  )(2 RM  dk ,d mioy;  u gha  gS ] t Slk f d vki  

E11(ii) esa f n [kk p qds gSaA  

*** 

vkb, ] vc iwj d hdj .k d h l eqP p; l af Ø;k ij  f op kj  dj saA ;f n  1S  vkSj  2S  f dlh 

oy; R ds  mioy; g Sa] r ks D ;k 21 S\S ] R dk  ,d mioy ; g S\ D;k  21 SS ∆ ] R

dk ,d mioy; gS\ v kb, ,d mn k gj .k d ks n s[ ksaA  

mnkgj.k 14 % ;f n  1S  vkSj  2S
 

f dlh oy ; R ds mioy; gSa ] r ks n ” kkZb, f d 

21 S\S , R dk ,d mioy;  dHk h u g ha g ks ldr k gSA  

gy % D; ksaf d 2S ,d mioy; gS ] blf y, 2S0∈  gSaA vr %] .S\S0
21

∉   

vr % 
21

S\S , R dk mioy;  u gha  g ks ldr k g SA  

*** 

vc] ,d i z” u  dks gy dj u s dk i z; kl d hf t,A  

E20) ;f n  1S  vkSj  2S , R ds mioy; gSa ] r ks  D; k 
21

SS ∆ , R dk ,d mioy; g ks 

ldr k g S] t g k¡ ∆  lekf er  var j  dks  O; Dr  dj r k g S\ D; ksa] ;k D; ksa u gha\  

vc] vkb, mioy; ksa d s dkr hZ; xq. ku Qy ij  n f̀ ’V  M k ysaA v kb, oy; 2
Z  ds n ks 

mioy; ksa ij  f opkj  dj saA  
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mnkgj.k 15 % n ” kkZb, f d  dk },0{}n)0,n({S ×=∈= ZZ
 
ZZ×  ,d mioy; 

gSA l k Fk gh ] n ” kk Zb, f d  dk }n)n,n({D Z∈=
 

Hkh ZZ×  ,d mioy; g SA  

gy % bd kbZ 10 ds mn k gj .k 9 ls 2
Z  dh oy; laj pu k dks ; kn  dhf t,A  

S vkSj  D n ksu ksa vf j Dr  gS aA  

lkF k gh ] v kid ks bld k lR ;kiu  dj u k pkf g, f d ;s n ksu ksa iz es; 1 ds (i) v kSj  (ii) d ks 
lar q’V  dj r s gSaA   

bl izdkj ]  n ksu ks a S  vkSj  D , 
2
Z  ds mioy; gSaA  

*** 

vkiu s vHk h n s[ kk f d },0{×Z  ZZ×  dk ,d mioy ; g SA l kF k g h]  

}0{}0{)}0,0{( ×=  Hkh 2
Z  dk ,d mioy ; g SA vf / kd O ;kid :i esa ] f u Eu f yf [kr  

if j .kke gesa o y;k sa ds vu qy kse xq. ku Qy ds  dqN mio y;ksa ds ckj s esa cr kr k g SA  

izes; 3% eku  y hf t, f d 1S vk Sj  2S  Øe” k% oy;ksa  1R vkSj  2R  ds  mioy; gSaA r c]  

21 RR × dk 21 SS ×  ,d mioy; gSA  

miifÙk % D; ksaf d 1S vk Sj  2S , 1R vkSj  
2

R ds mioy ; g Sa] b lf y, «≠
1

S  vkSj  
.S

2
«≠  .SS

21
«≠×∴  

vc] eku  y hf t, f d )b,a(  vkSj  ),b,a( ′′  21 SS ×  esa gSaA r c]  1Sa,a ∈′ vkSj  
.Sb,b

2
∈′  

D;k saf d 1S vkSj  2S mioy; g Sa]  blf y, 1Saa,aa ∈′′−  r Fkk .Sbb,bb
2

∈′′−   

¼ge l qf o/kk dh n f̀ ’V  ls  21 R,R  vkSj  21 RR ×  r hu ksa ds f y,] +  vkSj  · dk mi ;ks x 

;gk a dj  j gs gSaA½  

vr %] .SS)bb,aa()b,a()b,a(
21

×∈′−′−=′′−  

lkF k gh ] .SS)bb,aa()b,a()b,a(
21

×∈′′=′′⋅  

bl izdkj ]  ize s; 1 } kj k 
21

SS × , 21 RR × dk ,d mioy ; gSA  

izes; 3 dk s r hu  ; k vf /k d mioy ;ksa  ds d kr hZ ; xq .ku Q y ds f y, O; kidh dr̀  f d;k 
tk ldr k  gS A ij ar q] /; ku  n hf t, f d 

21
RR ×

 dk izR;sd mioy; 
21

SS × ds :i 

dk ugha gksrk ¼n s[ ksa E21½ - 

vkb, ] 21 RR ×  ds ,d mioy; ds  ,d mn kgj .k dks n s [ksa A  

mnkgj.k 16 % n ” kkZb, f d )(]x[ 3 QMZ × , )(]x[ 3 RMR ×
 

dk ,d mioy;  gS A 

lkF k gh ] bl mioy; d s n ks f Hk Uu-f HkUu  vo;o n hf t, A 
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gy % loZiz Fk e] E4 ls v ki t ku r s gSa f d ]x[Z , ]x[R  dk ,d m ioy; gS A  

vk xs] v kb, n s[ks a f d D; k )(3 RM dk )(3 QM ,d mioy; gSA bd kbZ 10 ds E11 

} kj k] vki t ku r s g Sa f d )(3 QM
 

vkSj  )(3 RM
 

vkO;w g ; ks x v kSj  x q.ku  dh laf Ø; kv ksa 

ds lkis {k oy ; g SaA l kF k gh ] D ;ks af d ,RQ⊆ blf y, ).()( 33 RMQM ⊆  blf y,]  

;s n ksu ks a l eqPp ; l eku  f }-v k/k kj h l af Ø;k vka s ds l kis{ k  oy; g SaA  

vr %] )(3 RM
 

dk )(3 QM  ,d mioy ; gS A  

bl izdkj ]  )(]x[ 3 RMR × dk )(]x[ 3 QMZ ×
 

,d mioy; gSA  

;g mioy; vif j f er  gSA bld s vo ;oksa esa ls n ks vo ;o mn k gj .k kF kZ ] )I,1(  vkSj  
),x( 0 gSa ] tg k¡ I  vkSj  0  Øe” k% )(3 QM ds xq. ku kR ed vk Sj  ;ksT ; r Rle d gSaA  

/;ku  n hf t, f d )I,1(  vkSj  )I,0(  f HkUu-f HkUu  vo;o gSa ] D ;k saf d bu ds izF ke ? kV d 

vyx-vy x g SaA  

*** 

vc dqN i z” u ksa d ks gy dj u s dk i z; kl d hf t,A 

E21) RZ×  ds n ks mf pr  vr qPN mioy; ksa d ks i zk Ir  dhf t,A  

E22) ;g n ” kk Zu s ds f y, f d 21 RR × dk izR;s d mioy ; 21 SS ×  ds :i d k  u gha 

gS] mn k gj .k 15 ds D dk mi; ksx dhf t,] tg k¡ 1S  vk Sj  2S
 

Øe ” k% 1R  vkSj  

2R
 

ds mioy ; g SaA  

E23) eku  y hf t, f d 1S  vkSj  2S  Øe” k% oy; ksa 1R  vkSj  2R ds mioy;  gSaA 1S  
vkSj  2S  ij  f du  izf r ca/kksa d s v/ khu  21 SS ×  ,d Øef of u es; r Rl edh oy ; 

gks xk\  

E24) ;f n  X  vkSj  Y  n ks vf j Dr  leqP p; gSa ] r ks )Y()X( ℘×℘  dk ,d mf pr  

vr qPN mioy ; n hf t,A  

blds l kF k g h] ge  mioy ;ksa  dh b l p pk Z dh le kf Ir  dj r s gSaA vxy h bd kbZ esa v ki 
dqN f o” ks’ k mioy ;ks a dk v/; ;u  dj saxsA  vc ] v kb, b l bdkbZ esa t ks vkiu s v/; ;u  
f d;k g S] mld k laf { kIr  :i ls f ooj .k n saA  

11.5  lkjka’k  

bl bdkbZ esa ] v kiu s f u Eu f yf [kr  f can qvksa ij  v/ ;;u  f d;k gS %  

1. oy; R dk ,d mioy; R dk ,d ,s lk mil eqPp ; S  gS f tlds f y, 
),R(),S( +≤+  r Fkk  S  esa xq. ku  laoÙ̀ k gSA  

2. mioy; kas ds vu sd mn kgj . k] r Fk k ,sls mil eqP p;k sa ds Hkh vu sd mn kgj . k tk s 
mioy; u g ha gSaA 
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3. oy; ds mioy; esa os lHk h cht h; xq. k g ksu s vko” ;d  u gha gSa t ks ml oy ; es a 
gSa ] r Fk k bld k f oyks e H kh lR; gSA 

4. mioy; ij h {k. k dh  miif Ùk  r Fk k vu qiz; ksx ] vF kk Zr ~ f dlh oy;  R dk ,d 
mile qPp;  S ml oy; R dk ,d mioy; gksr k g S iff Syx ∈−  vkS j  

.Sy,xSxy ∈∀∈   

5. ;f n  1S  vkSj  2S f dlh oy; R ds mioy;  gS a] r k s 21 SS ∩  Hkh R dk ,d 

mioy; gksr k g SA  

ij ar q 21 SS ∪ , R dk ,d oy ; g ksr k gS iff 21 SS ⊆ ;k .SS
12

⊆   

lkF k gh ] 21 S\S  vkSj  21 SS ∆  dHkh R ds mioy; u gha gk sr s gS aA  

6. ;f n  1S  vkSj  2S  Øe” k% 1R  vk Sj  2R ds mioy ; g Sa] r ks 21 SS ×  Hkh 21 RR × dk 

,d mioy; gk sr k g SA ysf du  21 RR ×  dk izR;sd mioy;  bl  :i dk u g ha 

gksr k  gS A  

11.6  gy@mÙkj  

E1) u gha] D; ksaf d .
n
ZZ ⊄   

E2) ]i[dic,bia Z∈++  ds f y,] 

 ],i[)db(i)ca()dic()bia( Z∈+++=+++  vkSj  

].i[)bcad(i)bdac()dic()bia( Z∈++−=+⋅+  

 lkF k gh ] ].i[0i00 Z∈+=  

 var  esa ] ]i[iba Z∈+  ds f y,] ].i[)b(i)a()iba( Z∈−+−=+−  

 bl izdkj ]  2S,1S vkSj  3S  dks ]i[Z  lar q’V  dj r k gSA   

vr %] ],i[Z  C  dk ,d mioy; gSA   

E3) bdkbZ 10 ds E11 ls] )R(3M v kO;w g ;ks x v kSj  xq. ku  ds l kis{k  ,d oy; g S] 
tgk¡ ),,R( ⋅+ ,d oy; g SA  

vr %] )(3 ZM
 

vkSj  )(3 QM
 

leku  laf Ø; kv ksa d s lki s{k  oy; gSaA  

lkF k gh ] ).()( 33 QMZM ⊆   

vr %] )(3 QM  dk )(3 ZM
 

,d mioy; gS A  

E4) vkid ks ; g n ” k kZu k pkf g, f d ;f n  ]x[)x(g),x(f Z∈ ] r ks )x(g)x(f +  r Fkk 
)x(g)x(f  Hkh ]x[Z  esa gSaA  

vk xs ].x[0 Z∈    
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[kaM 3                                                         oy;ksa ls ifjp; 

var  esa ] ]x[xaxaa)x(f n

n10 Z∈+++= L  ds f y,]  

].x[x)a(x)a()a()x(f
n

n10
Z∈−++−+−=− L

 
  

vr % ]x[R dk ]x[Z  ,d mioy; gSA   

E5) S1  vko’;d gS % l eqPP; Z⊆−= }1,1,0{S  yhf t,A Z  esa ; ksx ds lan H kZ 

esa ; g 2S  vkSj  3S  dks lar q’V  dj r k gS ] ij ar q 1S  dks u gha (mn kg j .kkF kZ ] S1∈ , 

ij ar q S11 ∉+ ). 

  /;ku  n hf t, f d ),,S( ⋅+  ,d oy; u gha gS]  D; ksaf d S ij  ;ksx  , d f }-vk/ kkj h 
laf Ø;k u g ha gSA b l izd kj ] ,S  Z  dk ,d mioy; u gha gSA   

  S3  vko’;d gS % iw. kZ la [; kv ksa d s l eqPp ; W ij  f opkj  dhf t,A 1S  v kSj  
2S dks ),,W( ⋅+  lar q’V  dj r k gS ] ij ar q 3S dks u g ha ¼mn kgj .k kF kZ ] W1∈ , ij ar q 

W)1( ∉− ½.  

 /;ku  n hf t, f d ),,,W( ⋅+  ),,( ⋅+Z  dk ,d moy; u gha gS ] D ;ks af d ;g  4R  

¼bdkbZ 10 ds½  dks lar q ’V  u gha dj r k  gS ] r F kk b lhf y, ,d oy; u g ha g SA  

 1S  vkSj  3S  ls f eydj  2S  f u dyr k gSA vr %] 2S  ;f n  L i’V  :i ls “ kkf e y 
u gha gS] r c H kh ;g bu esa var f u Zf gr  gSA vr %] ; g v ko” ;d g SA  

E6) i) loZizF ke ] .CR ⊆   

 vk xs] RR ∈−∈∀ yx,y,x  vk Sj  .xy R∈  

 bl izdkj ]  C  dk R ,d mioy; gSA  

 blh izd kj ] vkid ks vU ; n ks f L F kf r ;ksa d h t k¡p dj u h pkf g,A   

E7) Sy,x ∈  ds f y,]   

yx)y(xyx ∆=−∆=−  ¼tSlk f d mn kgj . k 6 esa cr k; k x; k g S½ ] r F kk 
.yxyx ∩=⋅   

vr %] v kidk s bld h tk¡ p dj u s dh v ko” ;dr k gS f d izR;sd Sy,x ∈
 

ds f y,] 
Syx ∈∆ vkSj  .Syx ∈∩   

,d ckj  ,slk  dj  ysax s] r c vki i k,¡xs f d )X(℘ dk S ,d mioy; gS A  

vk xs] b dkbZ 3 esa  v ki n s[ k pq ds g Sa f d ).),X(()),A(( ∆℘≤∆℘   

lkF k gh ] )A(y,x ℘∈ ds f y,] ).A(yxyx ℘∈∩=⋅   

bl izdkj ]  ),,),A(( ∩∆℘  )X(℘  dk ,d mioy; gSA  

E8)   D;ksaf d B dk A ,d mioy; gS ] blf y, «≠A  r Fkk  

Ayx,Ay,x ∈−∈∀ vkSj  .Axy ∈  
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bdkbZ 11                                                                                mioy; 

;gk¡ ;ks x vkSj  xq. ku  ogh  gS a tk s B ij  if j Hkkf ’kr  f d, x, gSaA vk xs ] ;s laf Ø;k,¡ 
ogh gSa t ks C  ij  if j Hkkf ’kr  dh xbZ gSa ] D; ksaf d ,B  C  dk ,d mioy; gSA 

bl izdkj ]  A izes; 1 dks lar q’V  dj r k g S] r Fk k bl hf y, C dk ,d mioy; 
gSA  

;g lac a/k l ef er  u g ha g SA mn kgj . kk FkZ ] Q  dk Z  ,d mioy; gS ] ij ar q Z  dk 
Q  ,d mioy; u g ha gSA  

D;k saf d izR;s d oy; L o;a dk mioy; gk sr k g S] b lf y, ;g l aca/k L or qY ; g SA 

E9) loZizF ke ] /; ku  n hf t;s f d .R
00

00
∈







 vr %] «.≠R   

vk xs] R esa 







=








=

dd

cc
B,

bb

aa
A  ds f y,]  

 ,R
dbdb

caca
BA ∈









−−

−−

=−  r Fkk  

.R
)dc(b)dc(b

)dc(a)dc(a
AB ∈









++

++

=

 

 

 vr %] )(
2
ZM  dk R ,d mioy ; gS A   

E10) mn kgj . k 9 ls v ki tku r s gSa f d  d k 
n

mZ , n
Z dk mioy; gS ]

n
m Z∈∀ . 

lkF k gh ] mn kgj .k 4 dh g h r j g] vkid ks ;g n ” k kZu k p kf g, f d nZ ds izR;sd 
mioy; d ks nmZ ds :i dk g ksu k pkf g, ] f dlh  

n
m Z∈ ds f y,A 

bl izdkj ]  nZ ds lHkh  mioy ; ,m
n
Z  tgk¡ .m

n
Z∈  

vk xs] 
n

m1 Z∈  iff nsmr1 += f dUgha Z∈s,r  ds f y,] vF kk Zr ~ iff 

1)n,m( = ] tSl k f d v ki bd kbZ 1 ls t ku r s gSaA  

E11)     i) loZizF ke ] .S «≠  ¼D; ksa\½   

n wlj s] S  esa f dUgh a 







=

b0

0a
A  vkSj  








=

d0

0c
C  ds f y,]  

S
db0

0ca
CA ∈









−

−

=−

 

vkSj  .S
bd0

0ac
AC ∈








=  

bl izdkj ]  R dk S ,d mioy ; g SA  

S  dk r Rle d =







=

10

01
 R  dk r Rled A  
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[kaM 3                                                         oy;ksa ls ifjp; 

  ii)  lR;kiu  d hf t, f d «.≠T   vc] 








03

21
vkSj  .T

01

11
∈








 

ij ar q] 

,T
33

13

01

11

03

21
∉







=
















 D; ksaf d ble sa )2,2( osa L Fk ku  ij  0  u gha  

 gSA vr %] )(
2
RM  dk T  ,d mioy; u gha gSA  

E12)  E11(ii) esa f n , T  ij  f opkj  dhf t,A t k¡p d hf t, f d ).(),T(
2
RM≤+  

ij ar q tSlk f d gy e sa f n ;k x; k g S] )(
2
RM  dk T  ,d mioy;  u gha gSA  

vki ,s ls v U; vu sd mn kgj . k l ksp ldr s g SaA  

E13)  i)      ;g lR; gS D ;k saf d mioy;  ij  xq. ku  dh laf Ø;k o gh gS t ks oy ; ij  
gSA  

 ii) u ghaA mn kgj . kk Fk Z] r qPN  oy; d k r Rle d g S r F kk ;g Z2 dk ,d 
mioy; gSA ij ar q Z2  f tldk r Rled u gha gSA  

 iii) u ghaA mn kgj . kk Fk Z] E11(i) esa  mioy ; S  Øef of u es; gS ] ij ar q )(2 RM

,slk u g ha gSA  

E14) }xxzzxz{)(C ZZZ ∈∀=∈=  

          ,Z=  D;ksaf d Z  Øef of u es; gSA  

 .)}(BBAAB)(A{))((C 222 RMRMRM ∈∀=∈=  

 vc] f dl h Hk h ))((C
dc

ba
2 RM∈








ds f y,] v kSj  ,,, β≠α∈βα R

 
ds f y,]    

 
















β

α

=








β

α










dc

ba

0

0

0

0

dc

ba
 

 








ββ

αα

=








βα

βα

⇒
dc

ba

dc

ba
 

 .cc,bb β=αα=β⇒  

 ,0c,0b ==⇒  D;ksaf d .β≠α   

 vc] D; kasf d )),((C
d0

0a
2 RM∈








 blf y, bls 









01

01
ds lk Fk  Øef of u es; 

gksu k  p kf g,A  

 blls 







=









0a

0a

0d

0a

 

izkIr  g ksr k gSA vr % .da =    
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bdkbZ 11                                                                                mioy; 

 var  esa ] f dl h Hk h 








a0

0a

 

ds f y,] t gk¡ ,a R∈  

 ,
a0

0a

rd

cb

rd

cb

a0

0a
















=
















 )(

rd

cb
2 RM∈








ds f y,A 

 bl izdkj ]  ,
10

01
a

a0

0a
))((C 2 RRRM 








=













∈







= gS tks   

 )(
2
RM  eas vf n ” k v kO ;wg ksa d k oy ; g SA  

 D;k saf d k,j,i  Øe” k% i,k,j  ds lk Fk Ø ef of u es; u g ha dj r s] b lf y, 
)(Ckdjciba H∈+++  iff .0dcb ===  

 lkF k gh ] f dUg ha R∈r,d,c,b,a ds f y,] 
.r)kdjciba()kdjciba(r +++=+++    

 vr %] .)(C RH =   

E15) u ghaA D; ksaf d ),R( +  vkcsyh gS ] v ki bd kbZ 6 ls t ku r s gSa f d  .R)R(Z =  

 ij ar q] tSl k f d v ki E14 esa n s[k p qds gSa ] lH kh vØ ef of u es; oy; ksa R ds f y, 
.R)R(C ≠  

E16) f dlh Hk h Rr ∈  ds f y, .1rrr1 ⋅==⋅   bl izdkj ] ).R(C1∈  vr %] )R(C

r Rledh gSA  

E17) i)  igys r ks Q⊆S  vkSj .S «≠  

   vk xs]  S
d
c,

b
a

∈  ds f y,] S
d
c

b
a

∈−  vkSj  ,S
d
c

b
a

∈⋅  D;k saf d  .bd3  

    vr % ,S  R dk mioy; gSA  

 ii)   u ksV  dj sa f d ,S∉0  D;ks af d 0 esa )2,1( osa tx g ij  1 u gha gSA   

         vr % ,S  R dk mioy ; u g ha g SA  

E18) i1+  vkSj 
2
1

 lf Eeyu  ds vo;o gSaaA  

ij ar q .]i[i
2
1

2
1

i1 QZ ∪∉+=−+  bl izdkj ]  C  dk QZ ∪]i[  ,d mioy; 

u gha gSA    

E19) loZizF ke ] ),R( + dk 
21

SS ∪  ,d mi lew g g S iff 21
SS ⊆ ;k .SS

12
⊆   

,d ckj  ;g  izf r ca/k lar q’V  gk s tk, ] r c if j Hkk’ kk  } kj k 
21

SS ∪  ij  xq.ku  

laoÙ̀k  g ksx kA  

,a,
a0

0a
R∈






 

R

 

ij ,d 
vkfn’k vkO;wg 
dg y k r k  gSA
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[kaM 3                                                         oy;ksa ls ifjp; 

bl izdkj ]  R dk 21 SS ∪  ,d mioy; gS iff 21
SS ⊆ ;k .SS

12
⊆   

E20) ).S\S()S\S(SS 122121 ∪=∆ �   

D;k saf d u  r ks 21 S\S vkSj  u  gh 12 S\S esa 0 gS]  blf y, .SS0
21

∆∉  

vr %] R dk 21 SS ∆  mioy; dH k h Hk h u g ha g ks ldr kA  

E21)  D;ksaf d Z dk Zn  ,d mioy; gS Z∈∀ n , r Fkk }0{  vkSj  R oy; Rds 
mioy; gSa ] blf y, RZ×  ds n ks mioy; RZ×2 vkSj  }0{3 ×Z  gSaA vki 

,sls vu ar r % vu sd mn kgj . k K kr  dj  ldr s g SaA  

E22) ZZ×  ds mioy ; }n)n,n({D Z∈=  ij  f opkj  dhf t,A  

Ekku  y hf t, f d ,D  
21

SS ×  ds :i d k g S] tg k¡ 
1

S v kSj ,S
2

 Z  ds mioy ; 

gSaA  

vr %] f dUg ha Z∈s,m  ds f y,] ZmS
1

= vkSj  ZsS
2

= .  

vc D dk dksb Z Hk h vo ;o )b,a(  ds :i dk gS]  tg k¡  1
Sa ∈  vkSj  .Sb

2
∈  

vr %] 
1

mma = vkSj 1
ssb = , f dUgha Z∈

11
s,m  ds f y,A 

D;k saf d ,D)b,a( ∈ blf y, )n,n()b,a( =  f dlh Z∈n  ds f y,A vF k kZr ~  
).n,n()ss,mm(

11
=  

vr % ,ssnmm
11

==  vF kkZr ~  .ns,nm  ;g izR; sd Z∈n  ds f y, lR; gS A  

 bl izdkj ]  bdkbZ  10 ds E29 } kj k .1s,1m ±=±=  

vr % ,SS
21

== Z  vF k kZr ~ .D ZZ×=  

ij ar q] r c ZZ×  esa )2,1( tSls Hk h vo;o gSa ] tk s D  esa u gha gSA vr %] ge ,d 

var f oZj ks/k ij  ig q¡p t kr s g SaA bl i zdkj ]  g e tk s e ku d j  pys F ks o g x+yr  gk su k 
pkf g,A  

bl izdkj ]  .SSD
21

×≠   

E23) bdkbZ 13 ds mn kgj . k 10 } kj k] 
21

SS ×  Øef of u es; g ksx k ;f n  vk Sj  dsoy ;f n  
n ksu ksa 

1
S vk Sj  

2
S  Øef of u es; g ksaA  

blh izd kj ] iqu % bd kbZ 10 ds mn kgj . k 13 ls] 
21

SS ×  r Rledh g ks xk iff n ksu ksa 

1
S  vkSj  

2
S  r Rledh gksa A  

E24) )Y(}{ ℘×«  ,d mn kgj . k g SA  

;g ,d mioy; gS D; ksaf d )X(℘  dk }{«  ,d mioy; gS ] r F kk  )Y(℘  dk 
)Y(℘  ,d mioy; gSA  

;g mf pr  mioy ; gS ] D; ksaf d .)X(}{
/

℘⊆«   

;g vr qPN g S D ;k saf d }.{)Y( «≠℘
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[kaM 3                                                     oy;ksa ls ifjp; 

                  

  bdkbZ 12 

xq.ktkofy;k¡  

bdkbZ dh :ijs[kk     i`"B la[;k 
12.1 izLrkouk          431 

mÌs”; 

12.2 ,d xq.ktkoyh D;k gksrh gS\        432 

12.3 xq.ktkofy;ksa ds xq.k         441 

12.4 foHkkx oy;              448 

12.5 lkjka”k           456 

12.6 gy@mÙkj           457  

12.1  izLrkouk  
vki ns[k pqds gSa fd ,d oy; R dk ,d mioy; S lewg ),R( + dk ,d milewg 
gks rk gSA bdkbZ 6 ls] vki ;g Hkh tkurs gSa fd ),R( +  dk ),S( +  ,d izlkekU; 

milewg gS] D;ksafd +  Øefofues; gSA D;k ;g izlkekU;rk dks fdlh vFkZ esa nksuksa 
lafØ;kvksa $ vkSj - ds fy,] foLrr̀ fd;k tk ldrk gSA nwljs “kCnksa esa] D;k dksbZ 
ladYiuk ,d izlkekU; mioy; tSlh Hkh gks ldrh gS\  

Lej.k dhft, fd xSyok ¼Galois½ os izlkekU; milewg dh ladYiuk dh [kkst 
foHkkx lewg dks ifjHkkf’kr djus ds lanHkZ esa dh FkhA vr%] tks vc iz”u] tks mtkxj 
gksrs gSa] os gSa % D;k oy; fl)kar esa dksbZ ladYiuk fuEufyf[kr ds vuq:i gS\ 

i) ,d foHkkx lewgA 

ii) ,d izlkekU; milewgA  

bl bdkbZ esa] bu nksuksa iz”uksa ij fopkj fd;k x;k gSA 

Hkkx 12.2 esa] vki oy; fl)kar esa] izlkekU; milewg ds vuq:i ,d ladYiuk dk 
v/;;u djsaxsA ;g *,d xq.ktkoyh ¼ideal½* dh ladYiuk gSA bl Hkkx esa] vki 
xq.ktkofy;ksa ds vusd mnkgj.kksa dk v/;;u djsaxsA  

Hkkx 12.3 esa xq.ktkofy;ksa ds izkjafHkd xq.kksa ij /;ku dsafnzr jgsxkA vki Kkr djsaxs 
fd D;k xq.ktkofy;ksa ds izfrPNsnu] lfEeyu ;k xq.kuQy ,d xq.ktkoyh gSa ;k 
ughaA  
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bdkbZ 12                                                                    xq.ktkofy;k¡ 

var esa] Hkkx 12.4 esa] vki oy; fl)kar esa ,d foHkkx lewg ds vuq:i ladYiuk dk 
v/;;u djsaxsA ;gk¡ ppkZ dks le>us ds fy,] ;g vPNk fopkj jgsxk fd] bl Hkkx 
dk v/;;u djus ls igys] vki bdkbZ 7 ij iqu% nf̀’V Mky ysaA  

bl bdkbZ esa] gekjh ppkZ fuEufyf[kr vf/kxe izR;k”kkvksa ds bnZ-fxnZ fufeZr gksxhA 
dì;k bu mÌs”;ksa dk izkIr djus ds fy,] bl bdkbZ dk lko/kkuhiwoZd v/;;u djsaA 

mÌs’;    

bl bdkbZ dk v/;;u djus ds ckn] vki fuEufyf[kr djus esa leFkZ gks tk,¡xs % 

• fdlh oy; dh xq.ktkoyh dks ifjHkkf’kr djuk vkSj mlds mnkgj.k nsuk(  

• fu/kkZfjr djuk fd fdlh oy; dk ,d mileqPp; ,d xq.ktkoyh ;k ugha( 

• fdlh oy; dh xq.ktkofy;ksa ds ekSfyd xq.kksa dks fl) djuk rFkk mudk 
vuqiz;ksx djuk( 

• ,d foHkkx oy; (quotient ring)  dks ifjHkkf’kr djuk vkSj mlds mnkgj.k 
nsuk( 

• foHkkx oy;ksa ds dqN izkjafHkd xq.kksa dks fl) djuk rFkk mudk vuqiz;ksx   

djukA  

12.2  ,d xq.ktkoyh D;k gksrh gS\ 
[kaM 2 esa] vkius izlkekU; milewgksa rFkk lewg fl)kar esa muds }kjk vnk dh xbZ 
Hkwfedk dk v/;;u fd;k FkkA vkius ns[kk Fkk fd izlkekU; milewgksa dks jfpr djus 
dk lcls egÙoiw.kZ dkj.k ;g Fkk fd ;g gesa foHkkx lewg dks ifjHkkf’kr djus dh 
vuqefr nsrk gSA oy; fl)kar esa] ge bldk ,d vuq:i ladYiuk vFkkZr~ foHkkx 
oy; dks ifjHkkf’kr djuk pkgsaxsA bl Hkkx esa] ge mioy;ksa ds ,d oxZ  (class) dk 
v/;;u djsaxs] tks gesa ,slk djus esa lgk;rk djsxkA chth; la[;k fl)kar dh [kkst 
djrs le;] 19oha “krkCnh ds xf.krKksa MsMsdaM ¼Dedekind½] Øksusdj (Kronecker) 

rFkk vU; us bl ladYiuk dks fodflr fd;kA 

loZizFke] vkb, bl ij fopkj djsa fd ,d mioy; ds fdl izdkj ds xq.kksa dh gesa 
vko”;drk gS] rkfd ge laxr foHkkx oy; dks ifjHkkf’kr dj ldsaA 

vkb, Z  ij fopkj djrs gq, izkjaHk djsaA vki tkurs gSa fd ;g Rdk ,d mioy; 
gSA vr%] ),(),( +≤+ RZ  gSA blfy, Z  R gSA blfy,] ZR ,d lqifjHkkf’kr 

foHkkx lewg gSA D;k ;g oy; Hkh gSaA vkb, ns[ksaA  

tSlk fd bdkbZ 7 esa Fkk] ;fn ZR ij xq.ku ifjHkkf’kr gksrk] rks gesa izkIr gksrk %
.s,rrs)s()r( RZZZ ∈∀+=+⋅+  

vr%] vkb, ns[ksa fd D;k ;g lafØ;k lqifjHkkf’kr gSA 

loZizFke] vki tkurs gSa fd ZZZ =+∈∀ n,n  gSA vr%] ZZZ =+=+ 01  gSA 

blfy,] )0(
5

1
)1(

5

1
ZZZZ +








+=+








+  gSA 

bl izdkj]
 

ZZ +







⋅=+








⋅ 0

5

1
1

5

1
 gSA vFkkZr~] ZZZ =+=+ 0

5

1
 gSA 

                 

 

vkd`fr 1: 

MsfMdaM  

           (1831-1916) 
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[kaM 3                                                     oy;ksa ls ifjp; 

                  
vr%] Z∈

5

1

 
gS] tks lR; ugha gSA 

blfy,] ge fu’d’kZ fudkyrs gSa fd ZR  esa ;g xq.ku lqifjHkkf’kr ugha gSA  

nwljh vksj] vkb, ns[ksa fd D;k gksrk gS] ;fn ge Z ds mioy; Z6 ij fopkj djrs 
gSaA D;k ZZ 6  esa vo;o vuqlkj xq.ku ifjHkkf’kr gS\ vkb, ns[ksaA 

eku yhft, fd ZZ 6s6r +=+  vkSj ZZ 6n6m +=+  gS] tgk¡ Z∈n,m,s,r
 
gSA  

rc] Z6sr ∈− vkSj Z6nm ∈−  gSA eku yhft, fd Z∈u,t ds fy,] t6sr =−  

vkSj u6nm =−  gSA  

rc] ZZZZ 6)u6n)(t6s(6rm)6m)(6r( +++=+=++  

Z6)ut6sunt(6sn ++++=   

  ,6sn Z+= D;ksafd Z∈++ ut6sunt  gSA 

)6n)(6s( ZZ ++= gSA 

bl izdkj] ZZ 6  esa xq.ku lqifjHkkf’kr gSA 

lkFk gh] bl rF; dk mi;ksx djrs gq, fd Z esa xq.ku lgpkjh gS] vkidks bldk Hkh 
lR;kiu djuk pkfg, fd ;g xq.ku lgpkjh gSa 

var esa] Z∈t,s,r  ds fy,] 

ZZZZ 6)ts(r)]6t()6s)[(6r( ++=++++  

                                 )6rt()6rs( ZZ +++=  

                           )6t)(6r()6s)(6r( ZZZZ +++++= gSA 

bl izdkj] ZZ 6  esa xq.ku ;ksx ij forfjr gSA 

vr%] bl fLFkfr esa] ,slk izrhr gksrk gS fd gesa ,d foHkkx lewg izkIr gqvk gS] tks 
,d oy; Hkh gSA 

og D;k Fkk tks Z esa mioy; Z6 ds ckjs esa Fkk] ijarq R esa mioy; Z  esa ugha Fkk\ 
/;ku nhft, fd Z∈t vkSj Z6n6 ∈  ds fy,] Z6nt6 ∈  Hkh gSA ijarq] Z∈n  vkSj 
R∈r ds fy,] rn dk Z esa gksuk vko”;d ugha gSA ,slk irk yxrk gS fd ;gh og 

xq.k gS] tks laiw.kZ varj cuk nsrk gS] tks vki Hkkx 12.4 esa foHkkx oy;ksa ij foLrr̀ 
ppkZ esa ns[ksaxsA vHkh ds fy,] ge ml xq.k ds lkFk mioy;ksa ij /;ku dsafnzr djsaxs] 
ftUgsa vHkh vkius ns[kk gSA vkb,] ,sls mioy; dks ifjHkkf’kr djrs gq, izkjaHk djsaA  

ifjHkk"kk % fdlh oy; ),,R( ⋅+  dk ,d mioy; I oy; R dh ,d xq.ktkoyh 

dgykrh gS] ;fn lHkh Rr ∈ vkSj Ia ∈ ds fy,] Iar ∈  gS vkSj Ira ∈ gSA 

mnkj.kkFkZ] tSlk vkius igys bl ppkZ esa ns[kk Fkk] Z dh Z6  ,d xq.ktkoyh gS] 
ijarq Rdh Z ,d xq.ktkoyh ugha gSA 

/;ku nhft, fd ;fn R ,d Øefofues; oy; gS] rks mijksDr ifjHkk’kk esa nwljs 
izfrca/k dh vko”;drk ugha gS] D;ksafd Rr,IaIraIar ∈∈∀∈⇒∈ gSA 

vr%] mijksDr ifjHkk’kk ls] vki tkurs gSa fd xq.ktkofy;k¡ fdlh oy; ds 
ifjHkkf"kr dh tkrh gSaA ijarq] tc rd vU;Fkk u dgk tk,] vkxs ls bl bdkbZ esa] 

;fn vki mPPk oy; 
fl)kar dk v/;;u djsaxs] 
rks vki Kkr djsaxs fd 
vØefofues; oy;ksa esa ckbZa 
xq.ktkofy;k¡ vkSj nkbZa 
xq.ktkofy;k¡ nksuksa gksrh gSaA 



 

 

434

bdkbZ 12                                                                    xq.ktkofy;k¡ 

ge lnSo ;g ifjdYiuk djsaxs fd ftu oy;ksa ds lkFk ge dk;Z djsaxs 
Øefofu;e gSaA ;g blfy, fd;k tk jgk gS rkfd vkidks bl ladYiuk ds lkFk 
dk;Z djus ea lgk;rk gks tk,A  

vc] ifjHkk’kk ls vki tkurs gSa fd izR;sd xq.ktkoyh ,d mioy; gSA D;k bldk 
foykse lR; gS\ ;gk¡] bl ckjs esa ,d fVIi.kh gSA 

fVIi.kh 1 % vki tkurss gSa fd ,d Øefofues; lewg dk izR;sd milewg ,d 
izlkekU; milewg gksrk gSA ijarq] ,d Øefofues; oy; ds izR;sd mioy; dk ,d 
xq.ktkoyh gksuk vko”;d ugha gSA mnkgj.kkFkZ] R Øefofues; gS] R dk Z  ,d 
mioy; gS] ijarq R dh Z ,d xq.ktkoyh ugha gS] tSlkfd vki Åij ns[k pqds gSa 

vkb,] vc xq.ktkofy;ksa ds dqN mnkgj.kksa ij ,d nf̀’V MkysaA 

mnkgj.k 1 % izR;sd oy; R dh pkgs og Øefofues; gS ;k ugha] dh U;wure nks 
xq.ktkofy;k¡ }0{ vkSj R gksrh gSaA ¼ R dh }0{ rqPN xq.ktkoyh dgykrh gS½A 

gy % bdkbZ 11 ds mnkgj.k esa] vki ns[k pqds gSa fd R ds R vkSj }0{  mioy; gSaA 
vc] fdlh Rr ∈ ds fy, }0{00r ∈=⋅ gS rFkk }0{0r0 ∈=⋅ gSA  

vr%] R dh }0{ ,d xq.ktkoyh gSA 

vkxs] fdlh Rr ∈  ds fy,] Rrssr ∈=⋅ gS rFkk RsRsrrs ∈∀∈=⋅  gSA 

bl izdkj]R ,d xq.ktkoyh dh okaNuh;rkvksa dks larq’V djrk gSA 

*** 

mnkgj.k 1 gesa fuEufyf[kr ifjHkk’kk dh vksj igq¡pk nsrk gSA 

ifjHkk"kk % ;fn fdlh oy; R dh ,d xq.ktkoyh I  ,slh gS fd RI ≠  gS] rks I dks 
R dh mfpr xq.ktkoyh (proper ideal) dgrs gSaA lkFk gh] ;fn }0{I ≠  gS] rks I

dks R dh ,d vrqPN xq.ktkoyh (non-trivial ideal) dgrs gSaA 

vkb, vc dqN mfpr vrqPN xq.ktkofy;ksa ij fopkj djsaA igys vki ns[k pqds gSa 
fd Z dh Z6  ,d xq.ktkoyh gSA ge bls fuEufyf[kr mnkgj.k esa O;kihdr̀ djrs 
gSaA 

mnkgj.k 2 % n”kkZb, fd ;fn 1,0n ±≠  gS] rks Z dk Zn mioy; ,d mfpr 

vrqPN xq.ktkoyh gSA lkFk gh] Z dh dsoy ;gh xq.ktkofy;k¡ gSaA 

gy % bdkbZ 11 ds mnkgj.k 4 ls] vki tkurs gSa fd ;fn 1,0n ±≠  gS] rks Z  dk 

Zn  ,d mfpr vrqPN mioy; gksrk gSA  

lkFk gh] fdUgha Z∈z  vkSj Znnm∈   ds fy,] Zn)zm(n)nm(z ∈=  gSA 

vr%] }0{n, ≠ZZ  vkSj ZZ ≠n  dh Zn  ,d xq.ktkoyh gSA 

vc] izR;sd xq.ktkoyh ,d mioy; gksrk gSA bdkbZ 11 ds mnkgj.k 4 ls] vki ;g 
Hkh tkurs gSa fd Z ds mioy; dsoy ZZ ∈n,n  ds :i ds gh gksrs gSaA vr% Z dh 
xq.ktkofy;k¡ dsoy ZZ ∈n,n ds :i dh gksrh gSaA bl izdkj] Z dh mfpr vrqPN 
xq.ktkofy;k¡ dsoy 1,1,0n,n −≠Z  gSaA 

*** 
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                  mnkgj.k 3 % tk¡p dhft, fd R dh ]p[Q
 
,d xq.ktkoyh gS ;k ugha] tgk¡ p  

,d vHkkT; la[;k gSA 

gy % bdkbZ 11 ds mnkgj.k 2 ls] vki tkurs gSa fd Rdk ]p[Q ,d mioy; gSA 
vc] R∈π  ij fopkj dhft,A rc] Q∈b,a ds fy,] 

]p[pba)pba( Q∉π+π=+π
 
gS] D;ksafd Q∉πa  gSA 

vr%] R  dh ]p[Q
 
,d xq.kotkoyh ugha gSA 

*** 

vc] vki dqN iz”u dks ugha gy dj ysrs\ 

E1) fcanq”k % ;ksx vkSj xq.ku ds lkis{k ]3,3[− ls R  rd ds Qyuksa ds oy; dh 

,d vrqPN mfpr xq.ktkoyh Kkr dhft,A  

E2) D;k Cdh ]10[Q  ,d xq.ktkoyh gS\ D;ksa ;k D;ksa ugha\  

E3) tk¡p dhft, fd    

 i)  C  dh ]i[Z ,d mfpr xq.ktkoyh gS ;k ughaA 

 ii) ]x[C  dh ]x[R ,d xq.ktkoyh gS ;k ughaA 

 iii) 6
Z dh }3,0{ vkSj }4,2,0{ mfpr xq.ktkofy;k¡ gSa ;k ughaA 

vc] bdkbZ 11 ds Hkkx 11.3 ls] vki tkurs gSa fd blds fu/kkZfjr ¼;k lqfuf”pr½ djus 
ds fud’k ¼fu;e½ gSaa fd fdlh oy; dk ,d fn;k gqvk mileqPp; ,d mioy; gS ;k 
ughaA D;k ge budk mi;ksx ;g tk¡p djus ds fu;e ¼fud’k½ fodflr djus esa dj 
ldrs gSa fd mileqPp; ,d xq.ktkoyh gS ;k ugha\ blds ckjs esa fuEufyf[kr ifj.kke 
ij fopkj dhft,A 

izes; 1 % ¼xq.ktkoyh ijh{k.k½ % fdlh oy; R dk ,d vfjDr mileqPp; I

¼Øefofues; gksuk vko”;d ugha½ R dh ,d xq.ktkoyh gksrh gS ;fn vkSj dsoy ;fn  

i) ,Ib,IaIba ∈∈∀∈−  rFkk   

ii) Iar ∈  vkSj  Rr,IaIra ∈∈∀∈  gSA 

miifÙk % loZizFke] eku yhft, fd R dh I  ,d xq.ktkoyh gSA rc] R dk I  ,d 
mioy; gSA bl izdkj] mioy; ijh{k.k ¼Test½ }kjk] Ib,aIba ∈∀∈−  gSA vr%] 

(i) lR; gSA 

vkxs] ifjHkk’kk }kjk mijksDr (ii) lR; gSA 

foykser%] ifjdYiuk dhft, fd I ds fy, (i) vkSj (ii) lR; gSA 

rc] Iba ∈− vkSj Ib,aIab ∈∀∈ gSA 

vr%] R dk I  ,d mioy; gSA 

vkxs] (ii) ds dkj.k] R dh ,d xq.ktkoyh dh ifjHkk’kk esa fn, izfrca/kksa dks I larq’V 
djrk gSA 

bl izdkj] R dh I ,d xq.ktkoyh gSA 
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/;ku nhft, fd ;fn R  ,d Øefofu;e oy; gS] rks xq.ktkoyh ijh{k.k esa] izfrca/k 
(ii) dsoy 'Rr,IaIar' ∈∈∀∈  jg tkrk gSA 

vkb, bl ijh{k.k ¼VsLV½ dk dqN fLFkfr;ksa esa vuqiz;ksx djsaA 

mnkgj.k 4% eku yhft, fd }b,abi2a{S Z∈+= gS] tgk¡ 1i −=  gSA n”kkZb, fd 

]i[Z dk S ,d mioy; gSA D;k ]i[Z  dh S  ,d xq.ktkoyh gS\ D;ksa ;k D;ksa ughaA 

gy % loZizFke] Si2 ∈  gSA vr%] «≠S  gSA 

vkxs] Sesa di2c,bi2a ++  ds fy,] 

Si)db(2)ca()di2c()bi2a( ∈−+−=+−+  gS] rFkk 

Si)adbc(2)bd4ac()di2c)(bi2a( ∈++−=++  gSA 

bl izdkj] ]i[Z  dk S  ,d mioy; gSA 

ijarq] SaSar ∈∀∉  vkSj ]i[r Z∈  gSA mnkgj.kkFkZ] Si0211 ∈⋅⋅+=  gS vkSj ]i[i Z∈  

gS rkfd Sii1 ∉=⋅  gSA 

bl izdkj] ]i[Z  dh S  ,d xq.ktkoyh ugha gSA 

*** 

mnkgj.k 5:  eku yhft, fd X ,d vifjfer leqPp; gSA X ds lHkh ifjfer 
mileqPp;ksa ds leqPp; I  ij fopkj dhft,A D;k ),),X(( ∩∆℘ dh I  ,d 

xq.ktoyh gS\ D;ksa vkSj D;ksa ugha\ 

gy % XA{I =  ,d A ifjfer mileqPp; gS} gSA /;ku nhft, fd   

i) I«∈  gSA vFkkZr~] )X(℘  dk “kwU; vo;o I  esa gSA vr%] «≠I  gSA 

ii) )X(B,A ℘∈ ds fy,] )B(ABA −∆=−  

                               ,BA∆=  D;ksafd BB −=  esa )X(℘ gSA 

iii) )X(B,A ℘∈ ds fy,] BAAB ∩=  gSA     

bl izdkj] ;fn IB,A ∈  gS] rks BA −  iqu% X dk ,d ifjfer mileqPp; gS] rFkk 

blhfy, IBA ∈−  gSA 

vkxs] tc Hkh X dk A ,d ifjfer mileqPp; gS rFkk X dk B dksbZ Hkh mileqPp; 
gS] rks ABA ⊆∩ gSA vr%] X  dk BA ∩ ,d ifjfer mileqPp; gSA 

bl izdkj] ;fn IA ∈  vkSj )X(B ℘∈ gS] rks IAB∈  gSA 

vr%] xq.ktkoyh ijh{k.k }kjk] )X(℘ dh I  ,d xq.ktkoyh gSA 

*** 

mnkgj.k 6% eku yhft, fd X ,d vfjDr leqPp; gS rFkk X dk Y ,d vfjDr 
mfpr mileqPp; gSA n”kkZb, fd )X(℘ dh }YA)X(A{I «=∩℘∈= ,d 

xq.ktkoyh gSA 

fof”k’V :i esa] ;fn }x{Y
0

=  gS] tgk¡
 /

,X}x{ 0 ⊆  gS] rks )X(℘ dh 

}Ax)X(A{I
0
∉℘∈=  ,d xq.ktkoyh gSA 
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                  gy % loZizFke] /;ku nhft, fd )Y(I
c

℘=  gS rFkk «≠
c

Y  gSA bl izdkj] «≠I  

gSA 

nwljs]  ,IB,A ∈∀   

Y)BA(Y)BA( ∩∆=∩−     

               ««∆=∩∆∩= )YB()YA(  

 «=  gSA 

bl izdkj] IBA ∈−  gSA 

var esa] IA ∈  vkSj )X(B ℘∈ ds fy,] 

«« =∩=∩∩=∩∩=∩∩=∩ B)YA(BY)AB(Y)BA(Y)AB(  gSA 

bl izdkj] IAB∈ gSA 

vr%] izes; 1 }kjk] )X(℘ dh I ,d xq.ktkoyh gSA 

*** 

vc ,d mnkgj.k ij fopkj dhft,] ftldk mi;ksx “ks’k cph bdkb;ksa esa vusd ckj 
fd;k tk,xkA  

mnkgj.k 7% bdkbZ 10 ds mnkgj.k 7 esa fn, gq, oy; ]1,0[C  ij fopkj dhft,A 

eku yhft, fd }0)21(f]1,0[Cf{M =∈= gSA n”kkZb, fd ]1,0[C  dh ,d 

xq.ktkoyh gSA 

gy % lHkh ]1,0[x ∈  ds fy,] 0)x( =0  }kjk “kwU; vo;o 0  ifjHkkf’kr gSA D;ksafd 

0)21(0 = gS] blfy, M0∈ gSA bl izdkj] «≠M  gSA 

lkFk gh] ;fn Mg,f ∈  gS] rks ]1,0[Cgf ∈−  gS]  rFkk
000)21(g)21(f)21()gf( =−=−=−  gSA 

vr%] Mgf ∈−  gSA 

vkxs] ;fn Mf ∈ vkSj ]1,0[Cg∈  gS] rks vki tkurs gSa fd ]1,0[Cgf ∈⋅  gSA 

lkFk gh] 0)21(g0)21(g)21(f)21)(fg( =⋅==  gSA 

vr%] Mfg∈  gSA  

bl izdkj] izes; 1 }kjk] ]1,0[C  dh M ,d xq.ktkoyh gSA 

*** 

vc vkids fy, dqN iz”u gy djus dk le; gSA  

E4) vkb, mnkgj.k 7 dks O;kihdr̀ djsaA  

 i) eku yhft, fd ]1,0[a ∈  gSA n”kkZb, fd ]1,0[C  dh
 

}0)a(f]1,0[Cf{I
a

=∈= ,d xq.ktkoyh gSA  

 ii) R  esa fdlh varjky ]b,a[  rFkk ]b,a[r ∈  ds fy,] n”kkZb, fd ]b,a[C  

dh }0)r(f]b,a[Cf{I
r

=∈=  ,d xq.ktkoyh gSA 

R  esa fdlh laoÙ̀k 
varjky ]b,a[ ds fy,] 

]b,a[C dh vifjfer 

:i ls vusd 
xq.ktkofy;k¡ gksrh gSaA 
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 iii) ]1,0[r ∈  ds fy,] D;k ]1,0[C dh }1)r(f]1,0[Cf{J
r

=∈=  ,d 

xq.ktkoyh gS\ D;ksa ;k D;ksa ugha\  

E5) tk¡p dhft, fd R dk dsanz )R(C , R dh ,d xq.ktkoyh gS ;k ughaA 

E6) tk¡p dhft, fd ]x[Z dh fuEufyf[kr xq.ktkofy;k¡ gSa ;k ugha %   

 i)  vpj in 0 ds lkFk] Z ij lHkh cgqinksa dk leqPp;A  

 ii) 








=∀∈= ∑
=

n,,1,0i3axaS i

n

0i

i

i KZ A  

E7) eku yhft, fd R ,d oy; gS rFkk Ra ∈ gSA n”kkZb, fd R dh Ra ,d 
xq.ktkoyh gSA Ra( dks Ra ∈ }kjk tfur R  dh eq[; xq.ktkoyh  dgrs 

gSaA)   

 (Lej.k dhft, fd R ,d Øefofues; oy; gS!) 

E8) eku yhft, fd R ,d oy; gS rFkk Rb,a ∈  gSA n”kkZb, fd R dh 

}bRaxRx{I ∈∈= ,d xq.ktkoyh gSA  

vc] tc vkius E7 dks gy dj fy;k gS] rks D;k vki E3(iii) vkSj E6(i) ds lkFk 
bldk dksbZ laca/k ns[krs gSa\ /;ku nhft, fd E6(i) dsoy ]x[xZ  gh gSA  

vc] vkb, ns[ksa fd tks vkius E7 esa fl) fd;k gS] mls fdl izdkj O;kihdr̀ fd;k 
tk ldrk gSA 

mnkgj.k 8% fdlh oy; R vkSj Ra,a 21 ∈ ds fy,] n”kkZb, fd R dh 

}Rx,xaxax{RaRa
21221121
∈+=+ ,d xq.ktkoyh gSA 

gy % loZizFke] 
21 a0a00 +=  gSA 21 RaRa0 +∈∴  gSA  

vr%] «≠+ 21 RaRa  gSA 

vkxs]  ,Ry,y,x,x 2121 ∈∀  

2122211122112211 RaRaa)yx(a)yx()ayay()axax( +∈−+−=+−+  gSA 

var esa] Rr ∈  vkSj 
212211 RaRaaxax +∈+  ds fy,] 

2122112211 RaRaarxarx)axax(r +∈+=+ D;ksafd Rrx,Rrx 21 ∈∈  gSA 

bl izdkj izes; 1 }kjk] R dh 
21 RaRa +  ,d xq.ktkoyh gSA 

*** 

mnkgj.k 8 esa xq.ktkofy;k¡ izkIr djus dh fof/k dks fdlh N∈n  ds fy,] R ds 
fLFkj vo;oksa 

n1 a,,a K ds fy, }Rxax...axax{
inn2211
∈+++ dh xq.ktkofy;k¡ 

iznku djus ds fy,] foLrr̀ fd;k tk ldrk gSA ,slh xq.ktkofy;k¡ oy; fl)kar esa 
ckj-ckj izdV gksrh jgrh gSaA budk ,d fof”k’V uke gS] tks bdkbZ 4 ds Hkkx 4.4 esa 
vkids }kjk fd, x, v/;;u ls tqM+k gqvk gSA 

ifjHkk"kk % eku yhft, fd N∈n ds fy,] 
n1 a,,a K fdlh oy; R ds fn, gq, 

vo;o gSaA rc] 
n1

a,,a K }kjk tfur Rdh xq.ktkoyh 
}Rxaxaxax{RaRaRa

inn2211n21
∈+++=+++ LL

 
gksrh gSA 

;fn R Øefofue; ugha 
gS] rks 

21 RaRa + dh ,d 

xq.ktkoyh ugha gSA 
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                  vo;o 
n1 a,,a K  bl xq.ktkoyh ds tud (generators) dgykrs gSaA ge bl 

xq.ktkoyh dks ><
n21

a,,a,a K  }kjk Hkh O;Dr djrs gSaA 

tc 1n =  gS] rc gekjs }kjk izkIr xq.ktkoyh og gS] tks E7 esa gS] ftls eq[; 
xq.ktkoyh dgk tkrk gSA bl izdkj] ;fn Ra ∈ gS rks R ij ><= aRa ,d eq[; 

xq.ktkoyh gSA vxys [kaM esa] vki eq[; xq.ktkofy;ksa ds lkFk cgqr dqN dk;Z dj 
jgs gksaxsA 

D;k vki eq[; xq.ktkoyh rFkk pØh; lewg dh ladYiukvksa ds chp dqN laca/k ns[k 
jgs gSa\ D;k ;s leku ugha gSa] ;fn oy; Z  gS\ bl lanHkZ esa] fuEufyf[kr fVIi.kh ij 
fopkj dhft,A 

fVIi.kh 2 % mnkgj.k 2 ls] vki ns[k ldrs gSa fd Z  dh izR;sd xq.ktkoyh ,d 
eq[; xq.ktkoyh gSA 

vc] xq.ktkofy;ksa rFkk tudksa ij dqN iz”u fn, tk jgs gSaA  

E9) eku yhft, fd R ,d rRledh oy; gSA n”kkZb, fd R1 =>< gSA ;fn 
)R(Uu ∈ gS] rks >< u  dks Kkr dhft,A  

E10) eku yhft, fd R ,d oy; gS rFkk Rr ∈ gSA r  }kjk tfur R dk pØh; 
milewg Kkr dhft,A D;k ;g ogh gS tks r  }kjk tfur R dh eq[; 
xq.ktkoyh gS\ D;ksa ;k D;ksa ugha\ 

E11) Øe”k% 3  }kjk vkSj 5  }kjk tfur 10
Z dh eq[; xq.ktkofy;k¡ Kkr dhft,A 

lkFk gh] >< 3,2  Hkh Kkr dhft, rFkk nsf[k;s fd D;k ;g >< 5  gS ;k 

ughaA  

E12) n”kkZb, fd NZ ∈n,n
dh izR;sd xq.ktkoyh ,d eq[; xq.ktkoyh gSA  

E13) eku yhft, fd X ,d vfjDr vifjfer leqPp; gS rFkk ;g Hkh eku yhft, 
fd X dk A ,d mfpr vfjDr mileqPp; gSA n”kkZb, fd eq[; xq.ktkoyh 

A)X(℘ = )A(℘ gSA   

vc vkb, fdlh oy; dh ,d fof”k’V xq.ktkoyh ij nf̀’V MkysaA ijarq] ,slk djus 
ls igys] gesa ,d ifjHkk’kk nsus dh vko”;drk gSA 

ifjHkk"kk % fdlh oy; R dk ,d vo;o 'kwU;aHkkoh (nilpotent) dgykrk gS] ;fn 
,d /kukRed iw.kkZad n dk vfLrRo gS rkfd 0a

n
= gSA 

mnkgj.kkFkZ] 9
Z  ds 3  vkSj 6 “kwU;aHkkoh vo;o gSa] D;ksafd gS 093

2
== rFkk 

0366
2

==  gSA 

lkFk gh] fdlh Hkh oy; R esa] 0
 ,d 'kwU;aHkkoh vo;o gksrk gSA  

vc] fuEufyf[kr mnkgj.k ij fopkj dhft,A 

mnkgj.k 9:  eku yhft, fd R ,d oy; gSA n”kkZb, fd R ds “kwU;EHkkoh vo;oksa 
dk leqPp; R dh ,d xq.ktkoyh gS ¼;g xq.ktkoyh R dh 'kwU; dj.kh (nil 

radical) dgykrh gS½A 

gy % eku yhft, fd R ds “kwU;aHkkoh vo;oksa dk leqPp; N  gSA vFkkZr~] 
Ra{N ∈= fdlh /kukRed iw.kkZad n ds fy, 0a

n
=  gSA rc] N0∈ gSA vr%]  
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«≠N  gSA  

vkxs] ;fn Nb,a ∈  gS] rks fdUgha /kukRed iw.kkZadksa m  vkSj n  ds fy,] 0a
n

=  vkSj 

0b
m

= gSA vc] bdkbZ 10 ds E16 ls] vki tkurs gSa fd 

∑
+

=

−+++

−=−

nm

0r

rnmr

r

nmnm
)b(aC)ba(  gSA  

/;ku nhft, fd izR;sd nm,,1,0r += K  ds fy,] ;k rks nr ≥  gS ;k 

mrnm ≥−+  gSA vr%] ;k rks 0a
r

=  gS ;k 0b
rnm

=
−+

 gSA 

bl izdkj] izR;sd r  ds fy,] in 0ba
rnmr

=
−+  gSA 

vr%] 0)ba(
nm

=−
+  gSA 

bl izdkj] Nba ∈−  tc Hkh Nb,a ∈  gSA 

var esa] ;fn Na ∈  gS] rks fdlh /kukRed iw.kkZad n  ds fy, 0a
n

=  gSA vr%] fdlh 
Rr ∈ ds fy, nnn

ra)ar( =  gS] D;ksafd R  Øefofues; gS 

   0=
 
gSA  

vFkkZr~] Nar ∈  gSA 

bl izdkj] R dh N  ,d xq.ktkoyh gSA 

*** 

vkb, ns[ksa fd dqN ifjfpr oy;ksa dh “kwU; djf.k;k¡ D;k gSaA 

oy;ksa RQZ ,,  ;k C ds fy,] }0{N = gS] D;ksafd bu oy;ksa ds fdlh Hkh “kwU;srj 

vo;o dh dksbZ Hkh /kukRed ?kkr “kwU;srj gksrh gSA 

4Z ds fy,] }2,0{N = gS] D;ksafd N∈∀ n , 11
n

=  gS rFkk 13
n

=  ;k 3 gSA 

vc] ;fn R ,d oy; gS rFkk Ra ∈ gS] rks a ds lgpj ¼ls tqM+h½ R dh ,d 
xq.ktkoyh gksrh gSA ge bls ifjHkkf’kr djrs gSa rFkk vkils dgrs gSa fd fuEufyf[kr 
esa ls ,d iz”u esa ¼nsf[k, E15½ bls fl) dhft,A   

E14) 8
Z  vkSj )X(℘ dh “kwU; djf.k;k¡ Kkr dhft,] tgk¡ X ,d vfjDr leqPp; 

gSA  

E15) eku yhft, fd R ,d oy; gS rFkk Ra ∈  gSA n”kkZb, fd 
}0raRr{ =∈=aAnn  , R dh ,d xq.ktkoyh gSA ¼;g xq.ktkoyh a dk 

'kwU;dkjh (annihilator) dgykrk gSA½  

 R0∈ dk “kwU;dkjh D;k gS\ ;fn R rRledh gS] rks R1∈ dk “kwU;dkjh D;k 
gS\  

E16) fuEufyf[kr esa ls dkSu-ls dFku lR; gSa\ vius mÙkjksa dh iqf’V dhft,A  

 i)       R dh aAnn ,d mfpr vrqPN xq.ktkoyh gS] tgk¡ R ,d vrqPN oy; 

gS rFkk Ra ∈ gSA  

 ii) ;fn R ,d oy; gS rFkk Rb,a ∈ gS] bAnnaAnn =
 
gS] rks ba =  

gSA      
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                   iii) ;fn R vkSj Sleku “kwU; djf.k;ksa okys oy; gSa] rks SR =  gSA   

vc vki ,d xq.ktkoyh dh ladYiuk ls Hkyh-Hkk¡fr ifjfpr gks x, gksaxsA vkb, vc 
xq.ktkofy;ksa ds dqN ekSfyd xq.kksa dh ppkZ djsaA  

12.3 xq.ktkofy;ksa ds xq.k 
bl Hkkx esa] ge xq.ktkofy;ksa ds vusd jkspd igyqvksa ij nf̀’V MkysaxsA ge 
xq.ktkofy;ksa ij leqPp; lafØ;kvksa rFkk xq.ktkofy;ksa ds chtxf.kr dh ppkZ djsaxsA  

vkb,] ,d xq.k ls izkjaHk djsa] ftlds ckjs esa vkidks E9 ls ladsr fey x;k gksxkA 
Z  dh lHkh xq.ktkofy;ksa ij fopkj dhft,A ;s mnkgj.k 2 esa nh gqbZ gSaA fdlh Hkh 
mfpr xq.ktkoyh esa 1 varfoZ’V ugha gSA D;k ;g dsoy Z ds fy, lR; gSA ,slk ugha 
gS] tSlk fd fuEufyf[kr izes; vkidks crkrh gSA 

izes; 2 % eku yhft, fd rRled 1 ds lkFk R ,d oy; gSA ;fn R dh I  ,d 
xq.ktkoyh gS rFkk I1∈  gS] rks RI = gksrk gSA  

miifÙk % vki tkurs gSa fd RI ⊆  gSA ge fl) djuk pkgrs gSa fd IR ⊆ gSA  

eku yhft, fd Rr ∈  gSA D;ksafd I1∈  gS rFkk R dh I  ,d xq.ktkoyh] blfy, 
I1rr ∈⋅=  gSA vr%] IR ⊆  gSA 

blfy,] RI = gSA 

bl ifj.kke dk mi;ksx djrs gq,] ge rqjar dg ldrs gSa fd Qdh �Z ,d 

xq.ktkoyh ugha gSA dSls\ Bhd gS] ;fn Q  dh �Z ,d xq.ktkoyh gksrh] rks izes; 2 

dk D;k ;g fufgrkFkZ ugha gksrk fd QZ =  gS\ vkSj ;g lR; ugha gSA vr%] Q  dh 

�Z  ,d xq.ktkoyh ugha gks ldrhA 

D;k ;g gesa ;g Hkh crkrh gS fd R  dh Q  ,d xq.ktkoyh gS ;k ugha\ ;g gesa 
crkrh gSA D;ksafd Q∈1  vkSj RQ ≠  gS] blfy, Rdh Q ,d xq.ktkoyh ugha gks 

ldrhA  

izes; 2 dk ,d vU; egÙoiw.kZ vuqiz;ksx fuEufyf[kr gSA 

mnkgj.k 10 % Q  dh lHkh xq.ktkofy;ksa dks Kkr dhft,A 

gy % tSlk fd vki tkurs gSa] bldh nks xq.ktkofy;k¡ }0{  vkSj Q  gSaA D;k dksbZ 

vU; Hkh gSa\ vkb, Kkr djsaA 

eku yhft, fd }0{I ≠ , Q  dh ,d xq.ktkoyh gSA rc] 0x,Ix ≠∈∃  gSA 

D;ksafd Q⊆∈Ix  gS] blfy, Q∈

x

1

 
gSA 

D;ksafd Qdh I  ,d xq.ktkoyh gS] blfy, ,I
x

1
x ∈⋅  gSA vFkkZr~ I1∈ gSA 

ijarq] rc izes; 2 }kjk] Q=I  gSA 

vr%] Q  dh dksbZ vrqPN mfpr xq.ktkoyh ugha gSA 

*** 

vc ,d lacaf/kr iz”u dks gy djus dk iz;kl dhft,A 
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E17) R vkSj C  dh lHkh xq.kotkfy;ksa dks Kkr dhft,A  

vc] vkb, fdlh oy; dh xq.ktkofy;ksa ds leqPp; ij f}vk/kkjh lafØ;kvksa dh vksj 
viuk /;ku dsafnzr djsaA fiNys Hkkx esa] vkius v/;;u fd;k Fkk fd mioy;ksa dk 
izfrPNsnu ,d mioy; gksrk gSA vc vki ns[ksaxs fd xq.ktkofy;ksa dk izfrPNsnu D;ksa 
,d xq.ktkoyh gksrh gSA 

izse; 3 % ;fn I  vkSj J  ,d oy; R dh xq.ktkofy;k¡ gSa ¼Øefofues; gksuk 
vko”;d ugha gS½] rks R dh fuEufyf[kr xq.ktkofy;k¡ gksrh gSa %   

i) ,JI ∩  rFkk 

ii) Iaba{JI ∈+=+  vkSj  }Jb ∈  

miifÙk % i)  bdkbZ 11 ls] vki tkurs gSa fd R dk JI ∩  ,d mioy; gSA  

 vkxs] ;fn JIa ∩∈  gS] rks Ia ∈  vkSj Ja ∈  gSA 

 vr%] R esa lHkh x  ds fy,] Ixa,Iax ∈∈ , Jax ∈  vkSj Jxa∈  gSA 

 blfy,] lHkh JIax ∩∈  vkSj JIa ∩∈  ds fy,] JIxa ∩∈  vkSj Rx ∈  gSA 

 bl izdkj] R dh JI ∩ ,d xq.ktkoyh gSA  

ii) loZizFke] JI000 +∈+= gSA «≠+∴ JI  gSA  

nwljs] ;fn JIy,x +∈  gS] rks fdUgha Ia,a 21 ∈  vkSj Jb,b 21 ∈  ds fy,] 

11 bax += vkSj 
22 bay +=  gSA 

 vr%] JI)bb()aa()ba()ba(yx 21212211 +∈−+−=+−+=−  gSA 

var esa] eku yhft, fd JIx +∈  vkSj Rr ∈  gSA rc] fdUgha Ia ∈  vkSj Jb ∈  
ds fy,] bax +=  gSA vc] Ira,Iar ∈∈  rFkk Jrb,Jbr ∈∈  gS] D;ksafd R dh 

I vkSj J  xq.ktkofy;k¡ gSa 

 vr%] JIbrarr)ba(xr +∈+=+=  gSA 

 lkFk gh] blh izdkj] JIrbra)ba(rrx +∈+=+=  gSA 

 bl izdkj] R dh JI +  ,d xq.ktkoyh gSA 

vr%] nks xq.ktkofy;ksa dk ;ksx ,d xq.ktkoyh gSA ;gk¡] /;ku nhft, fd tSlk vkius 
bdkbZ 11 esa Kkr fd;k Fkk nks mioy;ksa dk ,d mioy; gksuk vko”;d ugha gSA 

lkFk gh] tSlk geus bdkbZ 11 esa ns[kk Fkk fd mioy;ksa dh fLFkfr esa] Rdh fdruh 
Hkh la[;k esa xq.ktkofy;ksa dk izfrPNsnu R dh ,d xq.ktkoyh gksrh gSA 
bldks mlh izdkj ls fl) fd;k tk ldrk gS] tSls izes; 3(i) esa fd;k FkkA 

bl vksj Hkh /;ku nhft, fd izes; 3 ls mnkgj.k 8 Hkh izkIr gks tkrk gSA  

vc] vkb, xq.ktkofy;ksa ds xq.kuQy ij fopkj djsaA bdkbZ 11 esa] vkius ns[kk Fkk 
fd ;fn ge }Jb,Iaab{IJ ∈∈= ifjHkkf’kr djsa] rks IJ dk ,d mioy; gksuk Hkh 

vko”;d ugha gS] ,d xq.ktkoyh dh rks ckr gh NksfM+,A bldk dkj.k ;g gS fd 
;fn IJy,x ∈  gS] rks IJ dh bl ifjHkk’kk ds lkFk] ;g vko”;d ugha gS fd 

IJyx ∈−  gksA ¼vki blds ,d mnkgj.k dk bdkbZ 15 esa v/;;u djsaxsA½ 
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                  ijarq] ;fn ge xq.kuQy  

mm11
babaxRx{IJ ++=∈= L , N∈=∀∈∈ mm,,1,iJbI,a

ii
K ds fy, } 

ifjHkkf’kr djsa] rks geas fuEufyf[kr izes; izkIr gksrh gSA 

izes; 4 % eku yhft, fd I vkSj J  fdlh oy; R ¼pkgs Øefofues; gS ;k ughaa½ dh 
xq.ktkofy;k¡ gSaA rc R dh IJ ,d xq.ktkoyh gksrh gSA 

miifÙk % loZizFke] «≠IJ  gS] D;ksafd «≠I vkSj «≠J  gSA 

vkxs] eku yhft, fd IJy,x ∈  gSA rc 

mm11 babax ++= L rFkk 
nn11 babay ′′++′′= L  gS] fdUgha 

Ia,,a,a,,a n1m1 ∈′′ KK  vkSj Jb,,b,b,,b n1m1 ∈′′ KK  ds fy,A 

)baba()baba(yx nn11mm11
′′++′′−++=−∴ LL  

     
nn11mm11 b)a(b)a()baba( ′′−++′′−+++= LL  gS]  

tks ab ds :i ds vo;oksa dk ,d ifjfer ;ksx gS] ftlesa Ia ∈  vkSj Jb ∈  gSA 

vr% ] IJyx ∈−  gSA 

var esa] eku yhft, fd ,IJx ∈  eku yhft, Ia i ∈  vkSj Jb i ∈  ds lkFk] 

nn11 babax ++= L  gSA 

rc] fdlh Rr ∈  ds fy,] 

)rb(a...)rb(ar)ba...ba(xr nn11nn11 ++=++=  gS] rFkk 

nn11nn11 b)ra(b)ra()baba(rrx ++=++= LL  gSA 

D;ksafd R dh I vkSj J xq.ktkofy;k¡ gSa] blfy, Ira i ∈ vkSj n,,1iJrbi K=∀∈  gSA 

vr%] Ia ∈  vkSj Jb ∈  ds lkFk] xr  vkSj rx , ab  ds :i esa vo;oksa ds ifjfer ;ksx 
gSaA 

vr%] IJxr ∈  vkSj IJrx ∈  gSA 

bl izdkj] R dh IJ ,d xq.ktkoyh gSA 

vkb, ;g le>us ds fy, ,d mnkgj.k ij fopkj djsa fd IJ,JI ∩  vkSj JI +  dSls 

fn[kkbZ nsrs gSaA 

mnkgj.k 11%  Z∈n,m ds fy,] n”kkZb, fd 

i) ZZZ l=∩ mn  gS] tgk¡ ]m,n[=l  gS] tks n vkSj m  dk l.c.m gS]  

ii) ZZZ hmn =+  gS] tgk¡ )m,n(h =  gS] tks n vkSj m dk g.c.d gS] rFkk  

iii) ZZZ nm)m)(n( =   gSA 

 gy% bdkbZ 1 ls] vki tkurs gSa fd l  vkSj h ds vfLrRo gSaA  

i) D;ksafd ]m,n[=l  gS] blfy, fdUgha Z∈y,x ds fy, nx=l  vkSj my=l  

gSA 

vr%] ZZ mn ∩∈l gSA  

blfy, ZZZ mn ∩⊆l  gSA    …(1) 
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foykser%] eku yhft, fd ZZ mn ∩∈α  gSA  

D;ksafd Zn∈α  gS] blfy, αn gSA D;ksafd Zm∈α gS] blfy, αm  gSA 

vr%] ifjHkk’kk }kjk]
 

αl  gSA blfy,] Zl∈α  gSA 

bl izdkj] ZZZ l⊆∩ mn  gSA    …(2) 

(1)  vkSj (2) ls] ge ZZZ l=∩ mn  izkIr djrs gSaA  

ii) ZZ mn +  dk dksbZ Hkh vo;o msnr +  gS] tgk¡ Z∈s,r  gSA 

D;ksafd h)m,n( =  gS] blfy, eku yhft, fd fdUgha Z∈11 m,n  ds fy,]  
nhn1 =  vkSj mhm1 =  gSA  

rc] Zh)smrn(hmsnr 11 ∈+=+  gSA  

vr%] ZZZ hmn ⊆+  gSA     …(3)  

foykser%] bdkbZ 1 ls vki tkurs gSa fd fdUgha Z∈b,a  ds fy,] 

mbnah += gksrk gSA  

vr%] ZZ mnh +∈  gSA 

blfy,] ZZZ mnh +⊆  gSA     …(4) 

(3) vkSj (4) ls] ge ns[krs gSa fd ZZZ hmn =+  gSA   

iii)  xq.kuQy ds fy,] /;ku nhft, fd )m)(n()1m)(1n(nm ZZ∈⋅⋅=  gSA    

)m)(n(nm ZZZ⊆∴  gSA    

lkFk gh] )m)(n( ZZ dk dksbZ Hkh vo;o   

Znmsrnm)ms)(nr(
t

1i

ii

t

1i

ii
∈







= ∑∑

==

 ds :i dk gSA    

vr%] ZZZ nm)m)(n( ⊆  gSA    

blfy,] ZZZ nm)m)(n( =  gSA   

*** 

mnkgj.k 11 ls lacaf/kr fuEufyf[kr fVIi.kh ij fopkj dhft,A 

fVIi.kh 3% /;ku nhft, fd mnkgj.k 11 esa tks fl) fd;k x;k gS] og mlds 
vuq:i gS] tks pØh; lewgksa ds fy,] bdkbZ 4 dh izes; 8 esa fl) fd;k x;k FkkA 

vkxs] ge mnkgj.k 11 esa crk, x, ,d vfr egÙoiw.kZ vkSj mi;ksx fcanq dh vksj 
/;ku vkdf’kZr djuk pkgrs gSaA bl fcanq dk Z  ds lkFk dk;Z djrs le;] tSlk fd 
vki fof”k’V :i ls [kaM 4 esa ns[ksaxs] cgqr ckj mi;ksx fd;k tkrk gSA 

mnkgj.k 12% n”kkZb, fd ;fn n  vkSj m  vlgHkkT; iw.kkZad gSa] rks ZZZ =+ mn  

gSA  

gy% D;ksafd n  vkSj m  vlgHkkT; gSa] blfy, 1)m,n( =  gS ¼ns[ksa bdkbZ 1½A  

vc] mnkgj.k 11 ls] vki tkurs gSa fd 

ZZZ )m,n(mn =+  gSA  
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                  vr%] ifj.kke izkIr gks tkrk gSA 

*** 

vc vkb, ns[ksa fd ;fn I ;k J esa ls ,d eq[; xq.ktkoyh gS] rks IJ dSlk fn[kkbZ 
nsrk gSA vki bls mnkgj.k 11 esa Z ds fy, igys gh ns[k pqds gSaA  

mnkgj.k 13% eku yhft, fd R ,d oy; gS rFkk R dh I vkSj J xq.ktkofy;k¡ gSa] 
rkfd buesa ls ,d eq[; xq.ktkoyh gSA n”kkZb, fd }Jb,Iaab{IJ ∈∈=  gSA 

gy % eku yhft, fd ><= aI  gS rFkk J  eq[; xq.ktkoyh gks Hkh ldrh gS ;k ugha 

gks ldrh gSA 

rc] IJ dk dksbZ Hkh vo;o Jb,Ia,bax
ii

n

1i

ii
∈∈=∑

=

 gSA  

eku yhft, fd 
ii ara =  gS] tgk¡ n,,1iRri K=∀∈  gSA  

rc] abbrax
n

1i

ii
=







= ∑

=  

gS] tgk¡ Jbrb
n

1i

ii
∈=∑

=

 gS] D;ksafd R dh J ,d xq.ktkoyh 

gSA  

vr%] ifj.kke izkIr gks tkrk gSA 

*** 

vr%] ifj.kke izkIr gks tkrk gSA 

E18) fuEufyf[kr ds fy,] JI,JI +∩  vkSj IJ Kkr dhft, %  

 i)        
12Z  esa ><= 4I  vkSj ><= 6J gS(   

 ii) )X(℘  esa )Y(I ℘=  vkSj }YA)X(A{J «=∩℘∈=
 
gS] tgk¡ X ,d 

vfjDr leqPp; gS rFkk «≠⊆ Y,XY
 
gSA  

E19) ;fn I  vkSj J  fdlh oy; R ¼Øefofues; gksuk vko”;d ugha½ dh 
xq.ktkofy;k¡ gSa] rks n”kkZb, fd  

 i) JIIJIIJ +⊆⊆∩⊆  rFkk  ;JIJJIIJ +⊆⊆∩⊆  gSA 

  ¼bldks ;kstukc) :i ls vkdf̀r 2 esa n”kkZ;k x;k gSA½  

 ii) JI +  nksuksa xq.ktkofy;ksa I  vkSj J dks varfoZ’V djus okyh U;wure 
xq.ktkoyh gSA vFkkZr~] ;fn R dh I vkSj J  nksuksa dks varfoZ’V djus okyh 
,d xq.ktkoyh A gS] rks A esa JI +  vo”; gh varfoZ’V gksuh pkfg,A  

 iii) I  vkSj J  nksuksa esa varfoZ’V gksus okyh JI ∩  vf/kdre xq.ktkoyh gSA 
vFkkZr~] ;fn I vkSj J  nksuksa esa varfoZ’V gksus okyh ,d xq.ktkoyh B  gS] 
rks )JI(B ∩⊆  gSA vFkkZr~ ;fn vkdf̀r ds lcls Åij ds nks O;atd 

cjkcj gSa] rks uhps ds nks Hkh cjkcj gksrs gSaA  

 iv) ;fn R1∈ vkSj RJI =+ gS] rks JIIJ ∩=  gS( vFkkZr~ ;fn vkdf̀r 2 ds 
lcls Åij ds nks O;atd cjkcj gSa] rks uhps ds nks Hkh cjkcj gksrs gSaA  

 v) ;fn mijksDr (iv) esa R1∉ gS] rks D;k (iv) dk “ks’k Hkkx vc Hkh lR; 
gksxk\ D;ksa ;k D;ksa ugha\    
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vkd`fr 2% xq.ktkoyh inlksikurk (hierarchy)! ,d xq.ktkoyh ls nwljh xq.ktkoyh 

rd dk rhj ;g n’kkZrk gS fd igyh xq.ktkoyh nwljh esa varfoZ’V gS] tSlk 

fd [kaM  1 ds milewg vkjs[kksa esa FkkA  

vc] vkb, iwjdhdj.k rFkk lfEeyu dh leqPp; lafØ;kvksa ij nf̀’V MkysaA bdkbZ 
11 esa] vki ns[k pqds gSa fd fdlh mioy; dk iwjd ,d mioy; ugha gksrk gSA 
vkius mu izfrca/kksa dks Hkh ns[kk Fkk ftuds varxZr nks mioy;ksa dk lfEefyu ,d 
mioy; gksrk gSA mlh le; ij fufeZr Kku ds vk/kkj ij fuEufyf[kr iz”uksa dks 
gy dhft,A  

E20) dFku ** R dh 
21 I\I ,d xq.ktkoyh gksrh gS] tc R dh 

1I  vkSj 
2I  fHkUu-fHkUu 

xq.ktkofy;k¡ gksrh gSa** dh fuEufyf[kr *miifÙk* ij fopkj dhft,A  

 *miifÙk* ds izR;sd pj.k ij] ;g fu.kZ; yhft, fd dFku lR; gS ;k vlR; gS 
rFkk ,slk dgus ds fy,] viuk dkj.k Hkh nhft,A  

miifÙk % 1)  
21 I\Iy,x ∈  ds fy,] 

1Iy,x ∈  vkSj 
22 Iy,Ix ∉∉  gSA  

    2)  
21 I\Iyx ∈−  gSA  

    3)  
21 I\Ix ∈  vkSj Rr ∈  ds fy,]

1Ixr ∈  vkSj 
2Ixr ∉ gSA  

    4)  Rr,I\IxI\Ixr 2121 ∈∈∀∈  gSA 

    5)  R dh 
21 I\I ,d xq.ktkoyh gSA  

E21) Li’V dhft, fd 
21 I\I  oy; R  dh ,d xq.ktkoyh D;ksa ugha gS] tgk¡ R  dh 

1I  vkSj 
2I xq.ktkofy;k¡ gSaA  

E22) i) eku yhft, fd 10
Z esa] ><= 3I1  vkSj ><= 5I2 gSA  D;k 10

Z dh 

21 II ∪ ,d xq.ktkoyh gS\ D;ksa ;k D;ksa ugha\  

R  

JI ∩  

JI +  

J  I  

IJ  
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                   ii) ;fn ><= 4I3
 gS] rks D;k 10

Z dh 32
II ∪ ,d xq.ktkoyh gS\ D;ksa ;k 

D;ksa ugha\   

E23) tks vkius E22 esa izkIr fd;k gS] mldk mi;ksx djrs gq,] og izfrca/k Kkr 
dhft,] ftlds varxZr 

21 II ∪  oy; R dh ,d xq.ktkoyh gS] tgk¡ R dh 
1I

vkSj 
2I  xq.ktkofy;k¡ gSaA   

vc vkb, ns[ksa fd xq.ktkofy;ksa dk dkrhZ; xq.kuQy lacaf/kr oy;ksa ds vuqykse 
xq.kuQy dh ,d xq.ktkoyh gS ;k ughaA bdkbZ 6 ds Hkkx 6.4 esa] vkius ns[kk Fkk fd 
;fn gS H    

1G  vkSj K   
2G gS] rks KH×    

21 GG ×  gksrk gSA D;k ,slk gSA 
vuq:i ifj.kke vuqykse xq.kuQy 

21 RR × dh xq.ktkofy;ksa ds fy, lR; gS\ 

fuEufyf[kr izes; ij fopkj dhft,A 

izes; 5% eku yhft, fd 
1I  vkSj 

2I  Øe”k% oy;ksa 
1R vkSj 

2R dh xq.ktkofy;k¡ gSa] 
tgk¡ 

1R vkSj 
2R Øefofues; gks Hkh ldrs gSa vkSj ugha Hkh gks ldrs gSaA rc] 

21 RR ×

dh 
21 II × ,d xq.ktkoyh gksrh gSA 

miifÙk % bdkbZ 11 dh izes; 3 ls] vki tkurs gSa fd 
21 RR × dh 

21 II ×  ,d 

mioy; gSA 

vc] eku yhft, fd 
21 II)b,a( ×∈  vkSj 

21 RR)y,x( ×∈  gSA 

rc 
21 II)by,ax()y,x)(b,a( ×∈= gS] rFkk 

21 II)yb,xa()b,a)(y,x( ×∈=  gS 

¼D;ksa\ 

bl izdkj] 
21 RR ×  dh 

21 II × ,d xq.ktkoyh gSA  

izes; 5 dh izfØ;k dks viukrs gq,] vki fl) dj ldrs gSa fd Øe’k% 

n21
R,,R,R K esa xq.ktkofy;ksa 

n21
I,,I,I K dk dkrhZ; xq.kuQy 

n21
III ××× K xq.kuQy 2nRRR

n21
≥××× ∀∀∀∀K  dh ,d xq.ktkoyh gksrh 

gSA vkb, 2n =  ds fy,] bldk ,d mnkgj.k ns[ksaA 

mnkgj.k 14 % ]2,1[C]1,0[C ×  dh ,d mfpr vrqPN xq.ktkoyh Kkr dhft,A  

gy % ;gk¡ ge mldk mi;ksx djsaxs] tks vkius E4 esa fl) fd;k FkkA 

eku yhft, fd ]1,0[a ∈ vkSj ]2,1[b∈ gSA rc] a
I vkSj b

I  Øe”k% ]1,0[C  vkSj 

]2,1[C  dh xq.ktkofy;k¡ gSaA D;ksafd a
I dk 1)x(f:]1,0[:f =→R  ,d vo;o 

¼vax½ ugha gS] blfy, ]1,0[CI
a
≠  gSA 

lkFk gh] a
I eas ax)x(g:]1,0[:g −=→R  gS rFkk 0≠g gSA vr%] }{I

a
0≠ gSA  

bl izdkj] ]1,0[C  dh a
I ,d mfpr vrqPN xq.ktkoyh gSA 

blh izdkj] ]2,1[C dh b
I ,d mfpr vrqPN xq.ktkoyh gSA 

bl izdkj] izes; 5 }kjk] ]2,1[C]1,0[C ×  dh ba
II × ,d mfpr vrqPN xq.ktkoyh 

gSA 

*** 

bdkbZ 11 esa] vkius ;g n”kkZ;k Fkk fd 
21 RR × dk izR;sd mioy;] mioy;ksa dk ,d 

vuqykse xq.kuQy gksrk gSA fuEufyf[kr mnkgj.k ;g n”kkZrk gS fd ;gh ckr 
xq.ktkofy;ksa ds fy, Hkh lR; gSA 



 

 

448

bdkbZ 12                                                                    xq.ktkofy;k¡ 

mnkgj.k 15 % eku yhft, fd 
1R  vkSj 

2R oy; gSaA n”kkZb, fd 
21 RR × dh izR;sd 

xq.ktkoyh 
21 II × ds :i dh ugha gksrh gS] tgk¡ 

1R dh xq.ktkoyh 
1I gS rFkk 

2R dh 
xq.ktkoyh 

2I  gSA 

gy % eku yhft, 
1A vkSj 

2A vkcsyh lewg gSaA 
1A vkSj 

2A ij xq.ku dks a�

1Ab,a0b ∈∀=  vkSj a′�
2Ab,a0b ∈′′∀=′ ifjHkkf’kr dhft,A 

rc] vkidks lR;kiu djuk pkfg, fd ,,AA( 21 +× �) ,d oy; gS] tgk¡ +  vkSj 

� ?kVd-vuqlkj ;ksx vkSj xq.ku dk O;Dr djrs gSaA  

vkb, Z== 21 AA  ysaA   

eku yhft, fd }n)n,n({I Z∈=  gSA rc] bdkbZ 11 ds mnkgj.k 15 esa] vki ns[k 

pqds gSa fd ZZ× dk I  ,d mioy; gSA 

lkFk gh] 
21 AA × dh I ,d xq.ktkoyh gS] D;ksafd )n,n( � n()b,a( = � n,a �

ZZZ ×∈∈∀∈= )b,a(,nI)0,0()b  gSA  

/;ku nhft, fd 
21 II ×  ds :i dh I  ugha gks ldrh] tgk¡ Zdh 

1I vkSj 
2I  

xq.ktkofy;k¡ gSaA D;ksafd ;fn ,slk gksrk] rks 
21 II × ds :i dk mioy; I  gksrk] tgk¡ 

Zds 
1I vkSj 

2I mioy; gSaA ijarq] bdkbZ 11 ds E21 esa vki fl) dj pqds gSa fd 

,slk ugha gksrk gSA 

*** 

fuEufyf[kr iz”uksa dks gy djds] vki izes; 5 esa ppkZ dh xbZa xq.ktkofy;ksa ds dqN 
vkSj mnkgj.k izkIr dj ysaxsA budks gy djrs le;] lewgksa ds vuqykse xq.kuQyksa ds 
lkFk dk;Z djus ds vius vuqHko dk Hkh mi;ksx dhft,A   

E24) 4
R  dh rhu fHkUu-fHkUu vrqPN mfpr xq.ktkofy;k¡ Kkr dhft,A 

E25) eku yhft, fd R ,d vrqPN oy; gSA tk¡p dhft, fd RR × dh 
}Rx)x,x({S ∈= ,d xq.ktkoyh gS ;k ughaA ¼;gk¡ R ij xq.ku mnkgj.k 15 

esa fn;k “kwU; xq.ku ugha gSA½   

E26) ]3[]x[ ZQ ×  dh nks fHkUu-fHkUu vrqPN mfpr xq.ktkofy;k¡ Kkr dhft,A  

blds lkFk] vkb, xq.ktkofy;ksa ij leqPp; lafØ;kvksa dh viuh ppkZ dks lekIr 
djsaA vc] ge viuk /;ku ,d xq.ktkoyh dh ladYiuk dh jpuk djus ds okLrfod 
dkj.k ij dsafnzr djsaxsA  

12.4 foHkkx oy; 
bdkbZ 7 esa] vki dqN foLrkj ls foHkkx lewgksa dk v/;;u dj pqds gSaA bl Hkkx esa] 
ge oy;ksa ds fy, ,d vuq:i ladYiuk dh ppkZ djsaxsA bu nksuksa ladYiukvksa eas 
cgqr  dqN lekurk gSA blfy,] vkxs c<+us ls igys] dÌ;k bdkbZ 7 ij iqu% nf̀’V 
Mky ysaA  

vki tkurs gSa fd fdlh lewg G ds ,d milewg H ds lHkh lgleqPp;ksa dk 
leqPp; ,d lewg dsoy rHkh cukrk gS] tc H    G  gksA ;g lewg HG  gS] tks 

izlkekU; milewg H ls tqM+k xq.ku[kaM lewg ¼;k foHkkx lewg½ dgykrk gSA ge 
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                  oy;ksa ds fy, ,slk gh vuqeku ladYiuk dks ifjHkkf’kr djuk pkgrs gSaA ijarq igys] 
,d egÙoiw.kZ fVIi.kh! 

fVIi.kh 4% bl bdkbZ e s a] vkius fdlh oy; ¼fdlh Hkh oy;½ dh ,d xq.ktkoyh dh 
ifjHkk’kk dk v/;;u fd;k gSA ogk¡ geus ;g Hkh dgk Fkk fd tc rd vU;Fkk ugha 
dgk tk,xk] ge dsoy Øefofues; oy;ksa ds lkFk gh dk;Z djsaxsA bl Hkkx esa] 
ftu izes;ksa dks ge fl) djsaxs] oks fdlh Hkh oy; ¼Øefofues; gS ;k ugha 
gS½ ds fy, ekU; gksaxhA ijarq mnkgj.k dsoy Øefofues; oy;ksa ls gh gksaxs] 
D;ksafd vki vf/kdrj mUgha mnkgj.kksa dks ns[k jgs gksaxs] ftudks vki fiNys Hkkxksa esa 
v/;;u dj pqds gSaA 

Hkkx 12.2 ds izkjaHk esa] vkius ns[kk Fkk fd ;fn ),,R( ⋅+  ,d oy; gS rFkk R dk I

,d mioy; gS] rks I    ),R( +  gksrk gSA vr%] ),IR( +  ,d lewg gSA oLrqr%] bdkbZ 
7 ls vki tkurs gSa fd ;g ,d vkcsyh lewg gSA vc] ;fn ),,IR( ⋅+  dks ,d 

oy; gksuk gS] tgk¡ +  vkSj · 

,I)yx()Iy()Ix( ++=+++  rFkk 

IRIy,IxIxy)Iy()Ix( ∈++∀+=+⋅+   

}kjk ifjHkkf’kr gSa] rks vki ns[k pqds gSa fd mioy; Idks vfrfjDr izfrca/kksa Irx∈

vkSj Ixr∈ dks larq’V djus dh vko”;drk gS] tc Hkh Rr ∈ vkSj Ix ∈  gSa] vFkkZr~ I

dks R dh xq.ktoyh gksuk pkfg,A  

fuLlansg] ;fn R dh I ,d xq.ktkoyh gS] rks IR  ij +  lqifjHkkf’kr gSA gesa ;g 
ns[kus dh vko”;drk gS fd IR  ij · lqifjHkkf’kr gS ;k ughaA vkb, bldh tk¡p 

djsaA 

eku yhft, fd Rb,b,a,a ∈′′  gS rkfd IbIb,IaIa +′=++′=+  gSA 

vc] D;ksafd IaIa +′=+  gS] blfy, Iaa ∈′−  gSA eku yhft, fd xaa =′−  gSA  

blh izdkj] Ibb ∈′−  gSA eku yhft, fd ybb =′−  gSA 

rc] )xyyabx(ba)yb)(xa(ab +′+′+′′=+′+′=  gSA   

Ibaab ∈′′−∴  gS] D;ksafd Iy,Ix ∈∈  gS rFkk R dh I ,d xq.ktkoyh gSA  

IbaIab +′′=+∴  gS] tSlk fd vki bdkbZ 5 ls tkurs gSaA  

bl izdkj] IR  ij · lqifjHkkf’kr gSA 

vc] ge ,d oy; R  ds fy, ¼tks Øefofues; gks ldrh gS vkSj ugha Hkh gks ldrh 
gS½] fuEufyf[kr ifj.kke dks fl) djus dh fLFkfr esa gSaA 

izes; 6% eku yhft, fd R  ,d oy; gS rFkk R  esa I ,d xq.ktkoyh gSA rc  

,I)yx()Iy()yx( ++=+++  rFkk Ry,xIxy)Iy()Ix( ∈∀+=+⋅+  }kjk 
ifjHkkf’kr ;ksx vkSj xq.ku ds lkis{k IR  ,d oy; gSA  

miifÙk % tSlk fd igys ns[k pqds gSa] ),IR( +  ,d vkcsyh lewg gSA vr%] IR  

dks ,d oy; fl) djus ds fy,] gesa dsoy ;g tk¡p djus dh vko”;drk gS fd · 

lgpkjh gS rFkk +  ij forfjr gSA   

 i) · lgpkjh gS % ,Rc,b,a ∈∀  

IR  dks ‘ R eksMwyksa I ’  ;k 

la{ksi esa ‘ R mod I ’ i<+k 
tkrk gSA 
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 )Ic()Iab()Ic())Ib()Ia(( +⋅+=+⋅+⋅+  

           Ic)ab( +=  

           I)bc(a +=  

           ))Ic()Ib(()Ia( +⋅+⋅+=  gSA  

ii) forj.k fu;e % eku yhft, fd  IRIc,Ib,Ia ∈+++  gSA  

 ]I)cb[()Ia())Ic()Ib(()Ia( ++⋅+=+++⋅+  

              I)cb(a ++=  

              I)acab( ++=  

              )Iac()Iab( +++=   

              )Ic()Ia()Ib()Ia( +⋅+++⋅+=  gSA   

 blh izdkj] vki fl) dj ldrs gSa fd ,Rc,b,a ∈∀  

 )Ic()Ib()Ic()Ia()Ic())Ib()Ia(( +⋅+++⋅+=+⋅+++  gSA 

 bl izdkj] IR ,d oy; gSA  

/;ku nhft, fd izes; 7 fdlh Hkh oy; R ds fy, lR; gS] pkgs og Øefofues; gS 
;k ughaA  

oy; IR  xq.ktkoyh I }kjk] oy; R dk foHkkx oy; (quotient ring) ;k 

xq.k[kaM oy; dgykrk gSA 

vkb,] dqN mnkgj.kksa ij nf̀’V MkysaA ge ml mnkgj.k ls izkjaHk djrs gSa] ftlls 
“kCnkoyh ‘ R mod I ’ mtkxj gqbZ FkhA 

mnkgj.k 16% eku yhft, fd Z=R  vkSj ZnI =  gSA IR  D;k gS\ 

gy % Hkkx 12.2 esa] vki ns[k pqds gSa fd Z  dh Zn  ,d xq.ktkoyh gSA bdkbZ 2 ls] 
vki tkurs gaS fd }n)1n(,,n1,n{n ZZZZZ +−+= K  gS]  

       }1n,,1,0{ −= K  gS] 

vFkkZr~ ;g rqY;rk oxksZa (equivalence classes) eksMwyksa n dk leqPp;
nZ gSA  

vr%] IR  oy; 
nZ  gS] tks iw.kkZadksa eksMwyksa n  dk oy; gSA 

*** 

vc] vkb, 
nZ  dh ,d xq.ktkoyh ij nf̀’V Mkysa] tgk¡ 8n =  gSA 

mnkgj.k 17% eku yhft, fd 8
R Z=  gSA n”kkZb, fd R dh }4,0{I =  ,d 

xq.ktkoyh gSA IR  esa + vkSj · ds fy, dSys lkjf.k;ksa dh jpuk dhft,A  

gy % /;ku nhft, fd R4I =  gS] rFkk blhfy,] ;g R dh ,d eq[; xq.ktkoyh 
gSA bdkbZ 7 ls] vki tkurs gSa fd IR  esa vo;oksa dh la[;k 

  4
2

8

)I(o

)R(o
)IR(o ====  gSA 

vki ns[k ldrs gSa fd ;s vo;o fuEufyf[kr lgleqPp; gSa %  



 

 

451

[kaM 3                                                     oy;ksa ls ifjp; 

                  }7,3{I3},6,2{I2},5,1{I1},4,0{I0 =+=+=+=+  

IR  esa +  vkSj · ds fy, dSys lkjf.k;k¡ gSa % 

I2I1I0I3I3

I1I0I3I2I2

I0I3I2I1I1

I3I2I1I0I0

I3I2I1I0

+++++

+++++

+++++

+++++

+++++

  

I1I2I3I0I3

I2I0I2I0I2

I3I2I1I0I1

I0I0I0I0I0

I3I2I1I0

+++++

+++++

+++++

+++++

++++•

 

*** 

vkxs] vkb, ,d cgqin oy; ,d mnkgj.k nf̀’V MkysaA 

mnkgj.k 18% >< x]x[R  ds vo;o fdl izdkj ds fn[kkbZ nsrs gSa\ bl oy; ds 

nks fHkUu-fHkUu vrqPN vo;oksa dks Hkh nhft,A 

gy % eku yhft, fd ]x[xaxaa)x(f
n

n10 R∈+++= L  gSA rc] 

)x(xga)x(f
0

+=  gS] tgk¡ 1n

n21 xaxaa)x(g
−

+++= L  gSA 

vr%] ><+=><++=><+ xax)x(xgax)x(f
00  gS] D;ksafd >∈< x)x(xg  gSA 

bl izdkj] >< x]x[R  dk dksbZ Hkh vo;o axa =><+  ds :i esa gksrk gS] tgk¡ 

R∈a  gSA   

>< x]x[R  ds nks vrqPN vo;o 1  vkSj 2  gSaA ;s fHkUu-fHkUu gSa] D;ksafd 

0112 ≠=− gSA ¼,sls vifjfer :i ls vusd vU; vo;o gSa] ftUgsa vki pqu ldrs 
gSaA oLrqr%] vki vU; dqN vo;o D;ksa ugha Kkr dj ysrs\½ 

*** 

mijksDr mnkgj.kksa esa] /;ku nhft, fd R vkSj IR  nksuksa Øefofues; gSa rFkk nksuksa 

ds rRled gSaA D;k ;g lnSo lR; gS\ bldk mÙkj vki fuEufyf[kr iz”uksa ds lkFk 
dk;Z djrs gq, nsaxsA 

E27) ;fn R ,d Øefofues; oy; gS rFkk R dh I  ,d xq.ktkoyh gS] rks D;k 
IR  Øefofues; gksuk pkfg,\ D;ksa vkSj D;ksa ugha\  

E28) n”kkZb, fd ;fn R ,d rRledh oy; gS] rks R dh fdlh xq.ktkoyh I  ds 
fy,] IR  ,d rRledh oy; gSA  

E29) foHkkx oy;ksa ZZ 62  rFkk >< 214Z  ds fy,] dSys lkjf.k;ksa dh jpuk 

dhft,A  

E30) ;fn R rRled 1 ds lkFk ,d oy; gS rFkk R dh 1 dks varfoZ’V djus okyh 
I ,d xq.ktkoyh gS] rks IR  dSlk fn[kkbZ nsrk gS\  

E31) eku yhft, fd X  ,d vfjDr leqPp; gS rFkk 
/

,XY ⊆  «≠Y  gSA 

)Y()X( ℘℘ ds nks fHkUu-fHkUu vo;oksa dks nhft,A   

E32) )53( ><×><×ZZ  ds nks fHkUu-fHkUu vrqPN vo;o nhft,A bl oy; esa 

fdrus vo;o gSa\  
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E33) eku yhft, fd R dh N  “kwU; dj.kh gSA n”kkZb, fd NR  dks dksbZ “kwU;srj 

“kwU;aHkkoh vo;o ugha gSaA   

E34) eku yhft, fd R  ,d oy; gS rFkk R dh I  ,d xq.ktkoyh gSA NR  dk 
dsanz )IR(C Kkr dhft,A  

vc] vkb, ns[ksa fd ,d foHkkx oy; ds mioy; fdl izdkj ds fn[kkbZ nsrs gSa\ 
bdkbZ 7 ls] vki tkurs gSa fd foHkkx lewg ),IR( +  ds milewg ),IJ( + ds :i ds 

gksrs gSa] tgk¡ R  dk I  dks varfoZ’V djus okyk J  ,d milewg gSA lkFk gh] vki ;g 
Hkh tkurs gSa fd IR  dk dksbZ Hkh mioy; ),IR( +  dk ,d milewg gksrk gSA bl 
izdkj] ),IR( + dk dksbZ Hkh mioy; ),IS( + ds :i dk gksuk pkfg,] tgk¡ 

RSI ≤≤ gSA D;k ;g IS dks IR  dk ,d mioy; gksus ds fy, i;kZIr gS\ ,slk 
ugha gSA ;g er Hkwfy;s fd IS dks xq.ku ds lkis{k lao`Ùk gksuk pkfg,a vkb, ns[ksa fd 

bldk Sds fy,] D;k rkRi;Z gSA fuEufyf[kr izes; ij fopkj dhft,A 

izes; 7% eku yhft, fd R ,d oy; gS rFkk R dh I  ,d xq.ktkoyh gSA IR  ds 
mioy;ksa ds leqPp; S  rFkk I  dks varfoZ’V djus okys R ds mioy;ksa ds leqPp; 

� ds chp 1-1  ds laxfr gSA  

miifÙk % vkb, IS)S(:: =φ→φ S�  ifjHkkf’kr djsaA 

φφφφ  lqifjHkkf"kr gS % gesa ;g n”kkZus dh vko”;drk gS fd � esa Sds fy,] S  esa 
IS  gSA  

D;ksafd IS ⊇  vkSj «≠S gS] blfy, «≠IS  gSA 

eku yhft, fd ISIs,Is 21 ∈++  gSA rc] Ss,s 21 ∈  gSA vr%] Sss 21 ∈−  gS vkSj 
Sss 21 ∈  gSA  

vc] ]p[pba)pba( Q∉π+π=+π gS D;ksafd S)ss( 21 ∈−  gSA  

lkFk gh] ISIss)Is()Is( 2121 ∈+=+⋅+  gS] D;ksafd Sss 21 ∈  gSA  

bl izdkj] S∈IS  gSA 

φφφφ  ,dSdh 1-1  gS % eku yhft, fd �∈21 S,S gS rkfd )IS()IS( 21 =  gSA 

eku yhft, fd 
1Ss∈  gSA rc] ISISIs 21 =∈+  gSA 

vr%] 
2Ss ∈′∃  s.t. IsIs +′=+  gSA bl izdkj 

2SI)ss( ⊆∈′−  gSA 

vc] 
2Sss ∈′− vkSj 

2Ss ∈′  gS] ftlls 
2Ss ∈  gSA 

bl izdkj] 
21 SS ⊆  gSA 

blh izdkj] vkidks n”kkZuk pkfg, fd 
12 SS ⊆ gSA 

bl izdkj] 
21 SS =  gSA 

vr%] φ  ,dSdh 1-1  gSA 

φφφφvkPNknd gS % eku yhft, fd IR  dk A ,d mioy; gS rFkk eku yhft, fd 

}AIsRs{S ∈+∈=  gSA 

D;ksafd «≠A gS] blfy, «≠S  gSA 

lkFk gh] Ss,s 21 ∈ ds fy,] AIs,AIs 21 ∈+∈+  gSA 
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                  D;ksafd IR dk A ,d mioy; gS] blfy, AI)ss( 21 ∈+− vkSj AIss 21 ∈+ gSA 

bl izdkj] Sss 21 ∈−  vkSj Sss 21 ∈ gSA 

∴ R dk S  ,d mioy; gSA 

vc] IIx,Ix =+∈∀  gS] tks IR dk “kwU; vo;o gSA vr%] AIx ∈+ gSA 

bl izdkj] IxSx ∈∀∈  gSA vFkkZr~] IS ⊇  gSA 

lkFk gh] IR esa Ir + ds fy,] ISIrSrAIr ∈+⇔∈⇔∈+  gSA 

bl izdkj] ISA =  gSA 

vr%] )S(A φ=  gSA vFkkZr~ φ  vkPNknd gSA 

bl izdkj] φ  ,d ,dSdh vkPNknd gSA 

vr%] IR dk izR;sd mioy; IS ds :i dk gksrk gS] tgk¡ R dk I  dks 

varfoZ"V djus okyk S,d mioy; gSA 

vc] tSlk fd vki mioy;ksa ds fy, ns[k pqds gSa] vkb, fopkj djsa fd ,d foHkkx 
oy; dh xq.ktkofy;k¡ fdl izdkj dh fn[kkbZ nsrh gSaA D;k izes; 7 ls gesa dqN 
fopkj feyrk gS\ vki tkurs gSa fd ,d oy; R  dh xq.ktkoyh R dk ,d mioy; 
gksrh gSA bl izdkj] ;fn R ,d oy; gS] rFkk R dh I  ,d xq.ktkoyh gS] rks IR

dh dksbZ Hkh xq.ktkoyh IJ ds :i dh gksuh pkfg,] tgk¡ R dk Idks varfoZ’V djus 

okyk J  ,d mioy; gSA fuLlansg] J  dks dqN vkSj xq.kksa dks larq’V djus dh Hkh 
vko”;drk gksxhA vr%] vkb, ns[ksa fd IR  dh xq.ktkofy;k¡ D;k gSaA 

izes; 8% eku yhft, fd R ,d oy; gS rFkk R dh I  ,d xq.ktkoyh gSA rc] 
IR  dh xq.ktkofy;ksa ds leqPp; �rFkk R dh I  dks varfoZ’V djus okyh 

xq.ktkofy;ksa ds leqPp; � ds chp 1-1 laxfr gksrh gSA 

miifÙk % IJ)J(:: =φ→φ ��  ifjHkkf’kr dhft,A 

φφφφlqifjHkkf"kr gS % ;gk¡ gesa ;g tk¡p djus dh vko”;drk gS fd �∈IJ  gSA 

D;ksafd IJ ⊇ vkSj «≠J  gS] blfy, «≠IJ  gSA 

Ekku yhft, fd IJIb,Ia ∈++  gSA rc] Jb,a ∈  gS] rFkk 
IJI)ba()Ib()Ia( ∈+−=+−+  gS] D;ksafd J)ba( ∈− gSA 

vkxs] IJIa ∈+  rFkk IRIr ∈+ ds fy,] Ja ∈ vkSj Rr ∈  gSA vr%] 
IJIar)Ir)(Ia( ∈+=++  gS] D;ksafd R dh J  ,d xq.ktkoyh gksus ds dkj.k] 

Jar ∈  gSA 

vr%] IR  dh IJ  ,d xq.ktkoyh gSA 

blfy,] φ  lqifjHkkf’kr gSA 

φφφφ  ,dSdh 1-1 gS % eku yhft, fd �∈21 J,J  gS rkfd IJIJ 21 =  gSA 

izes; 7 ds fy, tSlk fd;k Fkk] mlh izdkj vkidks fl) djuk pkfg, fd 
21 JJ = gSA 

vFkkZr~] φ  ,dSdh  (1-1) gSA 

φφφφ  vkPNknd gS % eku yhft, fd IR  dh Sxq.ktkoyh  gS rFkk eku yhft, fd 

}SIsRs{J ∈+∈= gSA 
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izes; 7 dh gh rjg] vkidks fl) djuk pkfg, fd R dh I  dks varfoZ’V djus okyh 
J ,d xq.ktkoyh gSA 

lkFk gh] IRIx ∈+  ds fy,] SIx ∈+  gS iff IJIx ∈+  gSA vFkkZr~] IJS =  gSA  

bl izdkj] �∈J  gS s.t. S)J( =φ  gSA 

vr%] φ  ,dSdh vkSj vkPNknd gSA vFkkZr~] φ  ,dSdh 1-1  vkPNknd gSA 

bl izdkj] IR  dh izR;sd xq.ktkoyh] R dh Idks varfoZ"V djus okyh 
xq.ktkoyh Jds fy,] IJ  ds :i dh gksrh gSA foykesr%] R  dh Idks 
varfoZ"V djus okyh izR;sd xq.ktkoyh Jds fy,] IR dh IJ  ,d 

xq.ktkoyh gksrh gSA 

vkb, dqN mnkgj.kksa ij fopkj djsaA 

mnkgj.k 19 : ZZ 10  ds@dh lHkh mioy; vkSj xq.ktkofy;k¡ Kkr dhft,A 

gy % loZizFke] Z∈n  ds fy,] Z  dk dksbZ Hkh mioy; Zn  ds :i dk gksrk gSA 

lkFk gh] bdkbZ 7 esa vki ns[k pqds gSa fd ZZ n10 ⊆  gS iff 10n  gSA 

bl izdkj] ZZ 10  ds mioy; dsoy 
Z

Z
10

n
 
gSa] tgk¡ 5,2,1n =  vkSj 10 gSaA 

1n =  ds fy,] gesa laiw.kZ oy; ZZ 10  izkIr gksrk gSA  

10n =  ds fy,] gesa rqPN mioy; izkIr gksrk gSA 

vU; nks mioy; 
><

><

10
2 vkSj 

><

><

10
5 gSaA  

vki tkurs gSa fd Zdk izR;sd mioy; Z  dh ,d xq.ktkoyh gksrh gSA fuLlansg] 
Zdh izR;sd xq.ktkoyh Z  dk ,d mioy; gksrk gSA izes;ksa 7 vkSj 8 }kjk] ;g 

ZZ 10  ds fy, Hkh lR; gSA bl izdkj] ZZ 10  dh pkj xq.ktkofy;k¡ 

ZZZZZZ 105,102,10  vkSj }0{ gSaA 

*** 

mnkgj.k 20% oy; 
Z

Z
30

2 dh lHkh xq.ktkofy;k¡ Kkr dhft,A 

gy %  
Z

Z
30

2
 
dh dksbZ Hkh xq.ktkoyh 

Z
Z

30
n

 
ds :i dh gksrh gS] tgk¡ 

ZZZ 2n30 ⊆⊆  gSA vFkkZr~ n2
 
vkSj 30n

 
gSA 

vr%] 10,6,2n =  ;k 30  gSA 

blfy,] okafNr xq.ktkofy;k¡ 
Z

Z
Z

Z
Z

Z
30

10,
30

6,
30

2 vkSj }0{  gSaA  

/;ku nhft, fd ;s lHkh 
Z

Z
30

2  ds mioy; Hkh gSaA 

*** 

mnkgj.k 21: eku yhft, fd R ,d oy; gS ¼Øefofues; gksuk vko”;d ugha½ rFkk 
R dh I  ,d xq.ktkoyh gSA R ds fdlh mioy; S  ds fy,] D;k IR  ds IS  vkSj 

I
)IS( +

 
mioy; gksaxs\ S  ij fdu izfrca/kksa ds varxZr IR  dh 

I
)IS( + ,d 
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                  xq.ktkoyh gksxh\ lkFk gh] ;g n”kkZus ds fy,] ,d mnkgj.k nhft, fd 
I

IS + dk 

IR  dh xq.ktkoyh gksuk vko”;d ugha gSA 

gy % izes; 7  }kjk] vki tkurs gSa fd IR  dk IS  ,d mioy; dsoy rHkh gS] tc

IS ⊇  gSA vkxs] /;ku nhft, fd RISI ⊆+⊆ gSA 

lkFk gh] ISxs,xs 2211 +∈++  ds fy,] 
IS)xx()ss()xs()xs( 21212211 +∈−+−=+−+  gS] rFkk 

ISxxxssxss)xs)(xs( 212121212211 +∈+++=++  gS] D;ksafd 

Sss 21 ∈  gS rFkk Ixx,xs,sx 212121 ∈  gS 

bl izdkj] R dk I  dks varfoZ’V djus okyk IS + ,d mioy; gSA 

vr%] IR  dk 
I

)IS( + ,d mioy; gSA  

var esa] izes; 8 }kjk IR  dh 
I

)IS( +

 ,d xq.ktkoyh gS] ;fn R dh IS + ,d 

xq.ktkoyh gSA 

vc] IS +  dks R  dh ,d xq.ktkoyh gksus ds fy,]  

ISxrsrr)xs( +∈+=+  gS] IS)xs( +∈+  vkSj Rr ∈  ds fy,A  

D;ksafd R dh I  ,d xq.ktkoyh gS] blfy, Ixr ∈  gSA  

bl izdkj] IR  dh IS +  ,d xq.ktkoyh gksxh iff Ss∈∀  vkSj ISsr,Rr +∈∈  

gSA  

fof”k’V :i esa] ;fn R dh S  ,d xq.ktkoyh gS] rks IR  dh 
I

)IS( + ,d 

xq.ktkoyh gksxhA  

I
IS +  ds ,d mnkgj.k ds :i esa] tgk¡ S  ,d xq.ktkoyh ugha gS] Q esa Z=S  vkSj 

}0{I =  yhft,A rc] IQ  dh 
I

IS +

 
,d xq.ktkoyh gksxh iff Q  dh IS +  ,d 

xq.ktkoyh gksxhA vFkkZr~] Q  dh ZZ =+ }0{  ,d xq.ktkoyh gSA vki ;g igys gh 

ns[k pqds gSa fd ;g lR; ugha gSA  

vr%] IQ  dh 
I

IS +

 
,d xq.ktkoyh ugha gSA  

*** 

vc] dqN iz”uksa dks gy djus dk iz;kl dhft,A  

E35) n”kkZb, fd   
>< x

]x[Z   dh
 ><

><

x
x,2 ,d xq.ktkoyh gSA 

E36) ZZ 25  dh nks fHkUu-fHkUu xq.ktkofy;k¡ nhft,A   

E37) )Y()X( ℘℘  dh fHkUu-fHkUu xq.ktkofy;k¡ nhft,] tgk¡ }10,,2,1{X K=  gS 
rFkk }2,1{Y = gSA  

;gk¡ geus fl) fd;k gS 
fd R dk IS + ,d 
mioy; gSA ijarq] 
mnkgj.k 13] bdkbZ 11 esa] 
vkius v/;;u fd;k Fkk 
fd mioy;ksa ds ;ksx dk 
mioy; gksuk vko”;d 
ugha gSA blls vki D;k 
fu’d’kZ fudkyrs gSa\  
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E38) n”kkZb, fd ;fn S  oy; R dk ,d mioy; gS rFkk R  dh I  ,d xq.ktkoyh 
gS] rks S dh IS ∩  ,d xq.ktkoyh gSA ¼bdkbZ 13 esa] vki ns[ksaxs fd IR  dk 

IS
S

∩
,d mioy; gSA½  

;g n”kkZus ds fy,] ,d mnkgj.k nhft, fd 
IS

S
∩  

dk 
IS

R
∩  

dh 

xq.ktkoyh gksuk vko”;d ugha gSA  
 

vki foHkkx oy;ksa dh mi;ksfxrk vkSj egÙo dk vuqHko rc djsaxs] tc ge vxyh 
bdkbZ esa] lHkkdkfjrkvksa dh ppkZ djsaxsA vHkh ds fy,] blls igys ge bl ppkZ dks 
lekIr djsa] ,d egÙoiw.kZ fVIi.kh ij fopkj dhft,A 

fVIi.kh 5% bl bdkbZ esa] vkius cgqr dqN Øefofues; oy;ksa ds lkFk dk;Z fd;k gSA 
ijarq] vkius vØefofue; oy;ksa ds fy, Hkh vusd izes;ksa dh miifÙk;ksa dk v/;;u 
fd;k gSA vkius fdlh oy; ds fy,] foHkkx oy;ksa dk v/;;u fd;k gSA bl izdkj] 
mnkgj.kkFkZ] )(n RM vkSj H  dh@ds Hkh xq.ktkofy;k¡ rFkk laxr foHkkx oy; gksrs 

gSaA blh izdkj] fdlh oy; ds fy,] izes; 7 vkSj  8 Hkh lR; gksrh gSaA ijarq] geus 
dsoy Øefofues; oy;ksa ds fy, gh n  vo;oksa }kjk tfur xq.ktkofy;ksa dks 
ifjHkkf"kr fd;k gS] tc N∈n  gSA  

vkb, vc laf{kIr :i ls crk,¡ fd bl bdkbZ esa vkius D;k v/;;u fd;k gSA  

12.5 lkjka’k 
bl bdkbZ esa] geus fuEufyf[kr fcanqvksa ij ppkZ dh gS %  

1. fdlh oy; dh ,d xq.ktkoyh dh ifjHkk’kk rFkk Øefofues; oy;ksa dh 
xq.ktkofy;ksa ds mnkgj.kA  

2. fdlh oy; ds mileqPp; ds ,d xq.ktkoyh gksus ds fud’k ¼fu;e½ % fdlh 
oy;  R dk ,d vfjDr mileqPp; I , R  dh ,d xq.ktkoyh gksrk gS ;fn vkSj 
dsoy ;fn  

i)  Ib,IaIba ∈∈∀∈−  rFkk  

ii) Iar ∈  vkSj Ira ∈  gS .Rr,Ia ∈∈∀   

3. ,d eq[; xq.ktkoyh dh ifjHkk’kk rFkk ,d Øefofues; oy; ds n  vo;oksa 
}kjk tfur ,d xq.ktkoyh dh ifjHkk’kk] tc 2n ≥  gSA  

4. ,d Øefofues; oy; esa “kwU;aHkkoh vo;oksa dk leqPp; ml oy; dh ,d 
xq.ktkoyh gksrk gSA  

5. ;fn rRled 1 ds lkFk fdlh oy; R dh I  ,d xq.ktkoyh gS rFkk I1∈  gS 
rks RI = gksrk gSA  

6. ;fn I  vkSj J  fdlh o;y R  dh xq.ktkofy;k¡ gSa] rks  

 i)  R dh JI,JI +∩  vkSj IJ xq.ktkofy;k¡ gksrh gSaA   

 ii) JI ∪  oy; R dh ,d xq.ktkoyh gS iff JI ⊆  ;k IJ ⊆  gSA  

 iii) R dh J\I  ,d xq.ktkoyh ugha gSA  
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                  7. xq.ktkofy;ksa dk dkrhZ; xq.kuQy laxr oy;ksa ds dkrhZ; xq.kuQy dh ,d 
xq.ktkoyh gksrk gSA  

8. ,d foHkkx oy; dh ifjHkk’kk vkSj mlds mnkgj.kA  

9. fdlh rRledh oy; dk foHkkx oy; ¼Øefofues;] Øe”k%½ ,d rRledh oy; 
¼Øefofues;] Øe”k%½ gksrk gSA  

10. ,d foHkkx oy; IR  dk ,d mioy; ¼Øe”k% xq.ktkoyh½ IS  ds :i dk 

gksrk gS] tgk¡ I  dks varfoZ’V djus okyk R dk@dh S ,d mioy; ¼Øe”k%] 
xq.ktkoyh½ gksrk ¼gksrh½ gSA  

12.6 gy@mÙkj 

E1) eku yhft, fd fcanq”k% ;ksx vkSj xq.ku ds lkis{k ]3,3[−  ls R rd ds Qyuksa 

dk � ,d oy; gSA vki tkurs gSa fd � ,d Øefofues; oy; gSA 

eku yhft, fd }0)0(ff{I =∈= � gSA  

Hkkx 11.3 ds mioy; ijh{k.k ¼VsLV½ dk mi;ksx djrs gq,] vkidks bldh 
tk¡p djuhpkfg, fd � dk I  ,d mioy; gSA 

lkFk gh] fdUgha �∈f vkSj Ig ∈  ds fy,] 0)0(g)0(f)0)(gf( ==⋅  gSA 

vr%] �∈∀∈⋅ fIgf vkSj Ig ∈  gSA 

bl izdkj] � dh I  ,d xq.ktkoyh gSA  

E2)  mnkgj.k 3 dh rjg] n”kkZb, fd ;g C dh ,d xq.ktkoyh ugha gSA  

E3) i) bdkbZ 11 esa] vki ns[k pqds gSa fd C  dk ]i[Z  ,d mioy; gSA  

  ijarq] C∈
5

1

 
gS rFkk ]i[i Z∈  gS] ysfdu ]i[i

5

1
Z∉

 
gSA vr%] C  dh 

]i[Z  ,d xq.ktkoyh ugha gSA  

 ii) vki tkurs gSa fd ]x[C  dk ]x[R  ,d mioy; gS] D;ksafd CR ⊆  gSA  

  ijarq] ]x[i C∈  vkSj ]x[x R∈  gS] ysfdu ]x[ixxi R∉=⋅  gSA  

  vr%] ]x[C  dh ]x[R  ,d xq.ktkoyh ugha gSA  

 iii) /;ku nhft, fd nksuksa leqPp;
 63Z vkSj 62Z gSaA bdkbZ 11 ds mnkgj.k 

9 ls] vki tkurs gSa fd ;s 6
Z ds mioy; gSaA  

  vc] vo;o-vuqlkj xq.ku }kjk] vki bldh tk¡p dj ldrs gSa fd 

66 r3rx ZZ ∈∀∈  vkSj 63x Z∈
 
gSA  

  ¼mnkgj.kkFkZ] 6331535 Z∈==⋅  gSA½  

  blh izdkj] vki ns[k ldrs gSa fd 666 2x,r2rx ZZZ ∈∈∀∈  gSA  

  bl izdkj] 6
Z dh 63Z vkSj 62Z

 
xq.ktkofy;k¡ gSA  

E4) i) loZizFke] «≠
a

I
 
D;ksafd a

I0∈  gSA  

  vkxs] ]1,0[Cg,fIg,f
a

∈⇒∈  gSA vr%] ]1,0[Cgf ∈−  gSA  
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  lkFk gh] 0)a(g)a(f)a)(gf( =−=−
 
gSA  

  bl izdkj] a
Igf ∈− gSA 

  rhljs] ]1,0[Cfg]1,0[Cg,If
a

∈⇒∈∈  gSA 

  lkFk gh] 0)a(g0)a(g)a(f)a)(fg( =⋅==  gS  

  bl izdkj] a
Ifg∈  gSA 

  ∴ ]1,0[C  dh a
I

 
,d xq.ktkoyh gSA   

 ii) mijksDr (i) dh gh rjg] vkidks fl) djuk pkfg, fd ]b,a[C  dh 
rI  

,d xq.ktkoyh gSA  

 iii) eku yhft, fd 
2
1r =

 
gSA rc] }1)

2
1(f]1,0[Cf{J r =∈= gSA ;fn 

rJg,f ∈  gS] rks 10
2
1g

2
1f

2
1)gf( ≠=








−







=







−

 

gSA vr%] 

rJgf ∉− gSA 

  bl izdkj] ]1,0[C  dk 
rJ ,d mioy; ugha gSA vr%] ]1,0[C dh 

rJ ,d 

xq.ktkoyh ugha gSA  

E5) D;ksafd R Øefofues; gS] blfy, R)R(C =  gSA vr%] R dh )R(C ,d 

xq.ktkoyh gSA  

E6) i) eku yhft, fd }n,axaxaxa{S
i

n

n

2

21
NZ ∈∈+++= L  gSA  

  D;ksafd Sx ∈  gS] blfy, «≠S  gSA  

  ;fn S eas ∑
=

=

n

1i

i

i
xa)x(f vkSj ∑

=

=

m

1j

j

j
xb)x(g  gSa] rks 

∑ ∑
= +=

−+−=−

n

1i

m

1ni

j

j

i

ii
x)b(x)ba()x(g)x(f gS] ;fn mn ≤ gSA ¼;fn 

mn ≥ gS] rks vkidks blh izdkj dk;Z djrs gq, O;atd Kkr djuk 
pkfg,A½  

  vr%] )x(g)x(f − esa vpj in 0  gSA vFkkZr~ S)x(g)x(f ∈−  gSA 

  iqu%] dSydqyl ds [kaM 1 ls] vki tkurs gSa fd ;fn S)x(f ∈  gS] rks gS 
0)x(f =  ;k 1)x(fdeg ≥  gSA  

  lkFk gh] ;fn ]x[)x(g Z∈  gS] rks 0)x(g = ;k 0)x(g ≠  gSA  

  ;fn 0)x(g =  gS] rks S)x(fS0)x(g)x(f ∈∀∈=  gSA  

  ;fn 0)x(g ≠  gS] rks 0)x(gdeg ≥  gSA  

  blfy,] 1)x(gdeg)x(fdeg))x(g)x(f(deg ≥+=⋅  gSA bl izdkj] 
S)x(g)x(f ∈  gSA  

  vr% ]x[Z  dh ,d xq.ktkoyh gSA  

 ii) D;ksafd S0 ∈  gS] blfy, «≠S  gSA  
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  ;fn S esa ∑

=

=

n

0i

i

i
xa3)x(f vkSj j

m

0j

j
xb3)x(g ∑

=

=  gSa] rks vkidks n”kkZuk 

pkfg, fd S)x(g)x(f ∈−  D;ksa gSA 

  lkFk gh] ;fn ∑
=

=

n

0i

i

i
xa3)x(f  vkSj ∑

=

∈=

m

0j

j

j
]x[xb)x(g Z  gSa] rks 

∑ ∑
+

= =+

∈=

nm

0k kji

k

ji
Sx)ba3()x(g)x(f  gSA 

  bl izdkj] ]x[Z  dh S  ,d xq.ktkoyh gSA  

E7) R dk Ra ,d mioy; gS ¼nsf[k, mnkgj.k 9] bdkbZ 11½A 

 lkFk gh] Rr ∈ vkSj Raxa ∈ ds fy,] 

 Raa)rx()xa(r ∈= gSA   

 ∴ R dh Ra  ,d xq.ktkoyh gSA   

E8) «≠I  gSA D;ksa\ D;k Ib∈ ugha gS\  

 lkFk gh] Iy,x ∈ ds fy,] bRax ∈ vkSj bRay ∈ gSA 

 D;ksafd R dk bR ,d mioy; gS] blfy, bRayax)yx(a ∈−=−  gSA  

 Iyx ∈−∴ gSA  

 vkxs] ;fn Ix ∈  vkSj Rr ∈  gS] rks bRbRrr)ax()xr(a =∈= gSA 

 vr%] Ixr∈  gSA 

 bl izdkj] R dh I  ,d xq.ktkoyh gSA 

E9) vki tkurs gSa fd R1 ⊆>< gSA vr%] vkidks ;g n”kkZus dh vko”;drk gS fd
><⊆ 1R  gSA vc] fdlh Rr ∈ ds fy,] >∈<⋅= 11rr  gSA bl izdkj] 
><⊆ 1R  gS ><=∴ 1R  gSA 

 vkxs] D;ksafd )R(Uu ∈ gS] blfy, Rv ∈∃  s.t. 1uv =  gSA vr%] >∈< u1  gSA 
><⊆>∴< u1  gSA vFkkZr~] ><⊆ uR  gSA  

 ijarq Ru ⊆><  gS] D;kssafd Ru ∈  gSA  

 bl izdkj] Ru =>< gSA    

E10) ),R( +  dk milewg  >< r  = rZ  gSA  

 ijarq] eq[; xq.ktkoyh Rr gSA 

 vr%] mnkgj.kkFkZ] ;fn R=R vkSj 5r =  gS] rks pØh; milewg Z5  gSA  

 ijarq] D;ksafd )(U5 R∈ gS] blfy, RR =5 gS ¼E9 }kjk½A 

 /;ku nhft, fd RZ ≠5  gSA   

E11) }27,24,21,18,15,12,9,6,3,0{}xx3{3 1010 =∈= ZZ  

       }7,4,1,8,5,2,9,6,3,0{=  

                                 10
Z=  gSA 
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 }5,0{5 10 =Z  gSA 

 vc] 1010101010 232 ZZZZZ =+=+
 
gS] D;ksafd 10102 ZZ ⊆

 
gSA  

 bl izdkj] ><≠>< 3,25 gSA  

E12) vkidks bdkbZ 11 ds E10 dk mi;ksx djrs gq,] bls mnkgj.k 2 dh izfØ;k 
viukrs gq, fl) djuk pkfg,A  

E13) A)X(℘  dk dksbZ Hkh vo;o] )X(Y ℘∈ ds fy,] )A(AYYA ℘∈∩=  gSA  

 vr%] )A(A)X( ℘⊆℘  gSA 

 foykser%] ;fn )A(S ℘∈  gS] rks )X(S ℘∈ vkSj A)X(ASS ℘∈∩= gSA  

 vr%] A)X()A( ℘⊆℘   

 bl izdkj] A)X()A( ℘=℘  gSA  

E14) eku yhft, fd 8
Z dh “kwU;dj.kh N  gSA  

 rc N0 ∈  gSA 

 N1 ∉  gS] D;ksafd 01)1(
n

≠=  gS] lHkh N∈n ds fy,A 

 /;ku nhft, fd Na ∈  gS iff Z8a
n
∈  ¼fdlh N∈n ds fy,½ iff 

n
a8 ¼fdlh 

N∈n  ds fy,½ iff 
n

a2
 
iff a2

 
¼bdkbZ 1 ns[ksa½ gSA  

 bl izdkj] N6,4,2 ∈  gS rFkk N7,5,3 ∉  gSA  

 }6,4,2,0{N =∴  gSA  

 fdlh )X(A ℘∈  ds fy,] N∈∀=∩∩∩= nAA...AAA
n  gSA  

 bl izdkj] «=
n

A  iff «=A  gSA  

 vr%] )X(℘ dh “kwU; dj.kh }{« gS] tks rqPN xq.ktkoyh gSA  

E15) eku yhft, fd aAnnI =  gSA loZizFke] «≠I  gS] D;ksafd I0∈ gSA  

 nwljs] Isr0a)sr(sa0raIs,r ∈−⇒=−⇒==⇒∈  gSA 

 var esa] Ir ∈ vkSj Irx00x)ra(xa)rx(Rx ∈⇒=⋅==⇒∈  gSA  

 bl izdkj] R dh I  ,d xq.ktkoyh gSA   

 R}00rRr{0Ann ==⋅∈=
 
gSA  

 }0{}01rRr{1Ann ==⋅∈=
 
gSA  

E16) i) vlR;] tSlk fd vki E15 esa ns[k pqds gSaA 

 ii) Z esa 1 vkSj 2  dks yhft,A rc] 2Ann}0{1Ann ==  gS] ijarq 21≠  

gSA vr%] ;g vlR; gSA  

 iii) tSlk fd vki ns[k pqds gSa] Z  vkSj R  nksuksa esa “kwU; djf.k;k¡ }0{  gSaA 

ijarq RZ ≠  gSA vr%] ;g vlR; gSA  
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                  E17) mnkgj.k 10 dh rjg] n”kkZb, fd Rdh xq.ktkofy;k¡ dsoy }0{ vkSj R  gSa 
rFkk C  dh xq.ktkofy;k¡ }0{ vkSjC  gSaA  

E18) i) D;ksafd }8,4,0{4 =>< vkSj }6,0{6 =>< gS] blfy,

}0{64 =><∩><  gSA  

  lkFk gh] ><==><+>< 2}8,6,4,2,0{64  gSA  

  ;gk¡ ,Iaab{IJ ∈= }0{}Jb =∈
 
D;ksafd 024 =  gSA   

 ii) }{}YA)Y(A{JI «« ==∩℘∈=∩  gSA 

  }JB,IABA{}JB,IABA{JI ∈∈∪=∈∈∆=+  gS] D;ksafd YA ⊆  

vkSj c
YB ⊆  gSA  

  }{}JB,IA)BA()BA()BA({IJ
iinn2211

«=∈∈∩∆∆∩∆∩= K  gS] 

D;ksafd since n,,1iBA ii K=∀=∩ «  gSA  

E19) i) fdUgha Ia ∈  vkSj Jb ∈  ds fy,] Iab ∈  vkSj Jab∈  gSA  

  bl izdkj] JIab ∩∈  gSA 

 D;ksafd JI ∩ ,d xq.ktkoyh gS] blfy, ,sls vo;oksa ds ifjfer ;ksx dks 
Hkh JI ∩ esa gksuk pkfg,A  

 bl izdkj] JIIJ ∩⊆  gSA  

 ifjHkk’kk }kjk] IJI ⊆∩ gS vkSj JJI ⊆∩  gSA  

 lkFk gh] JII +⊆ vkSj JIJ +⊆  gS] D;ksafd JI0xx +∈+=  gS] Ix ∈  

ds fy,] rFkk blh izdkj] JIy0y +∈+=  gS] Jy ∈  ds fy,A  

ii) eku yhft, fd I  vkSj J  nksuksa dks varfoZ’V djus okyh R dh A ,d 
xq.ktkoyh gSA  

rc] fdlh JIyx +∈+ ds fy,] AIx ⊆∈ vkSj AJy ⊆∈ gSA vr%] 
Ayx ∈+  gSA bl izdkj] AJI ⊆+ gSA  

bl izdkj] (ii) fl) gks tkrk gSA  

iii) eku yhft, fd R dh B ,d xq.ktkoyh gS rkfd IB ⊆  vkSj JB ⊆  gSA 
rc] fuf”pr :i ls] JIB ∩⊆  gSA  

        bl izdkj] (iii) fl) gks tkrk gSA   

iv) vki tkurs gSa fd JIIJ ∩⊆  gSA vr%] vkidks ;g n”kkZus dh vko”;drk 
gS fd IJJI ⊆∩  gSA  

 eku yhft, fd JIx ∩∈ gSA rc] Ix ∈ vkSj Jx ∈ gSA  

D;ksafd JIR1 +=∈  gS] blfy, fdUgha Ii∈  vkSj Jj∈  ds fy,] 
ji1 +=  gSA 

vc] IJix ∈  gS] D;ksafd Ii ∈  vkSj Jx ∈  gSA blh izdkj] IJxj∈  gSA 
vr%] IJxjxi1xx ∈+=⋅=  gSA  

bl izdkj] IJJI ⊆∩  gSA    
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 v) ughaA mnkgj.kkFkZ] eku yhft, fd ZZ 4I,2R == vkSj Z6J = gSA  

  rc] R1∉ gSA 

  lkFk gh] mnkgj.k 11 ls] vki tkurs gSa fd JIR += Z12JI =∩
 
vkSj 

Z24IJ = gSA 

  bl izdkj] JIIJ ∩≠  gSA    

E20) 1) D;ksafd «≠21 I\I  gS] blfy, dFku lgh gSA  

 2) vlR;] mnkgj.kkFkZ] ZZZZ 2\1,23 ∈∈  ijarq ZZ 2\213 ∉=−  gSA  

 3) vlR;] mnkgj.kkFkZ] ZZ 2\3∈  ijarq Z2632 ∈=⋅  gSA 

 4) ;g (3) ls izkIr gksrk gS] ijarq (3) vlR; gSA vr%] ;g vlR; gSA  

 5) ;g (2) vkSj (4) ls izkIr gksrk gS] tks vlR; gSA vr%] ;g vlR; gSA  

E21) D;ksafd 
21 I\I  ,d mioy; ugha gS] tSlk vki bdkbZ 11 esa ns[k pqds gSa] 

blfy, ;g ,d xq.ktkoyh ugha gks ldrh gSA  

E22) i) gk¡] D;ksafd] 101 3I Z=><=
 
ftlls 1021

II Z=∪
 
gSA  

 ii) ughaA /;ku nhft, fd }8,6,5,4,2,0{II5,4 32 =∪∈
 
gS] ijarq 

32 II54 ∪∉+
 
gSA  

E23) bdkbZ 11 ls] vki tkurs gSa fd R dk 
21 II ∪  ,d mioy; gS iff 

21 II ⊆  gS ;k 

12 II ⊆  gSA ,d ckj ;g izfrca/k larq’V gks tk,] rks R dh 
21 II ∪  ,d 

xq.ktkoyh gks tk,xhA   

E24) mnkgj.kkFkZ] RRRRRR ×××××× }0{,}0{  vkSj }0{××× RRR gSaA  

 ;s RRRRR ×××=
4 dh xq.ktkofy;k¡ gS( D;ksafd Rdh R  vkSj }0{

xq.ktkofy;k¡ gSaA buesa ls izR;sd vrqPN gS] D;ksafd rqPN xq.ktkoyh 
)}0,0,0,0{(  gSA buesa ls izR;sd ,d mfpr xq.ktkoyh gS] D;ksafd ,d ?kVd 

R ugha gSA  

E25) bdkbZ 11 esa] vki ns[k pqds gSa fd ZZ×  dk }n)n,n({S Z∈= ,d mioy; 

gSA ijarq S)1,1( ∈ vkSj ZZ ×∈)2,1(  gS rkfd S)2,1()2,1)(1,1( ∉=  gSA  

 bl izdkj] ZZ×  dh S  ,d xq.ktkoyh ugha gSA  

 blh izdkj] vkidks n”kkZuk pkfg, fd fdlh vrqPN oy; R ds fy,] RR ×  

dh }Rx)x,x({S ∈=  ,d xq.ktkoyh ugha gSA  

E26) mnkgj.kkFkZ] }0{x ×>< vkSj }0{]x[ ×Q gSA  

E27) ;fn R ,d Øefofues; oy; gS] rks IR  ,d Øefofues; oy; gksxkA bldk 
dkj.k ;g gS fd )Ia()Ib(IbaIab)Ib()Ia( +⋅+=+=+=+⋅+ , lHkh 

IRIb,Ia ∈++  ds fy,A  

E28) IR  dk I1+ rRled gS] tgk¡ R dk 1 rRled gS] D;ksafd 
Rx)Ix()I1(Ix)I1()Ix( ∈∀+⋅+=+=+⋅+ gSA  
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                  E29) vkidks n”kkZuk pkfg, fd Z2  dh Z6  ,d xq.ktkoyh gS rFkk 
}64,62,6{62 ZZZZZ ++= gSA rc] cSys lkjf.k;k¡ gSa %  

  

2044

0422

4200

420+

 

4204

2402

0000

420•

 

 tk¡p dhft, fd }21,2{
2 1414

14

14 ZZ
Z

Z
+=

 
gSA rc] lkjf.k;k¡ gSa %  

  

011

100

10+

       

101

000

10•

 

E30) izes; 2 ls] vki tkurs gSa fd RI = gSA   

 }0{IR =∴  gS] tgk¡ *Åijh js[kk* ¼naM-‘bar’½ I  dk lgleqPp; O;Dr djrh 

gSA 

E31) eku yhft, fd X ifjfer gS rFkk nX|| =  gSA rc] 1nY|| −≤  gSA  

 vr%] 2)22())Y()X((o
1nn

=≥℘℘
−  gSA  

;fn X  vifjfer gS rFkk Y ,d ifjfer mileqPp; gS] rks )Y()X( ℘℘ ,d 

vifjfer oy; gSA  

izR;sd fLFkfr esa] Y\Xa ∈∃  gSA vr%] )Y(}a{ ℘∆  ,d “kwU;srj lgleqPp; 

ugha gSA bl izdkj] )Y()X( ℘℘  ds «  vkSj }a{ nks fHkUu-fHkUu vo;o gSa] 
buesa *Åijh js[k* )Y(℘  ds lgleqPp; dks O;Dr djrh gSA  

E32) )53()(R ><×><×= ZZ dk dksbZ Hkh vo;o Z∈n,m ds fy,] 
)53()n,m( ><×><+ ds :i dk gksrk gSA 

  vc] )b,a()n,m( =  iff >∈<− 3)ma(  vkSj >∈<− 5)nb(  gSA  

 bl izdkj] R ds fHkUu-fHkUu vo;o 
}54,53,52,51,50{}32,31,30{ ZZZZZZZZ +++++×+++ gSaA vFkkZr~ 

53
ZZ ×

 
gSaA 

 vr%] R ds 15vo;o gSaA mnkgj.kkFkZ] buesa ls nks vo;o )50,30( ZZ ++  
vkSj )51,32( ZZ ++  gSaA  

E33) eku yhft, fd NRNx ∈+  ,d “kwU;aHkkoh vo;o gSA  

 rc] fdlh /kukRed iw.kkZad n ds fy,] N)Nx(
n

=+ gSA  

 ,Nx
n

∈⇒  fdlh /kukRed iw.kkZad n ds fy,A  

 ,0)x(
mn

=⇒  fdlh /kukRed iw.kkZad m  ds fy,A  

 ,0x
nm

=⇒  fdlh /kukRed iw.kkZad nmds fy,A Nx ∈⇒  

 ,N0Nx +=+⇒  tks NR dk “kwU; vo;o gSA  



 

 

464

bdkbZ 12                                                                    xq.ktkofy;k¡ 

 bl izdkj] NR  dk dksbZ “kwU;srj “kwU;aHkkoh vo;o ugha gSA  

E34) eku yhft, fd )IR(Cx ∈  gSA rc] IRrxrrx ∈∀=  gS] vFkkZr~ 
RrI)rxxr( ∈∀∈− gSA   

 }RrIrxxrIRIx{)IR(C / ∈∀∈−∈+=∴  gSA  

E35) D;ksafd ]x[Z  dh >< x  dks varfoZ’V djus okyh >< x,2 ,d xq.ktkoyh gS] 

blfy, 
><

><

x
x,2

 , >< x]x[Z  dh ,d xq.ktkoyh gSA  

E36) ZZ 25  dh dksbZ Hkh xq.ktkoyh ZZ 25n  ds :i dh gksrh gS] tgk¡ 25n
 
gSA 

bl izdkj] 5,1n = vkSj 25  gSA  

 bl izdkj] vki ZZ 25  esa ls dksbZ Hkh nks mnkgj.kkFkZ]
 

}0{ vkSj ZZ 255  dks 

pqu ldrs gSaA 

 /;ku nhft, fd ;s fHkUu-fHkUu gSa] D;ksafd] mnkgj.kkFkZ] ;gk¡ vki bldh tk¡p 
dj ldrs gSa fd budh dksfV;k¡ fHkUu-fHkUu gSaA  

E37) }3,2,1{A =  vkSj }7,6,2,1{B = ij fopkj dhft,A rc] )X(℘ dh )A(℘

vkSj )B(℘  xq.ktkofy;k¡ gSa] ftuesa ls izR;sd )Y(℘ dks varfoZ’V djrh gSaA  

 vr%] )Y()X( ℘℘  dh )Y()A( ℘℘ vkSj )Y()B( ℘℘ xq.ktkofy;k¡ gSA  

 /;ku nhft, fd 2
2

2
))Y()A((o

2

3

==℘℘  gS rFkk 4
2

2
))Y()B((o

2

4

==℘℘

 

gSA bl izdkj] ;s nksuksa xq.ktkofy;k¡ fHkUu-fHkUu gSaA  

E38) D;ksafd R ds SvkSj I  mioy; gSa] blfy, IS ∩  Hkh ,sls gh gSaA  

 D;ksafd SIS ⊆∩ gS] blfy, S  dk IS ∩  ,d mioy; gSA  

 lkFk gh] ISx ∩∈ vkSj Ss ∈ ds fy,] Sxs ∈  gS rFkk Ixs ∈  gSA  

 vr%] ISxs ∩∈  gSA  

 blh izdkj] ISsx ∩∈  gSA  

 bl izdkj] IS ∩ , S dh ,d xq.ktkoyh gSA 

 mnkgj.kkFkZ] }0{I,R,S === RZ  ij fopkj dhft,A 

 rc] }0{IS =∩  gS] ftlls 
}0{IS

S Z=
∩

gSA 

 D;ksafd R  dh Z ,d xq.ktkoyh ugha gS] blfy, }0{R dh }0{Z ,d 

xq.ktkoyh ugha gSA 
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               bdkbZ 13 

  oy; ledkfjrk,¡  

bdkÃ dh :ijs[kk                i`"B la[;k 

13.1 i zL r kou k         465 

 mís' ;  

13.2 oy;ksa ds c h p l ekd kf j r k, ¡         466  

13.3 oy; le kd kf j r kvks a ds xq.k        473 

13.4 r qY;k dkf j r k i ze s;          481 

13.5 L kkj ka' k           489 
13.6 gy v kSj  mÙkj          490 

13.1 izLrkouk 
b dkb Z 8 esa ] v ki u s l ewg ksa ds  c h p , sls Qyu ksa  ds c kj s esa  v/;;u  f d; k Fk k tk s lac af / kr  
f } vk/ kkj h laf Ø; k d ks i f j j f {kr  j [kr s g SaA v ki u s ; g H kh  n s[kk  F kk f d ;s f dlh  lew g 
dh c ht h; laj pu k ds v/;;u  ds f y,  r Fk k r n ~u qlkj  oxksZ a dk s ox hZdr̀  dj u s esa 
f dr us mi ; ks xh gksr s gSa A b l b d kb Z e sa] ge  oy; ksa ds c h p Qyu k sa d h p pk Z dj sax s tks  
n ksu ksa f } vk/ kkj h laf Ø; kv ksa ls i f j j f {kr  j [kr s g SaA , sls  Q yu ] tSl h v ki  i zR ;k” k k j [ k 
j gs g ksax s] oy ; l ekd kf j r k, ¡  (Ring Homomorphisms) dgykr s gSaA  

Hkk x 13.2 esa] v ki  , d oy; le kdkf j r k d h v kSi pkf j d i f j Hkk’ kk d k v/;;u  dj sa xsA 
f u L lasg ] v ki  b l l adYi u k  ds vu sd mn k gj .k ksa i j  r F k k , sls mn k gj .kk sa i j  Hk h] tks 
b l ladYi u k ds u g ha gS]  f opkj  dj sa xsA b l H k kx esa]  v k i  ;g H kh n s [ksa xs f d f dl 
i zdkj  l ekd kf j r k, ¡  gesa  f dlh oy ; dh  c ht h; i zdf̀ r  dh [ kks t dj u s esa lg k;r k  
dj r h gSaA H k kx 13.3 esa] v ki  oy;  le kd kf j r kvks a ds vu sd x q.k kas d k v/ ;;u  dj sa xsA 
b u esa ls vf / kdk a” k x q.k lew g l ekd kf j r kv ksa ds  xq. kk sa ds  vu q:i  g ksa xs]  f tu dk v ki  
b dkb Z 8 esa v/;;u  vk Sj  vu qi z ;ks x dj  pqds gSaA  

;f n  dksb Z l ek dkf j r k , d , dS dh vkP N kn d gks ] r ks o g  , d r qY; kdkf j r k d gykr h g SA 
lewg  f l)k ar  dh gh r j g ] oy; f l )kar  esa r q Y; kdkf j r kv ksa d h Hk wf edk c ht h; lo Zl e 
f u dk;ksa (algebraically identical systems) dh i gp ku  dj u s esa g ksr h gSAb lh d kj .k 
;s e gÙoi w. kZ gSaA ge H k kx 13.4 esa b u dk i f j p; v ki ls  dj k, ¡ xsaA r c ] v ki  oy; ksa ds 
f y,  lekd kf j r k dh ewyH kwr  i zes ; ds :i  esa  oy; l ek dkf j r kvk sa] xq. ktkof y; ksa r Fk k 
f oHkkx oy ;ks a ds c hp vk ar f j d lac a/ k dk  Hk h v/ ;;u  d j saxsA v ki  n ks  v U; r q Y;k dkf j r k 
i zes; ksa d ks f l ) dj u s v kSj  mu d k mi ;ks x dj u s ds f y, ] b lds vu qi z ;ks xks a dk H k h 
v/;;u  dj sa xsA  
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tSlk f d lew g f l) kar  esa  F kk ] l ekd kf j r k, ¡  oy; f l) ka r  ls f u dV  :i  ls lac af / kr  
gSaA vr % ] ; g vko” ;d gS f d vki  b l b dkb Z dk lko/ kku hi wo Zd v/ ;;u  dj sa r Fk k tk s 
Hkh i z” u  v ki ds lEe q[k  v k,  m ls g y dj saA b l ls v ki dks f u Eu f yf [kr  vf / kx e m Ìs” ; ksa 
dks i z kIr  dj u s e sa l gk ;r k f eys xhA  

mÌss'; 

b l b dkb Z dks i < +u s ds c kn  v ki  %  

• f of HkUu  i zdkj  dh o y; l ek df j r kvksa  dks  i f j Hkkf ’kr  d j u k r Fkk  mu ds mn k gj .k 
n su k(  

• f dlh oy; le kdkf j r k d h vf ’V  (kernel) vkSj  i zf r f c ac  dks i z kIr  dj u k (  

• oy; r qY; kd kf j r kvks a dh i f j Hk k’ kk n su k  r Fk k mu ds mn k gj .k n su k (  

• f dlh oy; le kdkf j r k ds dqN ek Sf yd xq. k ksa d ks f l)  dj u k( r F kk  

• oy;kas ds f y, ] l ek dkf j r k ds ewyH kwr  i zes ; d k dF ku  n su k] m ls f l) dj u k 
r Fkk mld k vu qi z; ks x dj u kA 

13.2 oy;ksa ds chp lekdkfjrk,¡   

b dkb Z 8 esa ] v ki u s l ewg ksa ds  c h p i zf r f p=. kksa (maps) dk v/ ;;u  f d; k F kk ] t ks 
lac af / kr  i zkar k sa d h le wg laf Ø;k vk sa d ks i f j j f {kr  (preserve) j [kr s gSaA ;s Qyu  lew g 
lek dkf j r k, ¡  dgy kr s g Sa] t Sl k f d v ki  tku r s gSaA , d  lew g l ekd kf j r k ds / k kj .k k ds 
vu q:i ] ge sa oy; le kdkf j r k d h lad Yi u k gksr h g SA vr % ] b ld h i zR; k” k k dj u k 
L o kHkkf od gS f d , d oy ; l ekdf j r k d ks oy; ksa d s c h p esa  , sl k i zf r f p= eku u k t ks 
mlds i zkar  d h oy; laj pu k d ks i f j j f {kr  j [kr k gSA b l f L Fkf r  esa]  ; gk¡  n ks f } v k/ k kj h 
laf Ø;k, ¡  lac ) g ksr h gSaA  b lf y, ] vki  , d o y; l ek dkf j r k f u Eu f yf [kr  i f j Hkk’kk 
dh v k” k k dj  ldr s gSaA  

ifjHkk"kk % e ku  yhf t,  f d ),,R(
1

⋅+  vkSj  ),,R(
2

⋅+  n ks oy; g SaA , d i z f r f p= 

21
RR:f →  , d oy; lekdkfjrk dgy kr k gS ] ;f n  

1
R esa lHk h b,a  ds f y, ]   

)b(f)a(f)ba(f +=+  gS r F kk  

)b(f)a(f)ba(f ⋅=⋅   gSA  

/;ku  n hf t,  f d mi j ks Dr  i f j Hkk’ k k esa ] l eh dj .kk sa ds c k , a i {kk sa e sa i zdV  gksu s o kys +

vkSj  · 
1

R  i j  i f j Hkkf ’kr  gSa ] tc f d n k, a i {k ksa esa i zdV  gksu s o kys +  vkSj  · 
2

R  i j  

i f j Hkkf ’kr  g SaA  

mi j ksDr  i f j Hk k’k k ds  c kj s esa f u Eu f yf [kr  f V Ii .kh d h v ksj  Hk h /; ku  n hf t, A 

fVIi.kh 1 % /; ku  n hf t,  f d 
21

RR:f →  , d oy; l ekd kf j r k gksr h  gS ] ;f n   

i) , d ;ks x d k i zf r f c ac  i zf r f cac ksa ds  ;k sx d s c j kc j  g ks] r Fk k  

ii) , d xq. ku Qy d k i zf r f c ac  i zf r f cac ksa ds  xq. ku Qy d s c j kc j  gk sA  

mi j ksDr  (i) ds d kj .k ] oy; le kdkf j r k f  f of ” k’V  :i  esa] ),R(
1

+  ls ),R(
2

+  r d 

, d lew g l ekd kf j r k g ksr h gSA  
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[kaM 3                                                     oy;ksa ls ifjp; 
                  lkF k gh ] v ki  t ku r s gSa f d ),R(

1
⋅  vkSj  ),R(

2
⋅  mi lew g gksr s gSaA  mi j ksDr  (ii) tks 

dgr k gS]  og ;g gS f d ),R(
1

⋅ ls ),R(
2

⋅  r d f  , d mi l ew g le kd k f j r k gSA  

lewg ksa dh f L F kf r  dh g h r j g] g esa f of HkUu  i zd kj  dh l ekd kf j r k, ¡  i zkIr  gSaA  

ifjHkk’kk % eku  y hf t,  f d 
21

RR:f → , d oy; l ek dkf j r k g SA  d 

i) ;f n  f  , dSdh 1-1  gS] r ks  ;g  , d oy; ,dSd lekdkfjrk dgy kr h gSA  

ii) ;f n  f  vkP Nkn d gS ] r ks ;g , d  oy; vkPNknd lekdkfjrk dg kykr h  gS A  

iii) ;f n  f  , dSdh v kP N kn d gS ] r ks  ; g , d oy; rqY;kdkfjrk dgy kr h gSA  

iv) ;f n  
21

RR =  gS] r ks  f  dks 
1

R dh , doy; varjkdkfjrk d gr s g SaA   

mi j ksDr  i f j Hk k’k k vksa  ds c kj s esa , d  f V Ii .kh  i j  f opkj  dhf t, A 

fVIi.kh % i zR;sd i f j Hk k’ kk esa “ k Cn  * oy;*  dsoy b l i j  c y n su s ds f y,  gS f d g e 
oy;ksa ds lan H kZ e sa d k;Z dj  j g s g SaA ;f n  ; g lan Hk Z L i ’ V  gS] r ks g e “ k Cn  * oy;*  dks  
NksM + n sr s g SaA b l i zdkj ]  Hkf o’;  esa  ge oy; ledkfjrk ds fy, in *ledkfjrk* 
dk mi;ksx djsaxs] ;f n  lan H kZ L i ’V  g SA v ki d ks ; kn  gks xk f d lew g l ekd kf j r kv ksa 
dh f L Fkf r  esa Hk h , sl k g h d gk Fk kA  

vkb ,  vHk h f tu  Qyu ks a dk s i f j Hkkf ’ kr  f d;k mu ds dq N  mn kgj . kks a r Fk k vmn kgj .k ksa 
¼vF kk Zr ~ tk s mn k gj .k u gha gS½  i j  f opkj  dj saA  

mnkgj.k  1% ,x2)x(g::g,x)x(f::f =→=→ ZZZZ  i j  f opkj  dhf t,  r F kk 
eku  y hf t,  f d fh −=  gSA tk¡ p dhf t,  f d g,f vkSj  h  oy; le k dkf j r k, ¡  gSa ; k 

u ghaA  

gy % lo Zi zF ke ] vki d ks lR ;ki u  dj u k pkf g,  f d g,f  vk Sj  h  lqi f j Hkkf ’kr  gSaA  

vk xs] Z∈m,n  ds f y, ] )m(f)n(fmn)mn(f +=+=+  gS ] r F kk 
)m(f)n(fnm)nm(f == gSA  

b l i zdkj ]  f  , d oy; lek dkf j r k g SA n ” kk Zb ,  n ” kkZb ,  

vc ] vkb ,  g  i j  f opkj  dj saA  

Z∈m,n  ds f y, ] )m(g)n(gm2n2)mn(2)mn(g +=+=+=+  gSA  

i j ar q] )m2)(n2(nm2)nm(g ≠=  gSA  

mn kgj . kk Fk Z] 12)6(g)32(g ==⋅  gSA i j ar q 2464)3(g)2(g =⋅=  gSA  

vr % ] )3(g)2(g)32(g ≠⋅  gSA  

b lf y, ] g  , d oy; lek dkf j r k u gh a g SA  

var  esa ] vki d ks lR ;ki u  dj u k pkf g,  f d )f(−  Hkh , d  oy ; le kd kf j r k u gha gS ] 

D;k saf d ; g xq. ku  dk s i f j j f {kr  u gha dj r k gSA  

*** 

mi j ksDr  mn k gj .k e sa] dqN eg Ùoi w.kZ  f c an q mHkj  dj  vk ,  gSaA ge b u ds  c kj s esa 
f u Eu f yf [kr  f V Ii .kh ds c kj s e sa c r k j g s g SaA  
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bdkbZ 13                                                              oy; ledkfjrk,¡ 

fVIi.kh 3 % mn kgj .k  1 ds g,f vk Sj  h ds c kj s esa f u Eu f yf [kr  r hu  f c an qvksa i j  f op kj  

dhf t,  %   

i) ;f n  f  , d lewg le kdkf j r k gS] r ks H kh f−  lewg  le kd kf j r k g ksr h gSA i j ar q ] 
;g oy;  le kd kf j r kvks a ds f y,  lR ; u g ha g SA  

ii) o L r qr % ] f  , dSdh v kP N kn d gS r Fk k rRled lekdkfjrk gSA ge f  dks i z k;% 
I  ls O; Dr  dj r s gS aA  

iii) ;|f i ] ),( +Z ls ),( +Z  r d g , d lew g l ekd kf j r k gS ] f Qj  Hk h ;g , d 

oy; le kd kf j r k u gha gSA  

vc  , d v U; mn k gj .k i j  f opkj  d hf t, A  

mnkgj.k 2% 0=→ )A(f:)()(:f
nn
RMRM  i j  f opkj  d hf t, ] t ks )(

n
RM esa 

“ kwU; vk O;w g g SA t k¡ p d hf t,  f d f  , d oy; r qY ;kd kf j r k gS ;k u ghaA  

gy% )(B,A
n
RM∈

 
ds f y, ] )B(f)A(f)BA(f +=+==+ 000  gS r Fk k 

)B(f)A(f)AB(f ⋅=⋅== 000  gSA  

b l i zdkj ]  f  , d oy; lek dkf j r k g SA  

i j ar q] f  vkP N kn d u g ha g S] D; ksaf d mn kgj . kk Fk Z] , s lk d ksb Z  )(A
n
RM∈  u gha g S f tlds 

f y, ] I)A(f =  gks ] t ks )(
n
RM esa r Rled  v kO; wg gSA  

vr % ] f  , d r qY;kd kf j r k u gha gSA  

*** 

vkb , ] vc  mi j ks Dr  mn k gj .k ksa esa c r k,  x,  dq N f c an qvk sa  dks O ;ki hdr̀  dj saA  

mnkgj.k 3% e ku  yhf t,  R , d oy; gS A n ” kkZb ,  f d r)r(I:RR:I =→  vkSj
0)r(:RR: =→ 00  var j kdkf j r k, ¡  (endomorphisms) gSaA ¼tSl k f d f V Ii .kh 3 esa 

Zds f y,  c r k;k F kk ] I  rRled lekdfjrk d gykr h g SA 0 rqPN lekdkfjrk 
dgykr h g SA½  

gy % vki d ks b ld k lR ;ki u  dj u k pkf g,  f d R dh n k s u ksa laf Ø; kv ksa d ks I  vkSj  0

i f j j f {kr  j [kr s gSaA  

*** 

vk xs c < +u s ls i gys ] v kb ,  , d oy;  le kd kf j r k dh vf ’V  vk Sj  i zf r f c ac  i j  f opkj  
dj saA b dkb Z esa ] v ki u s b u  o L r qvks a dk , d l ewg le kd kf j r k ds f y,  v/; ;u  f d;k 
Fk kA D ;k v ki  v k” kk  dj r s gSa f d , d  oy; l ek dkf j r k  dh vf ’V  ;k i zf r f cac  dqN 
mlls f H kUu  g ksa xs\  o kL r o esa ] ; s B hd ml h i zd kj  ls i f j Hkkf ’kr  f d,  t kr s gS aA  

ifjHkk"kk % e ku  yhf t,  f d 
1

R vkSj  
2

R  n ks oy; gSa r F k k ; g  Hkh eku  y hf t,  f d 

21
RR:f → , d oy; l ekd kf j r k gSA  r c ] g e b l i zdkj  i f j Hkkf ’ k r  dj r s gSa %   

i) f  ds izfrfcac dks le qP P ; }Rx)x(f{
1

∈=fIm ds :i  esaA  

ii) f  dh vf"V dks l eqP P ;  }0)x(fRx{
1

=∈=fKer  ds :i  esaA  

vki  t ku r s gS a f d ;f n  f  , d vkP Nkn d l ek dkf j r k g S] r ks 
2

RfIm =  gSA 

/ ;k u  n h f t, f d 

2
RfIm ⊆ g SA 

r Fk k  
1

RfKer ⊆

g SA 
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[kaM 3                                                     oy;ksa ls ifjp; 
                  vc  v kb ,  f dlh o y; l ek dkf j r k ds ¼d h½  i zf r f c ac  vkS j  vf ’V  ds dqN mn k gj .k ksa i j  

n f̀ ’V  M kysaA  

mnkgj.k 4% eku  y hf t,  f d R , d oy; gSA mn kgj . k 3 esa i f j Hkkf ’kr ] r Rl ed 
lek dkf j r k r F kk r qP N le kdkf j r k d h ¼ds½  vf ’V ;k¡  vk S j  i zf r f cac  i zkIr  d hf t, A  

gy %  }0xRx{}0)x(IRx{IKer =∈==∈=  

    }0{=  gSA   

   }Rxx{}Rx)x(I{IIm ∈=∈= R=  gSA  

      }0{}Rx)x({Im =∈= 00 gSA  

*** 

mnkgj.k 5% eku  y hf t,  f d N∈s  gSA n ” k kZb ,  f d i zf r f p=  
m)m(f::f

s
=→ZZ , d oy; v kP N kn d le kd kf j r k gSA fKer  Hkh i zk Ir  dhf t, A  

gy % f dU gha Z∈n,m  ds f y, ]  

)n(f)m(fnmnm)nm(f +=+=+=+  gS r F kk 
 )n(f)m(fnmmn)mn(f ===  gSA   

vr % ] f , d oy; le kd kf j r k gSA   

lkF k gh ] }m)m(f{fIm Z∈=  

              }mm{ Z∈=  

              s
Z=  gS] tks ;g n ” k kZr k  gS  f d f  , d v kP N kn d l ekd kf j r k gSA  

vc ]  }0)m(fm{fKer =∈= Z  

  }0mm{ =∈= Z  

  })s(mod0mm{ ≡∈= Z  

  Zs=  gSA 

*** 

mnkgj.k 6% i zf r f p=ksa )3(modn))6(modn(f::f
36

=→ZZ  r Fk k 

)6(modn))3(modn(g::g
63

=→ZZ i j  f opkj  dhf t, A tk¡ p d hf t,  f d f vk Sj  

g oy; le kd kf j r k, ¡  gSa ; k u g haA ;f n  o s gSa ] r ks mu dh ¼ ds½  vf ’V ;k¡  vk Sj  i zf r f c ac  Kkr  

dhf t, A  

gy % lo Zi zF ke ] Z∈m,n  ds f y, ]   

 )6(modm)6(modn =  

 )mn(6 −⇒  

 )mn(3 −⇒  

 )3(modm)3(modn =⇒  

 )m(f)n(f =⇒  gSA   
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vr % ] f lqi f j Hkkf ’kr  g SA  

n wlj s] Z∈m,n  ds f y, ]   

)3(mod)mn())6(mod)mn((f))6(modm)6(modn(f +=+=+  

    )3(modm)3(modn +=  

    ))6(modm(f))6(modn(f +=  gSA  

vki d ks b l h i zd kj  n ” kkZu k p kf g,  f d   

))6(modm(f))6(modn(f))6(modm)6(modn(f ⋅=⋅  gSA  

b l i zdkj ]  f  , d oy; lek dkf j r k g SA   

}3n)6(modn{})3(mod0n)6(modn{fKer Z∈=≡=  

         }3,0{=  * Åi j h j s[kk*  ‘ 6mod ’ dks O; Dr  dj r h gS A   

     
6

3Z=  gSA  

36
}n)3(modn{fIm ZZ =∈=  gSA  

vc ] vkb ,  n s [ksa f d D; k g lqi f j Hkkf ’kr  gSA /; ku  n hf t,  f d 3
Z  esa 41 =  gS]  i j ar q 

6
Z esa )4(g)1(g ≠  gSA vr % ] g  lqi f j Hkkf ’ kr  u gha gSA b l i zd kj ] g  dk , d 

lek dkf j r k g ksu s d k dk sb Z i z” u  g h u g ha g SA  

*** 

mi j ksDr  mn k gj .kk sa dk s n s[k dj ] vki u s ; g t ku  f y;k gks xk ] f tlds c kj s e sa g e vc  
f V Ii .kh dj u s t k j gs gSaA  

fVIi.kh 4% 
1

R ls 
2

R r d dh , d oy;  le kd kf j r k f dh ¼ds½  vf ’V  vk Sj  i zf r f c ac  
ogha gS t ks ),R(

1
+ ls ),R(

2
+ r d dh , d l ewg le kdkf j r k f  dh ¼ds½  vf ’V  vk Sj  

i zf r f cac  gSaA  

b lls i gy s f d g e dqN  v kSj  mn kgj .k ksa i j  n f̀ ’V  M kys a]  vki  d qN i z” u  D ;ks a u gh a gy 
dj  ysr s\  b lls v ki d ks ; g t k¡ p dj u s e sa l gk;r k f e ysxh f d vki u s vc  r d d h xb Z  
pp kZ d ks l e> f y; k gSA  

E1) ;f n  S f dlh oy; R dk , d mi oy; gS ] r ks R ds m Ug ha +  vkSj  · ds lki s {k 
S  , d oy; gSA  n ” kkZb ,  f d vkf of ’V  i zf r f p= x)x(i:RS:i =→ , d 

lek dkf j r k g SA iKer  vkSj  iIm  D;k gSa\  

E2) i) n ” kkZb ,  f d )1(f))x(f(:]x[: =φ→φ ZZ , d lekd kf j r k gSA  φKer

vkSj  φIm  Hkh Kkr  d hf t, A φ( dks 1x = i j  ewY;kadu izfrfp= 

(evaluation map) d gr s gS A)   

 ii) f dlh C∈z ds f y, ] n ” kkZb ,  f d e wY; kadu  i zf r f p= 
)z(f))x(f(:]x[:

zz
=φ→φ CC  , d le kdkf j r k gSA 

z
Ker φ vk Sj

z
Im φ  Hkh Kkr  d hf t, A  

E3) a)kdjciba(:: =+++φ→φ RH  i j  f opkj  dhf t, A tk¡ p  dhf t,  f d φ

, d le kdkf j r k g S ; k u g haA     

/ ;k u  n h f t, f d E1 ds 
mi;k sx l s]  g e tk u r s g Sa 
f d n)n(f =  } k jk  f n ;k  

tk u s ok y k  QZ→:f ¼;k  

R;k  C;k  ZZ i+ ½  ,d 
o;y  l ek dk f jr k  g SA 



 

 

471

[kaM 3                                                     oy;ksa ls ifjp; 
                  E4) )Adet()A(:)(:

2
=ψ→ψ CCM  i j  f opkj  dhf t, A tk¡ p  dhf t,  f d ψ  

, d le kdkf j r k g S ; k u g haA     

E5) )6(modn4))3(modn(f::f
63

=→ZZ  i j  f opkj  dhf t, A tk¡ p  dhf t,  f d 

f  , d oy; le kd kf j r k gS ;k u g haA     

vc ] vkb ,  d qN vk Sj  mn k gj .k ksa i j  f opkj  dj saA  

mnkgj.k 7% laoÙ̀ k var j ky ]1,0[C i j  i f j Hkkf ’kr  lHk h o kL r f od eku  l ar r  Qyu ksa d s 
oy; ]1,0[ i j  f opkj  dhf t, A )21(f)f(:]1,0[C: =φ→φ R dks i f j Hk kf ’kr  d hf t, A 
n ” kkZb ,  f d φ , d vkP N kn d le kd kf j r k gSA D; k φ , d , dSd l ekd kf j r k gS\  

gy % eku  y hf t,  f d f  vkSj  ]1,0[Cg ∈  gSA r c ] lHk h ]1,0[x ∈ ds f y, ] +  vkSj  · 
)x(g)x(f)x()gf( +=+  r Fkk )x(g)x(f)x()fg( =  } kj k i f j Hkkf ’kr  gSaA  

vc ] )g()f()21(g)21(f)21()gf()gf( φ+φ=+=+=+φ  gS ] r F kk 
)g()f()21(g)21(f)21)(fg()fg( φφ===φ gSA  

b l i zdkj ]  φ  , d oy; lek dkf j r k g SA  

vc ] φ vkP N kn d gS] D; ksaf d f dl h R∈r ds f y, ] v pj  Qyu  
r)x(g:]1,0[:g =→ R  i j  f opkj  dj u s i j ] dSydqyl  ls vki  t ku r s g Sa f d ]1,0[

i j  g  lar r  gSA lk Fk  g h] r)21(g =  gSA  

b l i zdkj ]  r)g( =φ  gSA 

vr % ] φ , d vkP N kn d l ekd kf j r k gSA  

i j ar q φ , dSdh 1-1  u gha g SA mn kgj . kk FkZ ] ;f n  
2
1

x)x(f:]1,0[:f −=→ R  gS r F kk 

g  “ kwU; Qyu  g S] r k s )g()f( φ=φ  gS] i j ar q gf ≠  gSA 

*** 

mnkgj.k 8% vk O;w g ; ksx v kSj  x q.ku  ds var x Zr  oy; 












∈







= Rb,a

b0

0a
R i j  

f opkj  dhf t, A n ” kk Zb ,  f d i zf r f p= ¼Q yu ½  







=→

n0

0n
)n(f:R:f Z , d 

lek dkf j r k g SA fKer H kh K kr  dhf t, A D; k f , d vkP N kn d lek dkf j r k g SA\  

gy% /; ku  n hf t,  f d f  lqi f j Hkkf ’ kr  gS ] D ;k saf d ;f n  mn =  gS] r ks 









=









m0

0m

n0

0n
gSA  

vk xs] Z∈m,n  ds f y, ]  

)m(f)n(f
m0

0m

n0

0n

mn0

0mn
)mn(f +=








+








=









+

+

=+ gS] r Fk k 

)m(f)n(f)nm(f =  gSA ¼b ld k lR ;ki u  d hf t, A½  

b l i zdkj ]  f  , d lekd kf j r k gSA  

}0{})n(fn{fKer ==∈= 0Z gSA  

mn k g j.k  7 e sa] φ  

f can q 
2

1
x = ij 

ewY ;k adu  i zf r f p= 
dg y k r k  gSA  
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var  esa ]  







=

20

01
A i j  f opkj  dhf t, A ; g fIm  esa u gha  gS ] D ;k saf d b l ds )1,1( o sa 

vkSj  )2,2( o sa vo ;o f HkUu-f Hk Uu  g SaA i j ar q] R esa A  gSA vr % ] , d vkP N kn d 

lek dkf j r k u gh a g SA  

var % ] f  , d vkP N kn d le kd kf j r k u gha gSA  

*** 

mnkgj.k 9% oy; ),),X(( ∩∆℘  i j  f opkj  dhf t, ] tg k¡  X , d vf j Dr  leqP P ; 

gSA  

eku  y hf t,  f d X  dk Y  , d vf j Dr  mf pr  mi l eqP P ; gSA    

YA)A(f:)Y()X(:f ∩=℘→℘  i f j Hkkf ’kr  dhf t, A n ” kk Zb ,  f d f  , d 

lek dkf j r k g SA fKerY
c
∈ D;k gS\  fIm\)Y(℘ D; k g S\  

gy % ;f n  )X(℘ esa A vk Sj  B gSa s.t. BA =  gS] r ks YBYA ∩=∩ gSA b l i zdkj ]  

f  lqi f j Hkkf ’kr  gSA  

vc ] d Sydqy l ds [kaM  1  ls L e.k d hf t,  f d * i zf r P Nsn u *  * lf Eeyu *  vkSj  * i wj hdj .k*  
i j  f o r fj r  gksr k g SA g e b u  xq .k ksa d k vc  mi ; ks x dj sa xsA   

)X(B,A ℘∈ ds f y, ]  

))A\B()B\A((f)BA(f ∪=∆  

              Y))A\B()B\A(( ∩∪=  

              )Y)A\B(()Y)B\A(( ∩∪∩=  

              ))YA(\)YB(())YB(\)YA(( ∩∩∪∩∩=  

              ))A(f\)B(f())B(f\)A(f( ∪=  

  )B(f)A(f ∆=  gS ] r F kk   

Y)BA()BA(f ∩∩=∩  

   )YY()BA( ∩∩∩= D; ksaf d YYY =∩  gSA  

  )YB()YA( ∩∩∩=  D; kasf d ∩ lgp kj h vk Sj  Øef of u es; gSA  

)B(f)A(f ∩= gSA  

vr % ] )X(℘ ls )Y(℘ r d f  , d oy; l ek dkf j r k g SA  

vk xs] L ej .k d hf t,  f d )Y(℘ dk “ kw U; «  vo;o gSA b lf y, ]   

)Y(}YA)X(A{}YA)X(A{fKer
cc

℘=⊆℘∈==∩℘∈= « gSA  

fKerY
c
∈∴  gSA  

var  esa ] ; g n s[ ku s ds f y,  f d fIm\)Y(℘  D;k gS ] /; ku  n hf t,  f d 
)Y(})X(AYA{fIm ℘⊆℘∈∩=  gSA  

vc ] eku  y hf t,  f d )Y(B ℘∈  gSA r c ] )X(B ℘∈ v kSj  BYB)B(f =∩=  gSA b l 
i zdkj ] fImB∈  gSA  
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                  vr % ] fIm)Y( ⊆℘  gSA   

b lf y, ] )Y(fIm ℘=  gSA  

vr % ] «=℘ fIm\)Y(  gSA 

*** 

vc  le kd kf j r k ds dq N v kSj  mn kgj . k ¼r Fk k vmn k gj .k ½  i zkIr  dj u s ds f y, ] v ki dks  
f u Eu f yf [kr  i z” u ksa dks  gy dj u k p kf g, A  

E6) eku  y hf t,  f d A vk Sj  B n ks oy;  gS aA n ” kkZb ,  f d izes; Qyu ¼izfrfp=½ 
(projection map) x)y,x(p:ABA:p =→× , d lekd kf j r k gS A pKer

vkSj  pIm  D;k  gS a\  D; k p  , d r qY; kdkf j r k gS\  ¼b l h i zd kj ] 
y)y,x(p:BBA:p =′→×′  , d lekd kf j r k g SA½   

E7) D;k  b2a)b2a(f:]2[]2[:f −=+→ ZZ  , d oy; var j kdkf j r k gS\  

D;k  7ba)3ba(g:]7[]3[:g +=+→ QQ  , d oy; le kdkf j r k gS\  

vi u s mÙ kj ksa  ds f y,  dkj . k n hf t, A    

E8) tk¡ p d hf t,  f d n5)n3(f:53:f =→ ZZ , d le kd kf j r k gS ;k u ghaA  

E9) tk¡ p d hf t,  f d 








−

=+φ→φ

ab

ba
)iba(:R:C  , d r qY ;kd kf j r k gS ;k 

u gha] tg k¡  )(
2
RM  dk 













∈








−

= Rb,a
ab

ba
R , d mi oy; gSA  

E10) n ” kkZb ,  f d i zf r f p= ))1(f),0(f()f(:]1,0[C: =φ×→φ RR  , d lekd kf j r k 
gSA b ld h H kh tk¡ p dhf t,  f d φ  , d r qY;kd kf j r k gS ;k  u ghaA  

vu sd mn kgj .k ksa d h pp kZ dj u s ds c kn ] vkb ,  oy ; l ekd kf j r kvk sa ds d qN i z kj af Hkd 
xq.k ksa i j  n f̀ ’V  M kysa A  

13.3 oy; lekdkfjrkvksa ds xq.k  

vkb , ] f i Nys Hk kx  esa ] v/;;u  f d,  x,  le kd kf j r kvks a ds i zR;sd  mn k gj .k d k 
i qu j koyksdu  dj r s g q, ] b l Hk kx d k i z kj aHk dj saA  b u  l Hkh f L F kf r ;ksa esa ] i zk ar  oy; ds 
;ksT ; r Rl ed d k i zf r f c ac  D; k g S\  D; k ;g l gi z kar  (co-domain) dk ;ksT ; r Rl ed 
u gha gS\  D ;k ;g i zR; k” kk ds vu q dwy u g ha g S] D; ksaf d i z R;sd oy; le kdkf j r k , d 
lewg  i ze s; l ek kf j r k Hk h g ksr h gS\  o L r qr % ] i zR ;sd oy;  lek dkf j r k b l h dkj . k 
f u Eu f yf [kr  i zes; esa lwp hc ) lHk h x q.k ksa d ks lar q’V  dj s xhA  

izes; 1% eku  y hf t,  f d 
21

RR:f → , d oy; l ek dkf j r k g SA r c ]     

i) 0)0(f =  gS  

ii) 
1

Rx)x(f)x(f ∈∀−=−  gS] r Fk k 

iii) 
1

Ry,x)y(f)x(f)yx(f ∈∀−=−  gSA 

miifÙk % D ;k saf d ),R(
1

+ ls ),R(
2

+ r d f  , d lew g l ekd kf j r k gS ] b lf y,  vki  

i f j .kke i z kIr  dj u s ds f y, ] b dkb Z 8 dh i ze s; 1 dk m i ;ks x dj  ldr s gSaA  
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vc ] vkb ,  , doy ; l ekd kf j r k ds mu  i gyq vk sa ds d q N xq. kks a i j  f opkj  dj sa ] tk s 
lewg  le kd kf j r kvks a ls d qN Åi j  gSaA  

izes; 2% eku  yhf t,  f d 
1

R  , d r Rledh oy;  gS ] r F kk ;g H kh eku  y hf t,  f d

21
RR:f → , d oy; v kP N kn d le kd kf j r k gS ] tg k¡  }0{R

2
≠  gSA r c ]  

i) 
2

R  r Rled )1(f ds lkF k gS(  

ii) ;f n  )R(Uu
1

∈ gS] r ks )R(U)u(f
2

∈  vkSj  )u(f)]u(f[
11 −−

= gSA    

miifÙk % ;g k¡  /; ku  n hf t,  f d 
1

R r Rled h g S r F kk f  vkP Nkn d g SA  

i)  eku  y hf t,  f d 
2

Rr ∈ gSA D; ksaf d f vkP N kn d g S] b lf y,  
1

Rs ∈∃  s.t. 

r)s(f =  gSA  

r c ] r)s(f)1s(f)1(f)s(f)1(fr ==⋅==⋅  gS  

b lh i zd kj ] rr)1(f = gSA  

vr % ] R dk r Rled )1(f gSA  

ii) eku  y hf t,  f d )R(Uu
1

∈ gSA  

r c ] 1

1
Ru ∈∃

−

 s.t. uu1uu
11 −−

==  gSA  

vr % ] )1(f)uu(f
1

=
−

 gSA v Fk kZr ~ ] )u(f)u(f)1(f)u(f)u(f
11 −−

== gSA  

b l i zdkj ]  )R(U)u(f
2

∈  vkSj  )u(f)]u(f[
11 −−

= gSA  

i zes; 2 ds d kj .k ] g e t ku r s gSa f d f dl h v kP N kn d l ekd kf j r k Z→R:f  ds f y, ] 
tgk¡  R , d r Rledh  oy; gS ] 1)1(f =  gSA b lh i zdkj ]  ;f n  Q→R:f  , d oy; 
vkP N kn d l ekd kf j r k gS ] t gk¡  R r Rledh gS ] r ks 1)1(f =  gSA  

/;ku  n hf t,  f d i ze s; 2 dk lR ; g ksu k v ko” ;d u g ha gS] ;f n  f  vkP N kn d u g ha g SA 
mn kgj . kk Fk Z] mn k gj .k 2 dh r qP N l e kdkf j r k d ks yhf t , A r c ] If(I) ≠= 0  gSA  

vc ] vkb ,  le kdkf j r kv ksa ds v ar xZr ] mi oy; ksa d s vu q ykse v kSj  i zf r yks e i zf r f c ac ksa i j  
n f̀ ’V  M kyasA  

izes; 3% eku  y hf t,  f d 
21

RR:f → , d oy; l ek dkf j r k g SA r c ]  

i) ;f n  
1

R dk S , d mi oy; g S] r ks 
2

R dk )S(f  , d mi oy; g S(  

ii)       ;fn  
2

R  dk T  , d mi oy; gS ] r ks 
1

R dk )T(f
1−

 , d mi oy;  gSA  

miifÙk % g e (ii) dk s f l) dj sa xs r F kk (i) d h mi i f Ù k vki ds  f y,  NksM + j g s g Sa ¼n sf [k,  
E11½ A  

lo Zi zF ke ] D;k saf d «≠T  gS] b lf y,  «≠
−

)T(f
1

 gSA  

vk xs] eku  y hf t,  f d )T(fb,a
1−

∈  gSA r c ] T)b(f),a(f ∈  gSA 

T)b(f)a(f ∈−⇒  gS r F kk T)b(f)a(f ∈  gS] D; ksaf d 
2

R dk T , d mi oy; gSA  

T)ba(f ∈−⇒  ¼i zes; 1 } kj k½  g S r Fk k T)ab(f ∈ gS  

)T(fba
1−

∈−⇒  vkSj  )T(fab
1−

∈  gSA  

⇒  
1

R  dk )T(f
1− , d mi oy;  gS ] mi oy; i j h {k. k ¼V sL V ½  } kj kA 



 

 

475

[kaM 3                                                     oy;ksa ls ifjp; 
                  i zes; 3 dh mi i f Ùk dks i wj k dj u s ds f y, ] vki dks E11 dk gy dj u k v ko” ;d g SA  

E11) i zes; 3 ds (i) dks  f l) d hf t, A  

E12) i zes; 3 dh O;o L F kk  esa ] eku  y hf t,  f d � vk Sj  �  Øe” k%  
1

R ds mi oy; ksa d k 
leqP P ; v kSj  

2
R  ds mi oy;k sa dk  le qP P ; g SA r c ] , d  l xf r  �� →φ :  gSA 

D;k  φ  , d , dSdh v kP N kn d gS\  D; ksa ;k D; ksa u g ha\   

vc ] ;g L o kH kkf od gS f d xq.k tkof y; ksa ds  f y,  i zes ; 3 ds vu q:i  , d i f j .kk e dh 
vk” k k d h tk, A  o L r qr % ] (ii) xq. ktkof y; ksa d s f y,  Hk h lR; g SA i j ar q] (i) ds l an HkZ esa ] 
f u Eu f yf [kr  f V Ii .kh i j  f opkj  d hf t, A  

fVIi.kh 5% , d oy;  le kd kf j r k ds var xZr  f dlh xq. ktkoy h ds i zf r f c ac  dk 
xq.k tkoy h g ksu k v ko” ;d u g ha g SA mn kgj .k k FkZ ] vkf of ’ V  x)x(i::i =→ RZ  i j  

f opkj  dhf t, A vki  t ku r s gS a f d Z  dh Z  , d xq. ktko yh  gSA i j ar q]  D; k Rdh
)(i Z  ¼vF kk Zr ~ Z ½  , d xq.kt koyh  gS\  u gha ] tS lk f d vki  b d k b Z 12 esa n s[k p qds gSaA  

vr % ] xq .kt kof y;k sa ds l an HkZ esa ] g esa fdUgha n ks oy ;ksa  
1

R vkSj  
2

R ds f y, ] pk gs o s 

Øef of u es; g Sa ; k u g ha] f u Eu f yf [kr  i f j .kke i zk Ir  g ksr k  gSA  

izes; 4% eku  y hf t,  f d 
21

RR:f → , d oy; l ek dkf j r k g SA  

i) ;f n  f  vkP Nkn d gS ] r F kk 
1

R  dh I  , d xq.kt koyh  gS ] r ks  
2

R  dh f(I)  , d 

xq.k tkoy h g ksr h gSA   

ii) ;f n  
2

R  dh I  , d xq. ktkoy h gS]  r ks 
1

R dh )I(f
1− , d xq.k tkoy h g ks r h gS ] 

r Fkk )I(ffKer
1−

⊆ g ksr k gSA  

miifÙk % ;g k¡  g e (i) d ks f l) dj sa xs r F k k (ii) vki d s f y,  NksM + n saxs  ¼n sf [k,  E13½ A  

lo Zi zF ke ] D;k saf d 
1

R dk I  , d mi oy; gS ] b lf y,  i z es; 3 } kj k 
2

R  dk )I(f , d 

mi oy; gSA  

n wlj s] dksb Z )I(f)x(f ∈  vkSj  
2

Rr ∈ yhf t, A 

D;k saf d f  vkP Nkn d gS ] b lf y,  
1

Rs ∈∃ r kf d r)s(f =  gSA  

r c ] )I(f)sx(f)x(f)s(f)x(fr ∈==⋅  gS] D; ksaf d Isx ∈  gSA  

b lh i zd kj ] )I(fr)x(f ∈⋅  gSA  

b l i zdkj ]  
2

R dh )I(f  , d xq. ktkoy h gSA  

i zes; 4 dh mi i f Ùk r c  i wj h g ksx h]  tc  , d c kj  vki  u hps f n ,  E13 dks gy dj  ysa xsA  

E13)  i zes; 4 ds (ii) dk s f l) d hf t, A  

E14) eku  y hf t,  f d SR:f →  , d v kP Nkn d gSA r c ] S  ds f dlh vf j Dr  
mi le qP P ; J  ds f y, ] J))J(f(f

1
=

−

 gSA f of ” k’V  :i  e sa] ;f n  f  , d 

vkP N kn d oy; le kdkf j r k gS r F kk  S  dh J  , d xq.k tko yh g S] r k s
J))J(f(f

1
=

−  gksr k g SA  

vc  , d oy; v kP Nkn d le kdkf j r k SR:f → r Fkk R esa , d  xq. k tkoyh I  i j  
f opkj  dhf t, A E14 esa] v ki  f l) dj  pqds  gS a f d ;f n  S  dh J  , d xq.kt koyh gS ] 
r ks ))J(f(fJ

1−

= gSA lk F k g h] b l O;o L Fk k e sa] i z es ; 4 } kj k v ki  tku r s gSa f d S  dh 
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)I(f  , d xq.kt koy h g S r F kk R dh ))I(f(f
1− , d xq. ktkoy h gSA vr %  D ;k 

))I(f(fI
1−

=  gS\   

mn kgj . kk Fk Z] m)m(f::f
5

=→ZZ  i j  f opkj  dhf t,  ¼n sf [k,  mn k gj .k 5½ A ;gk¡  f

, d vkP Nkn d gSA Z2I =  yhf t, A r c ] I5∉  gSA i j ar q] ))I(f(f5
1−

∈ gS] D; ksaf d 

)I(f0)5(f ∈=  gSA vr % ] ))I(f(fI
1−

≠ gSA  

i j ar q] R esa n ksu ksa xq. ktkof y; ksa I  v kSj  ))I(f(f
1−  i j  n f̀ ’V  M kyu s i j ] , slk i zr hr  

gksr k  gS  f d b u esa i j L i j  dksb Z lac a/ k vo” ; gksu k  p kf g, A ;g D; k g ks l dr k g S\  
b ldk mÙkj  vki  f u Eu f yf [kr  i zes ; e sa i z kIr  dj sa xsA  

izes; 5% eku  y hf t,  f d SR:f →  , d oy; le kdkf j r k g S] r Fk k e ku  yhf t,  f d 
R dh I  , d xq.kt koyh  gS A r c  fKerI))I(f(f

1
+=

−

 gksr k g SA  

miifÙk % v ki  t ku r s gSa  f d ))I(f(f})0({ffKer
11 −−

⊆=  gS ] D ;ksaf d )I(f0∈  gSA  

lkF k gh ] ;f n  Ix ∈  gS] r ks )I(f)x(f ∈ gSA b lf y, ] ))I(f(fx
1−

∈  gSA  

vr % ] ))I(f(fI
1−

⊆  gSA  

b l i zdkj ]  ))I(f(ffKerI
1−

⊆+  gSA     …(1) 

vc ] ;g n ” k kZu s ds f y,  f d fKerI))I(f(f
1

+⊆
− gS] eku  y hf t,  f d ))I(f(fx

1−

∈  
gSA r c ] )I(f)x(f ∈  gSA  

 ),y(f)x(f =⇒  f dlh Iy ∈  ds f y, A 

,0)yx(f =−⇒  i zes; 1 ds } kj kA 

fKeryx ∈−⇒  gSA 

fKerIfKeryx +⊆+∈⇒  gSA 

fKerI))I(f(f
1

+⊆∴
−  gSA     …(2) 

(1) vkSj  (2) ls ] g e f u ’d’ kZ f u dkyr s gSa f d fKerI))I(f(f
1

+=
−

 gSA  

i zes; 5 ls r qj ar  i z kIr  g ksu s o kyh mi i z es; f u Eu f yf [kr  gS %  

miizes; 1% ;f n  SR:f → , d oy; le kdkf j r k g S r F kk R dh fKer dks  var f o Z’V  

dj u s o kyh I  , d xq.k tkoy h g S] r ks I))I(f(f
1

=
−

 gksr k gSA  

miifÙk % D; ksaf d IfKer ⊆  gS ] b lf y,  IfKerI =+ gSA  

I))I(f(f
1

=∴
−

 gSA  

i zes; 5 ds l an HkZ esa]  f u Eu f yf [kr  egÙoi w. kZ f V Ii .k h i j  f opkj  dhf t, A  

fVIi.kh 6% /;ku  n hf t,  f d i z es; 5 lR; gS ] pk gs v kP Nkn d g ks ;k u g ha gks A b l 
i zes; r Fk k mi i zes ; 1 esa]  g e i ze s; 3 } kj k )I(f  dks dsoy , d mi oy; eku r s gSaA ;f n  
ge )I(f dks , d xq. ktkoy h j [ ku k pk gr s g Sa] r ks g esa ;g i zf r c a/ k tksM +u k i M +s xk  f d f  

, d vkP Nkn d gSA  

vc ] E12 esa vki  n s[k pqd s g Sa f d ;f n  SR:f → , d le kd kf j r k gS]  r ks R ds 
mi oy; ksa v kSj  S ds mi oy ;ksa  ds c h p esa , d laxf r  g ksr h  gSA i j ar q 1 ls 1 ;g laxf r  
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[kaM 3                                                     oy;ksa ls ifjp; 
                  u gha gSA vkb ,  ;g n s[ ku s ds f y,  f d R vk Sj  S dh xq. ktkof y;ksa ds lan H kZ e sa D ;k 

f L Fkf r  gS] i zes ;ksa   4 vkSj  5dk mi ;k sx dj sa A f u Eu f yf [kr  i zes;  i j  f opkj  dhf t, A  

izes; 6% eku  y hf t,  f d SR:f → , d vkPNknd oy;  le kd kf j r k gSA r c ]  
)I(fIa , fKer dks var f o Z’V  dj u s o ky h R dh xq .kt kof y;k sa ds leqP P ; r Fkk S dh 

xq.k tkof y; ksa ds  le qP P ; ds c hp , d , d-ls-, d laxf r  i f j Hkkf ’kr  dj r k g SA  

miifÙk % e ku  yhf t,  f d fKer dks var f o Z’V  dj u s o kyh  R dh xq.k tkof y; ksa d k 

leqP P ; �  gS r F kk  S dh xq. ktkof y ;ksa dk leqP P ; �  gSA  

)I(f)I(:: =φ→φ ��  i f j Hkkf ’kr  dhf t, A  

ge ;g n ” k kZu k pk gr s g Sa f d φ  , d , dSdh vkP N kn d g SA  

φφφφ  vkPNknd gS % ;f n  �∈J gS] r ks  �∈
−

)J(f
1

 vkSj  )J(ffKer
1−

⊆  gS] i z es; 4 

} kj kA  

vc ] J))J(f(f))J(f(
11

==φ
−−

, E14 ds mi ; ksx  lsA  

vr % ] φ  vkP Nkn d gSA  

φφφφ ,d-,d gS% ;f n  �  esa 
1

I  vkSj  
2

I gSa ] r ks  

)I(f)I(f)I()I(
2121

=⇒φ=φ  

 ))I(f(f))I(f(f 2

1

1

1 −−

=⇒  

21
II =⇒  gS] mi i z es; 1 } kj kA  

b l i zdkj ]  φ  , dSdh v kP Nkn d gSA  

vkb , ] i ze s; 6 dh mi ; ksf xr k ds  , d mn kgj .k  i j  f opkj  dj saA  

mnkgj.k 10% lekd kf j r k z)z(f::f
12

=→ ZZ  dh vf ’V  K kr  dhf t, A lk Fk gh ] 

12
Z dh lH kh xq. ktkof y; ksa dks H kh  Kkr  d hf t, A  

gy % ZZ 12)}12(mod0nn{fKer =≡∈=  gSA  

vc ] vki  t ku r s g Sa f d Z  dh dksb Z H k h xq. kt koyh NZ ∈n,n  ds : i  dh g kr h gSA 
b l i zdkj ]  fKer dks var f o Z’V  dj u s o ky h Z  dh xq. kt kof y;k¡  Zn  ds :i  dh g ksr h 
gSa r kf d 12n  gS] v Fk kZr ~ tc  6,4,3,2,1n =  vkSj  12  gSaA  ;s ZZZZZ 6,4,3,2,

vkSj  Z12  gSaA  

b l i zdkj ]  i ze s; 6 } kj k 
12
Z  dh xq. ktkof y; k¡  1212121212 6,4,3,2, ZZZZZ vkSj  }0{  

gSaA  

*** 

vc  v ki dk s dqN  lac af / kr  i z” u  gy dj u s pkf g, A   

E15) )5(modn)n(f::f
5

=→ZZ r Fkk Z2I =  ds f y,  i zes ; 5 dk lR ;ki u  

dhf t, A lk F k g h] b ldk lR; ki u  mn k gj .k 3 dh r qP N  lek dkf j r k ds f y,  H kh 
dhf t, A   

E16) mn kgj . k 7 ds lan Hk Z e sa i z es; 6 D; k d gr h gS\   
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E17) i) n ” kkZb ,  f d )n,n()n(f::f =×→ ZZZ  , d vkP N kn d l ekd kf j r k 

u gha gSA  

 ii) ZZ×  esa , d x q.kt koy h Kkr  d hf t, ] t ks )I(f ds :i  d h u gh a g S ] tg k¡  

Z  dh I  , d xq.kt koyh gSA  

E18) tk¡ p d hf t,  f d D; k )0,n()n(g::g =×→ ZZZ  , d oy; le kdkf j r k gS 
;k u g haA vk xs]  D; k g vkP N kn d g S\  D ;k Z  dh i zR; sd x q.k tkoyh I  ds f y, ] 
ZZ×  dh )I(g  xq.ktkoy h gS\  D ;k ;g i zes ; 4 dk i zf r j ks/ k dj r h gS\  D ;ks a ; k 

D;k sa u g ha\   

E19) D;k  
n
Z  dh i zR;sd xq. ktkoy h] f d lh H kh N∈n  ds f y, ] , d eq [; x q.kt koy h 

gS\  b ld ks f u / kk Zf j r  dj us ds f y, ] i z es ; 6 dk mi ;ks x dhf t, A  

vkSj  vc  vkb ,  l eqP P ; ksa fKer  vk Sj  fIm  i j  f u dV r k ls n f̀ ’V  M kysa] t gk¡ f  , d 
oy; le kd kf j r k gSA b d kb Z 8 esa ] ge f l)  dj  pq ds g Sa  f d ;f n  

21
GG:f →  , d 

lewg  le kd kf j r k gS ] r ks 
1

G  dk fKer  , d i zlke kU ; mi lew g g ksr k gS r F kk  
2

G dk 
fIm  , d mi lew g gksr k g SA oy; le kdkf j r kv ksa ds f y, ] g esa b lds  , d vu q :i  

i f j .kke i z kIr  gS ] f tldk vu qH ko v ki u s vH kh  r d v/; ;u  f d,  x,  mn k gj .k ksa l s dj  
f y;k g ks xkA  

izes; 7% eku  y hf t,  f d 
21

RR:f →  , d oy; l ekd kf j r k gS A r c ]    

i) 
1

R  dh fKer  , d xq.kt koyh gS ] r F kk   

ii) 
2

R dk fIm , d mi oy; gSA  

miifÙk % i) D ;ksaf d 
2

R  dh }0{ , d xq.k tkoy h g S] b lf y,  i z es; 4(ii) } kj k v ki  

tku r s gSa f d 
1

R  dh })0({f
1− , d xq.k tkoy h g SA  

 D;k saf d fKer})0({f
1

=
−

 gS] b lf y,  
1

R dh fKer  , d xq.k tkoy h g SA  

ii)  D;k saf d 
1

R  dk 
1

R  , d mi oy ; g S] b lf y,  i z es ; 3(i) } kj k ] 
2

R dk )R(f
1

, d 

mi oy; gSA  

b l i zdkj ]  
2

R  dk fIm  , d mi oy; gSA  

;g n ” kk Zu s ds f y,  f d dq N f o” ks’k  le qP P ; x q.kt kof y; k¡  gk sr s gS a] i z es ; 7 vf r  mi ;ks xh  
j gr h gS A mn k gj .k kF kZ ] i z es; 7 v kSj  mn kgj .k  9 ls] v ki  f dlh «≠X ds f y, ] )X(℘

dh , d vr qP N mf pr  xq. ktko yh r qj ar  K kr  dj  ldr s  gSaA  

b lh i zd kj ] mn kgj . k 7 ls v ki  n s[ k ldr s gSa f d ]1,0[C  dh 
}0)2/1(f]1,0[Cf{ =∈  , d vr qP N x q.kt koy h gS A  

tSls-tSls ] ge vk xs d k;Z  dj saxs ] vki  i z es; 7 ds mi ; ksx  ds v kSj  vf / k d mn kgj .k ksa d ks 
n s[ksa xsA vHk h ds f y, ] v kb ,  f dlh le kdkf j r k d h vf ’ V  dqN v kSj  vf / kd t k¡ p dj saA 
o L r qr % ] vkb ,  , d i f j .kk e d ks f l) dj sa] t ks o kL r o esa  b dkb Z 8 dh i z es;  4 dh , d 
mi i zes ; g SA  

izes; 8% eku  y hf t,  f d 
21

RR:f →  , d le kdkf j r k gSA r c ] f  , dSdh gk sr k g S iff 

}0{fKer = gksA  
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                  miifÙk % /;ku  n hf t,  f d 

21
RR:f → , dSdh gS ),R(),R(:f

21
+→+  , d , dSdh  

lewg  le kd kf j r k gk s] vF kk Zr ~ iff }0{fKer = gks ] b d kb Z 8dh i zes ; 4 } kj kA  

vr % ] i f j .kk e f l) gks  x; k gSA  

i zes; 8 ds vu qi z; ks x ds , d mn k gj .k ds :i  esa ] vki  r qj ar  dg ldr s g Sa f d f

¼mn kgj . k 9 esa½  , dSd h u g ha g SA  

vc ] f u Eu f yf [kr  i z” u ksa dk s gy dhf t, A  

E20) mn kgj . kksa  1 ls 8 esa n h l ekd kf j r kv ksa e sa ls dkSu-dk Su  1-1  gSa\   

E21) E1 ls E7 dh lekd kf j r kv kas esa ls  dk Su-dk Su  1-1 gSa\     

E22) tk¡ p d hf t,  f d f u Eu f yf [kr  oy; lek dkf j r k, ¡  gSa ;k  u ghaA t ks gSa ] mu ds f y,  
φKer  vkSj  φIm  Kkr  dhf t, A b l ls f u / kkZf j r  dhf t,  f d D ;k φ r qY;k dkf j r k 

gS ; k u g ha gSA  

 i)  








−

=φ→φ

0x

0x
)x(:)(:

2
RMR  gSA 

 ii) 3

33
n)n(:: =φ→φ ZZ  gSA  

vkb ,  vc  l ekd kf j r kv ksa ds , d  v U; i gyw i j  n f̀ ’V  M kysaA b d kb Z 8 ls] vki  tku r s 
gSa f d ),R( + dk , d mi lew g H f n ;k j gu s i j ] v ki  HfKer =  ds lk Fk , d lew g 
lek dkf j r k ),S(),R(:f +→+  dks i f j Hkkf ’kr  dj  ldr s gSa A v ki  ; g Hk h n s[k p qds gSa 

f d , d oy; le kd kf j r k SR:f → n h g ksu s i j ] vki  f ds la xr  R dh , d 
xq.k tkoy h fKer  i zkIr  dj r s gSa A vr % ] i z” u  mB r k g S f d , d  oy; R dh , d 

xq.k tkoy h I  n h gksu s i j ] D; k v ki  , d oy ; l ekd kf j r k f i f j Hkkf ’kr  dj  ldr s gSa ] 
f tlls IfKer =  gks\  

f u Eu f yf [kr  i zes; b l i z” u  dk mÙ kj  n sr h g SA b ld k v/;;u  dj u s ls  i gys ] d` I; k 
b dkb Z 12 ls f oHkk x oy; dh i f j Hk k’ kk d s c kj s esa vi u s ef L r ’d dks r j ksr k tk dj  y saA 
lkF k gh ] ; g Hk h ; kf n  j f [k,  f d f oHkk x oy; f dl h H kh  oy; ds f y,  i f j Hkkf ’ kr  g ksr s 
gSaA  

i zes; 9%  ;f n  I  f dlh oy; R  dh , d xq. ktkoy h gS ] r ks , d oy; S  vkSj  , d 
vkP N kn d oy; le kdkf j r k SR:f → dk vf L r Ro g ksr k gS]  f tl dh vf ’V  I  gSA  

miifÙk % e ku  yhf t,  f d IRS =  gS] t ks lqi f j Hkkf ’ kr  gS ] D ;k saf d R dh I  , d 
xq.k tkoy h g S] ge Ia)a(f:IRR:f +=→  i f j Hkkf ’kr  dj r s gSA  

vkb ,  n s[ ksa f d D; k f  , d lqi f j Hkkf ’kr  l ekd kf j r k gS A  

;f n  R esa ba =  gS] r ks IbIa +=+  gSA vF k kZr ~ )b(f)a(f =  gSA  

vr % ] f  lqi f j Hkkf kr  gSa  

vk xs] Rb,a ∈  ds f y, ]  

)b(f)a(f)Ib()Ia(I)ba()ba(f +=+++=++=+  gS] r Fk k  

)b(f)a(f)Ib()Ia(Iab)ab(f =++=+=  gSA  

b l i zdkj ]  f  , d lekd kf j r k gSA  
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lkF k gh ] }I)a(fRa{fKer =∈= ¼L ej .k dhf t, ] IR  dk I  “ kwU; vo;o gSA½  

                        }IIaRa{ =+∈=  

      }IaRa{ ∈∈=  

                        I=  gSA  

 IR}RrIr{fIm =∈+=  gSA  

b l i zdkj ]  f vkP Nkn d gSA  

b l i zdkj ]  i ze s; f l) g ks t kr h g SA  

mi j ksDr  mi i f Ùk esa i f j Hkkf ’ kr  l ekd kkf j r k R ls i j  IR  vkPNknd fofgr 

(canonical) [;k i zk df̀ r d (natural)] le kd kf j r k dgykr h  gS A v ki  b dkb Z 8 esa] 
lewg ksa ds f y, ] b l ds vu q :i  lad Yi u k d k i gys  g h v /;;u  dj  pqd s g SaA l ewg ksa dh 
f L Fkf r  dh g h r j g] vki  v xys H kk x esa  b l i z es; ds m i ;ks x dk s i zp qj  e k= k e sa i k, a xsA  

vc  lac af / kr  i z” u ksa  ds , d ;qX e d ks gy dj u s dk  i z; k l dhf t, A  

E23) D;k  i zes ; 9 dk d Fku  r c  Hk h lR ; g ks xk ] tc  ge b l esa * x q.kt koyh*  dks 
* mi oy;*  ls i zf r L Fkkf i r  dj  n sr s gSa\  vF kk Zr ~] ;f n  S , d oy; R dk mi oy;  
gS] r ks D ;k  g e ln So , d oy ; l ekd kf j r k i f j Hkkf ’kr  dj  ldr s gSa ] f tld k 
i zkar  R gS v kSj  vf ’V  S gS\  D; ksa ; k D ;k sa u g ha\  

E24) eku  y hf t,  f d R , d oy; g S r F kk R dh I  , d xq. ktkoy h  gSA ;g f l ) 
dj u s ds f y,  f d IR dh dk sb Z Hk h xq.k tkoy h IJ ds :i  dh g ksr h gS]  tg k¡  R

dh I  dks var f o Z’V  dj u s o ky h J  , d xq.kt koy h g S] i z es ;ksa  4 vkSj  9 dk mi ;ks x 
dhf t, A ¼f u L lan sg] vki  b l s b dkb Z 12 esa i gys gh f l ) dj  pq ds g SaA½    

vc ] vkb ,  le kdkf j r kv ksa ds la ;ks tu  ds o;o gkj  i j  n f̀ ’V  M kysaA b dkb Z 8 dh i z es; 
2 esa vki u s v/; ;u  f d;k Fk k f d l ewg le kdkf j r kv ksa dk la ;kstu  , d lew g 
lek dkf j r k g ksr k gSA vr %  v ki  f u Eu f yf [kr  vu q:i  i f j .kke dks v k” p;Z tu d u gha  
i k, axsA  

izes; 10% eku  yhf t,  f d 
21

R,R  vkSj  3
R  oy; gSa r Fk k e ku  y hf t,  f d 

21
RR:f → r Fkk 32

RR:g → oy; l ek dkf j r k, ¡  gSaA  r c ] b u dk la; kstu  

))x(f(g)x()fg(:RR:fg
31

=→ oo  , d oy; l ekd kf j r k gS A  

b l i f j .kke dh mi i f Ùk B h d ml h i z dkj  ls gS ] tS lh dh b dkb Z 8 esa la xr  i f j .kk e 
dh mi i f Ù k F kh A g e] b ls f l) dj u k  v ki ds f y,  N ksM +  j gs g Sa ¼n s[k sa E25½ A   

vc ] f u Eu f yf [kr  i z” u ksa dk s gy dj u s dk l e; gSA , s lk dj u s ls ] v ki d ks oy; 
lek dkf j r kv ksa ds  la; kstu  ds dqN xq. kks a ls i f j f pr  gk s u s esa l gk ;r k f eys xh A  

E25) i zes; 10 dks f l)  dhf t, A  

E26) i zes; 10 dh f L Fkf r  es a] f l)  dhf t,  f d 

 i)  ;f n  fg o  , dSdh g S] r k s f  Hkh , sl k g h gSA  

 ii) ;f n  fg o  vkP Nkn d gS ] r ks g Hkh  , sl k g h g SA  

 iii) ;f n  fg o  , dSdh g S] r k s g  dk , dSdh  )1-1( gksu k vko” ;d  u gha  gSA      
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                   iv) ;f n  fg o  vkP Nn d g S] r ks f  dk vkP Nkn d gksu k v ko” ;d u gha gSA    

E27) ;g n ” kk Zu s ds f y,  f d m))m,n((h =  } kj k i f j Hkkf ’kr  
r

:h ZZZ →× , d 

lek dkf j r k g S] i z es ; 10 dk mi ; ksx d hf t, ] t g k¡  N∈r  gSA    

vc ] vkb ,  oy ; r qY ;kd kf j r kv ksa i j  vi u k /;ku  d saf n zr  dj saA 

13.4 rqY;kdkfjrk izes; 
Hkk x 8.4] b dkb Z 8 esa ] g eu s l ewg le kdkf j r kv ksa dh p pkZ ] mu ds lac )  f of HkUu  
i f j .kkek sa ds lk Fk ] d h F khA  b l Hk kx  esa ] ge ;g h c kr  o y;ksa ds f y,  dj saxs A Hk kx 13.2 

esa] v ki  ; g i gys  g h n s[k  pq ds g Sa f d , d oy;  r qY; k dkf j r k , d , dSd vkP Nkn d 
oy; le kd kf j r k gk sr h g SA l kF k gh ] tSl k f d l ewg ksa ds  f y,  Fk k] ;f n  

21
RR:f →  

, d r qY; kdkf j r k g S] r ks g e d gr s g Sa f d 
2

R  ds 
1

R rqY;kdkjh (isomorphic) gS] 
r Fkk b ls 

21
RR −~  } kj k O; Dr  dj r s gSaA  

vk xs] lew gk sa e sa tS lk Fk k] f d lh oy ; R dh L o;a i j  r qY; kdkf j r k R dh , d 
Lokdkfjrk (automorphism) dgy kr h gSA  

mn kgj . kk Fk Z] i zR ;sd oy ; R dh U; wu r e , d L o kd kf j r k] vF kk Zr ~] I  gksr h gS ] tS lk v ki  
mn kgj . kksa  3 vkSj  4 esa v/;;u  dj  pqds  gS aA  

;gk¡  i j  f u Eu f yf [kr  f V Ii .kh i j  f opkj  d hf t, ] t ks m lh i zd kj  dh gS ] f tls vki  
lewg ksa ds f y,  n s[k pqd s g SaA  

fVIi.kh  7% n ks oy; r q Y; kdkj h g ksr s g Sa ;f n  v kSj  dso y ;f n  o s c hth ; :i  l s 
lo Zle g ksr s g SaA v F kkZr ~ ] r qY ;k dkj h o y;k sa e sa ; Fk kF kZ :i  ls l eku  c ht h;  xq. k gksu s 
pkf g, A b l i zd kj ] ;f n  R , d r Rledh oy ; g S] r ks og  , d vr Rle dh ¼f tld k 
r Rled u g ha½  oy; ds r q Y; kd kj h u g ha g ks ldr kA b l h i zd kj ] ;f n  R dh dsoy 
xq.k tkof y; k¡  }0{  vk Sj  L o;a og h g S] r ks R ds f dlh H kh r q Y; k dkj h oy;  esa  Hk h ; gh 

xq.k g ksu k pkf g, A  

vkb ,  d qN mn kgj . kksa  i j  n f̀ ’V  M kysa] f tu dk s v ki  i g ys  gh gy dj  pqds gSaA E9 dh 

f L Fkf r  dks yhf t, A o gk¡  vki u s n ” k kZ; k Fk k f d 












∈








−

− RC b,a
ab

ba
~  gS] t ks 

)(
2
RM dk , d mi oy; gSA b d kb Z 12 ls v ki  tku r s gSa f d C  dh dsoy n ks 

xq.k tkof y; k¡  }0{ v kSj  L o;a og h gSaA b lf y, ] ; gh )(
2
RM ds mi o y; ds f y,  Hk h 

lÙk k g S] t ks C  ds r qY; kdkj h g SA   

vk xs] E22(i) i j  f opkj  d hf t, A v ki  n s[ k pq ds g Sa f d φ  , d lekd kf j r k g S] 

}0{Ker =φ  r Fkk ,Sx
0x

0x
Im =













∈








−

=φ R eku  y hf t,  gS A vr % ] S~−R  gSA  

b lf y,  S Øef of u es; g S] D; ksaf d R  Øef of u es; gSA  

D;k saf d Rdh dsoy n ks xq. ktkof y ;k¡  }0{  vkSj  L o;a o gh gSa ] b lf y,  S ds f y,  Hkh 

;gh  lR; gSA  

D;k saf d ∗

= RR)(U  gS] b lf y,  ; gh S  ds f y,  lR; gSA vF k kZr ~ }{\S)S(U 0=  gS] 

b R;kf n A 
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;gk¡  b l v ksj  /; ku  n hf t,  f d Åi j  pp kZ f d,  x,  S  ds xq.k ksa esa ls d ksb Z H kh 
)(

2
RM ds f y,  lR; u g ha gSA i j ar q ; s )(

2
RM ds mi oy; S  ds f y,  lR; gS aA  

vkb ,  d qN vU; mn k gj .k ksa i j  n f̀ ’V  M kyasA  

mnkgj.k 11% eku  yhf t,  f d )(
2
ZM dk 













∈







Zb,a

ab10

ba
mi oy; S gSA 

tk¡ p d hf t,  f d 







=+→

ab10

ba
)10ba(f:S]10[:f Z  , d r qY ;kd kf j r k gS ;k 

u ghaA  

gy % vki d ks b ld h t k¡ p dj u h pkf g,  f d f  lqi f j Hkkf ’ k r  gSA  

vk xs] n ” k kZb ,  f d )10dc(f)10ba(f)]10dc()10ba[(f +++=+++  gS] r F k k 

)10dc(f)10ba(f)]10dc)(10ba[(f ++=++  gSA  

 












∈=







+= Zb,a,

ab10

ba
10bafKer 0  

}0{=  gSA  

SfIm =  gS]  f tldk v ki dks lR; ki u  dj u k p kf g, A  

gl i zd kj ] f  , d r qY;k dkf j r k g SA  

*** 

mnkgj.k 12% eku  yhf t,  f d R  vkSj  S  oy; gSaA f l ) dhf t,  f d SR ×  esa , d 
mi oy; R ds r qY; kd kj h r F kk , d  mi oy ; S ds r qY;k dkj h  var f o Z’V  gSA  

gy % )0,r()r(f:SRR:f =×→ r Fkk )s,0()s(g:SRS:g =×→ i f j Hkkf ’kr  

dhf t, A  

vc ] vki d ks b l dk lR; ki u  dj u k p kf g,  f d f  vkSj  g n ksu ksa lqi f j Hk kf ’kr  g SaA  

vk xs] ,Rr,r
21
∈∀   

)r(f)r(f)0,r()0,r()0,rr()rr(f
21212121

+=+=+=+  gS] r Fk k  

)r(f)r(f)0,r)(0,r()0,rr()rr(f
21212121

===  gSA  

b l i zdkj ]  f  , d oy; lek dkf j r k g SA  

b lh i zd kj ] vki d ks l R;ki u  dj u k pkf g,  f d g  , d oy; le kd kf j r k gSA  

vk xs] }0{)}0,0()0,r(Rr{fKer ==∈= gS ] f tlls  f  , dSdh gSA   

lkF k gh ] }0{R}Rr)0,r({fIm ×=∈=  dk , d mi oy ; SR ×  gS]  r kf d

}0{RfIm~R ×=−  gSA  

b lh i zd kj ] vki d ks n ” k kZu k pkf g,  f d S}0{gIm~S ×=− gS ] t ks SR ×  , d mi oy; 

gSA  

b l i zdkj ]  SR ×  esa , d mi oy;  R ds r qY;kd kj h r Fk k , d m i oy; S ds r qY;kd kj h 
var f o Z’V  gSA  

*** 
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                  mnkgj.k 13% n ” kkZb ,  f d RC −−−−~  gSA  

gy % ge ] b ls b d kb Z 8 dh r j g ] var f o Zj ks/ k } kj k  f l)  dj saxsA  

vr % ] e ku  yhf t,  f d RC −~  gSA r c ] C  vk Sj  R esa le ku  c ht h; xq.k g ksu s p kf g, A  

b l i zdkj ]  )(U C  vkSj  )(U R  esa le ku  xq. k g ku s pkf g, A v Fk kZr ~ ∗

C  vkS j  ∗

R  esa 

leku  xq. k g ksu s p kf g, A  

vc ] ∗

C esa , d vo;o d ksf V  4  dk gSA  v Fk kZr ~ 1)i(
4

=  gSA i j ar q ∗

R esa dksf V  4  dk 

dksb Z vo;o u g ha gSA vr % ] ge , d var f o Zj ks/ k  i j  i gq¡ p  tkr s g SaA  

b l i zdkj ]  RC −/
~

 gSA 

*** 

mnkgj.k 14% n ” kkZb ,  f d ;f n  S~R − gS r F kk R , d r Rled h oy; gS ] r ks  
)S(U)R(U =

 
gS] t gk¡  R ds , ddk sa ds lew g d ks )R(U  O;Dr  dj r k g S r F kk ||A

, d leqP P ; A dh x. ku  la[; k ¼ vF kk Zr ~ x. ku h;r k½  (cardinality) dks O;Dr  dj r k gSA   

gy % eku  y hf t,  f d SR:f → , d r qY; kdkf j r k gSA  

lo Zi zF ke ] D;k saf d R , d r Rledh oy ; g S r F kk S~R −  gS] b lf y,  S  Hkh , d  

r Rledh oy ; g SA  

vki  i z es ; 2 ls ;g Hk h tku r s gSa f d ;f n  )R(Uu ∈ gS] r ks )S(U)u(f ∈ gSA  

vr % ] )S(U))R(U(f ⊆ gSA  

ge ;g n ” k kZ, ax s f d ))R(U(f)S(U ⊆ gSA  

vr % ] e ku  yhf t,  f d )S(Us ∈ gSA r c ] f dl h Rt ∈ ds f y,  )t(fs =  gS] D; ksaf d f

vkP N kn d g SA  

b lh i zd kj ] Rr ∈∃  s.t. )r(fs
1

=
−

 gSA 

vc ] )1(f1ss)t(f)r(f)rt(f
1

====
−  gS ] i z es; 2 lsA  

b l i zdkj ]  1rt =  gS] D; ksaf d f  , dSdh g SA  

vr % ] )R(Ur ∈  gS r Fk k ))R(U(f)S(U ⊆ gSA  

b l i zdkj ] ))R(U(f)S(U =  gSA  

lkF k gh ] D ;ksaf d R i j  f  , dSdh gS]  b lf y,  ; g 1-1  gS] tc  b ls )R(U r d lhf er  

j [kk t kr k gSA  

b l i zdkj ]  )R(U r d lhf er  ,f  )R(U ls )S(U r d , d , dSdh vkP N kn d gSA  

vr % ] )S(U)R(U =
 

gSA 

*** 

vc  f u Eu f yf [kr  i z” u ksa dks gy dj u s dk  i z; kl d hf t, A ;s v ki d ks r qY ;kd kf j r k ls 
vkSj  vf / kd i f j f pr  gk su s esa  lg k;r k dj saxs A  

E28) f u Eu f yf [kr  esa ls  dk Su-ls Qyu  oy; r q Y; kdkf j r k, ¡  gSa\  vi u s mÙ kj ksa ds f y, ] 
dkj .k n hf t, A  

bdk bZ 8 l s]  L ej .k  
dh f t, f d  ////−−−−~  *ds 
r qY ;k dk jh  u g ha g S* dk s 
O;D r  djr k  g SA   
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 i)  n)n(f::f =→RZ  gS] 

 ii) n5)n(f:
10

:f =→
Z

ZZ
 

gS] 

 iii) z)z(f::f =→CC  gS]  tks  z  dk lf EeJ la;qX eh gSA   

 iv) )zArg,z()z(f::f =×→ RRC  gSA 

E29) eku  y hf t,  f d 
21

RR: →φ , d oy; r qY ;kd kf j r k g SA r c ] vki  tku r s gSa f d 

21

1
RR: →φ

−

 , d lqi f j Hkkf ’kr  Qyu  gS ] D;k saf d φ , dSdh v kP N kn d g S A 

n ” kkZb ,  f d 1−

φ  Hkh , d r qY ;kd kf j r k gSA    

E30) n ” kkZb ,  f d r qY; kd kf j r kvks a dk la; kstu  , d r q Y; kdkf j r k gk sr k g SA  

E31) f u Eu f yf [kr  esa ls  dk Su-ls d F ku  lR; gSa\  vi u s mÙ kj ks a  ds f y, ] dkj . k n hf t, A 

 i)  ZQ −~  gSA 

 ii) RQ −/
~  gSA 

 iii) )(~
mn
ZMZ −  gS] f dU gh a N∈m,n  ds f y, A 

 iv) ZZZZ ××−~
3  gSA 

 v) ;f n  R vkSj  S  oy; gSa r kf d le wg ksa ds :i  esa  ),S(~),R( +−+ gS] r ks  

R vkSj  S r qY; kdkj h oy; gSaA    

E32) f l) dhf t,  f d
22

~)X( ZZ ×−℘  gS] t g k¡ }2,1{X =  gSA  

¼ladsr % )X(℘  ds 4 vo;o ksa esa ls  i zR;s d ds f y, ] 22
)X(:f ZZ ×→℘ , b l 

i zdkj  i f j Hkkf ’ kr  dhf t,  f d f  , d r qY;kd kf j r k gSA½  

vkSj  vc ] v kb ,  dqN {k. k ds f y,  b d kb Z 8 ds Hk kx 8.4 i j  o ki l vk  tk, ¡ A o gk¡  g eu s 
lewg ksa ds f y,  le kd kf j r k dh ewyHk wr  i zes ; dk s f l) f d;k Fk kA b l i zes ; ds vu ql kj ] 
f dlh l ewg G dk l ek dkf j r k i zf r f c ac  G ds f oHkk x l ewg d s  r qY;k dkj h  g ksr k gSA ge 
vc  , sl k g h i f j .kk e oy; ksa d s f y,  f l) dj sa xsA ; g i f j .kke oy ;ksa ds f y,  izFke 
rqY;kdkfjrk izes; (first isomorphism theorem) ;k oy;ksa ds fy, 
lekdkfjrk dh ewyHkwr izes; d gy kr k g SA ¼la {ksi  esa ]  FTH ½ A  

izes; 11 ledkfjrk dh ewyHkwr izes;½ % e ku  yhf t ,  f d SR:f →  , d oy; 

lek dkf j r k g SA r c ]
 

fIm~
fKer

R −  gksr k gSA  

f of ” k’V  :i  ls] ;f n  f vkP Nkn d gS ] r ks S~
fKer

R − gk sr k g SA  

mIifÙk % lo Zi z Fk e] / ;ku  n hf t,  f d fKerR , d lqi f j Hkkf ’kr  f oHkk x oy; gS ] 
D;k saf d R dh fKer  , d xq. ktkoy h gSA l qf o/ kk dh n f̀ ’V  ls ] ek u  yhf t,  f d 

IfKer =  gSA  

vkb , ] )x(f)Ix( =+ψ  } kj k SIR: →ψ  i f j Hkkf ’kr  dhf t, A  

tSlk f d b d kb Z 8 esa FTH dh f L F kf r  esa Fk k] ge sa ; g t k¡ p dj u s dh  v ko” ;dr k gS f d 
ψ  lqi f j Hkkf ’kr  gSA  

vc ] )y(f)x(f0)yx(ffKerIyxIyIx =⇒=−⇒=∈−⇒+=+  gSA  

21
R~R − iff .

12
R~R −  
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                  )Iy()Ix( +ψ=+ψ⇒  gSA  

b l i zdkj ]  ψ  lqi f j Hkkf ’kr  g SA   

vc ] vkb ,  n s [ksa f d ψ  , d r qY; kdkf j r k g S ; k u g haA  

ψψψψ  ,d lekdkfjrk gS % eku  y hf t,  f d Ry,x ∈ gSA r c ]  

)y(f)x(f)yx(f)Iyx())Iy()Ix(( +=+=++ψ=+++ψ   

 )Iy()Ix( +ψ++ψ=  gS] r Fk k  

)y(f)x(f)xy(f)Ixy())Iy()Ix(( ==+ψ=++ψ  

        )Iy()Ix( +ψ+ψ= gSA  

b l i zdkj ]  ψ  , d oy; le kd kf j r k gSA  

fImIm =ψψψψ
 
gS % D ;k saf d RxfIm)x(f)Ix( ∈∀∈=+ψ  gS ] b lf y,  

fImIm ⊆ψ  gSA l kF k g h]  fIm dk dksb Z  Hk h vo ;o] f dl h Rx ∈  ds f y, ] 
)Ix()x(f +ψ=  ds :i  dk gSA  

b l i zdkj ] ψ⊆ ImfIm  gSA  

vr % ] fImIm =ψ  gSA 

ψψψψ  ,dSdh 11 -  gS % eku  yhf t,  f d Ry,x ∈  gS r kf d )Iy()Ix( +ψ=+ψ  gSA  

r c ] )y(f)x(f =  gS ] f tlls 0)yx(f =−  gSA vF k kZr ~] IfKeryx =∈− gSA   

vF kk Zr ~] IyIx +=+  gSA  

b l i zdkj ]  ψ  , dSdh gS A  

vr % ] g eu s n ” kkZ  f n ;k g S f d fIm~
fKer

R −  gSA  

b l i zdkj ]  ;f n  f  vkP N kn d g S] r ks SfIm = vkSj  S~
fKer

R − gSA  

/;ku  n hf t,  f d ;g  i f j .kke  c r kr k gS f d f  la;kstu  ηψ o  gS] tg k¡  η  , d f of gr  
lek dkf j r k fKera)a(:)fKerR(R: +=η→η  gSA b ls v kj s[k h; :i  esa v kdf̀ r  

1 esa n ” kkZ; k x ;k gSA      

 

 

 

 

vkd`fr 1% f fn;k gksus ij] ∃∃∃∃
 
,d rqY;kdkfjrk ψψψψ  s.t. fηψ =o gSA  

vkb ,  vc  b l ewyHk wr  i zes ; ds vu qi z ;ks x ds d qN mn k gj .kk sa i j  n f̀ ’V  M kysaA  

mnkgj.k 15% n ” kkZb ,  f d oy; ZZ m  vkSj  
m
Z r qY;kd kj h gSa ] t gk¡  N∈m  gSA  

gy % n)n(p::p
m

=→ ZZ i j  f opkj  dhf t, A  

vki d ks b ld h t k¡ p dj u h pkf g,  f d p  , d v kP Nkn d lek dkf j r k g S] r F k k 

m
nn{pKer Z== esa Zm}0 =  gSA  

R ⊂⊂⊂⊂ SfIm →  
f 

fKerR

η  ψ  
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vr % ] i ze s; 11 } kj k 
m

~
m

Z
Z

Z −

 
gSA  

¼/;ku  n hf t,  f d v ki u s vu sd c kj  b l r F ; dk  mi ; ks x f d;k gS f d ZZ m  vkSj  

m
Z r qY;k dkj h lew g gSA½  

*** 

mnkgj.k 16% f l) dhf t,  f d ;f n  
1

R  vkSj  
2

R  oy; gS ] r ks 
1

2

21 R~
R

)RR(
−

×

 
gS 

r Fkk 
2

1

21 R~
R

)RR(
−

×

 
gSA  

gy % a)b,a(p:RRR:p
121

=→×  i f j Hkkf ’kr  d hf t, A r c ] E6 ls vki  tku r s g Sa 
f d i z{ksi  Qyu  p  , d v kP Nkn d le kdkf j r k g S r F kk b ldh vf ’V

22
R}0{}Rb)b,0{(pKer ×=∈=  gSA  

b l i zdkj ]  i ze s; 11 } kj k 
1

2

21 R~
R}0{

)RR(
−

×

×

 
gSA  

vc ] b)b,0(f:RR}0{:f
22

=→×  i f j Hkkf ’kr  dhf t, A r c ] v ki dks b ldh tk¡ p  

dj u h pkf g,  f d f  , d oy; r qY ;kd kf j r k gS A  

b l i zdkj ]  
2

R~pKer − gSA  

vr % ] 
2

R dks 
21

RR × dh , d xq .kt koyh le >k t k ldr k g S r F kk  ;g pKer  dk 

L Fkku  ys  ldr h gSA  

b lf y, ] 
1

2

21 R~
R

)RR(
−

×  gSA  

b lh i zd kj ] vki d ks f l ) dj u k p kf g,  f d 
2

1

21 R~
R

)RR(
−

×  gSA  

*** 

mnkgj.k 17% oy; 












∈







= Rb,a

a0

ba
R i j  f opkj  dhf t, A  

eku  y hf t,  f d 












∈







= Rc

00

c0
I  gSA  

i) f l) dhf t,  f d R dh I  , d xq. ktkoy h g SA   

ii) n ” kkZb ,  f d R−~)IR(  gSA  

gy % i) D; ksaf d I∈0  gS ] b lf y,  «≠I gSA  

 vk xs] I  es a 







=

00

a0
A

 

vkSj 







=

00

b0
B  ds f y, ] I

00

ba0
BA ∈







 −

=−

 

gSA  

 lkF k gh ] I esa 







=

00

a0
A r Fkk R esa 








=

c0

dc
C ds f y,  I

00

ac0
AC ∈








=

 

vkSj  I
00

ac0
CA ∈








=  g SA  
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                   b l i zdkj ]  R  dh I  , d xq.k tkoy h g SA  

ii) a
a0

ba
:R: =


















π→π R

 

i f j Hkkf ’kr  dhf t, A r c ] π  lqi f j Hkkf ’kr  gS ¼b l dk 

lR;ki u  d hf t, !½ A  

lkF k gh ] f l) d hf t,  f d π  , d oy; lek dkf j r k g S r Fk k π  vkP Nkn d gSA  

vc ] Ib
00

b0
0a,b,a

a0

ba
Ker =













∈







=













=∈







=π RR  gSA  

vr % ] FTH } kj k R−~)IR(  gSA   

*** 

vc ] d qN i z” u ksa  dks gy dj u s d k i z; kl dhf t, A  

E33) mn kgj . kksa  1 ls 9 esa ls i zR ;sd esa l ek dkf j r kv ksa d h f L Fk f r  esa le kdkf j r k d h 
ewyHkwr  i z es ; D ;k d gr h gS\   

E34) f l) dhf t,  f d R
R

−
><

~
x

]x[  gSA  

E35) eku  y hf t,  f d 












∈







= Zb,a

ab

ba
R  gSA n ” k kZb ,  f d R , b dkb Z (unity) ds 

lkF k]  )(
2
ZM  dk Øef of u es; mi oy ; g SA  

 vk xs] ba
ab

ba
:R: −=


















φ→φ Z i f j Hkkf ’kr  d hf t, A n ” kkZb ,  f d φ  , d 

oy; le kd kf j r k gSA b l f L Fkf r  esa ] i z es; 11 D;k  dg r h gS\     

E36) eku  y hf t,  f d R , d r Rled h oy; gSA )R(Ur ∈ ds f y, ] 

srr)s(f:RR:f
1

rr

−

=→ i f j Hkkf ’kr  dhf t, A t k¡ p d hf t,  f d D ;k 
r

f  , d 
lek dkf j r k g S ; k u gh aA ;f n  gS ] r ks  b l f L Fkf r  es a] FTH D; k dgr h g S\  ;f n  

r
f

lek dkf j r k u gh a g S] r k s R dh , d v kP N kn d le kd kf j r k Kkr  dhf t, A  

E37) eku  y hf t,  f d S  , d oy; R dk , d mi oy ; g S] r Fk k R dh I , d 
xq.k tkoy h g SA b d kb Z 12 esa] vki  f l ) dj  pq ds g Sa f d S dh IS∩  , d 
xq.k tkoy h g SA ; g f l) dj u s ds f y,  f d IR  dk )IS(S ∩  , d mi oy; gS ] 
FTH dk mi ;ks x d hf t, A D; k ; g IR  dh xq. kt koyh H kh  gS\  D ;ks a\   

vc  E36] tks g esa c r kr k g S] o g ; g g S f d ;f n  R , d rRled h oy; gS ] r ks i z R;sd 
)R(Ur ∈  ds f y, ] RAutf

r
∈ gSA  D; k ; s lH kh f Hk Uu-f Hk Uu  gSa\  mn k gj .kk Fk Z] D;k  dh 

1
f

−  vkSj  
1

f  f HkUu-f HkUu  L o hd kf j r k, ¡  Z  gSa\  b ld k mÙkj  , d c gqr  g h v k” p ;Ztu d 

i f j .kke esa f u f gr  gS ] f tldh vc  ge pp kZ dj saxsA ge  i zes; 11 ls ; g f l) dj u s ds 
f y,  f d , d oy; R ls Z r d vkP N kn d dk sb Z H kh oy ; l ekd kf j r k mld h vf ’V  
} kj k vf } r h; :i  ls f u / kk Zf j r  gksr h gSA v Fk kZr ~] g esa R ls Z r d vkP N kn d , d gh 
vf ’V  o kyh  n ks f Hk Uu-f HkUu  oy ; l ekd kf j r k, ¡  i zkIr  u g ha g ks l dr h g SaA ¼/; ku  n hf t,  
f d ;g lewg lekdkfjrkvksa ds fy, lR; ugha gSA o L r qr % ] vki  t ku r s g Sa f d ,I  

tks  Z i j  r Rled Qyu  ¼i zf r f p=½  gS]  r Fk k I−  f HkUu-f HkUu  lew g l ekd kf j r k, ¡ ] , d 
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gh vf ’V  }0{  o kyh] Z ls L o;a Z i j  gh v kP N kn d gS aA½  b l d F ku  dks f l ) dj u s ds 

f y, ] ge sa f u Eu f yf [kr  i f j .kke dh  v ko” ;dr k gSA  

izes; 12% Z ls L o;a m lh i j  dsoy  vr qP N oy ; l ekd kf j r k r Rled Q yu  gSA  

miifÙk % e ku  yhf t,  f d ZZ→:f  , d vr qP N oy ; l ekd kf j r k gSA eku  y hf t,  
f d n , d / ku kRed  i w.k kZad gSA  r c ] 111n +++= L ¼n c kj ½  gSA  

vr % ] )1(f)1(f)1(f)n(f +++= L ¼n c kj ½  )1(fn=  gSA  

n wlj h v ksj ] ;f n  n  , d _.k kRed i w. k kZad gS ] r ks )n(−  , d / ku kRed i w. k kZad gSA vr % ] 
)1(f)n()n(f −=−  gSA  

vF kk Zr ~] )1(nf)n(f −=− i zes;  1 } kj kA  

b l i zdkj ]  b l f L Fkf r  es a Hk h )1(fn)n(f =  gSA  

lkF k gh ] )1(f00)0(f == gS] i qu %  i z es;  1 } kj kA  

b l i zdkj ]  Z∈∀= n)1(nf)n(f  gSA      …(3) 

vki  ;g H kh tku r s g Sa f d 1)1(f =  gS] D ;k saf d f , d vr qP N oy;  lek dkf j r k g SA  

vr % ] (3) ls vki  n s[ k l dr s gSa  f d 

Z∈∀= nn)n(f  gSA vF kk Zr ~] If =  gSA  

b l i zes ; dh  , d e gÙoi w. kZ mi i ze s; gSA  

miizes; 2% eku  y hf t,  f d Zds R , d oy; r qY ;kd kj h gSA ;f n  R ls Z i j  
vkP N kn d f vkSj  g n ks r qY; kd kf j r k, ¡  gSa]  r ks gf = gksr k g SA  

miifÙk % Z  ls L o;a mlh  i j  vkP Nkf n r  la; kstu  1
gf

−

o  , d r qY;k dkf j r k g SA  

vr % ] i ze s; 12 } kj k] g S 0=
−1

gf o  ;k Igf
1

=
−

o  gSA 

;f n  0=
−1

gf o  gS] r ks 0=⇒=⇒=
−−

)1(f0))1(g(f0)1)(gf(
11

o  gS] t ks , d 

var f o Zj ks/ k gS ] D ;ksaf d f  vr qP N g SA  

b l i zdkj ]  Igf
1

=
−

o  gSA  

vr % ] gf =  gSA  

vc ] ge ml o kL r o esa vk” p ;Ztu d i f j .k ke d ks f l )  dj u s dh f L Fkf r esa gS ] f tlds 
c kj s esa geu s i gys c r k;k  F kkA  

izes; 13% eku  yhf t,  f d R , d oy; gS  r Fk k R ls Z i j  vkP Nkn d f  vkSj  g

lek dkf j r k, ¡  gSa r kf d gKerfKer =  gSA r c ] gf =  gksr k g SA  

miifÙk % i z es; 11 } kj k] geas  r qY; kd kf j r k, ¡  Z→ψ
fKer

R:
f

 r Fkk  

Z→ψ
gKer

R:
g

 
i zkIr  g ksr h gSa A  

D;k saf d gKerfKer =  gS] b lf y,  
f

ψ vk Sj  gψ  , d g h oy;  ls Z  i j  vkP Nk n d 

r qY;k dkf j r k, ¡  gSaA  b l i zd kj ] mi i ze s; 2 } kj k gf ψ=ψ
 

gSA  
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                  lkF k gh ] f of gr  i zf r f p= 

fKer
RR:

f
→η

 
vkSj  

gKer
RR:

g
→η leku  g Sa] D; ksaf d 

gKerfKer = gSA  

,f
ff

ηψ=∴ o  i zes; 11 ds mi ; ksx  lsA   

gg ηψ= o  

      g=  gSA  

vc  g e v ki d ks i z es; 11 ds dqN eg Ùoi w.k Z vu qi z;k sx ksa dks f l) dj u s ds vo lj  i zn ku  
dj saxsA ; s b dkb Z 8 dh i ze s; 12 vkSj  i z es;  14 ds vu q:i  gSaA   

E38) ¼f}rh; rqY;dkfjrk izes;½ % eku  y hf t,  f d , d o y; R dk S  , d 

mi oy; gS r F kk  I  , d xq.kt koyh gSA n ” k kZb ,  f d 
)IS(

S~
I

)IS(
∩

−
+

 
gSA   

E39) ¼r`rh; rqY;dkfjrk izes;½ % e ku  yhf t,  , d o y; R dh I vkSj  J

xq.k tkof y; k¡  gSa  r kf d IJ ⊆  gSA n ” kkZb ,  f d 
I

R~
)JI(

)JR(
−  gSA    

E40) f l) dhf t,  f d  

 i)  5
15

15 ~
5

Z
Z

Z
−  gSA 

 ii) 
n

m

m ~
n

Z
Z

Z
−  gS] t gk¡  N∈n,m  gS vkSj  mn gSA 

E41) Q  dh f dr u h vr qP N oy ; L o kd kf j r k, ¡  gSa] v kSj  D ;ksa\   

ge ;g k¡  oy; l ek dkf j r kv ksa vk Sj  r qY; kdkf j r k vksa  dh vi u h p p kZ d ks f o j ke n sa xs r F kk  
laf {kIr  : I ls  L ej .k dj sa xs f d b l b d kb Z esa geu s D; k  f d;k g SA f u L lan sg] geu s b u  
Qyu ksa d s v/ ;;u  dk s l ek Ir  dj  f y;k gSA ge vx ys  [kaM  d h b dkb ;ks a esa  b u dk 
c kj-c kj  mi ;k sx dj sa xsA  

13.5  lkjka'k  
b l b dkb Z esa ] v ki u s f u Eu f yf [kr  f c an qvksa i j  v/ ;;u  f d;k gS %   

1.  , d oy; l ekd kf j r k dh i f j Hk k’ kk ] r Fk k mu ds mn kgj . kksa lf gr  m ldh vf ’V  
vkSj  i zf r f cac A  

2.  f dlh l ekd kf j r k ds v ar xZr  , d mi oy; d k vu q yks e  ;k i zf r yk se i zf r f c ac  
, d mi oy; gk sr k g SA  

3.  ;f n  SR:f → , d oy; le kd kf j r k gS ] r ks  

 i)  R dh fKer , d xq.kt koy h g ksr h gSA  

 ii) S dk fIm , d mi oy; gSA  

 iii) S dh i zR; sd x q.kt koy h I  ds f y, R dh )I(f
1−

 , d xq.k tkoy h g SA  

iv) ;f n  f  vkP Nkn d gS ] r ks S dh )I(f , d xq. ktkoy h gSA  
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4. eku  y hf t,  f d SR:f → , d v kP Nkn d oy ; l ekd kf j r k gSA  r c ] fKer dks 

var f o Z’V  dj u s o kyh R dh xq. ktkof y; ksa d s l eqP P ; r F k k S dh x q.kt kof y;k sa ds 
leqP P ; ds c h p , )I(fIa d , dSdh l axf r  i f j Hkkf ’kr  dj r k gS A  

5.  , d le kdkf j r k , dS dh gksr h g S iff mldh vf ’V }0{  gSA  

6. ;f n  I  f dlh oy; R  dh xq. ktkoy h gS]  r ks , d oy ; S  r Fkk , d v kP Nkn d 
oy; le kd kf j r k SR:f →  dk vf L r Ro gS] f tld h vf ’V  I  gSA  

7.  lek dkf j r kv ksa d k la ;ks tu  , d le kd kf j r k gk sr k g SA  

8.  , d oy; r qY ;kd kf j r k dh i f j Hk k’ kk vk Sj  mn k gj .kA  

9.  oy;ksa ds f y,  le kd kf j r k dh ewyHk wr  i zes ; dh  mi i f Ùk  vk Sj  vu qi z ;ks x] tks ;g 

dgr h gS f d ;f n  SR:f →  , d oy; le kdkf j r k g S] r ks fIm~
fKer

R −  gSA  

10. f}rh; rqY;kdkfjrk izes; % eku  y hf t,  f d f dlh o y; R dk S  , d 

mi oy; gS r F kk  I , d xq.kt koyh  gS A r c ]
 )IS(

S~
I

)IS(
∩

−
+  gksr k gSA  

11. r`rh; rqY;kdkfjrk izes; % eku  I  vkSj  J  f dlh oy; R dh x q.kt kof y;k¡  gSa 

r kf d IJ ⊆  gSA r c  
I

R~
)JI(

)JR(
− gksr k gSA  

12. Z  ls Z  r d dsoy vr qP N oy ; l ekd kf j r k r Rled L o k dkf j r k gSA  

13. eku  y hf t,  f d R  , d oy; g S r F kk R ls Z i j  vkP Nkn d f v kSj  g

lek dkf j r k, ¡  gSa r kf d gKerfKer =  gSA r c ] gf =  gksr k g SA   

13.6 gy vkSj mÙkj 
E1) Sy,x ∈ ds f y, ]  

 )y(i)x(iyx)yx(i +=+=+  gS] r Fk k 

 )y(i)x(ixy)xy(i ==  gSA 

 i∴  , d lekd kf j r k g SA 

 }0{}0)x(iSx{iKer | ==∈= gSA 

 S}Sx)x(i{iIm | =∈= gSA 

E2) i) lo Zi zF ke ] ;f n  ]x[Z  esa )x(g)x(f =  gS ] r ks Z esa )1(g)1(f = gSA vr % ] φ

lqi f j Hkkf ’kr  gSA  

  vk xs] eku  y hf t,  f d ]x[Z  esa ∑
=

=

m

0i

i

i ,xa)x(f r Fkk ∑
=

=

n

0i

i

ixb)x(g

 

gSA 

r c ] ))x(g)x(f( +φ  

  ,x)ba(
m

0i

i

ii 







+φ= ∑

=

 ;g i f j dYi u k dj r s g q,  f d nm ≥  gS  r Fk k 

m2n1n
bb0b ====

++
L  gSA        

    ∑
=

+=

m

0i

ii ),ba(  1x =  j [ku s i j A 
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  ,ba

n

0i

i

m

0i

i 







+







= ∑∑

==

 D;ksaf d 0b j =  gS] nj ≥  ds f y, A  

  ))x(g())x(f( φ+φ=  gSA  

  ;f n  nm ≤  gS] r ks  v ki  b l h i zd kj  f l) dj  ldr s gSa f d 
))x(g())x(f())x(g)x(f( φ+φ=+φ gSA  

  lkF k gh ] 






















φ=⋅φ ∑ ∑

+

= =+

+

nm

0k kji

ji

ji xba))x(g)x(f(    

      ,ba
nm

0k kji

ji∑ ∑
+

= =+











=

  

1x =

 

j [ku s i j A   

                 )1(g)1(f ⋅=   

                                                 ))x(g())x(f( φ⋅φ=  gSA  

  b l i zdkj ]  φ  , d lekd kf j r k gSA  

  }0)1(f]x[)x(f{Ker =∈=φ Z
 

gSA  

  dSydqyl  ls ] v ki  t ku r s gSa f d ;f n  ]x[)x(f Z∈  gS] r k s 0)a(f =  gS iff  

c gqi n  )x(f  dk a  , d ewy g S] tg k¡  Z∈a  gSA  

  b l i zdkj ]  f]x[)x(f{Ker Z∈=φ dk , d ewy 1 gS} g SA  

  Z=φIm  gS]  D; ksaf d f dl h Z∈m ds f y, ] ]x[m1x)x(f Z∈+−=  

gS s.t. m)1(f =  gSA    

 ii) tSlk (i) e sa F kk ] vki d ks f l)  dj u k p kf g,  f d 
z

φ  , d le kdkf j r k g SA  

  vk xs] }0)z(f]x[)x(f{Ker
z

=∈=φ C
 

gSA  

  b l i zdkj ]  
z

Ker φ mu  lHkh lf EEJ c gqi n ksa dk leqP P ; g S] f t u dk , d 

ewy z  gSA  

  CCC =∈∈=φ ]}x[)x(f)z(f{Im
z

 gS]  D; ksaf d f dl h  

  ]x[zwx,w CC ∈−+∈   s.t. w)zwx(
z

=−+φ  gSA  

E3) eku  y hf t,  f d H∈+=α i1  r Fkk H∈++=β ji21  gSA  r c ] 
kji31)ji21)(i1( +++−=+++=αβ  gSA ¼ k,j,i } kj k lar q ’V  f d,  tku s 

lac a/ kk sa d k L ej .k d hf t, !½   

 vr % ] 1)( −=αβφ  gSA 

 i j ar q] 111)()( =⋅=βφαφ  gSA  

 b l i zdkj ]  R esa )()()( βφαφ≠αβφ gSA 

 vr % ] φ  , d lekd kf j r k u gha gSA  
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E4) )(
10

12
B,

43

21
A

2
CM∈








=








=  yhf t, A r c ] 

6915
53

33
det

53

33
)BA( =−=


















=


















ψ=+ψ

 

gSA 

 lkF k gh ] 022)B()A( =+−=ψ+ψ  gSA  

 b l i zdkj ]  ψ  , d lekd kf j r k u gha gSA  

E5) lo Zi zF ke ] vki d ks b l dh t k¡ p dj u s d h v ko’ ;dr k gS f d f  lqi f j Hkkf ’kr  gSA  

 vc ] ;f n  3
Z  esa mn =  gS] r k s )mn(3 − gSA vr % ] )mn(412 − gSA   

 b lf y, ] )mn(46 −
 

gSA v Fk kZr ~] 6
Z

 
esa m4n4 =  gSA  

 vr % ] f  lqi f j Hkkf ’kr  g SA  

 vk xs] 3
Z  esa m,n  ds f y, ]  

 
)6)(modmn(4)mn(f)mn(f +=+=+                 

                       )6(modm4)6(modn4 +=  

               )m(f)n(f +=
  

gSA  

 lkF k gh ] )6(modnm4)nm(f)mn(f ==⋅  

   
)6(modnm16=

 
gS ] D ;ks af d 6

Z gSA  164 =  gSA  

   )6(modm4)6(modn4 ⋅=  

               )m(f)n(f ⋅=
 

gS A  

 b l i zdkj ]  f , d oy; le kdkf j r k gSA  

E6) lo Zi zF ke ] vki d ks b l dh t k¡ p dj u h pkf g,  f d p lqi f j Hkkf ’kr  gSA  

 vk xs] f d Ug ha BA)d,c(),b,a( ×∈ ds f y, ]   

 ))d,c((p))b,a((pca))db,ca((p))d,c()b,a((p +=+=++=+  gS] r Fk k  

 ))d,c((p))b,a((pac))bd,ac((p))d,c()b,a((p === gSA   

 vr % ] p , d oy; le kd kf j r k gSA   

 B}0{}0aBA)b,a({pKer ×==×∈=
 

gSA  

 A}BA)b,a(a{}BA)b,a()b,a(p{pIm =×∈=×∈=  gSA  

 ; f n  B , d r qP N oy; u gha gS ] r ks p  , dSdh u gha gSA  ;g  b lf y,  f d  

 
2121

bb,Bb,b ≠∈∃  f tlls )b,0()b,0(
21

≠ gSA  

 i j ar q] ))b,0((p0))b,0((p
21

== gSA  

 vr %  }0{B ≠ gS ] r ks p  , d r qY ;kd kf j r k u gha gSA   

E7) lo Zi zF ke ] f  lqi f j Hkkf ’kr  gS]  D; ksaf d 
ZZ ∈∀∈−+=− b,a]2[2)b(a2ba  gSA  
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                   vk xs] Z∈d,c,b,a ds f y, ]  

 ))db(2ca(f))2dc()2ba((f +++=+++  

 )2dc()2ba(2)db()ca( −+−=+−+=  

 )2dc(f)2ba(f +++=
 

gSA  

 lkF k gh ] ))bcad(2bd2ac(f))2dc)(2ba((f +++=++  

)d2c)(b2a(2)bcad(bd2ac −−=+−+=  

 )2dc(f)2ba(f +⋅+=
 

gSA  

 b l i zdkj ]  f  , d var j kdkf j r k gSA   

 vki d ks b ld h t k¡ p dj u h pkf g,  f d g lqi f j Hkkf ’ kr  g SA i j ar q]  

 2)2(g)]31)(31[(g −=−=−+  gS] r Fk k  

 6)71)(71()31(g)31(g −=−+=−⋅+  gSA b l i z dkj ] g  , d 

lek dkf j r k u gh a g SA  

E8) Z∈m3,n3 ds f y, ] m5n5)nm3(5)nm9(f)m3n3(f ⋅≠==⋅  gSA vr % ] f

, d le kdkf j r k u g ha g SA  

E9) lo Zi zF ke ] vki d ks b l dh t k¡ p dj u h pkf g,  f d φ  lqi f j Hkkf ’ kr  gS ;k u ghaA 

b lds c kn ] f l ) d hf t,  f d ;g , d  le kdf j r k] 1-1  vkSj  vkP N kn d g SA  

 ;gk¡  / ;ku  n hf t,  f d   

 )]bcad(i)bdac[())idc)(iba(( ++−φ=++φ  

 








−









−

=








−+−

+−

=

cd

dc

ab

ba

bdac)bcad(

bcadbdac
 

 )idc()iba( +φ⋅+φ=  

 R∈∀ d,c,b,a  gSA   

E10) ]1,0[Cg,f ∈  ds f y, ]  

 ))1()gf(),0()gf(()gf( ++=+φ  

              ))1(g)1(f),0(g)0(f( ++=  

              ))1(g),0(g())1(f),0(f( +=  

              )g()f( φ+φ=  gS] r F kk 

 ))1(g)1(f),0(g)0(f())1(fg),0(fg()fg( ⋅⋅==φ   

                  ))1(g),0(g())1(f,0(f(=  

          )g()f( φφ=  

 φ∴ , d le kdkf j r k g SA  

 φ  , dSdh u g ha gS] D; ksaf d]  mn k gj .k kF kZ ] 0≠f  gS i j ar q )()f( 0φ=φ  gS]  tg k¡  
]1,0[C  esa] )1x(x)x(f:]1,0[:f −=→ R  gSA  
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 b l i zdkj ]  φ  , d r qY;kd kf j r k u gha  gS A  

E11) ge b d kb Z 11 dh i ze s; 1 dk mi ; ksx dj saxsA  

 lo Zi zF ke ] «« ≠⇒≠ )S(fS  gSA  

vk xs] eku  y hf t,  f d )S(fb,a ∈′′  gSA r c  Sb,a ∈∃  gS r kf d a)a(f ′=  v kSj  
b)b(f ′= gSA  

vc ] )S(f)ba(f)b(f)a(fba ∈−=−=′−′
 gS] D; ksaf d Sba ∈−  gS]  r Fk k 

)S(f)ab(f)b(f)a(fba ∈==′′
 gS] D; ksaf d Sab∈  gSA  

∴
2

R dk )S(f  , d mi oy; gSA   

E12) r qP N le kdkf j r k 0)x(f::f =→ ZZ  i j  f opkj  dhf t, A r c ] �  esa 
ZZ 32 ≠  gSA i j ar q] � esa )3(f}{)2(f ZZ == 0 gSA b l  i zdkj ] φ  , dSdh u g ha 

gS r F kk b lhf y, ]  , dSd h v kP N kn d u gha  gS A  

E13) D;k saf d 
2

R  dk I  , d mi oy; g S] b lf y,  i z es ; 3 } kj k] 
1

R  dk )I(f
1−

 , d 

mi oy; gSA  

 vc ] eku  y hf t,  f d )I(fa
1−

∈ vk Sj  
1

Rr ∈  gSA  

 ge ;g n ” k kZu k pk gr s g Sa f d )I(far
1−

∈  vkSj  )I(fra
1−

∈ gSA  

 D;k saf d )I(fa
1−

∈ gS] b lf y,  I)a(f ∈  gSA  

 I)r(f)a(f ∈∴  r Fkk  I)a(f)r(f ∈  gSA v Fk kZr ~ I)ar(f ∈  vk Sj  I)ra(f ∈  gSA 
¼/;ku  n hf t,  f d 

2
R  dk Øef of u es; g ksu k v ko” ;d u g ha gSA½  

 )I(far
1−

∈∴  vkSj  )I(fra
1−

∈  gSA  

 b l i zdkj ]  
1

R  dh )I(f
1−

 , d xq.k tkoy h g SA  

 lkF k gh ] ;f n  fKerx ∈  gS] r ks I0)x(f ∈=  gSA  

 )I(fx
1−

∈∴  gSA  

 )I(ffKer
1−

⊆∴  gSA   

E14) eku  y hf t,  f d ))J(f(fx
1−

∈ gSA r c ]  )y(fx =  gS] tg k¡ ] )J(fy
1−

∈  gSA 
vF kk Zr ~] J)y(f ∈  gS] v Fk kZr ~ Jx ∈  gSA  

 b l i zdkj ]  J))J(f(f
1

⊆
−

 gSA  

 vc ] eku  y hf t,  f d Jx ∈  gSA D; ksaf d f  vkP Nn d g S] b lf y,  Ry ∈∃  r kf d 
x)y(f =  gSA  

 r c ] )J(f)x(fy
11 −−

⊆∈  gSA ¼/; ku  n hf t,  f d )x(f
1−

 , d leqP P ; gS] , d 

vo;o u g ha½   

 ))J(f(f)y(fx
1−

∈=∴  gSA  

 b l i zdkj ]  ))J(f(fJ
1−

⊆  gSA  

 vr % ] i f j .kk e f l) gks  tkr k  gS A  

E15) ;gk¡ ] 
55

2)I(f ZZ ==
 

gS] D ;k saf d 1)5,2( =  gSA  
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                   vr % ] fKer))I(f(f

1
+==

−

ZZ gS] D; ksaf d Z⊆fKer  gSA  

 mn kgj . k 3 esa] R dh f dl h x q.kt koy h I  ds f y, ] }0{)I(f =  gS] t g k¡  0=f gSA 

vr % ] fKerRR))I(f(f
1

+==
− gS] D; ksaf d RfKer = gSA  

E16) b dkb Z 12 ls vki  tku r s g Sa f d Rdh xq. kt kof y;k¡  dsoy  }0{ vk Sj  R  gSaA ;g k¡ ] 
]1,0[Cf{Ker ∈=φ  s.t. }0)21(f =  gSA  

 vr % ] ;f n  ]1,0[C dh I  , d xq. ktkoy h gS s.t. IKer ⊆φ  gS] r ks  i ze s; 6 } kj k] 
}0{)I( =φ  ;k R=φ )I( gSA  

 i j ar q] ;f n  }0{)I( =φ gS ] r ks φ⊆ KerI gSA vF k kZr ~] φ= KerI  gSA  

 vr % ] ;f n  φ≠ KerI  gS ] r ks  i ze s; 6 } kj k R=φ )I(  gSA  

E17) i) mn kgj . kk Fk Z] fIm)1,0( ∉  gSA vr % ] f  vkP Nkn d gSA  

 ii) Zdh f dlh xq. kt koyh I  ds f y, ] f dlh ZnI =  ds f y,  Z∈n  gSA 
vr % ] }m)nm,nm({)I(f Z∈=

 
gS] t ks tS lk f d b d kb Z 12 esa v ki  n s[ k 

pqds gSa ZZ×  dh , d xq. ktkoy h u g ha g SA b l i zdkj ]  ZZ×  dh 
xq.k tkoy h }0{×Z , Z  dh f dlh xq. kt koyh I  ds f y, ] )I(f ds :i  dh  
u gha gSA o L r qr % ] ZZ×  dh dksb Z Hk h x q.kt koyh  )I(f  ds :i  dh u gha gk s 

ldr h g SA       

E18) vki d ks f l)  dj u k p kf g,  f d )n(g)m(g)nm(g +=+  gS] r Fk k 
)n(g)m(g)mn(g =  gSA  

 vr % ] g  , d lek dkf j r k g SA  

 i j ar q] g  v kP Nkn d u gha gSA mn k gj .k kF kZ]  gIm)2,1( ∉  gSA  

 vc ] eku  y hf t,  f d Z  dh I  xq.kt koyh gSA vr % ] f dl h N∈n  ds f y, ] 
ZnI =  gSA  

 r c ] b dkb Z 12 dh i z es; 5 } kj k ZZ×  dh }0{n)I(g ×= Z , d xq.kt koyh  gSA  

 ;g i z es; 4 ds i zf r dwy u g ha gS ] D ;ksaf d i z es ; 4 dgr h gS f d ;f n  f  vkP Nkn d 
gS] r ks )I(f  dks l gi zkar  d h xq.k tkoy h g ksu k pkf g, A og ; g u gh a dgr h f d 
;f n  f  vkP Nkn d u gha gS ] r ks )I(f , d xq. kt koyh u gha gk s l dr hA   

E19) mn kgj . k 10 dh r j g] g e m)m(f::f
n

=→ ZZ  i j  f opkj  dhf t, A D; ksaf d 
f  , d vkP N kn d l ekd kf j r k gS ] b lf y,  

n
Z  dh xq. kt kof y;k¡  )m(f Z  ds :i  

dh g Sa] tg k¡  nm
 

gSA  

 b l i zdkj ]  
n
Z  dh xq. ktkof y; k¡  

n
mZ  gSa] t gk¡  nm

 
gSA  

 vr % ] 
n
Z dh i zR;sd  xq. kt koyh , d  eq [; xq. ktkoy h gSA    

E20) mn kgj . k 1 esa l ekd kf j r k, ¡  gS ] mn k gj .k 3 ¼v kSj  4½  esa I  gS] r Fk k mn kgj . k 8 dh 
vf ’V  }0{ gSA b l i zd kj ] ; s 1-1  gSaA   

E21) E1 esa lek dkf j r k g S] f u f ” pr  :i  ls@E5 esa]  }0{}6n4n{fKer
3

=∈= Z

gSA  

 vr % ] f  , dSdh g SA   
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 E7 esa]
 

}b,a,02ba2ba{fKer Z∈=−+=    

 }0b,0a2ba{ ==+=  

                     }0{=  gSA  

E22) i) lo Zi zF ke ] ;f n  R  esa yx =  gS ] r ks 








−

=








− 0y

0y

0x

0x

 

gSA vr % ]

)(
2
RM esa )y()x( φ=φ  gSA  

  b l i zdkj ]  φ  lqi f j Hkkf ’kr  gS A  

  vk xs] v ki  b ld h tk¡ p dhf t,  f d R∈y,x  ds f y, ] 

  )y()x()yx( φ+φ=+φ
 

vk Sj  )y()x()xy( φφ=φ gSA  

  vr % ] φ  , d oy; le kd kf j r k gSA  

  }0{})x(x{Ker ==φ=φ 0  gSA vr % ] φ  , dSdh gSA   

  )(x
0x

0x
Im 2 RMR ≠













∈








−

=φ  gS]  D; ksaf d ] mn k gj .k kF kZ ]  

  φ∉







Im

43

21
 gSA  

  b lf y, ] φ  vkP Nkn d u g ha gSA  

  b l i zdkj ]  φ  , d r qY;kd kf j r k u gha gSA  

 ii) vki d ks b ld h t k¡ p dj u h pkf g,  f d φ  lqi f j Hk kf ’kr  g S r Fkk 

3212121
n,n)n()n()nn( Z∈∀φ⋅φ=⋅φ

 
gSA  

  vc ] 3

21

3

212121
)nn()nn()nn()nn( +=+=+φ=+φ   

        3

2

3

1 nn +=  gSA D; ksaf d 03 =  gSA 

        32121
n,n)n()n( Z∈∀φ+φ=

 
gSA  

  b l i zdkj ]  φ  , d oy; lek dkf j r k g SA  

  }0{}0nn{Ker
3

3
==∈=φ Z

 
gSA vr % ]  φ  , dSdh gSA    

  33

3
}nn{Im ZZ =∈=φ gSA vr % ] φ  vkP Nkn d gSA  

  b l i zdkj ]  φ  , d r qY;kd kf j r k gSA  

E23) u ghaA mn kgj . kk Fk Z]Q  ds mi oy; Zdks y hf t, A D; ksaf d Qdh Z  , d 
xq.k tkoy h u g ha g S] b lf y,  ;gQ  ls , d v U; oy ; r d  dh f dlh  le kd kf j r k 

dh vf ’V ] i ze s; 7 ds dkj . k] u gha gk s ldr hA      

E24) i zes; 9 ds f  i j  f opkj  dhf t, A D ;ksaf d f  vkP N kn d g S] b lf y,  i zes;  4 } kj k] 
I  dks var f o Z’V  dj u s o k yh R dh f dl h xq .kt koyh J ds f y, ]  IR  dh 

I
J)J(f = , d xq. ktkoy h gSA  
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                   f oykser % ] IR  dh A , d xq.kt koyh  gS A r c ] IfKer =  dks var f o Z’V  d j u s 

o kyh R dh )A(f
1−

 , d xq.k tkoy h g SA  

 vr % ] i ze s; 6 } kj k] IR  dh )I)A(f())A(f(f
11 −−

=  , d xq.kt koy h g SA  

 lkF k]  g h] E14 ls] v ki  tku r s gSa f d ))A(f(fA
1−

=  gSA  

 b l i zdkj ]  IJ)I)A(f(A
1

==
−  gS] t gk¡  )A(fJ

1−

= gSA   

E25) f dUgha 
1

Ry,x ∈  ds f y, ]   

 ))y(f)x(f(g))yx(f(g)yx(fg +=+=+o  gS] D; ksaf d f  , d lekd kf j r k gSA   

                   ))y(f(g))x(f(g +=  gS] D; ksaf d g  , d lekd kf j r k gS A   

            )y(fg)x(fg oo +=  gS] r F kk   

 )xy(fg o ))y(f)x(f(g))xy(f(g ==  gS] D; ksaf d f  , d lekd kf j r k gSA  

                ))y(f(g))x(f(g ⋅=  gS] D; ksaf d g  , d lekd kf j r k gSA   

                )y(fg)x(fg oo ⋅=  gS]   

 b l i zdkj ]  fg o  , d lekd kf j r k gSA   

E26) i) 0x0)x(fg0)x(ffKerx =⇒=⇒=⇒∈ o  gS] fg o  , dSdh gSA  

     }0{fKer =∴  gSA  

   f∴ , dSdh )1-1( gSA  

 ii)  eku  y hf t,  f d 3
Rx ∈ gSA D; ksaf d fg o  vkP Nkn d gS ] b lf y, 1

Ry∈∃  

r kf d x)y(fg =o  gSA vF kkZr ~  x))y(f(g =  gS] t gk¡  
2

R)y(f ∈  gSA b l 
i zdkj ] g  vkP N kn d g SA  

 iii)  mn kgj . kk Fk Z] ZZ→φ :io  i j  f opkj  dhf t, ] t gk¡  
⊂ =→ m)m(i:]x[:i ZZ  gS r F kk E2(i) es a φ  i zf rf p= g SA  

    r c ] ZZ→=φ :Iio  gS ] t ks 1-1  gSA  

   i j ar q] φ  , dSdh )1-1(  u gha gS]  D; ksaf d }0{Ker ≠φ  gSA   

 iv)  vki  mi j ks Dr  (iii) d s mn k gj .k dks b ls n ” kk Zu s ds f y,  mi ;k sx dj  l dr s 
gSaA   

E27) h  i z{ks. k i zf r f p= ¼Q yu ½  m)m,n(p::p =→× ZZZ r Fkk  i zf r f p=  
m)m(f::f

r
=→ZZ  dk la; kstu  gSA  

 tSlk f d vki  Øe” k%  E6 vk Sj  mn k gj .k 5 ls t ku r s gSa ] p  vkSj  f  n ksu ksa oy; 

lek dkf j r k, ¡  gSA  

 h∴ , d le kdkf j r k g SA  

E28) i)  f  vkP N kn d u gha  gS ] D;k saf d mn k gj .k kF kZ ] fIm
2

1
∉  gSA vr % ] f  , d 

r qY;k dkf j r k u gh a g SA   

 ii)    f  , d r qY; kdkf j r k u g ha g S] D; ksaf d }0{10fKer ≠= Z  gSA 
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 iii)  dSydqyl  ds [ kaM  1 ls]  v ki  tku r s gSa f d 2121 zzzz +=+
 

gS] r Fk k 

2121
zzzz ⋅=

 
gSA b ld k mi ;ks x ; g n ” k kZu s e sa dhf t,  f d f  , d oy; 

lek dkf j r k g SA  

   vk xs] f dl h C∈+ iba  ds f y, ] iba)iba(f +=− gSA vr % ] C=fIm  

gSA  

   lkF k gh ]
 

}0{}0ibaiba{fKer ==−+=  gSA  

   b l i zdkj ]  f , d r qY;kd kf j r k gSA    

 iv)  /;ku  n hf t,  f d 0z|| ≥  gSA b ldk mi ; ks x ; g n ” kkZu s esa d hf t,  f d f

vkP N kn d u g ha g SA vr % ]  f  , d r qY;kd kf j r k u gha gks  l dr h gSA   

E29) eku  y hf t,  f d 
2

Ry,x ∈ r Fk k r)x(
1

=φ
−

 vkSj s)y(
1

=φ
−  gSA r c ] )r(x φ=

vkSj  )s(y φ=  gSA  

 vr % ] )sr()s()r(yx +φ=φ+φ=+  gS r F kk )rs(xy φ= gSA  

 )y()x(sr)yx(
111 −−−

φ+φ=+=+φ∴  gS]  r Fk k  

 )y()x(rs)xy(
111 −−−

φ⋅φ==φ  gSA  

 b l i zdkj ]  1−

φ  , d oy; lek dkf j r k g SA  

 vki  ;g i gys l s g h t ku r s gSa f d ;g , d Sdh v kP Nkn d gSA  

 b l i zdkj ]  1−

φ  , d r qY;kd kf j r k gSA  

E30) eku  y hf t,  f d 
21

RR:f →  r Fkk 32
RR:g →

 
oy; r qY ;kd kf j r k, ¡  gSaA i z es ; 

10 ls vki  tku r s g Sa f d fg o  , d lekd kf j r k gSA  “ ks’ k Hk kx  ds f y, ] v ki  og h 

i zf Ø;k vi u kb , ] t ks vki u s b d kb Z 8 ds E19 dks gy dj u s ds f y,  vi u kb Z Fk hA  

E31) i) D;k saf d ∗

=QQ)(U r Fkk }1,1{)(U −=Z  gS] b lf y,  ZQ−/
~  g S 

¼mn kgj . k 14 } kj k½ A b l i zdkj ] ;g vlR ; g SA  

 ii) ;g D;k sa lR ; g S] b l ds f y,  b dkb Z 8 dk mn k gj .k 20 n sf [k;sA   

 iii) ;gk¡  Z  vi f j f er  gS] i j ar q )(
mn
ZM  i f j f er  gSA b l i zdkj ] ; g v lR; 

gSA     

 iv) D;k saf d 3
Z

 
i f jf er  gS v kSj  ZZZ ××  vi f j f er  gS] b lf y,  ; g v lR ; 

gSA 

 v) vlR;A  Z vkSj  Z2  i j  f opkj  dhf t, A vki  tku r s g Sa f d Z  vkSj  Z
r qY;k dkj h lew g gSaA i j ar q Z2  , d r Rledh oy ; g S] tc f d Z2 dk 
r Rled u g ha g SA vr % ]  ;s r q Y; kdkj h oy; u g ha gSA 

E32) )1,1()X(f),1,0(})2({f),0,1(})1({f),0,0()(f ====«  } kj k 

22
)X(:f ZZ ×→℘  i f j Hkkf ’kr  dhf t, A  

 vc ] t Slk  f d v ki  n s[k  ldr s g Sa]  f  , d lqi f j Hkkf ’kr  , dSdh vkP Nkn d gSA  

 vki d ks b ld h f L Fkf r  vu q lkj ]  tk¡ p dj u h p kf g,  f d )X(B,A ℘∈
 

ds f y, ] 
)B(f)A(f)BA(f +=∆  gS r F kk  )B(f)A(f)BA(f ⋅=∩  gSA  
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                   b l i zdkj ]  

22
~)X( ZZ ×−℘  gSA mn k gj .k gSA  

E33) mn kgj . k 1 : ZZ −~
}0{  

gSA 

 mn kgj . k 2: }{~))()((
nn

0−RMRM gSA  

 mn kgj . k 3 vkSj  4: f dlh oy; R ds f y,  g S R~
}0{

R −

 
r Fkk }0{~)RR( − gSaA  

 mn kgj . k 5: NZZZ ∈∀− s,~s
s  

gSA  

 mn kgj . k 6: 
36

~}3,0{ Z�Z −  gSA v Fk kZr ~ 
366

~)3( ZZZ − gSA  

 mn kgj . k 7: }0)21(f]1,0[Cf{Ker | =∈=φ  gS] r F kk R=φIm  gSA  

    vr %  R−
φ

~
Ker

]1,0[C  gSA  

 mn kgj . k 8: mn kgj .k 1 ds r F ;] v Fk kZr ~ ZZ −~}0{ dk r F kk i z es ; 10 dk 
mi ;k sx dj r s gq, ] }nnI{~ ZZ ∈− gSA   

    ;gk¡  







=

10

01
I  gSA  

 mn kgj . k 9: )Y(~
)Y(

)X(
c ℘−

℘

℘
 gSA   

E34) 
0

n

n10
a)xaxaa(f:]x[:f =+++→ LRR

 
gSA 

 r c ] f  ewY ;k adu  i zf r f p= 0
φ

 
gSA E2 dh r j g] v ki d ks ; g f l) dj u k pkf g,  

f d f  , d lekd kf j r k gS ] ><= xfKer  gS r F kk R=fIm  gSA  

 vr % ] FTH 
 

} kj k ] R
R

−
><

~
x

]x[

 
gSA    

E35) vki d ks ; g n ” k kZu k pkf g,  f d «≠R gS r Fk k ; g f d RBA ∈− gS v kSj
RB,ARAB ∈∀∈ gSA  

 lkF k gh ] f l) d hf t,  f d RB,ABAAB ∈∀= gSA  

 /;ku  n hf t,  f d R
10

01
∈







 gSA  

 vk xs] f l ) d hf t,  f d φ  , d oy; l ekd kf j r k gSA  

 b lds c kn ] n ” k kZb ,  f d 












∈







=φ Zrr

11

11
Ker

 

gSA  

 /;ku  n hf t,  f d Z=φIm  gS] D ;ksaf d f dl h Z∈n ds f y, ] 

















φ=

n0

0n
n

 

gSA  

 vr % ] FTH g esa c r kr h g S f d Z−φ ~KerR  gSA  

E36) D;k saf d )R(Ur ∈  gS] b lf y,
r

f  lqi f j Hkkf ’ kr  g SA  

 vc ] Ry,x ∈ ds f y, ]   
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 yrrxrrr)yx(r)yx(f
111

r

−−−

+=+=+  

        )y(f)x(f
rr

+=  gS] r F kk 

 )yrr)(xrr(xyrr)xy(f
111

r

−−−

==  

           )y(f)x(f
rr

⋅= gSA  

 b l i zdkj ]  
r

f  , d lekd kf j r k gSA  

 vk xs] }0xrrRx{fKer
1

r
=∈=

−  gS A  

 D;k saf d r  , d , dd gS] b lf y,  Rs∈∃  s.t. sr1rs == gSA  

 vr % ] 0xrr
1

=
−

 gS iff 0s0sxrsrs
111

==
−−−

 gS] vF kk Zr ~ iff 0x =  gSA  

 b l i zdkj ]  }0{fKer
r

=  gSA  

 lkF k gh ] Rs∈  f dlh ds f y, ] s)rsr(f
1

r =
−

 gSA  

 vr % ] RfIm
r

=  gSA  

 b l i zdkj ]  
r

f  , d L o kdkf j r k gS] r Fk k FTH c r kr h g S f d R~}0{R − gSA  

E37) Is)s(f:IRS:f +=→  i f j Hkkf ’kr  dhf t, A n ” kk Zb ,  f d f  , d lekd kf j r k gS ] 
r Fkk ISfKer ∩=  gSA  

 b l i zdkj ]  FTH } kj k ] fIm~))IS(S( −∩ gS] t ks IR  dk , d mi oy; gSA  

 vr % ] g e )ISS( ∩  dk IR  , d mi oy; eku  ldr s g SaA  

 b dkb Z 12 ds E38 esa] v ki u s ; g n ” kk Zu s ds f y,  , d m n kgj .k f n ;k F kk f d 
)ISS( ∩  dk IR  dh , d xq. ktkoy h gksu k v ko” ;d u g ha gSA  

E38) D;k saf d R dh I  , d xq. ktkoy h  g S r F kk ISI +⊆  gS ] b lf y,  ; g IS +  dh 
, d xq. ktkoy h gSA  

 b l i zdkj ]  I)IS( +  , d lqi f j Hkkf ’kr  oy; gSA  

 Ix)x(f:I)IS(S:f +=+→  i f j Hkkf ’kr  dhf t, A  

 tSlk f d vki u s b d kb Z 8 dh i zes ; 12 esa f d;k Fk k]  v ki  mlh  i zd kj  f l) 
dhf t,  f d f  lqi f j Hkkf ’ kr  gSA  

 r c ] vki d ks b ldh tk¡ p dhf t,  f d )y(f)x(f)yx(f +=+  gS] r Fk k 
Sy,x)y(f)x(f)xy(f ∈∀=  gSA  

 lkF k gh ] n ” kkZb ,  f d f  vkP N kn d g S r F kk ISfKer ∩=  gSA  

 b l i zdkj ]  i ze s; 11 } kj k 
I

)IS(~
)IS(

S +
−

∩
 gSA   

 E39) Ir)Jr(f:IRJR:f +=+→  i f j Hkkf ’kr  dhf t, A  

 tSlk f d vki u s b d kb Z 8 dh i zes ; 14 esa f d;k Fk k]  v ki  b ldh t k¡ p dj  l dr s 
gSa f d f  lqi f j Hkkf ’kr  g SA  

 vk xs] f l ) d hf t,  f d f  , d oy; l ekd kf j r k gS ] f  vkP Nkn d g S r F kk
JIfKer =  gSA  
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                   b l i zdkj ] JR  dk JI  , d xq.k tkoy h g S r F kk 

I
R~

)JI(
)JR(

− gSA    

E40) i) mn kgj . k 15 ls] NZZZ ∈∀− m~)m(
m  gSA  

  vr % ] ZZZZZZZZ 155)15(5~5,15~
1515

=−−  gSA  

  b lf y, ] r r̀ h; r q Y; kdkf j r k i z es; } kj k] 
515

~5~5 ZZZZ −−><
 

gSA  

 ii) i qu % ] tSl k Åi j  (i) esa Fk k]  

  
nmm

~n~
)mn(

)m(~n ZZZ
ZZ

ZZ
ZZ −−−  gSA   

E41) eku  y hf t,  f d Q  dh f  , d L o kdkf j r k gSA r c ] f dl h Q∈
q
p

 

ds f y, ]  

n
m

q

p
f =









 

gS ] f dU gha 0n,n,m ≠∈Z ds f y, A  

vr % ] ,
n
m

q
q

p
qf

q

p
qf)p(f =








=








=  D;ks af d f  , d le kdkf j r k gSA  

  lkF k gh ] )1(pf)1p(f)p(f =⋅=  

                         p=  gSA  

vr % ] 







=

n
m

qp

 

gSA 

n
m

q

p
=∴

  

gSA  

Q∈∀=







∴

q

p
q
p

q

p
f

  

gSA 

vF kk Zr ~] If =  gS] tks r Rl ed l e kdkf j r k g SA  

b l i zdkj ]  Q  dh dsoy L o kdkf j r k I  gSA  

o L r qr % ] Q  ls Q  r d dh dsoy vkP N kn d l ekd kf j r k I  gSA  
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[kaM 3                                                                                       oy; dk ifjp; 

fofo/k mnkgj.k vkSj iz’u 

fiNys [kaMksa dh rjg] uhps fn, gq, dqN mnkgj.k vkSj iz'u bl [kaM esa vkids }kjk 
v/;;u dh xbZ ladYiukvksa rFkk izfØ;kvksa ij vk/kkfjr gSaA bu mnkgj.kksa ds 
v/;;u ls rFkk bu iz'uksa dks gy djus ls] vkidks lacaf/kr ladYiukvksa ds ckjs esa 
csgrj le> izkIr gksxhA blls vkidks bl izdkj ds lokyksa dks gy djus dk vf/kd 
vH;kl Hkh izkIr gksxkA 

mnkgj.k 1: ]i[Z  esa xq.ktkoyh >−< i2  ds vyx-vyx lgleqPp; Kkr dhft,A 

gy: >−< i2 dk dksbZ Hkh lgleqPp; .b,ai2bia Z∈>−<++  tgk¡ gS] dki :ds  

>−<= i2]i[R Z  esa] /;ku nhft, fd .0i2 =−  blfy,] .i2 =  

.b,ab2abiaiba Z∈∀+=+=+∴  

lkFk gh] .0514i2 =⇒−=⇒=  

vr%] ,xb2aiba =+=+  tgk¡ ).5(modxb2a ≡+  

mnkgj.kkFkZ] 43223i2 =⋅+−=+−  rFkk ,383223i2 ==⋅+=+  D;ksafd 

).5(mod38 ≡  

vkxs] ;g fl) djus ds fy, fd R  esa >−< i2  ds  vyx-vyx lgleqPp; 
4,3,2,1,0  gSa] blds foijhr eku yhft, fd .21 =  

rc] ,012 =−  vFkkZr~] .i21 >−∈<  

rc] ),idc)(i2(1 +−=  fdUgha  Z∈d,c  ds fy,A 

dc21 +=⇒  rFkk .d2c0 +−=  

,51d =⇒  tks ,d varfoZjks/k gSA 

vr%] .21 ≠   

 
blh izdkj] n'kkZb, fd  4,3,2,1,0  esa ls fdUgha nks dks cjkcj j[kus ij ,d 

varfoZjks/k izkIr gksrk gSA  

vr%] R  ds vyx-vyx vo;o 4,3,2,1,0  gSaA 

oLrqr%] .~R
5
Z−  

*** 

 

mnkgj.k 2: n'kkZb, fd leqPp; }kk43{ Z∈+  dk dksbZ Hkh vo;o nks iw.kkZadksa ds 

oxksZa ds ;ksx ds cjkcj ugha gSA 

gy: ge bls varfoZjks/k }kjk fl) djsaxsA 

eku yhft, fd Z∈∃ b,a,k  s.t.  

.bak43
22

+=+        …(1) 

vc] (1) ij izkdf̀rd lekdkfjrk m)m(p::p 4 =→ZZ  dk vuqiz;ksx dhft,A rc 
gesa 4Z  esa fdUgha b,a  ds fy,] 

22
ba3 +=  izkIr gksrk gSA       …(2)  

vc] ,0b,0a ==  (2) dks larq’V ugha djrk gSA blh izdkj] vkidks bldh tk¡p 
djuh pkfg, fd )b,a(  dh 16  laHkkoukvksa esa ls dksbZ Hkh (2)  dks larq’V ugha djrh 

gSA 

vr%] ge ,d varfoZjks/k ij igq¡prs gSaA 
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bl izdkj] ,sls dksbZ Z∈b,a ugha gSa ftuls fd fdlh Hkh Z∈k  ds fy,] 

....22
bak43 +=+   

*** 

mnkgj.k 3: 
30
Z  ds ,d ,sls rRledh vrqPN mioy; S  dk] iqf’V djrs gq, 

mnkgj.k nhft,] ftldk rRled 1  ugha gSA 

gy: mnkgj.k ds rkSj ij] 303S Z=  yhft,A rc 30Z  dk S  ,d vrqPN mioy; gS] 

rFkk .S1 ∉  

vkidks S  esa xq.ku ds fy, dsyh lkj.kh cukuh pkfg,A bl lkj.kh esa vki ik,axs fd 

,2173 =⋅  S  dk rRled gSA 

*** 

mnkgj.k 4: )(U 1510 ZZ ×  Kkr dhft,A 

gy: eku yhft, ).(UU
1510
ZZ ×=  

vc] U))15(modb),10(moda( ∈  

=⇔ ))15(modd),10(modc))(15(modb),10(moda( )),15(mod1),10(mod1(   

                                                                                 fdUgha Z∈d,c  ds fy,A  

 ⇔ )10(mod1ac ≡  vkSj ),15(mod1bd ≡   fdUgha Z∈d,c  ds fy,A 

)(Ua
10
Z∈⇔  vkSj ).(Ub

15
Z∈  

bl izdkj] ).(U)(U)(U
15101510
ZZZZ ×=×  

*** 

mnkgj.k 5: ZZ×  ls Z  rd dh lHkh oy; lekdkfjrk,¡ ekywe dhft,A  

gy: eku yhft, ZZZ →×φ :  ,d lekdkfjrk gSA 

;fn φ  'kwU; lekdkfjrk ugha gS] rks  
,1)1,1( =φ  D;ksafd ZZ×  dk rRled )1,1( gS vkSj Z  dk rRled 1 gSA   

vFkkZr~]  ,1)]1,0()0,1[( =+φ       …(3) 

 vFkkZr~] ( ) ( ) .1)1,0()0,1( =φ+φ  

Ekku yhft, .m))0,1(( =φ  

lkFk gh] ( ) ( ).)0,1()0,1())0,1)(0,1(())0,1(( φφ=φ=φ  vr%] .mm
2

=  

blfy,] Z  esa m  ,d oxZle vo;o gSA  .1,0m =∴  

;fn ,0m =  rks ( ) ,1)1,0( =φ  rFkk ;fn ,1m =  rks ( ) ,0)1,0( =φ  (3) lsA 

vc] .y,x))1,0((y))0,1((x)]1,0(y)0,1(x[))y,x(( Z∈∀φ+φ=+φ=φ  

vr%] ;fn ,0))0,1(( =φ  rks .y,xy))y,x(( Z∈∀=φ  

;fn ,0))1,0(( =φ  rks .y,xx))y,x(( Z∈∀=φ  

bl izdkj] ZZZ  ls×  rd laHko lekdkfjrk,¡ dsoy  

,x))y,x((
1

=φ ;k ,y))y,x((
2

=φ ;k Z∈∀=φ y,x0))y,x((3   

ls ifjHkkf’kr Qyu 321 ,, φφφ  gSaA 

*** 

mnkgj.k 6: n'kkZb, fd 
2
1  dks vkfo’V djus okyk Q   dk U;wure mioy; 









>∈= 0n,n,m
2

mS
n

Z  gSA 
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gy: igys] .S Q⊆  

lkFk gh] S
2

m
,

2

m

21 n

2

n

1
∈  ds fy,] eku yhft, .nn

21
≥  rc]  

.S)m2m(
2

1

2

m

2

m
2

nn

1nn

2

n

1 21

121
∈⋅−=−

−

 

lkFk gh] .S
2

mm

2

m

2

m

2121 nn

21

n

2

n

1
∈=⋅

+
 

vr%] Q  dk S  ,d mioy; gSA 

eku yhft, fd Q  dk T  ,d ,slk mioy; gS fd .T
2
1

∈  

rc] Z∈∀∈ n,mT
2

m
n

 rFkk .0n >  

vr%] .TS ⊆  

bl izdkj] 
2
1  dks vkfo’V djus okyk Q  dk U;wure mioy;  S gSA 

*** 

mnkgj.k 7: 
6
Z ls 6Z  rd lHkh laHko oy; lekdkfjrk,¡ Kkr dhft,A 

gy: ,d rks rqPN lekdkfjrk gS ghA vkb, vkSjksa dks ekywe djsaA 

Ekku yhft, 
66

: ZZ →φ  ,d vrqPN lekdkfjrk gSA 

rc] φIm  dk  rRled )1(φ gS] eku yhft, 6Z  esa ,m)1( =φ  tgk¡ .0m ≠  

rc] .mm
2

=  

;g 6Z  esa dsoy 4,3,1m =   ds fy, gh lR; gSA 

vr%] vrqPN lekdkfjrk,¡ gSa% 
,n)n(::

1661
=φ→φ ZZ  (vFkkZr~] ),I1 =φ  

,n3)n(::
2662

=φ→φ ZZ  rFkk  

.n4)n(:: 3663 =φ→φ ZZ  

;gk¡] /;ku nhft, fd };4,2,0{Im},3,0{Im,Im 3261 =φ=φ=φ Z  rFkk 6Z  

dk }3,0{  rRled 3  okyk mioy; gS( 6Z  dk }4,2,0{  rRled 4  okyk mioy; 

gSA 

*** 

fofo/k iz’u 

E1)  eku yhft, R ,d oy; gSA n'kkZb, fd Rb,a)ba)(ba(ba
22

∈∀+−=−  

iff R  Øefofues; gSA 

E2) fuEufyf[kr esa ls dkSu-ls dFku lR; gSa? izR;sd mÙkj dh iqf’V dhft,A 

 i) 
222
ZZZ ×× ,d cwyh; oy; gS (lanHkZ] bdkbZ 10 dk E24)A 

 ii) 12Z  dk 
6
Z  ,d mioy; gSA  

 iii) )(2 ZM  esa 








00

01
 vkSj 









00

10
 ijLij Øefofues; djrs gSaA  

 iv) ZZ 2×  ,d rRledh oy; gSA 
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[kaM 3                                                                                     fofo/k mnkgj.k vkSj iz’u 

 v) ).(U)(U ZZZ =×  

E3) ),,2( 10 ⋅+Z  ds fy,] dsyh lkjf.k;k¡ cukb,A bl rjg fuf'pr dhft, fd 

;g ,d rRledh Øefofues; oy; gS ;k ughaA 

E4) D;k Z2  vkSj Z3  rqY;kdkjh oy; gaS? D;k Z2  vkSj Z4  rqY;kdkjh oy; gSa? 

vius mÙkjksa ds fy, dkj.k nhft,A 

E5) tk¡p dhft, fd ,n,m
nnm

nmm
S













∈








−

−

= Z  )(2 ZM  dk ,d mioy; 

gS ;k ughaA D;k ;g )(2 ZM dh xq.ktkoyh gS? D;ksa? 

E6) tk¡p dhft, fd )(2 ZM  dk 












∈








+

+

= Zn,m
nnm

nmm
S  ,d mioy; 

gS ;k ughaA D;k ;g )(2 ZM  dh xq.ktkoyh gS? D;ksa? 

E7) n'kkZb, fd )(2 ZM  dh )2(I
2
ZM=  ,d xq.ktkoyh gSA lkFk gh] fl) 

dhft, fd ).(~
)2(

)(
22

2

2 ZM
ZM

ZM
−  

E8) >+< 3i]i[Z  esa fdrus vo;o gSa? D;ksa? 

E9) 
20
Z  ls 30Z  rd lHkh laHko oy; lekdkfjrk,¡ Kkr dhft,A 

E10) fl) dhft, fd }kk82{ Z∈+  esa dksbZ iw.kkZad dk ?ku ugha gSA 
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[kaM 3                                                                                       oy; dk ifjp; 

gy / mÙkj 

E1) R  Øefofues; gS 
 Rb,abaab ∈∀=⇔  

 .Rb,a)ba)(ba(ba
22

∈∀+−=−⇔  

E2) i) lR; gSA fdlh Hkh 222321 )x,x,x( ZZZ ××∈  ds fy,]  

  0x
i

=  ;k .3,2,1i1 =∀  

  ).x,x,x()x,x,x()x,x,x()x,x,x(
321

2

3

2

2

2

1321321
==⋅∴  

 ii) vlR; gSA .
126
ZZ ⊄  

 iii) vkidks bldh tk¡p djuh pkfg, fd .
00

01

00

10

00

10

00

01
















≠
















 

 iv) D;ksafd Z2  fcuk rRled dk gS] blfy,  ZZ 2×  Hkh fcuk rRled dk 
gSA  

 v) ZZ×  ds vo;o Z  ds vo;oksa ds Øfer ;qXe gSaA vr%] ;g vlR; gSA 

       

    

642088

420866

208644

086422

864200

86420+

  

482608

864206

246804

628402

000000

86420•

 

 lkjf.k;ksa ls ge ns[k ldrs gSa fd 
10

2Z  ;ksx vkSj xq.ku )10(mod  ds lkis{k 

laor̀ gSA  

vkxs] ;ksx vkSj xq.ku nksuksa gh Øefofues; gSaA 

fQj] 0  ;ksT; rRled gS rFkk 6  xq.kukRed rRled gSA 

 lkFk gh] izR;sd vo;o dk ;ksT; izfrykse gS] rFkk xq.kukRed izfrykse gSa% 
.28,66,44,82

1111
====

−−−−   

vki lkjf.k;ksa dk mi;ksx djds tk¡p dj ldrs gSa fd >< 2  ,d rRledh 
Øefofues; oy; gksus dh 'ks’k vko';drk,¡ Hkh larq’V djrk gSA  

 

E4) eku yhft, .3~2 ZZ −  rc ,
3

~
2 Z

Z
Z

Z −  vFkkZr~] ,~
32
ZZ − tks ,d varfoZjks/k 

gSA 

 Ekku yhft, ZZ 42: →φ  ,d rqY;kdkfjrk gS] rFkk Z∈=φ n,n4)2( fdlh  

ds fy,A 

 rc] .n8)2()2()22()4( =φ+φ=+φ=φ  

 lkFk gh] .n16)n4()2()2()22()4(
22

==φ⋅φ=⋅φ=φ  

 vr%] ,1n2n16n8
2

=⇒= tks ,d varfoZjks/k gS] D;ksafd .n Z∈  

 .4~2 ZZ −/∴  

E3) 
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[kaM 3                                                                                     fofo/k mnkgj.k vkSj iz’u 

E5) igys] ,S «≠  D;ksafd .S
10

01
∈







 lkFk gh] ).(S

2
ZM⊆  

vkxs] eku yhft, fd 








−

−

bba

baa
 vkSj .S

nnm

nmm
∈








−

−

  

rc  

,S
nb)nb()ma(

)nb()ma(ma

nnm

nmm

bba

baa
∈








−−−−

−−−−

=








−

−

−








−

−

 vkSj  










+−−−+−

−+−−−+

=








−

−

⋅








−

−

bn)nm)(ba()nm(bm)ba(

n)ba()nm(a)nm)(ba(am

nnm

nmm

bba

baa

 

,S
bn2anbmambnam

bnambnanbmam2
∈








ββ−α

α−βα

=








+−−−

−+−−

=  

tgk¡ bnanbmam2 +−−=α  rFkk .bn2anbmam +−−=β  

vr%] )(2 ZM  dk S  ,d mioy; gSA  

ijarq] )(2 ZM  dh S  ,d xq.ktkoyh ugha gSA mnkgj.kkFkZ]  

,S
03

04

01

01

21

13
∉







=








⋅







gkykafd .S

21

13
∈







 

E6) ;gk¡ S  ,d mioy; ugha gS] D;ksafd mnkgj.kkFkZ] 

,S
02

22
,

13

32
∈















 ijarq  

.S
68

410

02

22

13

32
∉







=








⋅







 

 blfy,] S  xq.ktkoyh Hkh ugha gSA  

E7) vkidks n'kkZuk pkfg, fd ,2d,c,b,a
dc

ba
I













∈







= Z )(2 ZM  dh ,d 

xq.ktkoyh gSA  

 







=


















φ→φ

dc

ba

dc

ba
:)()(: 222 ZMZM  ifjHkkf’kr dhft,A 

 tk¡p dhft, fd φ  lqifjHkkf’kr gS rFkk ,d vkPNknd oy; lekdkfjrk gSA 

vkxs] 

 












====







=φ dcb0a

dc

ba
Ker 2  esaZ  

                   












∈







= Z2d,c,b,a

dc

ba
 

                   ).2(
2
ZM=  

 vc] ok¡fNr ifj.kke izkIr djus ds fy, FTH (;kuh] lekdkfjrk dk ewy izes;) 

dk vuqiz;ksx dhft,A 
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[kaM 3                                                                                       oy; dk ifjp; 

E8) mnkgj.k 1 dh gh rjg] n'kkZb, fd >+< 3i]i[Z  esa .010 =    

 lkFk gh] .73i3i =−=⇒−=  

 bl rjg n'kkZb, fd }.9,,1,0{
3i

]i[
K=

>+<

Z   

E9) eku yhft, 
3020

: ZZ →φ  ,d vrqPn lekdkfjrk gSA 

 pwafd ,1  20Z dks tfur djrk gS] )1(φ  ls φ fu/kkZfjr gksrk gSA 

 eku yhft, fd ).30(modm)1( =φ  

 vc] 20Z  esa] .211 =  lkFk gh] .1)1(
2

=  

 vr%] ),1(21)21()1( φ=φ=φ rFkk ).1()]1([
2

φ=φ  

 bl izdkj] 
30
Z  esa m21m =  rFkk .mm

2
=   

 vr%] Z  esa m2030  vkSj ).1m(m30 −    

 vc] .m3m23m2030 ⇒⇒  

 blfy,] 30Z  esa .27,,6,3,0m K=    

 vc buesa ls dkSu-ls eku mm
2

=  dks larq’V djrs gSa?  
 ;s gSa .21,15,6,0  

 buds vuqlkj] 3020 ZZ  ls  rd fuEufyf[kr 4  lekdkfjrk,¡ gSa%  
 ,1 0≡φ  

 ,n6)n(::
230202

=φ→φ ZZ   

 ,n15)n(::
330203

=φ→φ ZZ  

 .n21)n(::
430204

=φ→φ ZZ   

E10) eku yhft, fd fdlh Z∈n  ds fy,]  
 .nk82

3
=+          …(4) 

 rc] (4) ij fofgr lekdkfjrk x)x(p::p 8 =→ZZ  ykxw djds] 

 ge 8Z  esa 3
n2 = izkIr djrs gSaA 

 vkidks bldh tk¡p djuh pkfg, fd 8Z  esa ,slk dksbZ n  ugha gSA  

 vr%] ge ,d varfoZjks/k ij igq¡prs gSaA 

 bl izdkj] }kk82{ Z∈+  esa 3
n  ds :i dk dksbZ vo;o ugha gS] tgk¡ 

.n Z∈  
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'kCnkoyh 
;g 'kCnkoyh fiNys [kaMksa esa nh gqbZ 'kCnkofy;ksa ls vkxs c<+rh gSA blfy,] bl [kaM 
dh i<+kbZ djrs le; vki mu 'kCnkofy;ksa dks Hkh /;ku esa jf[k,A 

Annihilator      'kwU;dkjh 

Binomial expansion    f}in izlkj 

Boolean ring     cwyh; oy; 

Canonical homomorphism   fofgr lekdkfjrk 

Centre      dsanz 

Commutative ring    Øefofues; oy; 

Commuting elements   vo;o tks Øefofue; djrs gSa 

Corollary     miizes; 

Endomorphism ring    varjkdkfjrk oy; 

Evaluation map    ewykadu Qyu 

Gaussian integers    xkmlh; iw.kkZad 

Homomorphic    lekdkjh 

Homomorphism    lekdkfjrk 

Ideal       xq.ktkoyh 

Idempotent     oxZle vo;o 

Inclusion map    vkfof"V Qyu 

Inverse     izfrykse 

Isomorphic     rqY;kdkjh 

Isomorphism      rqY;kdkfjrk 

Natural homomorphism   izkÑfrd lekdkfjrk 

Nil radical     'kwU; dj.kh 

Nilpotent     'kwU;aHkkoh 

Non-commutative    vØefofues; 

Principal ideal    eq[; xq.ktkoyh 

Projection map    iz{ksi Qyu 

Proper subring/ideal    mfpr mioy;@xq.ktkoyh 

Quotient ring     foHkkx oy; 

Residue class     vo’ks"k oxZ 

Ring      oy;  

Ring with identity/unity   rRledh oy; 

Subring     mioy; 

Trivial ideal     rqPN xq.ktkoyh 

Trivial ring/subring    rqPN oy;@mioy; 

Unit      ek=d 
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