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* 

 
izks- j'eh Hkkj}kt       izks- ehuk lgk; 
th-th-,l banzizLFk fo'ofo|ky;] fnYyh     y[kuÅ fo'ofo|ky; 

MkW- lquhrk xqIrk       MkW- 'kfp JhokLro 
fnYyh fo'ofo|ky;       fnYyh fo'ofo|ky; 

izks- vEcj gchc       izks- tqxy oekZ  
f'ko ukMkj fo'ofo|ky;       vkbZ- vkbZ- Vh] eqacbZ 
xkSre cq) uxj          

izks- ,l- ,- dk=s      
iq.ks fo'ofo|ky;     

izks- oh- d`".k dqekj  
,u- vkbZ- ,l- bZ- vkj] Hkqous'oj  

MkW- vfer dqyJs"B     
vkbZ- vkbZ- ,l- bZ- vkj] eksgkyh      

izks- vi.kkZ esgjk      
vkbZ vkbZ Vh] fnYyh       

izks- jkgqy jk;      
Hkkjrh; lkaf[;dh laLFkku] fnYyh      
 
* bl lfefr dh vxLr  2016 esa cSBd gqbZ FkhA ;g ikB~;Øe vfHkdYi izksxzke fo'ks"kK lfefr ds lq>koksa rFkk 

;wthlh&lhchlh,l- ds lkaps ij vk/kkfjr gSA     

       
izks- ijohu flaDys;j (laiknd vkSj ys[kd) 
foKku fo|kihB] bXuw 

:   (email: sos@ignou.ac.in) 
 

 

:  
i) ] eqEcbZ fo'ofo|ky;] vkSj ] tht+l ,aM esjh dkWyst] fnYyh 

fo'ofo|ky;] ds izfr] mudh foLr`r fVIif.k;ksa ds fy,A 

ii) bXuw ds iwoZ Lukrd ikB~;Øe] vewrZ chtxf.kr ¼,e- Vh- bZ-06½] dh dqN lkexzh dk bl [kaM esa 
mi;ksx fd;k x;k gSA  

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 

 

 

 

 
 

izks- ,e- ,l ukFkkor (funs'kd) 

MkW- nhfidk 
izks- ijohu flaDys;j 

Jh iou dqekj 
izks- iwf.kZek feÙky 

izks- lqtkrk oekZ 
MkW- ,l- osadVjkeu 
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bl [kaM esa ge oy; fl)kar ij viuh ppkZ tkjh j[ksaxsA bdkbZ 14 esa nks fo'ks’k izdkj ds 
oy;kssa] ;kuh iw.kkZadh; izkar vkSj {ks=] ds ckjs esa vki lh[ksaxsA ;gk¡ ge buds xq.kksa ij foLrkj ls 
ppkZ djsaxsA 

vkxs] bdkbZ 15 esa ge mu oy;ksa dh ppkZ djsaxs ftuds vo;oksa & ,d pj esa cgqin & ls 
'kk;n vki ifjfpr gksaA ge fdlh Hkh Øefofues; oy; ij cgqinksa ds fofHkUu xq.kksa ij ppkZ 
djsaxsA {ks= ij cgqinksa ds fl)kar ds vusd vuqiz;ksx gSa] xf.kr ds vykokA okLro esa] blh 
dkj.k ls vk;ZHkV~V-I] Jh/kj] HkkLdj-II vkSj vU; izkphu Hkkjrh; xf.krKksa us   ij jSf[kd 

vkSj f}?kkr cgqinksa dk xgjkbZ ls v/;;u fd;k Fkk] vkSj buls lacaf/kr fl)kar dks fodflr 
fd;k FkkA vktdy bl fl)kar dk dwVys[ku fl)kar rFkk lkekftd foKku o jklk;fud 
foKku dh leL;kvksa ds xf.krh; fun'kZ cukus esa iz;ksx gksrk gSA 

vkf[k+j esa] bl ikB~;Øe dh vafre bdkbZ] bdkbZ 16 esa ge ,  vkSj   ij mu cgqinksa ij 

fopkj djsaxs ftuds mfpr xq.ku[kaM flQ+Z ek=d gSaA ,sls cgqinksa dks v[kaMuh; cgqin dgrs 
gSaA bl bdkbZ esa vki dbZ ,sls ijh{k.kksa dk v/;;u djsaxs] vkSj ykxw djsaxs] ftuls ekywe 
iM+rk gS fd bu {ks=ksa ij dksbZ cgqin v[kaMuh; gS ;k ughaA 

fiNys [kaMksa dh rjg] bl [kaM ds var esa vki dbZ mnkgj.k] muds gyksa lesr] ik,axsA ;s iz'u 
bl [kaM  esa vkids }kjk v/;;u fd;s x, vo/kkj.kkvksa ls tqM+s gSaA lkFk gh] vkidks gy djus 
ds fy, fofo/k iz'u Hkh fn, x, gSa] mnkgj.kksa ds cknA bUgsa vki [k+qn gy djsa] ftlls fd vki 
lacaf/kr vo/kkj.kkvksa dks csgrj le> ik,axsA 

bl [kaM ds lkFk gh ge bl ikB~;Øe dks lekIr djrs gSaaA bldh i<+kbZ ds ckn vki bl 
ikB~;Øe ds l=h; dk;Z dks iwjk dhft,A ;g l=h; dk;Z bl ikB~;Øe ds pkjksa [kaMksa ij 
vk/kkfjr gSA 
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(  4 ) 
 
fiNys [kaMksa  esa A 
 

Rchar  oy; R dk? 

]x[R  oy;R  ij? xesa lHkh cgqinksa dk oy;  

]n[    n,n  
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 14                                                        

            

 

14.1 izLrkouk  
mís'; 

14.2 iw.kkZadh; izk¡r D;k gksrk gS? 

14.3 oy; dk vfHky{kf.kd 

14.4 {ks= 

14.5 foHkkx {ks= 

14.6 vHkkT; vkSj mfPp’B xq.ktkofy;k¡ 

14.7 lkjka'k 

14.8 gy / mÙkj            

 

14.1  

bdkbZ 10 esa geus oy;ksa ls vkidk ifjp; djk;k Fkk] rFkk fQj Øefofues; oy;ksa vkSj 
rRledh oy;ksa tSls dqN fof'k’V oy;ksa ls ifjp; djk;k FkkA tSlk fd vkius ogk¡ 
ns[kk Fkk fd] bu oy;ksa dh fof'k’Vrk bu ij ifjHkkf’kr xq.ku ds xq.kksa dh otg ls gSA 
vkius ;g Hkh ns[kk Fkk fd ,slh fof'k’V oy;ksa dk ,d izfrfuf/kd mnkgj.k   gSA 
vr%] fdlh vFkZ esa ;s oy;   ds vewrhZdj.k ekus tk ldrs gSaA fQj Hkh] t+:jh ugha 
gS fd ;s   ds ,d vko';d xq.k] ;kuh xq.ku ds fy, fujlu fu;e] dks larq’V djsaA 
bl bdkbZ esa vki mu oy;ksa ds ckjs esa v/;;u djsaxs] tks bl fu;e dks larq’V djrs 
gSaA ,sls oy; iw.kkZadh; izk¡r dgykrs gSaA ;s chtxf.kr dh vusd 'kk[kkvksa vkSj muds 
vuqiz;ksxksa ds v/;;u ds fy, vfr egRoiw.kZ gSaA  

Hkkx 14.2 esa ge ;g ppkZ djrs gq, izkjaHk djsaxs fd ,d 'kwU; dk Hkktd D;k gksrk gSA 
fQj ge ,d iw.kkZadh; izk¡r dh ifjHkk’kk dh vksj c<+saxs] vkSj vki blds vusd 
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mnkgj.kksa dk v/;;u djsaxsA vki ns[ksaxs fd vHkh rd vkius tks vusd ns[ksa gSa] muesa 
ls vusd D;ksa iw.kkZadh; izk¡rksa ds mnkgj.k gSa rFkk muesa ls vusd D;ksa iw.kkZadh; izk¡rksa ds 
mnkgj.k ugha gSa! ge bl Hkkx esa iw.kkZadh; izk¡rksa ds fofHkUu xq.kksa dh ppkZ Hkh djsaxsA 

 

vxys Hkkx] Hkkx 14.3 esa] ge ,d ,slh fo'ks’krk ij /;ku dsfUnzr djsaxs] tks fdlh Hkh 
oy; dk] rFkk fof'k’V :i ls ,d iw.kkZadh; izk¡r dk y{k.k gSA ;g izR;sd oy; ls 
tqM+k ,d _.ksrj iw.kkZad gksrk gS] tks mldk vfHky{kf.kd dgykrk gSA ge ;gk¡ 
iw.kkZadh; izk¡r ds vfHky{kf.kd ij [k+kl /;ku nsaxsA vki iw.kkZadh; izk¡r dk vfHky{kf.kd 

0  ;k ,d vHkkT; la[;k gksus ds dkj.kksa dk v/;;u djsaxsA 

 

Hkkx 14.4 esa vki  ,,  vkSj p  (tgk¡ p ,d vHkkT; la[;k gS) tSls oy;ksa ds ,d 

lkoZ xq.k dk v/;;u djsaxsA bu oy;ksa esa 'kwU;srj vo;oksa dk leqPp; xq.ku ds lkis{k 
,d vkcsyh lewg gSA ,slk oy; ,d {ks= dgykrk gSA {ks= vfr mi;ksxh chth; oLrq,¡ 
gSa] ftldk ,d dkj.k gS fd fdlh Hkh {ks= dk izR;sd 'kwU;srj vo;o ,d ek=d gSA 
bl Hkkx esa vki {ks=ksa ds dqN ekSfyd xq.kksa dk Hkh v/;;u djsaxsA 

 

vkxs] Hkkx 14.5 esa vki v/;;u djsaxs fd dksbZ Hkh iw.kkZadh; izk¡r ,d {ks= esa vkfo’V 
gksrk gSA vki ;g Hkh ns[ksaxs fd ,d fn, gq, iw.kkZadh; izk¡r dks vkfo’V djus okys 
lcls NksVs {ks= dks dSls cuk;k tkrk gSA tSlk fd vki ns[ksaxs] okLro esa ;gh og fof/k 
gS ftlds }kjk   ls   cuk;k tkrk gSA 

 

iw.kkZadh; izk¡rksa vkSj {ks=ksa ls lacaf/kr oy;ksa dh dqN fof'k’V xq.ktkofy;k¡ gSa] tks 
vHkkT; xq.ktkofy;k¡ vkSj mfPp’B xq.ktkofy;k¡ dgykrh gSaA Hkkx 14.6 esa vki ,slh 
xq.ktkofy;ksa] rFkk buds iw.kkZadh; izk¡rksa vkSj {ks=ksa ds lkFk laca/kksa] dk v/;;u djsaxsA 

 

tSlk fd vki ns[k ldrs gSa] bl bdkbZ esa vki vusd ubZ ladYiukvksa dk v/;;u 
djsaxsA 'kk;n vkidks bUgsa le>us esa dqN le; yxsA fpark ugha djsaA ftruk le; 
vkidks pkfg,] yhft,A ijarq tc Hkh vki bldk v/;;u lekIr dj ysa] mEehn gS fd 
vkius fuEufyf[kr lh[kus ds mís';ksa dks izkIr dj fy, gksaxsA  

 

 

bl bdkbZ dh i<+kbZ ds ckn] vkidks fuEufyf[kr dj esa leFkZ gks tkuk pkfg,%  

 oy; esa 'kwU; ds Hkktd dks ifjHkkf’kr djuk] rFkk mlds mnkgj.k nsuk( 

 tk¡p djuk fd ,d chth; fudk; ,d iw.kkZadh; izk¡r gS ;k ugha( 

 Øefofues; ;k vØefofues; oy; dk vfHky{kf.kd izkIr djuk( 

 tk¡p djuk fd ,d chth; fudk; ,d {ks= gS ;k ugha( 
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 iw.kkZadh; izk¡rksa vkSj {ks=ksa ds ljy xq.kksa dks fl) djuk] rFkk mudk vuqiz;ksx 
djuk( 

 fdlh iw.kkZadh; izk¡r ds foHkkx {ks= dks cukuk] ;k igpku ikuk( 

 oy; dh vHkkT; xq.ktkofy;ksa vkSj mfPp’B xq.ktkofy;ksa dks ifjHkkf’kr djuk] 
rFkk mudh igpku djukA 

 

14.2 ? 

 

vkb, bl ppkZ dks nks 'kwU;srj iw.kkZadksa ds xq.kuQy dks ysrs gq, izkjaHk djsaA vki 
tkurs gSa fd ;g ,d 'kwU;srj iw.kkZad gksrk gS] vFkkZr~] ;fn n,m  ,sls gaS fd 

,0n0m  vkSj  rks .0mn     

vc] oy; 6  yhft,A ;gk¡ 02   vkSj ,03   fQj Hkh .0632   vr%] ge ikrs 

gSa fd 6  esa nks 'kwU;srj vo;oksa 2  vkSj 3  dk xq.kuQy 'kwU; gSA ;g mnkgj.k gesa 

fuEufyf[kr ifjHkk’kk ij ys tkrk gSA 

 

: oy; R  dk 'kwU;srj vo;o r  oy; R  esa (zero 

divisor) dgykrk gS ;fn R  esa ,d ,slk 'kwU;srj vo;o b  gS ftlls fd .0rb    

(/;ku nhft, fd b Hkh 'kwU; dk Hkktd gksxk!) 

 

vc] D;k vki ekurs gSa fd 6  esa 2  'kwU; dk Hkktd gS?  4  esa 3  ds ckjs esa vki D;k 

dg ldrs gSa? D;ksafd 4  esa izR;sd 'kwU;srj x  ds fy,] ,0x3   blfy, 34 esa  

'kwU; dk Hkktd ugha gSA  

 

uke ‘'kwU; dk Hkktd’  bl ckr ls gS fd ,d vo;o ,Rx  Rr  dks Hkkx nsrk gS 
;fn Ry  s.t. .rxy   varj dsoy ;g gS fd ;gk¡ 0r   gS] ijarq x  vkSj y  nksuksa 

'kwU;srj gSaA vr%] 02032  esa]dh fLFkfr  vkSj .03  bl izdkj] 6  esa  2  vkSj 3  

nksuksa 'kwU; ds Hkktd gSaA  

 

vkb, ,sls oy;ksa ds dqN vkSj mnkgj.kksa ij fopkj djsa ftuesa 'kwU; ds Hkktd gSaA 

 

 1: tk¡p dhft, fd  4]3[  esa 'kwU; ds Hkktd gSa ;k ughaA 

 

: /;ku nhft, fd },b,a43ba{4]3[    vkSj 

}.b,a3b4a4{4   

;kn jf[k, R  Øefofues; 
gSA 
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gesa ns[kuk gS fd D;k  4]3[y,x   s.t. 0y,0x   ijarq  ,0xy    vFkkZr~ 

D;k ]3[y,x   s.t. ,4y,x  ijarq .4xy   

vc 2y,2x   ij fopkj dhft,A ;gk¡ .4y,4x   (D;ksa?)  

ijarq .44xy   

vr%]  4]3[  esa 2  ,d 'kwU; dk Hkktd gSA  

vki bl oy; esa dbZ vkSj D;ksa ugha vki ,d vkSj irk dj ysrs gSa? 'kwU; ds Hkktd 
ekywe dj ldrs gSaA 

*** 

 

 2: ]1,0[C  esa 'kwU; ds Hkktd dk ,d mnkgj.k] iqf’V lfgr] nhft,A  

 

:  









1x2/1,0

2/1x0,
2
1x)x(f  }kjk fn, tkus okys Qyu ]1,0[Cf  ij fopkj 

dhft,A  

vkb, 











1x2/1,
2
1x

2/1x0,0
)x(g  }kjk ]1,0[:g  dks ifjHkkf’kr djsaA 

rc] ‘dyu’ ls vki tkurs gSa fd ].1,0[Cg,f    

lkFk gh] 0g,0f   vkSj ].1,0[x0)x(g)x(f)x)(fg(    

bl izdkj] fg  'kwU; Qyu gSA  

vr%] ]1,0[C  esa f  ,d 'kwU; dk Hkktd gS] vkSj g Hkh 'kwU; dk Hkktd gSA 

*** 

 

 3: tk¡p dhft, fd nks vrqPN oy;ksa ds vuqykse xq.kuQy esa 'kwU; ds Hkktd 
gSa ;k ughaA 

 

: eku yhft, A  vkSj B  vrqPN oy; gSaA eku yhft, fd ,Aa ,0a   rFkk 
,Bb  .0b    

rc] nksuksa BA)0,a(   vkSj BA)b,0(   'kwU;srj gSaA  

ijarq] ).0,0()b,0()0,a(   

vr%] BA  esa )0,a(  vkSj )b,0(  'kwU; ds Hkktd gSaA 

*** 

4: tk¡p dhft, fd )X(  esa 'kwU; ds Hkktd gSa ;k ugha] tgk¡ X  de ls 

de nks vo;oksa okyk leqPp; gSA  
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: X  dk izR;sd vfjDr mfpr mileqPp; A  'kwU; dk Hkktd gS] D;ksafd 

 cc AAAA  tks )X( dk 'kwU; vo;o gSA 

*** 

 

 5: eku yhft, n  esa x  ,d 'kwU; dk Hkktd gS] tgk¡ .n   fn[kkb, fd 

.1)n,x(   

 

: eku yhft, ny   s.t. 0y   vkSj .0yx   

rc ,yn,xn  ysfdu .xyn  

eku yhft, .1)n,x(   rc  r,m  s.t. .1nrmx   

vr%] .nrymxy1yy   

vc xyn  vkSj .nryn  vr%] ),nrymxy(n   vFkkZr~] ,yn  tks ,d varfoZjks/k gSA 

blfy,] .1)n,x(   

vr%] .1)n,x(   

*** 

 

vc] fuEufyf[kr iz'uksa dks gy djus dk iz;kl dhft,A 

 

E1)   esa] rFkk 10 esa] lHkh 'kwU; ds Hkktd rFkk lHkh ek=dksa dks fyf[k,A D;k 

izR;sd oy; ds 'kwU; ds Hkktdksa vkSj ek=dksa esa dksbZ laca/k gS? ;fn gS] rks D;k 
laca/k gS? (;g E5 ls tqM+k gSA) 

E2) mnkgj.k 5 esa tks fn;k gS] mldk foykse fl) dhft,A 

E3) eku yhft, R  ,d oy; gS rFkk Ra  ,d 'kwU; dk Hkktd gSA n'kkZb, fd 
eq[; xq.ktkoyh Ra  dk izR;sd 'kwU;srj vo;o ,d 'kwU; dk Hkktd gSA 

E4) tk¡p dhft, fd )X(  esa 'kwU; ds Hkktd gSa ;k ugha] tgk¡ }.a{X   

E5) eku yhft, R ,d rRledh oy; gS rFkk .0a,Ra   

 i) ;fn a 'kwU; dk Hkktd ugha gS] rks D;k ?)R(Ua  

 ii) ;fn ,)R(Ua  rks D;k R esa a  'kwU; dk Hkktd gks ldrk gS? 

 vius mÙkjksa dh iqf’V dhft,A 

vHkh rd vkius 'kwU; ds Hkktd okys oy;ksa ds vusd mnkgj.kksa dks ns[kk gSA vki ;g 
Hkh tkurs gSa fd   esa dksbZ 'kwU; dk Hkktd ugha gSA okLro eas] ,sls vusd oy; gSa 
ftuesa dksbZ 'kwU; ds Hkktd ugha gSaA vkb, ,sls oy;ksa dks ifjHkkf’kr djsaA 
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: ,d vrqPN oy; R  ,d (integral domain) dgykrk gS] 
;fn  

i)  R  Øefofues; gS]  

ii)  R  rRledh gS] rFkk  

ii)  R  esa dksbZ 'kwU; ds Hkktd ugha gSaA 

 

bl izdkj] ,d iw.kkZadh; izk¡r ,d rRledh vrqPN Øefofues; oy; gksrk gS ftlesa 
nks 'kwU;srj vo;oksa dk xq.kuQy ,d 'kwU;srj vo;o gksrk gSA 

 

bl izdkj ds oy; dk uke iw.kkZadksa ds leqPp; ls vk;k gS] tks ,sls oy;ksa dk lcls 
T+;knk tkuk igpkuk mnkgj.kksa eas ls ,d gSA oLrqr%] 'kq: esa iw.kkZadh; izk¡rksa dks   dk 
,d O;kidhd̀r :i ekuk tkrk FkkA 

 

D;k vkids fnekx+ esa dksbZ vkSj iw.kkZadh; izk¡r vkrk gS? ,  vkSj   ds ckjs esa vki 

D;k dg ldrs gSa?  vkidks bldh tk¡p djuh pkfg, fd ;s ifjHkk"kk esa fn, izfrca/kksa 
dks larq’V djrs gSaA 

 

vc] ftu mnkgj.kksa dk vHkh rd vkius v/;;u fd;k gS] mueas ls D;k vki dks dksbZ 
,slk oy; fn[krk gS tks iw.kkZadh; izk¡r ugha gS?  ]1,0[C  ds ckjs esa vki D;k dg ldrs 

gSa? mnkgj.k 2 esa vki ns[k pqds gSa fd blesa 'kwU; ds Hkktd gksrs gSaaA bl izdkj] 
]1,0[C  ,d iw.kkZadh; izk¡r ugha gSA 

 

blls igys fd ge vkxs c<+sa] 'kCnkoyh ds ckjs esa ,d laf{kIr fVIi.kh dks nsf[k,A 

 

 1: vusd ys[kd 'kCn ‘iw.kkZadh; izk¡r’ dks la{ksi esa ‘izk¡r’ gh fy[k gSaA ge Hkh ,slk 
gh djsaxsA  

 

vkb, vc n ij n`f’V MkysaA E1 esa vki fl) dj pqds gSa fd 10 ,d izk¡r ugha gSA 
blls igys vki ns[k pqds gSa fd 6  vkSj 4  izk¡r ugha gSaA vr%] D;k fdlh Hkh n  

ds fy,] n  ,d izk¡r ugha gS? }1,0{2   yhft,A D;ksafd ,0111    blfy, 

2  ,d izk¡r gSA  

}2,1,0{3   ds ckjs esa vki D;k dg ldrs gSa? vkidks bldh tk¡p djuh pkfg, 

fd ;g ,d izk¡r gSA  
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vr%] 2  vkSj 3  ds ckjs esa ,slk D;k gS tks bUgsa izk¡r cuk nsrk gS] tcfd 6  vkSj 4  

izk¡r ugha gSa?  'kk;n ml fu’d’kZ ij igqap x, gksaxs ftls vc ge fl) djus tk jgs 
gSaA 

 

 1:  p  ,d iw.kkZadh; izk¡r gksrk gS ;fn vkSj dsoy ;fn p  ,d vHkkT; la[;k gSA 

 

:  vki tkurs gSa fd ,2n  n  ,d vrqPN rRledh Øefofues; oy; gSA 
vr%] gesa ;g fl) djus dh vko';drk gS fd p  esa dksbZ 'kwU; ds Hkktd ugha gSa ;fn 

vkSj dsoy ;fn p  ,d vHkkT; la[;k gSA 

 

igys] vkb, eku ysa fd p  ,d vHkkT; la[;k gSA 

eku yhft, pb,a   ,sls gSa fd  .0ba    

rc] ,0ab   vFkkZr~ .abp    

D;ksafd p  ,d vHkkT; la[;k gS] blfy, bdkbZ 1 ls vki tkurs gSa fd ap  ;k .bp   

bl izdkj] 0a   ;k .0b    

bl izdkj] geus fl) dj fy;k gS fd p  esa ;fn 0a   vkSj ,0b   rks  .0ba    

ikB~;Øe ‘okLrfod fo'ys’k.k’ ds [kaM 1 ls vki tkurs gSa fd ;g bls fl) djus ds 
rqY; gS fd 0a0ba   ;k .0b    

bl izdkj] p  esa 'kwU; ds Hkktd ugha gSa] rFkk blh fy, ;g ,d izk¡r gSA 

 

foykser%] gesa fn;k gS fd p  esa dksbZ 'kwU; ds Hkktd ugha gSaA  

;fn ,1p   rks p  rqPN oy; gS] tks ,d izk¡r ugha gSA 

;fn ,1p   eku yhft, pm  fdlh m ds fy,A vr%] fdlh r ds fy,] 

.mrp    

rc ,pr1,pm1   vkSj p  esa .0pmrrm     

D;ksafd p  ds dksbZ 'kwU; ds Hkktd ugha gSa] blfy, 0m   ;k .0r    

bl izdkj] mp  ;k .rp    

;g rHkh laHko gS] tc pm   ;k .pr     

;fn .1r,pm   rks  ;fn .1m,pr   rks  vr%] p  ds xq.ku[kaM dsoy 1 vkSj p  gSaA  

vr%] p  ,d vHkkT; la[;k gSA 

 

izes; 1 ds vuqiz;ksx ls vki rqjar dqN ,sls fu’d’kZ fudky ldrs gSa ftUgsa vki igys 
fl) dj pqds gSa] tSls fd 610 ,   vkSj 4  esa 'kwU; ds Hkktd gSa! 

,d oy; R  
 gS] ;fn 

Rb,a   ds fy,] 
0a0ab   ;k .0b    
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vkb, vc izk¡r ds ,d vU; mnkgj.k ij nf̀’V MkysaA 

 

 6: n'kkZb, fd }0{D
)DD(R

1

21


  ,d iw.kkZadh; izk¡r gS] tgk¡ 1D  vkSj 

2D  izk¡r gSaA 

 

: bdkbZ 13 ls vki tkurs gSa fd ,D~
}0{D

)DD(
2

1

21 
  tks ,d izk¡r gSA D;ksafd 

rqY;kdkjh oy;ksa esa iwjh rjg ls leku chth; xq.k gksrs gSa rFkk R  ,d izk¡r ds 
rqY;kdkjh gS] blfy, R  dks izk¡r gksuk gh pkfg,A bl izdkj] ifj.kke izkIr gks tkrk 
gSA 

*** 

 

mijksDr mnkgj.k esa ,d jkspd rF; fn[krk gSA mnkgj.k 4 ls vki tkurs gSa fd 

21 DD   ,d izk¡r ugha gSA ijarq 21 DD   dk ,d foHkkx oy; izk¡r cu tkrk gS! 

 

vc] dqN iz'uksa dks gy djus dk iz;kl dhft,A 

 

E6) fuEufyf[kr esa ls dkSu-ls oy; iw.kkZadh; izk¡r gaS? D;ksa? 

 .})0{()(},0{,,i,2,97    

E7) D;k iw.kkZadh; izk¡r ds mioy; dks ,d izk¡r gksuk gh iM+rk gS? D;k izk¡r ds 
foHkkx oy; dks ,d izk¡r gksuk gh iM+rk gS? vius mÙkjksa ds fy, dkj.k nhft,A 

E8) tk¡p dhft, fd ]n[  ,d iw.kkZadh; izk¡r gS ;k ugha] tgk¡ n  ,d oxZ-eqDr 

iw.kkZad gSA 

 

vc] oy; R  ij fopkj dhft,A ge tkurs gSa fd R  esa ;ksx ds fy, fujlu fu;e 
ykxw gksrk gS] vFkkZr~] tc Hkh R  esa ,caba   rks .cb   ijarq] D;k acab   ls 

cb   izkIr gksrk gS? ;g vko';d ugha gSA mnkgj.kkFkZ]   esa ,2010   ijarq .21  

vr%] ;fn acab,0a   rks  dk fufgrkFkZ cb   ugha gSA ijarq] ;fn 0a   rFkk 
,acab   rks D;k ;g lR; gS fd ?cb   ge fl) djsaxs fd ;g iw.kkZadh; izk¡rksa ds 

fy, lR; gSA 

 

 2:  oy; R  esa dksbZ 'kwU; ds Hkktd ugha gksrs gSa ;fn vkSj dsoy ;fn R esa xq.ku 
ds fy, fujlu fu;e ykxw gksrk gS (vFkkZr~] ;fn Rc,b,a  ,sls gSa fd 0a   vkSj 

acab   ;k ,caba  rks .cb  ) 
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: igys] vkb, eku ysa fd R  esa dksbZ 'kwU; ds Hkktd ugha gSaA ;g Hkh eku 
yhft, fd Rc,b,a   s.t. 0a   vkSj .acab   rc] 

,acab)cb(a   bdkbZ 10 ds izes; 1 }kjkA 

            .0   

D;ksafd 0a   rFkk R esa dksbZ 'kwU; ds Hkktd ugha gSa] blfy, ge ,0cb   vFkkZr~ 

cb   izkIr djrs gSaA 

bl izdkj] ;fn acab   vkSj ,0a   rks .cb   

blh rjg ;fn caba   vkSj ,0a   rks .cb  (/;ku nhft, fd ;gk¡ R  dks Øefofues; 

ugha ekuk x;k gSA) 

 

foykser%] eku yhft, R  esa xq.ku ds fy, fujlu fu;e ykxw gSA eku yhft, Ra  

s.t. .0a     

;g Hkh eku yhft, fd fdlh Rb ds fy,] .0ab    

rc] .0a0ab     

xq.ku ds fy, fujlu fu;e dk mi;ksx djus ij] 0b   izkIr gksrk gSA  

vr%] ,slk dksbZ 'kwU;srj b  ugha gS s.t. .0ab    

blfy,] a  'kwU; dk Hkktd ugha gS] vFkkZr~ R  esa dksbZ 'kwU; ds Hkktd ugha gSaA 

 

bl izes; dk mi;ksx djrs gq,] ge rqjar fu’d’kZ fudky ldrs gSa fd ,d 
 

 

/;ku nhft, fd izes; 2 dsoy izk¡rksa ds fy, lR; ugha gSA ;g fdlh Hkh ,sls oy; ds 
fy, Hkh lR; gS tks izk¡r ugha gS vkSj fcuk 'kwU; ds Hkktd okyk gS] tSls fd .2 

 

vkb, izes; 2 ds mi;ksx ds dqN mnkgj.kksa ij n`f’V MkysaA 

 

 7: D;k ]i[  esa xq.ku ds fy, fujlu fu;e ykxw gksrk gS? 

 

: D;ksafd ],i[   dk  ,d mioy; gS] blfy, ;g fcuk 'kwU; ds Hkktd okyk oy; 
gSA bl izdkj] izes; 2 }kjk] ]i[  ds fy, fujlu fu;e ykxw gksrk gSA 

*** 

 

8: eku yhft, fd R  fcuk 'kwU; ds Hkktd okyk ,d vrqPN ifjfer oy; 
gSA n'kkZb, fd R  rRledh gksxk ghA 
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: eku yhft, .R0a   rc] R  dk ia  ,d 'kwU;srj vo;o .i     

ijarq] R  esa dsoy ifjfer la[;k esa vo;o gSaA  

vr%] fdUgha sr,s,r   ds fy,] .aa sr    

eku yhft, n  lcls NksVk ,slk /kukRed iw.kkZad gS ftlds fy, s.t.  m  

.nm,aa nm   rc] .nm   

vr%] lHkh Rx  ds fy,] 
nm axax   

,xaxa 1n1m    izes; 2 ls] vkSj a  ds fujlu }kjkA 

,xxa nm    blh izfØ;k dk )1n(   ckj vuqiz;ksx djus ijA 

blh izdkj] vki n'kkZ ldrs gSa fd .Rxxxa nm    

bl izdkj] dk ,a nm R  rRled gSA  

*** 

 

vc vkidks fuEufyf[kr iz'uksa dks gy] djuk pkfg,] izes; 2 ds mi;ksx lsA 

 

E9) tk¡p dhft, fd D;k ]7[  vkSj 5  esa xq.ku ds fy, fujlu fu;e ykxw gS 

;k ughaA 

E10) n'kkZb, fd fdlh Hkh izk¡r esa] lehdj.k xx2   ds gy dsoy 0x   vkSj 1x   
gSaA 

E11) fl) dhft, fd dsoy  0 gh izk¡r dk 'kwU;aHkkoh vo;o (bdkbZ 12 ds mnkgj.k 9 

dks nsf[k,) gksrk gSA 

E12) eku yhft, R  ,d rRledh vrqPN ifjfer oy; gS rFkk .0a,Ra   
n'kkZb, fd ;k rks a  'kwU; dk Hkktd gS ;k  ,a  R dk ek=d gSA  

vkb, vc fdlh Hkh oy; ls tqM+k ,d _.ksrj iw.kkZad dk ifjp; nsaA ;g gesa iw.kkZadh; 
izk¡r ds ,d [k+kl y{k.k dh vksj ys tk,xkA 

 

14.3  

bl Hkkx esa ge ,d ,sls _.ksrj iw.kkZad ij /;ku nsaxs tks oy;ksa dk ,d y{k.k gSA 
;fn oy; R ifjfer gS] rks vki ns[ksaxs fd ;g iw.kkZad vly esa vkcsyh lewg ),R(   

dh dksfV dk Hkktd gSA oy; ds bl y{k.k dks nsus dh gekjh otg gS fd blls 
iw.kkaZdh; izk¡rksa dk ,d egÙoiw.kZ xq.k feyrk gS] tSlk fd vki ns[ksaxsA 

 

/;ku nhft, fd bl Hkkx esa ge 
j[ksaxsA 

oy; R ds vo;o r  dks 

(idempotent) dgrs gSa ;fn 

.rr2   
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vkb, 4  ij n`f’V Mkyrs gq, izkjaHk djsaA D;k n  gS s.t. 4  esa ?02n    gk¡ gSA 
mnkgj.kkFkZ] 2  s.t. .022   D;k dksbZ n  gS s.t. 4  esa ?03n   ;gk¡ 4  

ds ckjs esa D;k dgk tk ldrk gS? 4  esa  01234  A vr%] 4  dk;Z djrk gSA 

D;k dksbZ n  gS s.t. ?x0xn 4  ;gk¡ ij Hkh 4  ds ckjs esa D;k dgk tk 
ldrk gS? vki tkurs gSa fd ,x0x4 4  D;ksafd .04    

 

oLrqr%] fdlh Hkh 4x   ds fy,] 0x8   vkSj 0x12   Hkh gksrk gSA ijarq  4  bl 

xq.k ds lkFk lcls NksVk /kukRed iw.kkZad gSA vFkkZr~] 4  leqPp; 

}x0nxn{ 4   dk y?kqre vo;o gSA ;g gesa crkrk gS fd 4,  4  dk  

vfHky{kf.kd gS] tSlk fd vc vki ns[ksaxsA 

 

: eku yhft, R  ,d oy; gSA lcls NksVk /kukRed iw.kkZad n  ftlls fd 
,Rx0nx   R  dk (characteristic) dgykrk gSA 

;fn ,slk dksbZ /kukRed iw.kkZad n  ugha gS ftlls fd ,Rx0nx   rks R  

 

R  ds vfHky{kf.kd dks Rchar  }kjk O;Dr fd;k tkrk gSA 

 

vr%] tSlk fd vki Åij ns[k pqds gSa] .4char 4   oLrqr%] vkidks bldh tk¡p 
djuh pkfg, fd nchar n   rFkk .0char     

 

vkb, ,d vU; mnkgj.k ij fopkj djsaA 

 

 9: )m(char   Kkr dhft,] tgk¡ .2m,m   

 

: m  dk dksbZ Hkh vo;o n,mn  ds :i dk gksrk gSA vc] ;fn r  s.t. 
,n0rmn   rks 1n,0rm   j[kus ijA    

D;ksafd ,0m   blfy, .0r    

vr%] .0)m(char   

*** 

 

fuEufyf[kr iz'uksa dks gy djus ls vkidks oy; ds vfHky{kf.kd ds ckjs esa ,d csgrj 
le> izkIr gksxhA 
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E13) iqf’V lfgr ,d ,sls oy; R  dk mnkgj.k nhft, ftlds fy, 
.m,mR,0Rchar     

E14) )X(char  Kkr dhft,] tgk¡ X  ,d vfjDr leqPp; gSA 

E15) eku yhft, fd R  ,d oy; gS rFkk .mRchar   )RR(char  D;k gS? 

E16) ;fn R  ,d ifjfer oy; gS] rks Rchar  dks 'kwU;srj D;ksa gksuk gksxk? 

E17) i) eku yhft, R  ,d n  vo;oksa okyk  ifjfer oy; gSA n'kkZb, fd n  dks 
Rchar  foHkkftr djrk gSA  

 ii) fof'k’V :i ls] )(R 42   ds fy, n vkSj r  D;k gSa?  

 iii) iqf’V djrs gq,] mijksDr (i) esa nr   okys R  dk ,d mnkgj.k nhft,A  

 

vc] vkb, ,d rRledh oy; ds vfHky{kf.kd ds ckjs esa ,d vPNs ifj.kke ij n`f’V 
MkysaA tc ge ,sls oy; dk vfHky{kf.kd izkIr djuk pkgrs gSa] rc bl ifj.kke ls 
gesa cgqr Q+k;nk gksrk gSA 

 

3: eku yhft, fd m  ,d /kukRed iw.kkZad gS rFkk R ,d rRledh oy; gSA 
rc] fuEufyf[kr izfrca/k rqY; gSa% 

i) .01m   

ii) lHkh Ra  ds fy,] .0ma     

 

: ge fl) djsaxs fd )ii()i(   rFkk ).i()ii(   

 

:(ii)(i)  ge tkurs gSa fd .01m   

bl izdkj] fdlh Hkh ,0a0a)1m()a1(mmaRa  ] fy,ds  vFkkZr~ (ii) lR; 

gSA 

 

:(i)(ii)  ;fn ,Ra0ma   rks fuf'pr :i ls ;g 1a   ds fy, Hkh lR; gS]  

vFkkZr~ .01m   

 

izes; 3 gesa crkrk gS fd  R

gesa  n,Rxnx  ds cnys }n1{n   

  

 

vkb, dqN mnkgj.kksa dks ns[ksaA 

i)  ,0char   D;ksafd fdlh Hkh n  ds fy, .01n    

;kn jf[k, fd bl Hkkx esa 
t:jh ugha fd oy; 
Øefofues; gksaA 
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ii)  blh izdkj] 0char   rFkk .0char   

iii)   vki igys gh ns[k pqds gSa fd] 2n   ds fy,] .nchar n   ;gk¡ ,01n    

rFkk n  ,slh y?kqre izkd`frd la[;k gSA 

 

vki oy;ksa rFkk muds vfHky{kf.kdksa ds vusd mnkgj.k ns[k pqds gSaA bu mnkgj.kksa ls 
vkiuss 'kk;n ;g fu’d’kZ fudky fy;k gksxk fd ,d vifjfer oy; dk vfHky{kf.kd 
'kwU; gksrk gSA ijarq] fuEufyf[kr mnkgj.k ij fopkj dhft,A 

 

 10: 3  ls xq.kkadksa okys x  esa cgqinksa ds oy; ]x[3  dk vfHky{kf.kd Kkr 

dhft,A 

 

: ]x[3  dk dksbZ Hkh vo;o] xq.kkadksa 1,0 ;k 2   okyk ,d cgqin gSA bl oy; dk 

,d rRled vFkkZr~ 1  gSA 

lcls NksVk /kukRed iw.kkZad 3 gS ftlds fy, 

D;ksafd ,3]x[char,0n1n 3  blfy,  izes; 3  }kjkA 

*** 

 

/;ku nhft, fd ]x[3  ,d vifjfer oy; gS] D;ksafd izR;sd n  ds fy,] ?kkr n  

okyk ,d cgqin gksrk gS rFkk ;s lHkh cgqin fHkUu-fHkUu gksrs gSaA vr%] ]x[3  ,d ,sls 

vifjfer oy; dk mnkgj.k gS ftldk 'kwU;srj vfHky{kf.kd gSA 

 

vc vki dqN iz'u gy D;ksa ugha dj ysrs? 

 

 

E18) ,n),(char n    rFkk ,m,n),(char mn    Kkr dhft,A 

E19) ;fn R  ,d oy; gS rFkk R  dh I  ,d xq.ktkoyh gS] rks D;k 
)IR(charRchar   gksxk gh? D;ksa] ;k D;ksa ugha? 

E20) ;fn R  ,d oy; gS rFkk R dk S  ,d mfpr mioy; gS] rks D;k 
RcharSchar   ges'kk gksxk? D;ksa] ;k D;ksa ugha? 

E21) D;k vfHky{kf.kd 1  okyk dksbZ oy; gS? D;ksa] ;k D;ksa ugha? 

E22) eku yhft, R  vkSj S  rqY;kdkjh oy; gSaA ScharRchar  Kkr dhft,A 

  

 

vkb, vc ns[ksa fd izes; 1 D;k dgrk gSA ;g crkrk gS fd n  ,d izk¡r gS ;fn vkSj 
dsoy ;fn n  ,d vHkkT; la[;k gSA vr%] ;fn ge bls nchar   ds lkFk tksM+sa] rks ge 
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Kkr djrs gSa fd n  ,d izk¡r gS iff nchar   ,d vHkkT; la[;k gSA rks] iz'u ;g 

mBrk gS fd D;k dksbZ izk¡r gS ftldk vfHky{kf.kd ,d vHkkT; la[;k ugha gSA D;k 
  ,d ,slk izk¡r ugha gS] D;ksafd .0char   tks ,d vHkkT; la[;k ugha gS? D;k 

,Rchar  tgk¡ R ,d izk¡r gS] dksbZ vU; eku xzg.k dj ldrk gS? fuEufyf[kr izes; 

bl iz'u dk mÙkj nsrk gSA 

 

 4: ,d iw.kkZadh; izk¡r dk vfHky{kf.kd ;k rks 'kwU; gksrk gS ;k ,d vHkkT; la[;k 
gksrk gSA 

 

: eku yhft, R  ,d izk¡r gSA ge fl) djsaxss fd ;fn R  dk vfHky{kf.kd 
'kwU; ugha gS] rks ;g ,d vHkkT; la[;k gSA  

 

vr%] eku yhft, char ,mR   tgk¡ .m   rc] m  ,slk y?kqre /kukRed iw.kkZad gS 
fd ,01m   izes; 3 }kjkA  

ge varfoZjks/k dh fof/k ls n'kkZ,¡xs fd m  ,d vHkkT; la[;k gS] vFkkZr~] ge 'kq: esa 
eku ysaxs fd m  ,d vHkkT; la[;k ugha gS] rFkk ,d varfoZjks/k ij igqapsaxsA ;g 
n'kkZ,xk fd gekjh ifjdYiuk x+yr FkhA 

 

vr%] eku yhft, m  vHkkT; la[;k ugha gSA rks ,stm   tgk¡ ms1,t,s   vkSj 

.mt1   

rc] 01s0)1t()1s(01)st(01m   ;k ,01t   D;ksafd R  esa dksbZ 

'kwU; ds Hkktd ugha gSaA  

ijarq s  vkSj ,t m  ls NksVs gSaA ysfdu .Rcharm   vr%] izes; 3 }kjk] ge ,d 

varfoZjks/k ij igq¡prs gSaA vr%] gekjh ifjdYiuk fd m  vHkkT; la[;k ugha gS x+yr 
gksxhA vr%] m  ,d vHkkT; la[;k gSA 

 

vc] izes; 4  ds foykse ds ckjs esa D;k dgk tk ldrk gS? vFkkZr~] ;fn R  vfHky{kf.kd 

0  ;k vHkkT; vfHky{kf.kd okyk ,d oy; gS] rks D;k R  dks ,d izk¡r gksuk pkfg,? 

vki ‘vfHky{kf.kd’ dh viuh le> dk mi;ksx dj ldrs gSa bldk mÙkj nsus ds 
fy,] rFkk vU; uhps fn, iz'uksa dks gy djus ds fy,A 

 

E23) tk¡p dhft, fd izes; 4  dk foykse lR; gS ;k ughaA 

 ( : D;k E15 blesa lgk;rk djrk gS?) 

E24) eku yhft, R  ,d iw.kkZadh; izk¡r gS] ftldk vfHky{kf.kd ,d vHkkT; la[;k 
p  gSA fl) dhft, fd  

i) ppp ba)ba(,Rb,a   vkSj .ba)ba( ppp   

 ii) n  vkSj Rb,a   ds fy,] .ba)ba(
nnn ppp    
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 iii) mileqPp; },Raa{ p   R  dk ,d mioy; gSA 

 iv) Qyu pa)a(:RR:    ,d ,dSd lekdkfjrk gSA 

 v) ;fn R  ,d ifjfer iw.kkZadh; izk¡r gS] rks  mijksDr (iv) esa   ,d 

rqY;kdkfjrk gSA 

E25) ;fn ,0Rchar   rks E24 ds dFkuksa esa ls dkSu-ls dFku lR; gSa? D;ksa? 

E26) n'kkZb, fd oy; R  ds fy,] 666 ba)ba(   dk lR; gksuk vko';d ugha] 
tgk¡ ,Rb,a   rFkk .6Rchar    

E27) eku yhft, R  ,d rRled 1 okyk oy; gS] rFkk eku yhft, fd char 

.mR   1n)n(f:R:f   ifjHkkf’kr dhft,A n'kkZb, fd f  ,d 
lekdkfjrk gSA fKer  ds fy, ,d tud Hkh nhft,A 

E28) 43    dk vfHky{kf.kd Kkr dhft,A bl oy; dks ,d mnkgj.k ds :i esa 

mi;ksx djds n'kkZb, fd izes; 4  dsoy iw.kkZadh; izk¡rksa ds fy, gh lR; gSA 

vc rd vki iw.kkZadh; izk¡rksa rFkk muds vfHky{kf.kd ls ifjfpr gks x, gksaxsA vkb, 
vc viuh ppkZ dks ,d vU; chth; lajpuk dh vksj c<+k,¡A ;g  lajpuk gesa ,d 
izk¡r ds xq.ku ij dqN izfrca/k yxkus ls izkIr gksrk gSA  

 

14.4  

bl Hkkx esa vki dqN fof'k’V izk¡rksa dk v/;;u djsaxs] ftuds mnkgj.k ,  vkSj   

gSaA vkb, ns[ksa fd ;s iw.kkZadh; izk¡r fof'k’V D;ksa gSaA 

 

ge ftl ladYiuk dh vksj c<+ jgs gSa] mls le>us ds fy, ,d oy; ),,R(   

yhft,A vki tkurs gSa fd ),R(   ,d vkcsyh lewg gSA vki ;g Hkh tkurs gSa fd R  

esa lafØ;k · lkgp;Z gSA ijarq ),R(   dk vkcsyh lewg gksuk vko';d ugha gSA 
mnkgj.kkFkZ] ),(   ,d vkcsyh lewg ugha gS] D;ksafd   esa dbZ vo;oksa dk] tSls fd  

2 dk dksbZ xq.kukRed izfrykse ugha gSA  

 

blh izdkj] ),(   ,d vkcsyh lewg ugha gS] D;ksafd ,slk dksbZ vo;o a  ugha gS 
ftlls fd .10a   ijarq ),(   ,d vkcsyh lewg gS] tSlk fd vki tkurs gSaA blh 
izdkj] xq.ku ds lkis{k   vkSj   Hkh vkcsyh lewg gSA ;s izs{k.k gesa ,d ubZ chth; 

oLrq dks ifjHkkf’kr djus dh vksj ys tk jgs gSaA 

 

: oy; ),,R(   dks dgrs gaS ;fn )},0{\R(   ,d vkcsyh lewg gSA 

 

bl izdkj] fudk; ),,R(   dks ,d {ks= gksus ds fy, vko';d gS fd og bdkbZ 10 esa 
fn, oy; vfHkxg̀hrksa 1R  ls 6R  dks larq’V djs rFkk fuEufyf[kr vfHkxg̀hrksa dks Hkh 

larq’V djsA 
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R7)  xq.ku Øefofues; gS; 

R8)  R  dk ,d 'kwU;srj rRled gS (ftls ge 1 }kjk O;Dr djrs gSa); rFkk  

R9)  R esa izR;sd 'kwU;srj vo;o x  dk ,d xq.kukRed izfrykse gS] ftls ge 1x  }kjk 
O;Dr djrs gSa] vFkkZr~] }.0{\R)R(U    

 

blls igys fd ge vkxs c<+sa] fuEufyf[kr lacaf/kr tkudkjh ij fopkj djsaA 

 

 2: ,d oy; tks 8R  vkSj 9R  dks larq’V djrk gS] ijarq 7R  dks ugha] ,d 
 (division ring), ;k  (skew field), ;k  

(non-commutative field) dgykrk gSA ,sls oy;ksa dk Hkh chtxf.kr ds v/;;u esa 
,d cgqr egRoiw.kZ LFkku gSA (,d mnkgj.k   gS] tks okLrfod prqf’V;ksa dk oy; gS] 
ftldk v/;;u vkius bdkbZ 10 eas fd;k FkkA) ijarq bl ikB~;Øe esa ge foHkktu 
oy;ksa dh ppkZ ugha djsaxsA 

 

vkb, {ks=ksa ij okil vk tk,¡A {ks= dh /kkj.kk 19oha 'krkCnh esa chth; la[;k fl)kar 
esa us cuk;kA 'kks/k djrs gq, teZu xf.krKksa fjpMZ MsMsfdaM rFkk fy;ksiksYM ØksusdjA 
MMsfdaM us teZu 'kCn ‘Körper’ dk bl ladYiuk ds fy, mi;ksx fd;k] ftldk vFkZ 
‘{ks=’ gksrk gSA blh dkj.k ls vki izk;% ik,¡xs fd xf.kr dh iqLrdksa rFkk ys[kksa esa 
O;kid {ks= dks K  }kjk O;Dr fd;k tkrk gSA  

 

tSlk fd vki ns[k pqds gSa] ,  vkSj   {ks= gSaA ijarq ),(   ,d lewg ugha gSA 

vr%]   ,d {ks= ugha gSA  

 

vkb, vc ,d vkSj {ks= dk mnkgj.k] dqN foLrkj esa ns[ksaA 

 

 11: n'kkZb, fd }b,ab2a{]2[    ,d {ks= gSA 

 

: bdkbZ 10 ls vki tkurs gSa fd ]2[F   rRled  021   okyk ,d 

Øefofues; oy; gSA 

vc] eku yhft, fd F  dk b2a   ,d 'kwU;srj vo;o gSA ifjes;dj.k dh izfØ;k ls 
ge ns[krs gSa fd  
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(/;ku nhft, fd ,0b2a 22   D;ksafd 2  ifjes; la[;k ugha gS rFkk a  vkSj b  esa ls 

de ls de ,d 'kwU;srj gSA)  

bl izdkj] F ds izR;sd 'kwU;srj vo;o dk ,d xq.kukRed izfrykse gSA  

vr%]  2F   ,d {ks= gSA 

*** 

 

vc rd] vki {ks=ksa ds vusd mnkgj.kksa dks ns[k pqds gSaA D;k vkius bl vksj /;ku 
fn;k fd ;s lHkh iw.kkZadh; izk¡r Hkh gSa? ;g dksbZ la;ksx ugha gSA oLrqr%] gesa 
fuEufyf[kr ifj.kke ;gh crkrk gSA                                                                                                                                                                    

 

5: izR;sd {ks= ,d iw.kkZadh; izk¡r gksrk gSA 

 

: eku yhft, fd F  ,d {ks= gSA rc] },0{F   F ,d Øefofues; oy; gS 

rFkk .F1  gesa ;g ns[kus dh vko';drk gS fd D;k F  esa 'kwU; ds Hkktd gSa ;k ughaA  

vr%] eku yhft, fd a vkSj ,b F  ds vo;o gSa] tgk¡ 0ab   vkSj .0a   D;ksafd 0a   

rFkk F  ,d {ks= gS] blfy, 1a  dk vfLrRo gSA  

rc] tSlk vkius E5(ii) esa fl) fd;k Fkk] a  'kwU; dk Hkktd ugha gSA  

vr%] F  esa 'kwU; ds Hkktd ugha gSaA  

bl izdkj] F  ,d iw.kkZadh; izk¡r gSA 

 

ge izes; 5  dk mi;ksx vusd fof/k;ksa ls dj ldrs gSaA mnkgj.kkFkZ] izes; 5  vkSj izes; 

1 ds vuqiz;ksx ls vki tkurs gSa fd 10  ,d {ks= ugha gS] D;ksafd 10 ,d vHkkT; la[;k 

ugha gSA 

 

vc] D;k izes; 5  dk foykse lR; gS? vFkkZr~] D;k izR;sd izk¡r ,d {ks= gksrk gS? /;ku 
nhft, fd   ,d izk¡r gS] ijarq ;g ,d {ks= ugha gSA  

 

vc] vkidks fuEufyf[kr lacaf/kr iz'uksa dks gy djuk pkfg,A 

 

E29) fuEufyf[kr oy;ksa esa ls dkSu-ls {ks= ugha gSa] vkSj D;ksa? 

}).a({,],2[,,,6 65    

E30) D;k {ks= dk mioy; Hkh ,d {ks= gksrk gS? D;ksa? 

E31) tk¡p dhft, fd ]i[  vkSj ]i[  {ks= gSa ;k ughaA 
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E32) D;k  2x]x[ ,d iw.kkZadh; izk¡r gS? D;k ;g ,d {ks= gS? vius mÙkjksa ds 

dkj.k nhft,A 

vki ns[k pqds gSa fd izR;sd izk¡r ,d {ks= ugha gksrkA ijarq] ;fn ge vius dks ifjfer 
izk¡rksa rd lhfer j[ksa] rks ge ikrs gSa fd ;s {ks= gSa] tSlk vc vki ns[ksaxsA 

 

6: izR;sd ifjfer iw.kkZadh; izk¡r ,d {ks= gksrk gSA 

 

: eku yhft, }a,,a,1a,0a{R n210   ,d izk¡r gSA rc] ifjHkk’kk }kjk] 
R  Øefofues; gSA R  dks {ks= n'kkZus ds fy, }0{\R)R(U   n'kkZuk gksxkA 

 

vr%] eku yhft, fd R  dk iaa  ,d 'kwU;srj vo;o gS (vFkkZr~ 0i  ). vo;oksa 

n1 aa,,aa   ij fopkj dhft,A izR;sd ,0a0j j   fy,ds  rFkk D;ksafd ,0a   

blfy, ge 0aa j   izkIr djrs gSaA 

vr%] leqPp; }.a...,,a{}aa...,,aa{ n1n1   

 

lkFk gh] n21 aa,,aa,aa   lHkh leqPp; }a...,,a{ n1  ds vyx-vyx vo;o gSa] D;ksafd 

,aaaaaa kjkj   izes; 2 }kjkA 

bl izdkj] }.a...,,a{}aa...,,aa{ n1n1   

fo'ks’k :i esa] j1 aaa1   n,,1j   ds fy, fdlhA 

bl izdkj] R esa a  O;qRØe.kh; gSA  

vr%] R  ds izR;sd 'kwU;srj vo;o dk ,d xq.kukRed izfrykse gSA  

bl izdkj] R  ,d {ks= gSA 

 

bl ifj.kke dk mi;ksx djrs gq, vc ge ,d izes; dks fl) djsaxs] tks {ks=ksa ds vusd 
mnkgj.kksa dks tfur djrk gSA 

 

 7: n  ,d {ks= gS ;fn vkSj dsoy ;fn n  ,d vHkkT; la[;k gSA 

 

: izes; 1 ls vki tkurs gSa fd n  ,d izk¡r gS ;fn vkSj dsoy ;fn n  ,d 
vHkkT; la[;k gSA vki ;g Hkh tkurs gSa fd n  esa dsoy n  vo;o gSaA vc] izes; 6 ls 

gesa ifj.kke izkIr gks tkrk gSA 

 

izes; 7 ls gesa {ks=ksa ds vuarr% vusd mnkgj.k feyrs gSa] tSls ,,,, 7532  bR;kfnA 

;s lHkh mlds mnkgj.k gSa] ftls vc ge ifjHkkf’kr djus tk jgs gSaA 
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: ,d {ks= ftldk leqPp; ifjfer gS] ,d (finite field) 

dgykrk gSA 

 

bl izdkj] izR;sd vHkkT; p  ds fy,] p  ,d ifjfer {ks= gSA foKku vkSj izkS|ksfxdh 

ds fofHkUu {ks=ksa] tSls xw<+ys[ku (cryptography) esa] ifjfer {ks=ksa ds vusd egRoiw.kZ 
vuqiz;ksx gSaA vki Åaps ds Lrj dh i<+kbZ esa budk foLr`r :i ls v/;;u dj ldrs 
gSaA 

 

{ks=ksa ds lHkh mnkgj.kksa dks ns[kus gq, D;k vki {ks= ds vfHky{kf.kd ds ckjs esa dqN 
dg ldrs gSa?  gk¡] izes;ksa 4 vkSj 5 ds mi;ksx lsA 

 

 8: {ks= dk vfHky{kf.kd ;k rks 'kwU; gksrk gS ;k ,d vHkkT; la[;k gksrk gSA 

 

: izes;ksa 4 vkSj 5 ds vuqiz;ksx ls] gesa ;g ifj.kke izkIr gks tkrk gSA 

 

izes; 7 vkSj izes; 8 ls ge ns[krs gSa fd izR;sd vHkkT; p  ds fy,] gesa vfHky{kf.kd p  

okyk ,d {ks=] ;kuh ,p  izkIr gksrk gSA 

 

vHkh rd vkius ifjfer {ks=ksa ds tks mnkgj.k ns[ks gSa muesa fdlh vHkkT; p  ds fy, p  

vo;o FksA fuEufyf[kr iz'u esa ge vkils 4  vo;oksa okys ,d ifjfer {ks= ds 
mnkgj.k dh tk¡p djus ds fy, dg jgs gSaA 

  

E33) eku yhft, }.a1,a,1,0{R   R  esa   vkSj ·  dks fuEufyf[kr dsyh lkjf.k;ksa 

ds vuqlkj ifjHkkf’kr dhft,% 

 

01aa1a1

10a1aa

aa1011

a1a100

a1a10








 

a1a10a1

1a1a0a

a1a101

00000

a1a10








 

 n'kkZb, fd R  ,d {ks= gSA lkFk gh] bl {ks= dk vfHky{kf.kd Kkr dhft,A 

E33  vkidks crkrk gSS fd n  vo;oksa okys ifjfer {ks= Hkh gSa] tgk¡ n  ,d vHkkT; 
la[;k ugha gSA ijarq] tSlk fd vki mPprj v/;;u esa ns[ksaxs] fdlh vHkkT; p  vkSj 

fdlh r  ds fy,] rpn   gksrk gSA mnkgj.kkFkZ] E33 esa .2n 2  
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vkb, vc {ks= dh xq.ktkofy;ksa ij fopkj djsaA vHkh rd vkius tks {ks=ksa ds mnkgj.k 
ns[ks gSa] mu ij fopkj dhft,A bdkbZ 12 esa vki ns[k pqds gSa fd ,  vkSj   dh ,d 
gh mfpr xq.ktkoyh gS] ;kuh }.0{  D;k ;g vU; {ks=ksa ds fy, Hkh lR; gS? bldk mÙkj 

fuEufyf[kr izes; esa gSA        

 

 9: eku yhft, R  ,d rRledh Øefofues; oy; gSA rc] R  ,d {ks= gS ;fn 
vkSj dsoy ;fn R  dh xq.ktkofy;k¡ dsoy R  vkSj }0{  gSaA 

 

: vkb, igys eku ysa fd R  ,d {ks= gSA eku yhft, fd R,I  dh xq.ktkoyh  

gS I A  

;fn },0{I   rks ,d 'kwU;srj vo;o Ix  gSA 

D;ksafd 0x   rFkk R  ,d {ks= gS] blfy, fdlh Ry  ds fy, .1xy    

D;ksafd Ix  rFkk I  ,d xq.ktkoyh gS] blfy, ,Ixy  vFkkZr~] .I1   

bl izdkj] bdkbZ 12 ds izes; 2  }kjk] .RI   

vr%] R  dh xq.ktkofy;k¡ dsoy }0{  vkSj R  gSaA 

 

foykser%] eku yhft, fd R dh xq.ktkofy;k¡ dsoy R  vkSj }0{  gSaA  

eku yhft, fd ,Ra  .0a   eq[; xq.ktkoyh }Rrra{Ra  yhft,A  

;g R dh 'kwU;srj xq.ktkoyh gS] D;ksafd .Raa   

vr%] .RRa    

vc] .RaR1    

vr%] fdlh Rb  ds fy,] ,ba1  vFkkZr~] 1a  dk vfLrRo gSA  

D;ksafd ,a  R  dk dksbZ Hkh ,d LosfPNd 'kwU;srj vo;o Fkk] blfy, geus fl) dj 

fy;k gS fd ,sls izR;sd vo;o dk ,d xq.kukRed izfrykse gSA  

vr%] R ,d {ks= gSA 

 

izes; 9  vkSj mnkgj.k 11 ls] vki tkurs gSa fd ]2[   dh dksbZ vrqPN mfpr 

xq.ktkoyh ugha gSA oLrqr%] ]p[  dh dksbZ vrqPN mfpr xq.ktkoyh ugha gksrh] tgk¡ 
p  ,d vHkkT; la[;k gSA blh izdkj] vki vc ;g Hkh tkurs gSa fd ,  vkSj p  dh 

dksbZ mfpr vrqPN xq.ktkofy;k¡ ugha gksrh gSaA bl izdkj] izes; 9 cgqr mi;ksxh gSA 
vki ik,axs fd vki bldk vuqiz;ksx bl [kaM ds 'ks’k Hkkx esa ckj-ckj djrs jgsaxsA 

izes; 9  dk mi;ksx djrs gq,] ge  (field homomorphisms) ds 
dqN jkspd xq.k izkIr dj ldrs gSaA ge fuEufyf[kr iz'uksa esa vkils bUgsa fl) djus 
ds fy, dg jgs gSaA 

 

,d ,d 
{ks= ls nwljs rd ,d oy; 
lekdkfjrk gksrh gSA 
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E34) eku yhft, fd F  vkSj K  {ks= gSa rFkk KF:f   ,d {ks= lekdkfjrk gSA 
n'kkZb, fd ;k rks f  'kwU; Qyu  gS ;k f  ,dSdh gSA 

E35) tk¡p dhft, fd  

 i) ,d oy; ls ,d {ks= rd dksbZ Hkh lekdkfjrk 1-1  gS ;k ugha] 

 ii) ,d {ks= lekdkfjrk dks 'kwU; Qyu ;k vkPNknd gksuk t+:jh gS ;k ughaA 

E36) eku yhft, R  ,d {ks= F  ds rqY;kdkjh ,d oy; gSA n'kkZb, fd R  ,d {ks= 
gksxk ghA 

vc tc ge iw.kkZadh; izk¡rksa vkSj {ks=ksa dh ppkZ dj pqds gSa] vkb, ,d {ks= esa ,d izk¡r 
dks cSBkus dh ,d LokHkkfod fof/k ij ckr djsaA 

 

14.5  

 

vkb,   vkSj   ds chp laca/k ij fopkj djsaA vki tkurs gSa fd   dk izR;sd vo;o 

b
a  ds :i dk gksrk gS] tgk¡ a  vkSj .b   okLro esa] ge 

b
a  dks Øfer ;qXe 

 )b,a(  }kjk Hkh O;Dr dj ldrs gSaA vkb, bl ckr ds mi;ksx ls   ij 
,d ,sls laca/k dks ifjHkkf’kr djsa ftlds v/khu vo;o   ds vo;o dh rjg gh 

djsaAds O;ogkj dk vuqdj.k djrk gksA   

 

  esa vki tkurs gSa fd 
d
c

b
a   iff .bcad   vkb, blh izdkj dk ,d laca/k ~, 

  ds vo;oksa ij j[ksa] vFkkZr~] )d,c(~)b,a(  iff .bcad    

rc] vkidks bldh tk¡p djuh pkfg, fd ~ ,d rqY;rk laca/k gSA 

 

vkxs] vki tkurs gSa fd   esa lafØ;k,¡ fuEufyf[kr rjg ls ifjHkkf’kr gSa % 

bd
bcad

d
c

b
a   vkSj .

d
c,

b
a

bd
ac

d
c

b
a   

bu lafØ;kvksa dks /;ku esa j[krs gq,] ge   esa rqY;rk oxksZa ij f}-vk/kkjh 
lafØ;k,¡ fuEufyf[kr :i esa ifjHkkf’kr djrs gSa%  

)],bd,bcad[()]d,c[()]b,a[(   rFkk 

.~)()]d,c[()],b,a[()]bd,ac[()]d,c[()]b,a[(     

,slk gksrk gS fd bu rqY;rk oxksZa dk leqPp; bu lafØ;kvksa ds lkis{k ,d oy; cu 
tkrk gS rFkk ;g   ds rqY;rkdkjh ,d {ks= gksrk gSA 

lkFk gh]   ls bl {ks= rd ,d vkfof’V gksrh gSA vr%] ge   dks bl {ks= dk 
mioy; eku ldrs gSaA 

;kn dhft, fd fdlh 
oy; R ds fy,] 

}0{\R  dks R O;Dr 
djrk gSA  

bdkbZ 1 ls ;kn dhft, fd 

 ds lkis{k   ds 
rqY;rk oxksZa ds leqPp; dks 

~/)(  }kjk O;Dr 
fd;k tkrk gSA 
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vkb, fdlh fn, gq, iw.kkZadh; izk¡r dks vkfo’V djus okys ,d {ks= dks izkIr djus dh 
bl izfØ;k dks O;kidhd`r djsaA  

 

 10: eku yhft, fd R  ,d iw.kkZadh; izk¡r gSA rc] R  dks ,d {ks= F  esa 
vr%LFkkfir fd;k tk ldrk gS] tgk¡ F dk izR;sd vo;o 1ab  ds :i dk gksrk gS 

0b,Rb,a   ds fy,A 

 

: Øfer ;qXeksa ds leqPp; Rb,a)b,a{(K  vkSj }0b  ij fopkj dhft,A 

vkb, K  esa )d,c(~)b,a('  ;fn 'bcad   }kjk ,d laca/k  ~ dks ifjHkkf’kr djsaA  

 

~ : ,K)b,a()b,a(~)b,a(   D;ksafd R  Øefofues; gSA vr%]   LorqY; 

gSA 

 

~ : eku yhft, ,K)d,c(),b,a(   tgk¡ ).d,c(~)b,a(   

rc] .bcad   vFkkZr~ .dacb    

vr%] ).b,a(~)d,c(   

bl izdkj] ~ lefer gSA  

 

~ : eku yhft, K)v,u(),d,c(),b,a(   ,sls gSa fd )d,c(~)b,a(  rFkk 
).v,u(~)d,c(   

rc] bcad   vkSj .ducv    

vr%] ,bdu)cv(bv)bc(v)ad(   vFkkZr~] .budavd    

D;ksafd ,0d   blfy, xq.ku ds fujlu fu;e }kjk] ge ,buav   vFkkZr~ 
)v,u(~)b,a( izkIr djrs gSaA  

bl izdkj] ~ laØked gSA  

 

vr%] ~ ,d rqY;rk laca/k gSA 

 

vkb, )b,a(  dks vkfo’V djus okys rqY;rk oxZ dks ]b,a[ }kjk O;Dr djsaA 

bl izdkj] 0d,Rd,c)d,c{(]b,a[   vkSj }.bcad    

mnkgj.kkFkZ]   esa ]3,1[)6,2(   rFkk ],3,1[)2,1(   D;ksafd 1632   vkSj 

.1231   

 

,d oy; R ,d oy; S esa 
(embedded) 

gksrk gS] ;fn R ls S rd ,d 
,dSd lekdkfjrk gksA 
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lkFk gh] /;ku nhft, fd R {0}).\(R{0}1][0,   

 

eku yhft, fd ,F ~ ds lkis{k K ds lHkh rqY;rk oxksZa dk leqPp; gSA vFkkZr~] 
.~KF   

tSlk fd geus ~)(   ds fy, fd;k Fkk] vkb, F  esa   vkSj · dks fuEufyf[kr 

rjhds+ ls ifjHkkf’kr djsa%  

],bd,bcad[]d,c[]b,a[   rFkk 

].bd,ac[]d,c[]b,a[   

D;k vki blls lger gSa fd F ij   vkSj ·  f}-vk/kkjh lafØ;k,¡ gSa? /;ku nhft, fd 
;fn iw.kkZadh; izk¡r R  esa 0b   vkSj ,0d   rks .0bd   vr%] lafØ;kvksa dks ifjHkkf’kr 

djus okys lehdj.kksa ds nk,¡ i{k F  esa rqY;rk oxZ gSaA bl izdkj] F  esa nks vo;oksa ds 
;ksx vkSj xq.kuQy iqu% F ds vo;o gSaA ijarq] geas vHkh Hkh ;g lqfuf'pr djuk gS fd 
;ss lafØ;k,¡ lqifjHkkf’kr gSaA 

 

vr%] eku yhft, fd ]b,a[]b,a[   vkSj ].d,c[]d,c[   geas 
]d,c[]b,a[]d,c[]b,a[   vkSj ],d,c[]b,a[]d,c[]b,a[  n'kkZuk gS fd vFkkZr~] 

]db,cbda[]bd,bcad[   rFkk ].db,ca[]bd,ac[   

vc] bd)cbda(db)bcad(   

 bdbcdbdabbdcddba   

 bb)dcdc(dd)baba(   

 ,bb)0(dd)0(   D;ksafd )b,a(~)b,a(   rFkk ).d,c(~)d,c(   

 .0  

vr%] ],db,cbda[]bd,bcad[   vFkkZr~]   lqifjHkkf’kr gSA 

 

vc] vkb, tk¡p djsa fd xq.ku lqifjHkkf’kr gSA fuEufyf[kr ij fopkj dhft,% 

cdabdcba)ca()bd()db()ac(   

                              ,dcabdcab  D;ksafd abba   vkSj .cddc   

                              .0  

vr%] ],db,ca[]bd,ac[   vFkkZr~] ·  lqifjHkkf’kr gSA 

 

vkb,] vc fl) djsa fd F  ,d {ks= gSA 

i)     F]v,u[],d,c[],b,a[  ds fy,] 

  ]v,u[]bd,bcad[]v,u[])d,c[]b,a([   

         ]bdv,ubdv)bcad[(   
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         ]bdv),udcv(badv[   

         ]dv,udcv[]b,a[   

         ]).v,u[]d,c([]b,a[   

 

ii)     F]d,c[],b,a[   ds fy,]  

   ].b,a[]d,c[]db,dacb[]bd,bcad[]d,c[]b,a[   

 

iii)  F 1][0,   F]b,a[  ds fy,] 

  ].b,a[]b1,a1b0[]b,a[]1,0[   

  

iv)  Fb][a,   :b]a,[  

  ],1,0[]b,0[]b,abab[]b,a[]b,a[ 22   D;ksafd ).b,0(~)1,0( 2  

ge pkgsaxs fd F  ds {ks= gksus ds fy, 'ks’k t+:jh xq.kksaa dks vki fl) djsa (nsf[k, E37), 

ftlds ckn miifÙk tkjh jgsxhA 

 

E37) n'kkZb, fd F  esa · lkgp;Z gS] Øefofues; gS]   cafVr gS] rFkk F  ds fy, ]1,1[  

xq.kukRed rRled gSA  

 vkxs] n'kkZb, fd }0b,aF]b,a[{F   rFkk .F)F(U   

 vr%] geus vius efLr’dksa dks ,d lkFk j[k dj  F  

 

 

vc] vkb, ]1,a[)a(f:FR:f   ifjHkkf’kr djsaA ge n'kkZuk pkgrs gSa fd f  ,d 

,dSdh lekdkfjrk gSA 

 

f  ;fn R  esa ,ba   rks F esa ],1,b[]1,a[    vFkkZr~ Fesa 
).b(f)a(f   

 

f  Rb,a  ds fy,] 

),b(f)a(f]1,b[]1,a[]1,ba[)ba(f   rFkk  

).b(f)a(f]1,b[]1,a[]1,ab[)ab(f   

 

f  eku yhft, Rb,a   ,sls gSa fd ).b(f)a(f   rc] 
.ba)1,b(~)1,a(]1,b[]1,a[   
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bl izdkj] f  ,d ,dSd lekdkfjrk gSA 

 

vr%] lekdkfjrk ds ewy izes; }kjk] ),R(ffIm  F  dk  ,d mioy; gS tks R  ds 

rqY;kdkjh gSA 

tSlk fd vki tkurs gSa] rqY;kdkjh lajpuk,¡ chth; :i ls ,d leku gksrh gSaA 

blfy,] ge R  vkSj )R(f  dks ,d gh eku ldrs gSa] rFkk R  dks F  dk ,d mioy; 

lksp ldrs gSaA   

vc] F  dk dksbZ Hkh vo;o 11 )b(f)a(f]1,b[]1,a[]b,1[]1,a[]b,a[    ds :i  dk 

gksrk gS] tgk¡ .0b    

bl izdkj] Rx  vkSj )R(f)x(f   dk ,dhdj.k djus ij] ge dg ldrs gSa fd F  

dk dksbZ Hkh vo;o 1ab  ds :i dk gksrk gS] tgk¡ .0b,Rb,a   

vr%] F  gh ok¡fNr {ks= gS] ftlesa R  var%LFkkfir gSA 

  

ftl {ks= F  ds vfLrRo dks geus vHkh fl) fd;k gS] mls R  dk (field 

of quotients, ;k quotient field,  ;k field of fractions) dgrs gSaA  

 

 bl izdkj] ,   dk  foHkkx {ks= gSA  

 

bl lanHkZ esa fuEufyf[kr fVIi.kh ij fopkj dhft,A 

 

 3: ;kn jf[k, fd izk¡r R ds foHkkx {ks= ds vo;o okLro esa rqY;rk oxksZa dk 
,d xq.kuQy gSA tc ge dgrs gSa fd bl {ks= F dk dksbZ vo;o 1ab   ds :i dk 
gS] rks vly esa gekjk eryc gS ,]1,b][1,a[ 1  tgk¡ ,Rb,a   .0b   ge R  dks 
“v;kFkFkZ :i esa” mldh F  esa rqY;kdkjh izfr )R(f  ds cjkcj eku jgs gSaA  

 

foHkkx {ks= ds vkSj mnkgj.kksa ij fopkj djus ls igys] ge bl {ks= ds ,d ekSfyd 
xq.k dks fl) djsaxsA bl xq.k ls vkidks fdlh izk¡r ds foHkkx {ks= dks izkIr djus esa 
dqN vklkuh gksxhA 

 

 11: fdlh iw.kkZadh; izk¡r R  dk foHkkx {ks= R  dks vkfo’V djus okyk lcls 
NksVk {ks= gksrk gSA 

 

: bls fl) djus ds fy,] ge izes; 10 ds ]1,a[  dks  a  ds leku ekusaxs 
.Ra  eku yhft, fd ,F R  dk  foHkkx {ks= gSA  
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rc] ,FR   tSlh izes; 10  esa ppkZ dh xbZ FkhA 

eku yhft, fd R dks vkfo’V djus okyk  ,d vU; {ks= K gSA  

F  dk dksbZ Hkh vo;o 1ab  ds :i dk gS] tgk¡ Rb,a   vkSj .0b   

D;ksafd ,Rb,a   blfy, .Kb,a   

D;ksafd Kb rFkk K ,d {ks= gS] blfy, .Kb 1    

vr%] .Kb,a 1   blfy, .Kab 1   

bl izdkj] .KF   

vr%] R  dks vkfo’V djus okyk  lcls NksVk {ks= F gSA  

 

vkb, vc izk¡rksa ds ,d cM+s oxZ dk foHkkx {ks= Kkr djus ds fy,] izes; 11 dk 
mi;ksx djsaA 

 

 12: {ks= F  dk foHkkx {ks= Kkr dhft,A  

 

: D;ksafd F  ,d {ks= gS] blfy, ;g Lo;a dks vkfo’V djus okyk y?kqre {ks= gSA 
bl izdkj] F  Lo;a viuk gh foHkkx {ks= gSA 

*** 

 

mnkgj.k 12  ls vki tkurs gSa fd p  Lo;a viuk gh foHkkx {ks= gS] tgk¡ p  ,d 

vHkkT; la[;k gSA blh izdkj]   vkSj   Hkh Lo;a vius gh foHkkx {ks= gSaA 

 

vc dqN iz'uksa dks gy djus dk iz;kl dhft,A 

 

 

E38) D;k ,  2  dk  foHkkx {ks= gS? ;k] D;k ;g gS? ;k] D;k ;g  2  

gS? vius mÙkjksa ds fy, dkj.k nhft,A 

E39) izes; 10  esa {ks= F  dh jpuk ds fdl Lrj ij ;g ekuuk vfr vko';d Fkk fd 

R  ,d izk¡r gS? D;ksa? 

E40) eku yhft, R  ,d rRledh Øefofues; oy; gS] ijarq ,d iw.kkZadh; izk¡r ugha 
gSA D;k R  dks fdlh {ks= esa var%LFkkfir fd;k tk ldrk gS? D;ksa] ;k D;ksa ugha? 

 

bl Hkkx esa vkius ns[kk fd fdl izdkj ,d iw.kkZadh; izk¡r dks LokHkkfod :i ls ,d 
{ks= esa var%LFkkfir fd;k tk ldrk gSA vkb, vc ,sls foHkkx oy;ksa ij n`f’V Mkysa tks 
iw.kkZadh; izk¡r ;k {ks= gSa] rFkk muds laxr foHkkx {ks=ksa dks Hkh ns[ksaaA 
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14.6  

vkb,] iqu% p  ij fopkj djrs gq, izkjaHk djsaA vki tkurs gSa fd n ds fy,] 

.~
n n
   vki ;g Hkh tkurs gSa fd n  ,d iw.kkZadh; izk¡r gS  iff n  ,d vHkkT; 

la[;k gSA bl izdkj] 


n  ,d izk¡r gS  iff n  ,d vHkkT; la[;k gSA vHkkT; p  dk 

og dkSu-lk xq.k gS ftdlh otg lss 


p  izk¡r curk gS? 

vki tkurs gSa fd ;fn p  ,d vHkkT; la[;k gS rFkk p  nks iw.kkZadksa a  vkSj b  ds 
xq.kuQy dks foHkkftr djrk gS] rc ;k rks a dks p  foHkkftr djrk gS ;k b  dks p  

foHkkftr djrk gSA nwljs 'kCnksa esa] ;fn ,pab   rks ;k rks pa  ;k .pb    ;gh 
og xq.k gS tks p  dks   dh ,d fof'k’V xq.ktkoyh cukrh gSA vf/kd O;kid :i esa] 

fuEufyf[kr ifjHkk’kk ij fopkj dhft,A 

 

: ,d oy; R  (t+:jh ugha fd ;g Øefofues; gks) dh ,d mfpr xq.ktkoyh 
P  dks ,d (prime ideal) dgk tkrk gS ;fn tc Hkh Rb,a   

ds fy, ,Pab  rc ;k rks Pa  ;k .Pb    

 

bl izdkj]  11,3,2  lHkh   dh  vHkkT; xq.ktkofy;k¡ gSA  

 

,d vU; mnkgj.k ds :i esa]   dh }0{  ,d vHkkT; xq.ktkoyh gS] D;ksafd ;g   dh 

,d mfpr xq.ktkoyh gS] rFkk   

0a0ab}0{ab   ;k }0{a0b   ;k },0{b  tgk¡ .b,a   

 

vkb, vHkkT; xq.ktokfy;ksa ds vkSj mnkgj.kksa ij n`f’V MkyasA 

 

 13: eku yhft, R  ,d iw.kkZadh; izk¡r gSA n'kkZb, fd RR   dh 
}Rx)x,0({I   ,d vHkkT; xq.ktkoyh gSA  

 

: /;ku nhft, fd .R}0{I   gSA bdkbZ 12  esa vki ns[k pqds gSa fd ,I RR   dh  

,d xq.ktkoyh gSA  

lkFk gh] ;g ,d mfpr xq.ktkoyh gS] D;ksafd .R}0{    

 

vc] vkb, bldh tk¡p djsa fd I  ,d vHkkT; xq.ktkoyh gS ;k ughaA blds fy,] 
vkb, eku ysa fd RR)b,a(),b,a( 2211   s.t. .I)b,a)(b,a( 2211   

rc] fdlh Rx ds fy,] ).x,0()bb,aa( 2121     
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,0aa 21   vFkkZr~] 0a1   ;k ,0a2   D;ksafd R  ,d izk¡r gSA  

vr%], I)b,a( 11   ;k .I)b,a( 22   

bl izdkj] RR  dh I  ,d vHkkT; xq.ktkoyh gSA  

*** 

 

 

14: tk¡p dhft, fd )X(  dh xq.ktkoyh )Y(  ,d vHkkT; xq.ktkoyh gS 

;k ugha] tgk¡ X  ,d vfjDr leqPp; gS rFkk  X  dk Y  ,d mfpr vfjDr 
mileqPp; gSA  

 

: eku yhft, fd )X(B,A   s.t. ),Y(AB   vFkkZr~] .YBA   rc] ;g 
vko';d ugha gS fd YA   ;k ,YB  vFkkZr~] ;g vko';d ugha gS fd )Y(A   

;k ).Y(B    

mnkgj.kkFkZ] eku yhft, fd },1{Y},3,2,1{X   }.3,1{B}2,1{A  vkSj  rc] 
,YBA   ijarq u rks A  vkSj u gh B  leqPp; Y  ds mileqPp; gSaA 

bl izdkj] )X(  dh )Y(  ,d vHkkT; xq.ktkoyh ugha gSA 

*** 

 

vc] fuEufyf[kr iz'uksa dks gy djus dk iz;kl dhft,A ,slk djus ls vkidks vHkkT; 
xq.ktkofy;kas dks csgrj le>saxsA 

 

E41) tk¡p dhft, fd  dh leqPp; ,}0)0(f]1,0[Cf{I   ]1,0[C  ,d vHkkT; 

xq.ktkoyh gS ;k ughaA  

E42) n'kkZb, fd ,d rRledh Øefofues; vrqPN oy; R  ,d iw.kkZadh; izk¡r gS ;fn 
vkSj dsoy ;fn xq.ktkoyh },0{ R  dh ,d vHkkT; xq.ktkoyh gSA  

E43)   dh lHkh vHkkT; xq.ktkofy;k¡ Kkr dhft,A  

E44) tk¡p dhft, fd ]5[  dh  6  ,d vHkkT; xq.ktkoyh gS ;k ughaA  

vc] tSlk fd vki ns[k pqds gSa]  n  ,d izk¡r gS ;fn vkSj dsoy ;fn ,n  dh   

dh ,d vHkkT; xq.ktkoyh gSA D;k ;g fLFkfr dsoy   dh vHkkT; xq.ktkofy;ksa ds 
fy, gh lR; gS?  oLrqr%] ;gh laca/k fdlh Hkh iw.kkZadh; izk¡r vkSj mldh vHkkT; 
xq.ktkofy;ksa ds fy, lR; gS] tSlk fd vc ge fl) djsaxsA 

 

12: ,d rRledh Øefofues; oy; R  dh xq.ktkoyh P  ,d vHkkT; xq.ktkoyh 
gksrh gS ;fn vkSj dsoy ;fn foHkkx oy;  PR  ,d iw.kkZadh; izk¡r gSA   
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: vkb, igys eku dj pysa fd R  dh P  ,d vHkkT; xq.ktkoyh gSA D;ksafd 

R Øefofues; rFkk rRledh gS] blfy, bdkbZ 12  ls vki tkurs gSa fd PR  

Øefofues; rFkk rRledh gSA 

lkFk gh] D;ksafd R dh P  ,d mfpr xq.ktkoyh gS] blfy, }.0{)PR(    

vc] eku yhft, PR  esa Pa   vkSj Pb   ,sls gSa fd ,P)Pb)(Pa(   PR  dk 

'kwU; vo;oA  

rc] ,PPab   vFkkZr~] .Pab    

D;ksafd R dh P  ,d vHkkT; xq.ktkoyh gS] blfy, ;k rks Pa  ;k .Pb   

vr%] ;k rks PPa   ;k .PPb   

bl izdkj] PR  eas dksbZ 'kwU; ds Hkktd ugha gSaA 

vr%] PR  ,d iw.kkZadh; izk¡r gSA 

 

foykser%] eku yhft, fd PR  ,d iw.kkZadh; izk¡r gSA   

eku yhft, Rb,a   ,sls gSa fd .Pab   

rc] PR  esa ,PPab   vFkkZr~] PR  esa .P)Pb)(Pa(     

D;ksafd PR  ,d iw.kkZadh; izk¡r gS] blfy, ;k rks PPa   ;k ,PPb   vFkkZr~] ;k 

rks Pa  ;k .Pb    

blls iznf'kZr gksrk gS fd R dh P  ,d vHkkT; xq.ktkoyh gSA  

 

vkb, ;g le>us ds fy, fd izes; 12  fdruk mi;ksxh gS] dqN mnkgj.kksa ij fopkj 
djsaA 

15: 45  dh lHkh vHkkT; xq.ktkofy;k¡ Kkr dhft,A  

 

: vki tkurs gSa fd .4545 
   vr%] bdkbZ 12 ds izes; 8 }kjk] vki tkurs gSa 

fd 45  dh xq.ktkofy;k¡ 45  dks varfoZ’V djus okyh   dh xq.ktkofy;ksa ds laxr 

gSaA  

bl izdkj] 45  dh xq.ktkofy;k¡  n  gSa] tgk¡ .45n  vr%] .45,15,9,5,3,1n   

vr%]  n  Øe'k%  0,15,9,5,3,45  gSA  

D;ksafd ,d vHkkT; xq.ktkoyh mfpr xq.ktkoyh gS] blfy, 45  vHkkT; xq.ktkoyh 

ugha gSA 

D;ksafd ,933   ysfdu  9,93  vHkkT; xq.ktkoyh ugha gSA 

blh rjg vkidks n'kkZuk pkfg, fd D;ksa 15  ,d vHkkT; xq.ktkoyh ugha gSA 

D;ksafd 45  vHkkT; ugha gS] 45  izk¡r ugha gSA vr%]  0  ,d vHkkT; xq.ktkoyh ugha 

gSA 
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vc] ,~
3 3

45    rqY;kdkfjrk izes;ksa ls( vkSj 3  ,d {ks= gSA vr%] 
 3

45 ,d 

{ks= gSA blfy,] izes; 12 ls]  3  oy; 45  dh vHkkT; xq.ktkoyh gSA 

blh rjg n'kkZb, fd ,5   45  dh vHkkT; xq.ktkoyh gSA 

/;ku nsa fd dsoy  3  vkSj  5  gh   dh ,slh vHkkT; xq.ktkoyh gSa] tks 45  

dks vkfo’V djrh gSaA 

bl izdkj] 45  dh vHkkT; xq.ktkofy;k¡ 45  dks vkfo’V djus okyh   dh vHkkT; 

xq.ktkofy;ksa ds laxr gSa] vFkkZr~] p  gSa] tgk¡ 45p  vkSj p  ,d vHkkT; la[;k gSA  

vFkkZr~] 45  dh vHkkT; xq.ktkofy;k¡ }40,35,30,25,20,15,10,5,0{5   vkSj 

}42,39,36,33,30,27,24,21,18,15,12,9,6,3,0{3  gSA 

*** 

 

 16: n'kkZb, fd  dh ,5x  ]x[  ,d vHkkT; xq.ktkoyh gSA lkFk gh] 
 5x]x[ dk foHkkx {ks= Hkh Kkr dhft,A 

 

: vkb,] igys  
~

5x
]x[  fl) djus ds fy, lekdkfjrk ds ewy izes; dk 

mi;ksx djsaA 

ewY;kadu Qyu )5(f))x(f(:]x[:   dks ifjHkkf’kr dhft,A 

vki bdkbZ 13 ds E2  ls tkurs gSa fd   ,d lqifjHkkf’kr oy; vkPNknd lekdkfjrk 

gSA lkFk gh]  

]x[)x(f{Ker   ),5(  )x(f  dk ,d ewy gS} )x(f]x[)x(f{   dks 

)5x(   foHkkftr djrk gS},  tSlk fd vki ‘dyu’ ds [kaM 1 ls tkurs gSaA 

          .5x   

vr%] lekdkfjrk ds ewy izes; }kjk] .~
5x

]x[    

D;ksafd   ,d {ks= gS] blfy, ;g ,d izk¡r gSA 

vr%]  5x
]x[  ,d izk¡r gSA 

bl izdkj] izes; 12 ds iz;ksx ls] ,5x   ]x[  dh vHkkT; xq.ktkoyh gSA  

 

vkxs] D;ksafd  
~

5x
]x[  tks ,d {ks= gS] blfy,  5x

]x[ ,d {ks= gSA 

vr%] ;g Lo;a viuk gh foHkkx {ks= gSA 

*** 

 

E47 eaas vki ns[ksaxs fd n  dh 
vHkkT; xq.ktkofy;k¡   ds 
laxr gSa tks n  dks vkfo’V 
djrh gSaA 
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mnkgj.k 16 dh gh rjg] vkidks fl) djuk pkfg, fd ]x[   dh  rx  ,d 
vHkkT; xq.ktkoyh gS .r    

 

vc] vkb, fdlh xq.ktokyh dh vHkkT;rk dh tk¡p djus ds fy,] rqY;kdkfjrk izes;ksa 
vkSj izes; 12 ds mi;ksx ds ,d vU; mnkgj.k ij fopkj djsaA 

 

 17: tk¡p dhft, fd 49  dh  7  ,d vHkkT; xq.ktkoyh gS ;k ughaA ;fn 

gS] rks  749 ds foHkkx {ks= dks Kkr dhft,A  

;fn ugha gS] rks ,d ,slk oy; nhft, ftlesa  749 var%LFkkfir gSA 

 

: ge rhljs rqY;kdkfjrk izes; dk vuqiz;ksx djsaxsA bl izes; dks vkius bdkbZ 13 

esa fl) fd;k FkkA ;gk¡ /;ku nhft, fd ,49 7  dh  xq.ktkoyh gS] rFkk ,7   dh 

xq.ktkoyh gSA vc] 

.
7

~
)497(

)49(~
7

49

 





  

D;ksafd vki ns[k pqds gSa fd 


7  ,d izk¡r gS] blfy,  7
49  Hkh ,d izk¡r gSA 

vr%] 49  dh  7  ,d vHkkT; xq.ktkoyh gSA  

 

/;ku nhft, fd ok¡fNr foHkkx {ks= 7  gSA (D;ksa?) 

*** 

 

vc dqN laacaf/kr iz'uksa dks gy djus dk iz;kl dhft,A 

 

 
E45) tk¡p dhft, fd ]x[  dh  20x  ,d vHkkT; xq.ktkoyh gS ;k ughaA  

E46) eku yhft, R  ,d ,slk rRledh Øefofues; oy; gS ftlls fd IR ,d izk¡r 

gS  oy; R dh fdlh xq.ktkoyh I  ds fy,A D;k R  ,d izk¡r gksxk gh? D;ksa? 

E47) 30  dh lHkh vHkkT; xq.ktkofy;k¡ ekywe dhft,A  

  

vc]   esa vki ns[k pqds gSa fd ,d vHkkT; xq.ktkoyh ,d vHkkT; la[;k ls tfur 
gksrh gSA D;k bl ckr dks vU; izk¡rksa ds fy, O;kidhdr̀ fd;k tk ldrk gS?  

 

blds fy,] igys gesa izk¡r esa foHkkT;rk vkSj vHkkT; vo;oksa ds ckjs esa ckr djuh 
gksxhA 
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bdkbZ 10  ds E29 ls ;kn dhft, fd geus   esa ‘ b dks a  foHkkftr djrk gS’ dh 
ifjHkk’kk dks fdlh Hkh Øefofues; oy; R  ds fy, O;kidhd̀r fd;k FkkA vkius 
v/;;u fd;k Fkk fd R esa ,d vo;o a  ,d vo;o b  dks gS (ftls 

ba  }kjk O;Dr fd;k tkrk gS), ;fn fdlh Rr  ds fy, .rab    

bl fLFkfr esa] ge ;g Hkh dgrs gSa fd b  dk a  ,d gS] ;k b  dk a ,d 
gSA  

 

bl izdkj] 7 esa 6  dks 3  foHkkftr djrk gS] D;ksafd .623   

blh izdkj] }1{B}2,1{A},3,2,1{X  vkSj  ds fy,] )X(  esa         

D;ksafd  X}3,1{C   s.t. .BCA   

 

/;ku nhft, fd ;fn R  ,d rRledh oy; gS] rks .Raaa   (D;ksa?) 

 

Øefofues; oy; ds fy, ‘Hkktd’ dh bl ifjHkk’kk ds O;kidhdj.k ls] vc vkb, ,d 
vHkkT; iw.kkZad dh ladYiuk dks O;kidhd̀r djsaA ge ns[ksaxs fd fdlh Hkh izk¡r esa ,d 
vHkkT; vo;o D;k gksrk gSA 

 

: iw.kkZadh; izk¡r R  dk ,d 'kwU;srj vo;o p  ,d dgykrk 

gS] ;fn 

i) p  ,d ek=d ugha gS] rFkk  

ii) tc Hkh Rb,a   vkSj ,abp  rks ap ;k .bp  

 

bl izdkj]   ds vHkkT; vo;o vHkkT; la[;k,¡ vkSj muds lacaf/kr _.kkRed la[;k,a 
gh gksrs gSaA vki ;g Hkh tkurs gSa fd   dk vHkkT; vo;o ,d vHkkT; xq.ktkoyh 
tfur djrk gSA D;k ;g vU; izk¡rksa ds fy, Hkh lR; gS? fuEufyf[kr izes; bldk 
mÙkj nsrk gSA 

 

 13: eku yhft, R  ,d iw.kkZadh; izk¡r gSA rc] R  dk ,d vHkkT; vo;o gS 
;fn vkSj dsoy ;fn ,Rp R dh ,d vHkkT; xq.ktkoyh gSA  

 

: vkb, igys eku ysa fd R  dk p  ,d vHkkT; vo;o gSA                                        

D;ksafd p  dk dksbZ xq.kukRed izfrykse ugha gS] blfy, .Rp1   

bl izdkj] ,Rp R  dh ,d mfpr xq.ktkoyh gSA  

 

vkxs] eku yhft, Rb,a   s.t. .Rpab  rc]  

Rx  dk xq.kukRed 
izfrykse gksrk gS iff 

.RRx   
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,rpab   fdlh Rr ds fy,A 

abp  

ap  ;k ,bp  D;ksafd p  ,d vHkkT; vo;o gSA 

  xpa  ;k ,xpb   fdlh Rx ds fy,A 

Rpa ;k .Rpb  

bl izdkj] Rpab Rpa  ;k ,Rpb  vFkkZr~] R dh Rp  ,d vHkkT; xq.ktkoyh 

gSA  

 

foykser%] eku yhft, fd R  dh Rp  ,d vHkkT; xq.ktkoyh gSA rc] ,RRp   

ifjHkk’kk }kjkA bl izdkj] ,Rp1  rFkk blhfy, p  dk dksbZ xq.kukRed izfrykse ugha 

gSA 

vc] eku yhft, fd ab  dks p  foHkkftr djrk gS] tgk¡ .Rb,a    

rc] fdlh Rr  ds fy,] ,rpab   vFkkZr~] .Rpab  

D;ksafd Rp  ,d vHkkT; xq.ktkoyh gS] blfy, ;k rks Rpa  ;k .Rpb   

vr%] ;k rks ap  ;k .bp    

bl izdkj] R  esa  p  ,d vHkkT; vo;o gSA   

 

izes; 13 bldh tk¡p djus ds fy, vfr mi;ksxh gS fd dksbZ vo;o vHkkT; gS ;k 
ughaA ;g izes; ;g Kkr djus ds fy, Hkh mi;ksxh gS fd ,d eq[; xq.ktkoyh vHkkT; 
xq.ktkoyh gS ;k ughaA mnkgj.kkFkZ] izes; 13  vkSj E42 gesa crkrs gSa fd R   0

 iff R   

 

vHkkT; xq.ktkofy;ksa ds vusd vU; mi;ksxh xq.k gSaA fuEufyf[kr iz'uksa esa ge vkils 
buesa ls dqN dks fl) djus ds fy, dg jgs gSaA 

 

E48) eku yhft, SR:f   ,d oy; vkPNknd lekdkfjrk gS ftldh vf’V N  gSA 
n'kkZb, fd  

 i) ;fn S  esa J  ,d vHkkT; xq.ktkoyh gS] rks R  esa )J(f 1  ,d vHkkT; 

xq.ktkoyh gSA  

 ii) ;fn I N  dks vkfo’V djus okyh R dh ,d vHkkT; xq.ktkoyh gS] rks S  

dh )I(f  ,d vHkkT; xq.ktkoyh gSA  

 iii) N  dks vkfo’V djus okyh R  dh vHkkT; xq.ktkofy;ksa ds leqPp; rFkk 
S  dh vHkkT; xq.ktkofy;ksa ds leqPp; ds chp )I(f)I(   }kjk fn;k 
tkus okyk Qyu   ,dSdh vkPNknd gSA 

;kn jf[k, fd ;gk¡ lHkh 
oy;ksa dks Øefofues; eku 
dj py jgs gSaA 
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E49) R  ls S  rd ,d ,sls oy; lekdkfjrk f  dk mnkgj.k nhft, ftlls fd R  
dh P  ,d vHkkT; xq.ktkoyh gS] ijarq S  dh )P(f  ,d vHkkT; xq.ktkoyh ugha 

gSA 

E50) eku yhft, 1P  vkSj 2P  fdlh oy; R  dh vyx vHkkT; xq.ktkofy;k¡ gSaA 

 i) D;k 21 PP   dks R  dh vHkkT; xq.ktkoyh gksuk gh gksxk?  

 ii) D;k  lHkh fLFkfr;ksa esa ,PP 21  R dh vHkkT; xq.ktkoyh gksxh? 

 iii) D;k  lHkh fLFkfr;ksa esa ,PP 21 R dh vHkkT; xq.ktkoyh gksxh?  

 vius mÙkjksa ds fy, dkj.k nhft,A 

E51)   dh nks vyx vHkkT; xq.ktkofy;k¡ nhft,A 

vkb, vc ,d fo'ks’k izdkj dh vHkkT; xq.ktkoyh dks ifjHkkf’kr djsaaA ;g okLro esa 
,d oy; dks ,d ,sls {ks= ls tksM+sxh tks mldk foHkkx oy; gSA 

 

vkb, iqu% ,d mnkgj.k ds rkSj ij   ls izkjaHk djsaA   dh xq.ktkoyh 2  yhft,A 
eku yhft, fd   esa n  ,d ,slh xq.ktkoyh gS fd .n2    rc] .2n  vr%] 

1n   ;k ,2n   ftlls fd  n  ;k .2n    

;g crkrk gS fd   dh dksbZ Hkh xq.ktkoyh 2  vkSj   ds chp ugha gks ldrhA 
vFkkZr~] 2  dks vkfo’V djus okyh   dh mfpr xq.ktkofy;ksa esa ls 2  gh mfPp’B 
gSA blls ge fuEufyf[kr ifjHkk’kk rd igq¡prs gSaA 

 

: oy; R  dh ,d mfpr xq.ktkoyh M  ,d 
(maximal ideal) dgykrh gS] ;fn tc Hkh ,I R  dh ,slh xq.ktkoyh gS fd 

,RIM   rks ;k rks MI   ;k .RI   

 

bl izdkj] ,d mfpr xq.ktkoyh M  ,d mfPp’B xq.ktkoyh gksrh gS ;fn R  dh dksbZ 
Hkh mfpr xq.ktkoyh mls vkfo’V ugha djrhA 

 

,d mnkgj.k tks rqjar vkids fnekx esa vk ldrk gS og fdlh Hkh {ks= F esa 'kwU; 
xq.ktkoyh dk gSA ;g mfPp’B gS] D;ksafd vki tkurs gSa fd F  dh vU; xq.ktkoyh 
dsoy Lo;a F  gh gSA vki ;g Hkh igys ns[k pqds gSa fd },0{  F  dh vHkkT; xq.ktkoyh 

gSA  

 

vkius vHkh ns[kk fd {ks=ksa dh fLFkfr esa] mfPp’B xq.ktkoyh ,d vHkkT; xq.ktkoyh 
gksrh gSA D;k ;g fdlh Hkh oy; ds fy, lR; gS?  D;k oy; dh vHkkT; xq.ktkoyh 
vkSj mfPp’B xq.ktkoyh ds chp dqN laca/k gS? buds mÙkj ds fy,] mfPp’B 
xq.ktkofy;ksa dh fuEufyf[kr fo'ks’krk ij fopkj dhft,A 
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 14: eku yhft, R  ,d rRledh Øefofues; oy; gSA R  esa M  ,d mfPp’B 
xq.ktkoyh gS ;fn vkSj dsoy ;fn MR  ,d {ks= gSA 

 

: igys] vkb, eku ysa fd R dh M  ,d mfPp’B xq.ktkoyh gSA ge fl) 
djuk pkgrs gSa fd MR  ,d {ks= gSA vki igys ls tkurs gSa fd MR  ,d rRledh 
Øefofues; oy; gSA vr%] ;g fl) djuk dkQ+h gS fd MR  dh dksbZ vrqPN mfpr 

xq.ktkoyh ugha gS (izes; 9 dks nsf[k,)A  

vr%] eku yhft, fd MR  dh I  ,d xq.ktkoyh gSA fofgr lekdkfjrk 
Mr)r(:MRR:   ij fopkj dhft,A 

rc] bdkbZ 13 ls vki tkurs gSa fd ),I(1 R  dh M  dks vkfo’V djus okyh ,d 
xq.ktkoyh gS] vkSj ,M   dh vf’V gSA  

D;ksafd R dh M  ,d mfPp’B xq.ktkoyh gS] blfy, M)I(1   ;k .R)I(1    

vr%] ))I((I 1  ;k rks )M(  gS ;k )R( .  

vFkkZr~] }0{I  ;k .MRI    

bl izdkj] MR  ,d {ks= gSA 

 

foykser%]eku yhft, fd R dh M  ,d ,slh xq.ktkoyh gS fd MR  ,d {ks= gSA  

rc MR  dh xq.ktkofy;k¡ dsoy }0{  vkSj MR  gaSA 

eku yhft, fd ,I M  dks vkfo’V djus okyh R  dh  ,d xq.ktkoyh gSA rc] Åij dh 

rjg] }0{)I(   ;k .MR)I(   

))I((I 1   ;k M gS ;k .R   

vr%] ,M  R dh ,d mfPp’B xq.ktkoyh gSA  

 

izes; 14 ls (rFkk dqN vU; izes;ksa dks Hkh) rqjar ,d fu’d’kZ fudyrk gSA 

 

 1: ,d rRledh Øefofues; oy; dh izR;sd mfPp’B xq.ktkoyh ,d vHkkT; 
xq.ktkoyh gksrh gSA 

 

ge vkils ,d iz'u ds :i esa bl miizes; dks fl) djus ds fy, dg jgs gSa (E52 
nsf[k,)A 

 

/;ku nhft, fd miizes; 1 ,d ,d-rjQ+k dFku gSA blds foykse ds ckjs esa D;k dgk 
tk ldrk gS? vFkkZr~] D;k izR;sd vHkkT; xq.ktkoyh mfPp’B gksrh gS? bl lanHkZ esa] 
  esa 'kwU; xq.ktkoyh ds ckjs esa vki D;k dg ldrs gaS? D;ksafd 

/ /
2}0{  ] gS   
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blfy, }0{  ,d mfPp’B xq.ktkoyh ugha gSA ijarq] D;ksafd   ,d iw.kkZadh; izk¡r gS] 
blfy, },0{    dh ,d vHkkT; xq.ktkoyh gSA  

 

vc] vkb, izes; 14  esa fn, 'kfDr'kkyh y{k.kdj.k dk mfPp’B xq.ktkofy;ksa ds dqN 
mnkgj.kksa dks izkIr djus ds fy, mi;ksx djsaA 

 

 18: n'kkZb, fd   dh xq.ktkoyh m  mfPp’B gS ;fn vkSj dsoy ;fn m  

,d vHkkT; la[;k gSA 

 

: izes; 7 ls vki tkurs gSa fd m  ,d {ks= gS iff m  vHkkT; la[;k gSA vki ;g Hkh 

tkurs gSa fd .~
m m
    

bl izdkj] E36 }kjk]  m  ,d {ks= gS iff m  vHkkT; gSA  

vr%] izes; 14 }kjk]   esa m  mfPp’B gS iff m  ,d vHkkT; la[;k gSA 

*** 

 19: n'kkZb, fd 12  dh 122  ,d mfPp’B xq.ktkoyh gS] tcfd 124  ugha 

gSA 

 

: vki tkurs gSa fd 
 12

~
12   rFkk  .12

2~2 12 
   bl izdkj] bdkbZ 13 ds 

rhljs rqY;kdkfjrk izes; }kjk] ge ns[krs gSa fd 

,~2~)122()12(~2 21212    tks ,d {ks= gSA vr%] 12  esa 

}10,8,6,4,2,0{2 12   mfPp’B gSA  

 

vc] 
// 121212 .24    

vr%] 12  esa  }8,4,0{4 12   mfPp’B ugha gSA  

*** 

 

vc] fuEufyf[kr iz'uksa dks gy djus dk iz;kl dhft,A 

 

E52) miizes; 1 dks fl) dhft,A 

E53) n'kkZb, fd 10  esa }8,6,4,2,0{  mfPp’B gSA  

 

E54) tk¡p dhft, fd ]x[  esa  x  mfPp’B gS ;k ughaA  



 

41

E55) n'kkZb, fd ]1,0[C  esa }0
2
1f]1,0[Cf{ )(   mfPp’B gSA  

vr%] vkb, ns[ksa fd bl Hkkx esa vkius D;k v/;;u fd;k gSA vkidk igys ,d oy; 
dh ,d fof'k’V xq.ktkoyh] ls ;kuh vHkkT; xq.ktkoyh ifjp; djk;k x;kA bldh 
fof'k’Vrk bl ckr ls gS fd bldk laxr foHkkx oy; ,d iw.kkZadh; izk¡r gksrk gSA 
blds ckn] vkius ,d fo'ks’k vHkkT; xq.ktkoyh] ;kuh mfPp’B xq.ktkoyh ds ckjs esa 
v/;;u fd;kA ge ,slh xq.ktkoyh dks nqxquh fof'k’V D;ksa le>rs gSa?  D;ksafd bldk 
laxr foHkkx oy; ,d {ks= gS] vkSj {ks= ,d cgqr mi;ksxh chth; lajpuk gSA  

 

ge iw.kkZadh; izk¡rksa dh ppkZ dks ;gha lekIr dj jgs gSaA vkb, vc mu lHkh /kkj.kkvksa 
dks la{ksi esa ns[ksa ftudk v/;;u bl bdkbZ esa vkius fd;k gSA 

 

14.7  

 

bl bdkbZ esa] geus fuEufyf[kr fcanqvksa ij ppkZ dh gSA 

1. oy; esa 'kwU; ds Hkktd dh ifjHkk’kk] rFkk mlds mnkgj.kA 

2. ,d iw.kkZadh; izk¡r dh ifjHkk’kk] vkSj mnkgj.kA 

3. n  ,d {ks= gS iff n  ,d vHkkT; la[;k gSA 

4. ,d iw.kkZadh; izk¡r esa xq.ku ds fy, fujlu fu;e ykxw gksrk gSA 

5. oy; ds vfHky{kf.kd dh ifjHkk’kk] vkSj mnkgj.kA 

6. ,d iw.kkZadh; izk¡r dk vfHky{kf.kd ;k rks 'kwU; gksrk gS ;k ,d vHkkT; la[;kA 

7. ,d {ks= dh ifjHkk’kk] vkSj mnkgj.kA 

8. izR;sd {ks= ,d izk¡r gksrk gS] ijarq foykse lR; ugha gSA 

9. ,d ifjfer izk¡r ,d {ks= gksrk gSA 

10. ,d {ks= dk vfHky{kf.kd ;k rks 'kwU; gksrk gSA ;k ,d vHkkT; la[;k  

11. ,d iw.kkZadh; izk¡r dk foHkkx {ks= dSls curk gSA 

12. ,d iw.kkZadh; izk¡r dk foHkkx {ks= ml izk¡r dh vkfo’V djus okyk y?kqre {ks= 
gSA 

13. vHkkT; vkSj mfPp’B xq.ktkofy;ksa dh ifjHkk’kk,¡] vkSj mnkgj.kA 

14. bl ifj.kke dh miifÙk vkSj iz;ksx] fd ,d rRledh oy; R dh ,d mfpr 
xq.ktkoyh I  vHkkT; (Øe'k%] mfPp’B) gksrh gS ;fn vkSj dsoy ;fn IR  ,d 

iw.kkZadh; izk¡r (Øe'k%] ,d {ks=) gksA 

 

15. izR;sd mfPp’B xq.ktkoyh ,d vHkkT; xq.ktkoyh gksrh gS] ijarq bldk foykse 
lR; ugha gSA 
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16.  ,d iw.kkZadh; izk¡r R dk ,d vo;o p  vHkkT; gksrk gS ;fn vkSn dsoy ;fn 

eq[; xq.ktkoyh ,pR R  dh ,d vHkkT; xq.ktkoyh gSA   

 

14.8  /  

E1)   esa dksbZ 'kwU; ds Hkktd ugha gSa] D;ksafd .n,m0mn0n,0m   

 [kaM 3 esa vki ;g Hkh ns[k pqds gSa fd }.1,1{)(U   

 

 vc] vkb, 10 esa 'kwU; ds Hkktdksa ij fopkj djsaA  

 10m   ,d 'kwU; dk Hkktd gS 

 10n   s.t. .0n,0m,0nm   

 2m   or .5m   

 bl izdkj] 10  esa 'kwU; ds Hkktd 5,2  gSaA 

lkFk gh] [kaM 3 esa vki ns[k pqds gSa fd 

}1)10,m(m{)(U 1010   }.9,7,3,1{  

 

bu nks mnkgj.kksa ls oy; esa 'kwU; ds Hkktdksa ds leqPp; A rFkk ek=dksa ds 
leqPp; B  ds ckjs esa ,d laHko fu’d’kZ ftl ij ge igq¡p ldrs gSa] og gS fd 

BA  ijarq] O;kid :i ls oy;ksa ds fy,] ;g dsoy ,d vuqeku gh gSA 
bls fl) ;k vfl) fd, tkus dh vko';drk gSA 

 

E2) vkidks fuEufyf[kr dFku fl) djuk gS % 

n  ds fy,] ;fn nx   s.t. ,1)n,x(   rc ,x  n  eas ,d 'kwU; dk Hkktd 

gSA 

bls fl) djus ds fy,] eku yhft, ,x n  esa 'kwU; dk Hkktd ugha gSA 

 rc n'kkZb, fd .x}mxm{ nn     

vr%] ,1)n,x(   tks 1)n,x(   dk varfoZjks/k gSA 

 bl rjg] x  dks n  esa 'kwU; dk Hkktd gksuk gh gksxkA 

 

E3) eku yhft, fd R esa 0b   vkSj .0ab    

 rc] fdlh Hkh Rr  ds fy,] 

 .0)ab(rb)ra(   

 bl izdkj] Ra  dk izR;sd 'kwU;srj vo;o 'kwU; dk Hkktd gSA 
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E4) .X},X,{)X(    

 D;ksafd  XXXXX  gS] blfy, )X( esa dksbZ 'kwU; ds Hkktd ugha 

gSaA 

E5) i) ughaA mnkgj.kkFkZ] 2  'kwU; dk Hkktd ugha gSA lkFk gh] ).(U2   

 ii) ughaaA vkb, bls fl) djsaA 

  ;fn Rb),R(Ua   s.t. .1ab   

  eku yhft, R  esa a 'kwU; dk Hkktd gksrkA rc] R  esa 0c  s.t. 

.0ac   

  bl izdkj] ,0acb   vFkkZr~ ,0c)ab(   D;ksafd R Øefofues; gSA 

  ,0c   tks ,d varfoZjks/k gSA 

  vr%] ;fn ),R(Ua  rks R esa a 'kwU; dk Hkktd ugha gSA 

 

E6) izes; 1 }kjk]  97  ,d izk¡r gS] D;ksafd 97  ,d vHkkT; la[;k gSA 

 

 2  ,d izk¡r ugha gS] D;ksafd .21   

 

  i  ,d rRledh vrqPN Øefofues; oy; gSA 

 vc] eku yhft, ]i[iba   s.t. ,0idc],i[idc   rFkk 
.0)idc)(iba(   

 rc] ,0bdac  rFkk    …(1) 

 .0bcad      …(2) 

  (1) ls   esa 0)dc(b 22   feyrk gS] (2) ds mi;ksx lsA 

 0b   ;k .0dc 22   

 0c0dc 22   vkSj ,0d   tks laHko ugha gS D;ksafd .0idc   

 .0b    

 rc] (1) ls ,0ac   vkSj (2) ls 0ad  feyrk gSA 

 ;fn ,0a   rks 0c0ac   ftlls  feyrk gS( vkSj .0d0ad   

 ;g laHko ugha gS] iqu% D;kasfd .0idc   

 vr%] 0a   Hkh gSA 

 bl izdkj] .0iba   

 vr%] ]i[  esa dksbZ 'kwU; ds Hkktd ugha gSa] rFkk blhfy, ;g ,d izk¡r gSA 

 

 mnkgj.k 4 dh gh rjg]   ,d izk¡r ugha gSA 
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 }0{  rqPN gS] vkSj blhfy,] ;g ,d izk¡r ugha gSA 

 

 mnkgj.k 6 dh gh rjg] ,~
})0{(

)( 
 

  tks ,d iw.kkZadh; izk¡r gSA  

 vr%] })0{(
)(





  ,d izk¡r gSA 

 

E7) ugha] mnkgj.kkFkZ vki ns[k pqds gSa fd 2  ,d izk¡r ugha gS] gkykafd   izk¡rA 

 foHkkx oy; dk ,d izk¡r gksuk vko';d ugha gSA mnkgj.kkFkZ] vki tkurs gSa fd 

  ,d izk¡r gS] ijarq 66 
   ugha gSA 

 

E8) bdkbZ 10 ls vki tkurs gSa fd ]n[  ,d rRledh Øefofues; oy; gSA 

D;ksafd   dk ]n[  ,d mioy; gS] rFkk   ds dksbZ 'kwU; ds Hkktd ugha gSa] 

blfy, ]n[  esa dksbZ 'kwU; ds Hkktd ugha gSaA vr%] ;g ,d izk¡r gSA 

 

E9) /;ku nhft, fd   ,d iw.kkZadh; izk¡r gSA D;ksafd ],7[    dk ,d mioy; 

gS] blfy, ;g Hkh fcuk 'kwU; ds Hkktdksa dk gSA vr%] ]7[  esa xq.ku ds fy, 

fujlu fu;e ykxw gksrk gSA 

 D;ksafd   dk 5  ,d mioy; gS rFkk   esa dksbZ 'kwU; ds Hkktd ugha gSa] 
blfy, 5  esa Hkh ,slk gh gSA 

 vr%] 5  esa fujlu fu;e ykxw gksrk gSA 

 

E10) 0)1x(xxx2   

                   0x   ;k 01x   

                   0x   ;k .1x   

 

E11) eku yhft, R  ,d izk¡r gS rFkk Rx  'kwU;aHkkoh gSA 

 rc] fdlh n  ds fy,] .0xn     

 ;fn .0x,1n   rks  

 ;fn ,1n   rks .0xx 1n    

 D;ksafd R esa dksbZ 'kwU; ds Hkktd ugha gSa] blfy, 0x   ;k .0x 1n    

 ge blh rdZ dk vuqiz;ksx ckj-ckj dj ldrs gSa tc rd fd 0x2  ij ugha 
igq¡p tk,¡A 
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 ,0xx   vFkkZr~] .0x   

 

E12) eku yhft, }.x,,x{R n1   

 eku yhft, fd a  'kwU; dk Hkktd ugha gSA  

 vc] .n,,1iRax i   

 lkFk gh] D;ksafd a  'kwU; dk Hkktd ugha gS] blfy, ji axax   iff ,xx ji   

n,,1j,i   ds fy,A 

 bl izdkj] }.ax,,ax{R n1   

 D;ksafd ,R1 blfy, fdlh n,,1i   ds fy,] .ax1 i  

 vr%] R esa a  ,d ek=d gSA  

 

E13) mnkgj.kkFkZ] R  ij fopkj dhft,A eku yhft, fd .charr    

 rc] .n
m0n

mr   

 fo'ks’k :i esa] ,01r   D;ksafd .1    

 ;g rHkh laHko gS] tc .0r    

 

E14) ge n'kkZ,axs fd ,XAA2   rFkk fd 2 ,slh y?kqre izkd`frd la[;k gSA 

 Ikgys] fdlh Hkh XA   ds fy,] 

 .)A\A()A\A(AAA2   

 lkFk gh] D;ksafd   X1X  blfy,  bl izdkj] .1)X(char   

 .2)X(char   

 

E15) eku yhft, fd char .n)RR(    

 ge tkurs gSa fd ,Rr0mr  rFkk m  ,slk y?kqre _.ksrj iw.kkZad gSA 

 vc] eku yhft, RR   dk )s,r(  dksbZ Hkh vo;o gSA  

 rc] ),0,0()ms,mr()s,r(m   D;ksafd .Rs,r   

 bl izdkj] .mn      …(3) 

 nwljh vksj] ;fn ,Rr  rks .RR)0,r(   

 ),0,0()0,r(n   

 vFkkZr~] ),0,0()0,nr(   

 vFkkZr~] .0nr   

 ;g fdlh Hkh Rr  ds fy, lR; gSA 
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 .nm      …(4) 

 bl izdkj] (3) vkSj (4) n'kkZrs gSa fd ,nm   vFkkZr~ ).RR(charRchar   

E16) ),R(   ,d ifjfer lewg gSA ;fn ,n)R(o   rks r  lHkh Rx  ds fy,] r  dh 

dksfV;ksa dk m.c.  gSA  

 lkFk gh] R  esa izR;sd x  ds fy,] n  dk )x(o  ,d xq.ku[kaM gSA bl izdkj] 

.0r   

 

E17) i) ),R(   dksfV n  okyk ,slk lewg gS s.t. ,Rx0rx   tgk¡ 
.Rcharr    

  E16 }kjk] .0r   

  vr%] ,Rxr)x(o   rFkk r  ,slk y?kqre /kukRed iw.kkZad gSA 

  blfy,] bdkbZ 4 ls vki tkurs gSa fd .nr  

 

ii) tc ),(R 42   rc .2n 4  vr%] 32 2,2,2r   ;k .24   

oLrqr%] 4r   D;ksafd ,
x4x4

x4x4

xx

xx
4

43

21

43

21 0
















 tgk¡ 

;x,x,x,x 44321   vkSj .
0

0

0

2

0

0

0

1
2 0

















 

 

 iii) mnkgj.kkFkZ .n,n    ;gk¡ .charn),(o nn    

 

E18) ;gk¡ rRled gS ).(

100

0

010

001

I n 



































 

 fdlh Hkh .

r00

0r0

00r

Irr 0





























] fy, ds  

 vr%] .0)(char n   
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 )( mn   esa rRled gS .

100

010

001

I





























 

 ,

m00

0m0

00m

mI 0





























  rFkk m  ,slk y?kqre /kukRed iw.kkZad gSA 

 .m)(char mn    

 

E19) ugha( mnkgj.kkFkZ] 0char   rFkk .2char)2(char 2    

 

E20) ugha] mnkgj.kkFkZ] 
/

,   ijarq .0charchar    

 

E21) eku yhft, R dk vfHky{kf.kd 1 gSA 

 rc] fdlh Hkh ,0r1Rr  ] fy,ds  vFkkZr~] .0r   

 vr%] dsoy rqPN oy; dk vfHky{kf.kd 1 gSA 

 

E22) D;ksafd ,S~R  blfy, buds ,d leku gh chth; xq.k gSaA vr% 
.ScharRchar   blfy, .0ScharRchar   

 

E23) eku yhft, D  ,d izk¡r gSA rc] Dchar  ;k rks 0  gS ;k ,d vHkkT; la[;k gSA 
vr%] E15 }kjk] )DD(char   ;k rks 0  gS ;k ,d vHkkT; la[;k gSA  

ijarq] mnkgj.k 4 ls] DD  ,d izk¡r ugha gSA  

bl izdkj] izes; 4 dk foykse lR; ugha gSA 

 

E24) i) f}ij izlkj }kjk (bdkbZ 10 dk E16 nsf[k,), 

  .babCbaCa)ba( p1p
1p

p1p
1

ppp  


   

 D;ksafd Rx0xC,1p...,,1nCp n
p

n
p   rFkk .1p...,,1n   

  bl izdkj] .abC0baC 1p
1p

p1p
1

p 


    

  .ba)ba( ppp   

  blh izdkj vki n'kkZ ldrs gSa fd .ba)ba( ppp   ;gk¡] /;ku nhft, 
fd vfHky{kf.kd 2 okys oy; esa] ,1)1(   D;ksafd .02   
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 ii) ,Rb,a,ba)ba(
mmm ppp  )m(P  dks fo/ks; ysrs gq,] vkidks bls 

vkxeu }kjk fl) djuk pkfg,A  m  ds fy,A 

  (i) esa vki fl) dj pqds gSa fd )1(P  lR; gSA vc] eku yhft, fd fdlh 
k  ds fy, )k(P  lR; gS] vkSj fQj fl) dhft, fd )1k(P  lR; 

gSA 

  rc] ,n   )n(P  lR; gksxkA  

  

 iii) eku yhft, .}Raa{S p   

  igys rks] S  D;ksafd .R   

  nwljs] eku yhft, fd .S,   rc] fdUgha Rb,a   ds fy,] 

.b,a pp     

  rc] ,S)ba( p   mijksDr (i) }kjk] 

  rFkk .S)ab( p    

  bl izdkj] R dk S  ,d mioy; gSA  

 

 iv) igys] vkidks bldh tk¡p djuh pkfg, fd   lqifjHkkf’kr gSA 

vkxs] ),b()a(ba)ba()ba( ppp   rFkk 

  .)b()a(ba)ab()ab( ppp   

  bl izdkj]   ,d oy; lekdkfjrk gSA 

   

    ,dSdh gS] D;ksafd 

  ,0)ba(ba)b()a( ppp   (i) lsA 

                    ,0ba   D;ksafd R  fcuk 'kwU; ds Hkktd okyk gSA                                                   

                                    .ba   

  

 v) gesa n'kkZuk gS fd ;fn R  ifjfer gS] rks   vkPNknd gSA 

  eku yhft, R  esa n  vo;o gSaA D;ksafd   ,dSdh gS] blfy, Im  esa Hkh 

n  vo;o gSaA  

  lkFk gh] .RIm   bl izdkj] .RIm   

  vr%]   vkPNknd gSA 
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E25) ;g n'kkZrs le; fd dksbZ Hkh dFku lR; ugha gS] vkidks bu rF;ksa dk mi;ksx 
djus dh vko';drk gS fd 00  ifjHkkf’kr ugha gS (ikB~;Øe ‘dyu’ dks nsf[k,) 

rFkk 0a,Ra1a0   (D;ksafd R ,d izk¡r gS)A 

 

E26) ,6  vkSj 63,2   yhft,A 

vc] 426   rFkk .446   

 vr%]  842 66  ,2 6  esaA 

 lkFk gh] .00)42( 66   

 bl izdkj] .42)42( 666    

 

E27) vkidks bldh tk¡p djuh pkfg, fd f  ,d lqifjHkkf’kr Qyu gSA 

 vkxs] ] fy,dsn,m  

 1)nm()nm(f   

                ,1n1m   Hkkx 10.3, bdkbZ 10 ds LI 2(i) lsA 

                ).n(f)m(f   

 lkFk gh] ),1n)(1m()11)(mn(1)mn()mn(f   LI 2(v) lsA 

 vr%] f  ,d oy; lekdkfjrk gSA 

 },01nn{fKer      dh xq.ktkoyh gSA  

vr%] fdlh  ,rfKer   r  ds fy, tgk¡ .01r    

D;ksafd char .01m,mR   

vr%] ,rm    vFkkZr~] .mr   

ijarq .Rcharm   vr%] .mr    

bl izdkj] ,mr  vFkkZr~] .mfKer   

 

E28) fn[kkb, fd .12)(char 43   

bl izdkj] 43    dk vfHky{kf.kd u rks 'kwU; gS vkSj u gh ,d vHkkT; 
la[;kA /;ku nhft, fd 43    ,d izk¡r ugha gS] tSlk fd vki mnkgj.k 4 esa 

ns[k pqds gSaA  

 

E29) 6  ugha gS] D;ksafd 6  dk dksbZ rRled ugha gSA 

 

 6  ugha gS] D;ksafd ;g ,d izk¡r ugha gSA  

 ]2[  ugha gS] D;ksafd blesa izR;sd 'kwU;srj vo;o O;qRØe.kh; ugha gSA 
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  ugha gS] D;ksafd ;g izk¡r ugha gSA 

 5  ,d {ks= gS] D;ksafd izes; 1 }kjk ;g ,d izk¡r gS rFkk ),( 5   ,d lewg gSA 

 

 }}a{,{})a({   ,d {ks= gS] D;ksafd ;g 9R-1R  dks larq’V djrk gS (nsf[k, 

E4)A 

 

E30) ughaA mnkgj.kkFkZ]   dk   ,d mioy; gS vkSj   ,d {ks= gS] ijarq   {ks= 

ugha gSA 

 

E31) bdkbZ 10 ls vki tkurs gSa fd .])i[(}i,1{])i[(U    

 vr%] ]i[  ,d {ks= ugha gSA  

 

 }b,aiba{]i[    ,d rRledh Øefofues; oy; gSA D;k blesa izR;sd 

'kwU;srj vo;o dk ,d xq.kukRed izfrykse gS? mnkgj.k 11 dh gh rjg bldh 
tk¡p dhft,A 

 

E32) /;ku nhft, fd ,0]x[xx    D;ksafd .xx 2   (D;ksa?) 

 ijarq] .0xxx 2   

 vr%]  2x]x[ ,d izk¡r ugha gSA 

 bl izdkj] izes; 5 }kjk] ;g ,d {ks= ugha gSA 

 

E33) lkjf.k;ksa ls vki ns[k ldrs gSa fd R  ij   vkSj · f}-vk/kkjh lafØ;k,¡ gSaaA lkFk 
gh] R bdkbZ 10 esa fn, 6R-1R  dks  larq’V djrk gSA  

 vkxs] R  ,d rRledh Øefofues; oy; gS rFkk blds izR;sd 'kwU;srj vo;o 
dk ,d izfrykse gS] vFkkZr~ 9R-7R  dks R  larq’V djrk gSA  

 bl izdkj] R  ,d {ks= gSA 

 ;gk¡] Rx0x2   rFkk fdlh Rx  ds fy, (tSls 1x  ), .0x1    

bl izdkj] char .2R   

 

E34) ,fKer   F dh xq.ktkoyh gSA bl izdkj] izes; 9 }kjk] 

}0{fKer   ;k .FfKer   

  ;fn },0{fKer   rks f  ,dSdh gSA 

  ;fn ,FfKer   rks .f 0  
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E35) i) ;g vko';d ugha gSA mnkgj.kkFkZ] fuEufyf[kr ij fopkj dhft, % 






A gSkefo";fn

 gS]le;fn
m,1

m,0
)m(:2: 

   

  Tkk¡p dhft, fd   ,d oy; lekdkfjrk gS] tks 1-1 ugha gSA 

  vki ;g Hkh tkurs gSa fd ,2 2
   tks ,d {ks= gSA 

ii)   ls   rd vkfof’V lekdkfjrk ij fopkj dhft,A  

;g u rks 0  gS] vkSj u gh vkPNknd gSA 

 

E36) D;ksafd ,F~R   rFkk rqY;kdkjh oy;ksa ds iwjh rjg leku chth; xq.k gksrs gSa] 

blfy, R  ,d {ks= gSA 

 

E37) vkidks bu lHkh xq.kksa dks] R  ds laxr xq.kksa dk mi;ksx djrs gq,] fl) djuk 
pkfg,A   dks fnekx esa j[kus ls 'kk;n vkidks lgk;rk feysA 

 

E38) igys] E29 ls vki tkurs gSa fd ]2[  ,d {ks= ugha gSA bl izdkj] ;g Lo;a 

viuk foHkkx {ks= ugha gks ldrk gSA 

 vkxs] ]2[  ds foHkkx {ks= dk dksbZ Hkh vo;o 
2dc

2ba




 ds :i dk gS] tgk¡ 

02dc   rFkk .d,c,b,a   

 vc] 

.2
d2c

adbc
2

d2c

bd2ac

d2c

)2dc()2ba(

2dc

2ba
222222

 






























bl izdkj] .2F    

 /;ku nhft, fd  2  ,d {ks= gS] tSlk fd vkius mnkgj.k 11 esa ns[kk 

FkkA 

 lkFk gh]  2   dk dksbZ Hkh vo;o 0d,0b,d,c,b,a,
d
c2

b
a    

ds :i dk gksrk gSA 

 vc], ,
20bd
2bcad

bd
2bcad

d
c2

b
a


  vkSj 0.bd,bd,bc,ad   

 bl izdkj] .F
d
c2

b
a   

 vr%] .F2    

 bl izdkj] .2F    
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 /;ku nhft, fd 
/

F  (mnkgj.kkFkZ] Fi ), rFkk blhfy, ;g  ]2[  dk 

foHkkx {ks= ugha gSA  

 blh izdkj] ]2[  dk   foHkkx {ks= ugha gSA (mnkgj.kkFkZ] ,3   ijarq 

].2[3  D;ksa? vkb, ns[ksaA  

 eku yhft, ].2[3    

 rc]  m  s.t. .b,a,2ba3m    

 vr%] .2ab2b2am3 222    

 blfy,] 22 m3b2a    rFkk .0ab2   vr%] 0a   ;k .0b    

 ;fn ,6m2b3m,0a   tks ,d varfoZjks/k gSA  

 blh izdkj] 0b   ls Hkh ,d varfoZjks/k rd igq¡prs gSaA) 

 

E39) ;fn R  ,d izk¡r ugha gS] rks laca/k ~ dks laØked gksuk t+:jh ugha gS] rFkk blh 
dkj.k ls F  ifjHkkf’kr ugha gSA 

 

E40) eku yhft, R  ,d rRledh Øefofues; oy; gSA eku yhft, fd ;g ,d 
{ks= F  esa var%LFkkfir gSA rc] F  fcuk 'kwU; ds Hkktd okyk gS] rFkk Fdk R ,d 
mioy; gSA  

bl izdkj] R  dks fcuk 'kwU; ds Hkktdksa okyk gksuk pkfg,A vFkkZr~] R  dks ,d 
izk¡r gksuk pkfg,A 

 

E41) igys] ]1,0[C  dh I  ,d xq.ktkoyh gS] tSlk fd vki bdkbZ 12 ls tkurs gSaA 

 

nwljs] D;ksafd dksbZ Hkh 'kwU;srj vpj Qyu (mnkgj.kkFkZ] Qyu 
)1)x(h:]1,0[:h    I\]1,0[C  esa gS] blfy, I  ,d mfpr xq.ktkoyh gSA

  

var esa] eku yhft, ,Ifg  tgk¡ ].1,0[Cg,f    

rc] ,0)0)(fg(   vFkkZr~   esa .0)0(g)0(f    

blfy, 0)0(f   ;k ,0)0(g   D;ksafd   ,d izk¡r] vFkkZr~ If  ;k .Ig  

bl izdkj] ]1,0[C  dh I  ,d vHkkT; xq.ktkoyh gSA  

 

E42) R  ,d rRledh Øefofues; oy; gSA bl izdkj] gesa ;g n'kkZus dh vko';drk 
gS R  fcuk 'kwU; ds Hkktd okyk gS ;fn vkSj dsoy ;fn R  esa }0{  ,d vHkkT; 

xq.ktkoyh gSA  
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vc] R  esa }0{  ,d vHkkT; xq.ktkoyh gS]  

iff }0{a}0{ab   ;k },0{b  Rb,a   ds fy, 

iff 0a0ab   ;k 0b   

iff R  fcuk 'kwU; ds Hkktd okyk gSA 

bl izdkj] R  esa }0{  ,d vHkkT; xq.ktkoyh gS  iff R  ,d iw.kkZadh; izk¡r gSA 

 

E43) D;ksafd   ,d {ks= gS] blfy, bldh xq.ktkofy;k¡ dsoy }0{  vkSj   gSaaA D;ksafd 

  ,d izk¡r gS] blfy, E42 }kjk]   dh }0{  ,d vHkkT; xq.ktkoyh gSA bl 
rjg] dsoy }0{  gh   dh ,d vHkkT; xq.ktkoyh gSA 

 

  

E44) ;g ugha gSA mnkgj.kkFkZ] .632   

 vc] ;fn ,62  rks ]5[5ba   s.t. ,2)5ba(6   vFkkZr~ 
.0b,2a6   

 ijarq ,slk dksbZ a  ugha gS s.t. .2a6   vr% .62   

 blh izdkj] .63   

 

E45) mnkgj.k 16 dh gh rjg] fl) dhft, fd ,~
20x

]x[   tks ,d izk¡r gSA 

vr%] ]x[   dh  20x  ,d vHkkT; xq.ktkoyh gSA 

 

E46) ughaA mnkgj.kkFkZ]   ,d izk¡r ugha gS] ijarq ,~
})0{(

)( 
 

  tks ,d 

izk¡r gSA vr%] })0{(
)(





  ,d izk¡r gSA  

E47) vki bls mnkgj.k 15 dh gh rjg gy dj ldrs gSaA 

30  dh vHkkT; xq.ktkofy;k¡  p  gSa] tgk¡ 30p  vkSj p  vHkkT; gSA 

bl izdkj] ;s  3,2 30  vkSj  5 gSaA 

 

E48) i) bdkbZ 13 ds izes; 4 ls vki tkurs gSa fd R  dh )J(f 1  ,d xq.ktkoyh   

  gSA D;ksafd f  vkPNknd gS rFkk .R)J(f,SJ 1   blfy,  

  vc] eku yhft, Rb,a   s.t. .)J(fab 1  

  J)ab(f   

  J)b(f)a(f   

  J)a(f   ;k ,J)b(f   D;ksafd J  ,d vHkkT; xq.ktkoyh gSA 
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  )J(fa 1  ;k .)J(fb 1  

  bl izdkj] R dh )J(f 1  ,d vHkkT; xq.ktkoyh gSA  

  

 ii) igys] D;ksafd f  vkPNknd gS] blfy, vki tkurs gSa fd S  dh )I(f  ,d 

xq.ktkoyh gSA (bdkbZ 13 ds izes; 4 ls)   

  lkFk gh] D;ksafd I1  rFkk I))I(f(f 1  (bdkbZ 13 izes; 5 ls] D;ksafd 
NI  ), blfy, .)I(f)1(f   bl izdkj] .S)I(f   

  var esa] eku yhft, Sy,x   s.t. .)I(fxy  

  D;ksafd Rb,a,fImS   blfy, s.t. )a(fx   vkSj .)b(fy   

  rc] ),I(fxy)b(f)a(f)ab(f   vFkkZr~] .I))I(f(fab 1    

  Ia  ;k ,Ib  D;ksafd I  ,d vHkkT; xq.ktkoyh gSA  

  vr%] )I(fx  ;k ).I(fy  

  bl izdkj] S  dh )I(f  ,d vHkkT; xq.ktkoyh gSA  

  

 iii)   )J()I(   

  )J(f)I(f   

  ))J(f(f))I(f(f 11    

  ,JI   D;ksafd I vkSj J nksuksa esa N  vkfo’V gSA 

 

    : eku yhft, S  dh J  ,d vHkkT; xq.ktkoyh gSA rc] 

R  dh )J(f 1  ,d vHkkT; xq.ktkoyh gS rFkk J))J(f(f))J(f( 11    

(bdkbZ 13 ls)A  

  bl izdkj] .ImJ   

 

E49) vkfof’V Qyu  :i  vkSj 2P   ij fopkj dhft,A rc]  dh 
2)P(i   ,d xq.ktkoyh ugha gS] D;ksafd    dh xq.ktkofy;k¡ dsoy }0{  vkSj 

  gSaA bl rjg]   dh 2  ,d vHkkT; xq.ktkoyh ugha gSA    

 

E50) i) eku yhft, 1P  vkSj 2P  oy; R  dh vHkkT; xq.ktkofy;k¡ gSa s.t. 

21 P\Px  rFkk .P\Py 12   

   rc] 1Pxy  vkSj ,Pxy 2  D;ksafd 1P  vkSj 2P  xq.ktkofy;k¡ gSaA 

   .PPxy 21    

   ijarq  21 PPx   rFkk .PPy 21   

  bl izdkj] 21 PP   vHkkT; ugha gSA 
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 ii) ughaA mnkgj.kkFkZ] ,32    D;ksafd .1)3,2(   ;gk¡   dh 2  vkSj 

3  vHkkT; xq.ktkofy;k¡ gSa] ijarq   esa   vHkkT; ugha gSA (D;ksa?) 

 

 iii) ughaA mnkgj.kkFkZ] ,6)3)(2(    tks   esa vHkkT; ugha gSA 

 

E51) tSlk fd vki bdkbZ 12 ls tkurs gSa] ,nm  ¡ is an ideal of   dh 
xq.ktkoyh gS] tgk¡ .n,m   

 vc] ,~
)nm( nm 

 
  tks ,d izk¡r dsoy rc gksxk tc 1m(   vkSj 

n  ,d vHkkT; gS ;k n = )0  ;k tc 1n(   vkSj m  ,d vHkkT; gS ;k m = )0 A 

 vr%]  2  vkSj ,3    ds nks vHkkT; xq.ktkofy;k¡ gSaA 

 /;ku nhft, fd ;s vyx gSa D;ksafd mnkgj.kkFkZ]  2)2,1(   ysfdu 

.3)2,1(   

 

E52) R esa M  mfPp’B gS  

 MR  ,d {ks= gS] izes; 14 }kjkA 

 MR  ,d izk¡r gS] izes; 5 }kjkA 

 R  esa M  vHkkT; gS] izes; 12 }kjkA 

 

E53) 102}8,6,4,2,0{   rFkk ,~2 21010    ,d {ks=A 

 bl izdkj] 10  esa }8,6,4,2,0{  mfPp’B gSA  

 

E54) mnkgj.k 16 dh gh rjg] n'kkZb, fd ,~
x

]x[    ,d {ks=A 

vr%] ]x[  esa  x  mfPp’B gSA  

 

E55) bdkbZ 13 esa vki ns[k pqds gSa fd ;g xq.ktkoyh vkPNknd lekdkfjrk 

)(2
1f)f(:]1,0[C:    dh vf’V gSA 

 ,~Ker]1,0[C   ,d {ks=A 

 bl izdkj] ]1,0[C  esa Ker  mfPp’B gSA  
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15.1 izLrkouk  

mís'; 

15.2 cgqinksa dk oy; 
15.3 cgqin oy;ksa ds dqN xq.k 
15.4 cgqin oy;ksa eas foHkkT;rk 
15.5 cgqin oy;ksa esa xq.ktkofy;k¡ 
15.6 lkjka'k 
15.7 gy / mÙkj            
 

15.1  
 
vHkh rd vkius vusd oy;ksa ds ckjs esa v/;;u fd;k gSA buesa fof'k’V xq.kksa okys 
oy; Hkh 'kkfey gSa vkius ‘dyu’ ds [kaM 1 esa   ij cgqinksa ds ckjs esa Hkh dqN 
foLrkj ls v/;;u fd;k gSA bl ikB~;Øe dh fiNyh bdkb;ksa esa vkius cgqinksa ds 
fofHkUu oy;ksa ls lacaf/kr vusd mnkgj.kksa dk v/;;u fd;k FkkA bl bdkbZ esa gekjk 
mís'; gS cgqinksa ds vkids fiNys lHkh v/;;uksa dks ,df=r djuk vkSj mUgsa dqN 
vkSj vkxs ys tkukA 
 
Hkkx 15.2  esa vki mu leqPp;ksa ds ckjs esa v/;;u djsaxs] ftuds vo;o 

n
n10 xaxaa    izdkj ds cgqin gSa] tgk¡ n10 a,,a,a   fdlh oy; R  ds 

vo;o gSaA vki ns[ksaxs fd ;g leqPp;] ftls ]x[R  }kjk O;Dr fd;k tkrk gS] Hkh 
,d oy; gSA 
 
Hkkx 15.3  esa vki ns[ksaxs fd ge cgqin oy;ksa dh ppkZ izk¡rksa vkSj {ks=ksa ds [kaM esa 
D;ksa dj jgs gSaA bl laca/k esa vki ]x[R  ds vusd xq.kksa dk v/;;u djsaxsA fo'ks’k :i 
esa vki ns[ksaxs fd ;fn R  ,d iw.kkZadh; izk¡r gS] rks ]x[R  Hkh ,d iw.kkZadh; izk¡r gksrk 
gSA 
 
ppkZ dks vkxs ys tkrs gq,] Hkkx 15.4  esa vki ns[ksaxs fd fdlh {ks= ij cgqinksa dk 
oy; dqN gn rd   dh rjg gSA ;g ,d ,sls foHkktu ,sYxksfjn~e dks larq’V djrk 
gS tks   }kjk larq’V ,sYxksfjn~e (bdkbZ 1 nsf[k,) dh rjg gSA ge bl xq.k dks] vkSj 
mlls fudyus okys dqN ifj.kkeksa dks] bl Hkkx esa fl) djsasxsA 
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vxys Hkkx] Hkkx 15.5 esaa] ]x[F  dh xq.ktkofy;ksa ij dsfUnzr gksxk] tgk¡ F  ,d {ks= 
gSA vki lh[ksaxs fd D;ksa ]x[F  esa izR;sd xq.ktkoyh ,d eq[; xq.ktkoyh gksrh gS] 
tSlk fd   esa gksrk gSA vki ;g Hkh ns[ksaxs fd ;g rF; bruk egRoiw.kZ D;ksa gSA 
 
vxyh bdkbZ esa ge cgqinksa ij viuh ppkZ dks tkjh j[ksaxsA bl bdkbZ esa] vkSj 
vxyh bdkbZ esa] tks vki v/;;u djsaxs og xf.kr dh fdlh Hkh 'kk[kk esa vkids 
v/;;u ds fy, cgqr gh ekSfyd gSA vr%] bl bdkbZ dk /;kuiwoZd v/;;u dhft,A 
tSls-tSls vki fdlh iz'u ij igqaps] oSls-oSls gh mls gy djsaA blls vkidks ;g 
lqfuf'pr djus esa lgk;rk feysxh fd vkius bl bdkbZ dh fuEufyf[kr lh[kus dh 
vis{kkvksa dks izkIr dj fy, gSaA 
 

 
 
bl bdkbZ dh i<+kbZ ds ckn] vki fuEufyf[kr djus esa leFkZ gks tk,axs%  

 fn, gq, oy; ij cgqinksa dks ifjHkkf’kr djuk] rFkk muds mnkgj.k nsuk( 

 ,d Øefofues; oy; R ij cgqinksa dk leqPp; oy; ),],x[R(   gksrk gS] 
bl ifj.kke dks fl) djuk vkSj mldk mi;ksx djuk( 

 ]x[R  ds dqN xq.kksa dks R ds xq.kksa ls tksM+uk( 

 ]x[F  ds fy, foHkktu ,sYxksfjn~e dks fl) djuk] vkSj mldk vuqiz;ksx djuk] 
tgk¡ F  ,d {ks= gS( 

 {ks= F ds fy,] ]x[F  esa izR;sd xq.ktkoyh ,d eq[; xq.ktkoyh gksrh gS bl 
ifj.kke dks fl) djuk vkSj mldk vuqiz;ksx djukA 

 

15.2  
 

vki ,0,1x,x4x32,x1 52   bR;kfn] tSls vusd cgqinksa dks ns[k pqds gSaA ;s 
  ij cgqinksa ds mnkgj.k gSa] D;ksafd buds xq.kkad   esa gSaA ijarq ;s   ij Hkh cgqin 
gSa] D;ksafd buds xq.kkad   esa gSaA D;k bl laf{kIr ppkZ ls vkidks dqN ladsr feyrk 
gS fd fdlh Hkh oy; R  ij ,d cgqin D;k gksrk gS? vkb, bl oLrq dks] rFkk blls 
lacaf/kr dqN 'kCnkas dks] ifjHkkf’kr djsaA 
 

: eku yhft, R  ,d oy; gS rFkk x  ,d  (indeterminate) gSA 

i)  x  esa R  n
n

2
2

1
1

0
0 xaxaxaxa    ds :i dk O;atd 

gS] tgk¡ n  _.ksrj iw.kkZad gS rFkk .Ra,,a,a n10   

 

ii) n,,1,0i   ds fy,] i
ixa  mijksDr (i) eaas fn, cgqin dk in (term) dgykrk 

gSA ;fn  ,0a0   rks 0
0xa  bl cgqin dk (constant term) 

dgykrk gSA  
 
iii) n10 a,,a,a   mijksDr (i) esa fn, cgqin ds (coefficients) dgykrs gSaA   

  ;fn ,0an   rks na  bl cgqin dk (leading coefficient) 

dgykrk gS] rFkk n  bl cgqin dh  (degree) dgykrh gSA ge bl rF; 
dks n)xax(adeg n

n
0

0  ls n'kkZrs gSaA 

 

,d ‘vfu/kkZFkZ’ ,d vkSipkfjd 
izrhd gSA ;g ,d pj 
gSA 
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iv)  ;fn ,0a0   rks cgqin 0
0xa  ,d (constant polynomial)  

dgykrk gSA  
 
v)  ;fn ,n,,1,0i0a i   rks izkIr cgqin 0  gS] ftls (zero 

polynomial) dgrs gSaA ifjHkk’kk ls gh 
 lkFk gh]  

 

mnkgj.kkFkZ] fdlh Hkh oy; R rFkk fdlh Hkh 0rxRr ] fy,ds  ,d vpj cgqin gS 
(;fn 0r  ) ;k 'kwU; cgqin gS (;fn 0r  ). 
 
/;ku nhft, fd cgqinksa dks fy[krs le; ge dk vuqikyu 
djsaxs% 

i) ge 0x  ugha fy[ksaxsA vr%] ge 0
0xa  ds fy, 0a  gh fy[ksaxsA  

ii)  ge 1x  dks x  fy[ksaxsA 

iii)  ge mx1  ds LFkku ij mx  fy[ksaxs  (vFkkZr~ tc 1am  ), rFkk ;fn  

,R)a(am  rks max  fy[ksaxsA 

iv)  ge mx0   tSls inksa dks ugha fy[ksaxsA 

 

bl izdkj]   ij cgqin 3210 x)1(x3x0x2   dks 32 xx32   fy[kk tk,xk] 
ftleas )1(  bldk vxze xq.kkad gS rFkk 2  bldk vpj in gSA 

mnkgj.k ds rkSj ij]   ij  115 x2x
2
1   ,d cgqin gS] tgk¡ 

,2a,a,
2
1a 11

50   rFkk 5i,10,,1i    ds fy,] .0a i     

blh izdkj]   ij 115 x2x
2
1   ,d cgqin gSA  

lkFk gh] 
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B

5.0

12
A vkSj  ds fy,] ,BxAx 4  )(2   ij 

?kkr4  okyk ,d cgqin gS] ftlesa B  bldk vxzx xq.kkad gS rFkk bldk dksbZ vpj 
in ugha gSA  
 
vkbank]  ‘ ’  

 x  vkxs] ge izk;% cgqin n
n10 xaxaa    

ds fy, laf{kIr ladsr 


n

0i

i
ixa  dk mi;ksx djsaxsA  

 
vfu/kkZ;Z ds mi;ksx dks Li’V djus ds fy,] ;gk¡ ,d fVIi.kh gSA 
 

 1: tSlk Åij crk;k x;k gS] x  dks ,d izrhd ds :i esa mi;ksx fd;k tkrk 
gS] tks vfu/kkZ;Z dgykrk gSA izrhdksa ,x,x,x 210  dks ;gk¡ Øe eas LFkku crkus dk 

rjhd+k lkspk tkuk pkfg,A vr%] R ij cgqin  n
n10 xaxaa    fy[kus ds LFkku 

ij] ge bls ,d vifjfer vuqØe (sequence) ds :i esa ),0,0,a,,a,a( n10   
fy[k ldrs Fks (‘okLrfod fo'ys’k.k’ ls vuqØeksa ds viuss v/;;u dks ;kn dhft,),  
tgk¡ bl vuqØe esa dsoy ifjfer la[;k esa 'kwU;srj izfof’V;k¡ gSaA blh izdkj] ?kkr 

;kn dhft, fd   ;wukuh cM+k 
v{kj ‘flxek’ gS] tks ‘;ksx’ dks 
O;Dr djrk gSA 
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m  okys ,d cgqin dks ,Rb),,0,0,b,,b,b( im10   ;k m
m10 xbxbb    

fy[k ldrs gSaA 
 
/;ku nhft, fd ),11,9,7,5,1,2,0,0(   ,d cgqin ugha gS] D;ksafd blesa dsoy 
ifjfer la[;k esa vusd 'kwU;srj izfof’V;k¡ ugha gSaA 
 
vkb, x  eas cgqinksa ds dqN vkSj mnkgj.kksa ij fopkj djsaA 

i)  2x3x45   ?kkr 2 okyk ,d cgqin gS] ftlds xq.kkad   esa  gSaA bldk vxzx 
xq.kkad 3 gSA 

 
ii)  42 x2xx68   ?kkr 4 okyk ,d cgqin gS] ftlds xq.kkad 10  esa gSaA bldk 

vxzx xq.kkad 2  gSA 
 
vkSj mnkgj.k nsus ls igys] ge dqN vkSj ladsrksa dks LFkkfir djuk pkgsaxsA 
 

: R[x] fdlh  R  dks O;Dr djsxkA  

(;gk¡ oxZ dks’Bdksa [ ] ds mi;ksx ij /;ku nhft,A vU; izdkj ds fdUgha dks’Bdksa dk 
mi;ksx ugha djsa] D;ksafd ]x[R  vkSj )x(R  vyx-vyx leqPp;ksa dks O;Dr djrs gSa] 
tSlk vki dqN vkxs tkdj ns[ksaxsA) 

bl izdkj] 








 


n

0i
i

i
i n,0n,n,,1,0iRaxa]x[R tgk¡ . 

ge izk;% cgqin n
n10 xaxaa    dks ),x(q),x(p),x(f  bR;kfn] }kjk O;Dr 

djsaxsA 

bl izdkj] ]x[4  ds ,d vo;o dk mnkgj.k gS .x2x31)x(f 4  

;gk¡ deg 4)x(f   rFkk )x(f  dk vxzx xq.kkad 2  gSA 
 
vkxs c<+us ls igys] vkb, ns[ksa fd nks cgqin cjkcj dc gksrs gSaA (ikB~;Øe ‘okLrfod 
fo'ys’k.k’  ls nks vuqØeksa ds cjkcj gksus ds izfrca/k dks ;kn dhft,A) 
 

: eku yhft, R ,d oy; gS rFkk ]x[R  esa n
n10 xaxaa)x(f    

vkSj m
m10 xbxbb)x(g    gSaA )x(f  vkSj )x(g  (equal) dgykrs gSa 

;fn .n,,1,0iba ii    bls g(x)f(x)   }kjk O;Dr fd;k tkrk gSA 
 
bl izdkj] ;fn gSa] rks muds leku vxzx xq.kkad gksrs gSa] 
vkSj blh fy, budh gSaA D;k bldk foykse lR; gS? ughaA 
mnkgj.kkFkZ] ]x[  esa nksuksa 44 x35x3x2   vkSj  dh ?kkr 4  gSa] gkykafd ;s cjkcj 
ugha gSaA bldk dkj.k ;g gS fd 0x  vkSj 1x  dss LFkkuksa esa nksuksa ds laxr xq.kkad 
vyx-vyx gSaA 
 
vHkh rd tks vkius v/;;u fd;k gS] mls vki fdl gn rd le> x, gSa] bls 
tk¡pus ds fy, fuEufyf[kr iz'uksa dks gy dhft,A 
  
 
E1) fuEufyf[kr O;atdksa esa ls cgqinksa dh igpku dhft,A buesa ls dkSu-ls ]x[  

ds vo;o gSa?  

 i)    ,xxxx1 642    ii)    ,xxx
1

x
2 2

2   
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 iii)  ,x3x2 2    iv)   ,x
4
1x

3
1x

2
11 32   

 v)   ,xxx 221     vi)   ,5  

 vii)  ,ix
0i

i




   viii)  .0   

 

E2) ;fn ]x[ esa ,xbxbxbxb
2
1x3x5a 11

4
3

3
2

21
32

0   rks 

43210 b,b,b,b,a  ekywe dhft,A 

 
E3) ]x[  eas fuEufyf[kr esa ls izR;sd cgqin dh ?kkr rFkk vxzx in fu/kkZfjr 

dhft,A 

 i)    ,x27   ii)    ,x7x31 3  iii)    ,x0xx1 543   

 iv)    ,x
7
1x

5
1x

3
1 32        v)   .0  

 
 
vc fdlh Hkh oy; R  ds fy,] vkb, ns[ksa fd ]x[R  esa ;ksx vkSj xq.ku dks fdl 
izdkj ifjHkkf’kr dj ldrs gSa ftlls fd os ]x[R  ij lqifjHkkf’kr f}-vk/kkjh lafØ;k,¡ 
gks tk,¡A igys cgqinksa ds ;ksx ij fopkj dhft,A 
 

: eku yhft, n
n10 xaxaa)x(f    vkSj 

,xbxbb)x(g m
m10    ]x[R  esa gSaA eku yhft, fd  .nm   (,slh gh 

ifjHkk’kk mn  ds fy, lR; gSA)  rc] ge R[x] dks fuEufyf[kr }kjk 
ifjHkkf’kr djrs gSa%  

m
m

1n
1n

n
nn1100 xbxbx)ba(x)ba()ba()x(g)x(f  

   

                  ,x)ba( i
m

0i
ii



  tgk¡ ni   ds fy, .0a i    

 

mnkgj.kkFkZ] ]x[  esa 32 x7x54)x(q,x3x21)x(p   }kjk fn, tkus okys 
nks cgqinksa )x(q),x(p  ij fopkj dhft,A rc] 

.x7x3x75x)70(x)03(x)52()41()x(q)x(p 3232   

/;ku nhft, fd ],x[)x(q)x(p  rFkk bl fLFkfr esa 
)).x(qdeg),x(p(degmax3))x(q)x(p(deg    

 
 Åi  nh gqbZ ifjHkk’kk ls ,slk izrhr gksrk gS fd 

)).x(gdeg),x(f(degmax))x(g)x(f(deg   D;k ;g lR; gS? vkb, ns[ksaA  

]x[ esa] 2x1)x(p   vkSj 2xx32)x(q   yhft,A   

rc] .x33x)11(x)30()21()x(q)x(p 2   

;gk¡] ;1))x(q)x(p(deg   ijarq .2)2,2max())x(qdeg),x(pmax(deg   
bl izdkj] bl fLFkfr esa )).x(qdeg),x(pmax(deg))x(q)x(p(deg    
 
vr%] tks ge dg ldrs gSa] og ;g gS fd 

g(x))degf(x),(degmax (x))g(f(x)deg   ].x[R)x(g),x(f   
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vkb, vc ]x[R  esa xq.ku dks ifjHkkf’kr djsaA 
 

: eku yhft, fd R  ,d oy; gSA ]x[R  esa n
n10 xaxaa)x(f    rFkk 

m
m10 xbxbb)x(g    ds fy,] ge R[x]  

,xcxcc)x(g)x(f nm
nm10


  }kjk ifjHkkf’kr djrs gSa] tgk¡ 

.nm,,1,0ibababac i011i0ii     

(;gk¡ /;ku nhft, fd ni   ds fy, ,0a i   rFkk mi   ds fy, .)0bi     
 
,d mnkgj.k ds :i esa] vkb, ]x[  esa fuEufyf[kr cgqinksa dk xq.kk djsa% 

.x7x52)x(q,x2x1)x(p 23   

;gk¡ ,2n,3m  blfy, .5nm   vc] 
,a0a,2a,0a,1a,1a 543210   

.bb0b,7b,5b,2b 543210   

bl izdkj] 



5

0i

i
i ,xc)x(q)x(p  tgk¡ 

,2bac 000   

,3babac 10011   

,2bababac 2011022   

,3babababac 302112033   

,10bababababac 40312213044   

.14babababababac 5041322314055   

vr%] .x14x10x3x2x32)x(q)x(p 5432   

/;ku nhft, fd ],x[)x(q)x(p   rFkk 
)).x(qdeg)x(p(deg5))x(q)x(p(deg   

 

,d vU; mnkgj.k ds :i esa] ]x[x32)x(q,x21)x(p 6
2   ij fopkj 

dhft,A 

rc] ,x3x42x6x3x42)x(q)x(p 232   D;ksafd .06   

;gk¡] ))x(qdeg)x(p(deg2))x(q)x(p(deg   (D;ksafd ,1)x(pdeg   
).2)x(qdeg   

 
vr%] ge ;g dg ldrs gSa fd  

.g(x)degf(x)degg(x))(f(x)deg    
 
gesa bldh tk¡p djus dh vko';drk gS fd ftl rjg geus ]x[R  esa  ;ksx vkSj 
xq.ku dks ifjHkkf’kr fd;k gS] ;s ]x[R  esa laor̀ gSaA igys] vkb, ns[ksa fd D;k   

lqifjHkkf’kr gSA ;fn 

,xb)x(gxb)x(g,xa)x(f,xa)x(f
n

0i

m

0i

r

0i

s

0i

i
i

i
i

i
i

i
i   

   

  rFkk  rFkk ]x[R   

eas gSa s.t. )x(f)x(f   vkSj ),x(g)x(g   rks 
.r,,0j,n,,0ibb,aa,sr,mn jjii    

vr%]  
 


)r,nmax(

0i

)s,m(max

0i

i
ii

i
ii ).x(g)x(fx)ba(x)ba()x(g)x(f  

bl izdkj]   lqifjHkkf’kr gSA 
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blh izdkj ls vkidks n'kkZuk pkfg, fd xq.ku lqifjHkkf’kr gSA 
 
'ks’k Hkkx ds fy,] uhps fn, E4 dks dhft,A lkFk gh] uhps fn, vU; iz'u Hkh 
dhft,A bUgsa djus ls vki cgqinksa ij bu lafØ;kvksa ds vknh gks tk,axsA 
 
 

E4) Li’V dhft, fd ]x[R  ij ;ksx vkSj xq.ku f}-vk/kkjh lafØ;k,¡ D;ksa gSaA 
 
E5) fuEufyf[kr ifjdfyr dhft,% 

 i) ]x[  eas ,)xx5()x4x32( 332    

 ii) ]x[7  esa ,)x5x21()x26( 32   

 iii) ]x[  esa ,)xx21()x1( 2  

 iv) ]x[3  esa ,)xx21()x1( 2   

 v) ]x[  esa .)xx5()xx2( 32    
 
E6) fdlh Hkh oy; R ds fy,] Li’V dhft, fd cgqin 

]x[Rxaxaa n
n10    dk izR;sd in Hkh R  ij cgqin D;ksa gSA bl 

izdkj] ,xa
n

0i

i
i



R  ij n  cgqinksa dk ;ksx gSA  

 
 
vc rd vki cgqinksa ds ;ksx vkSj xq.ku ds vknh gks x, gksaxsA vki ;g Hkh ns[k pqds 
gSa fd ]x[R  ij   vkSj  ·  f}-vk/kkjh lafØ;k,¡ gSaA vc iz'u ;g gS fd ),],x[R(   

,d oy; gS ;k ughaA vkb, ns[ksaA 
 

 1: ;fn R  ,d oy; gS] rks ]x[R  Hkh ,d oy; gksrk gS] tgk¡ x  ,d vfu/kkZ;Z 
gSA 
 

: gesa ),],x[R(   ds fy, vfHkx`ghrksa 6R-1R  (bdkbZ 10 ds)  tkapus dh 
vko';drk gSA  

R1  (;ksx Øefofues; gS): eku yhft, ]x[R  esa n
n10 xaxaa)x(p    vkSj 

.xbxbb)x(q m
m10     

 rc] ,xcxcc)x(q)x(p t
t10    

 tgk¡ )n,mmax(t   vkSj .t,,1,0ibac iii   

 blh izdkj] ,xdxdd)x(p)x(q s
s10    

 tgk¡ ,t)m,nmax(s   vkSj .t,,1,0iabd iii   

 D;ksafd R eas ;ksx Øefofues; gS] blfy, .0idc ii   

 vr%] ).x(p)x(q)x(q)x(p   
 
R2  (;ksx lkgp;Z gS): R  esa ;ksx dh lkgp;Zrk dk mi;ksx djrs gq,] vkidks 

bldh tk¡p djuh pkfg, fd fdUgha ]x[R)x(s),x(q),x(p   ds fy,] 
 .)}x(s)x(q{)x(p)x(s)}x(q)x(p{   
 

dsoy ,d in okys cgqin 
dks (monomial) 
dgrs gSaA 
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R3  (;ksT; rRled): ]x[R  esa 'kwU; cgqin ;ksT; rRled gSA bldk dkj.k ;g gS 

fd fdlh Hkh ]x[Rxaxaa)x(p n
n10    ds fy,] 

n
n10 x)a0(x)a0()a0()x(p0    

               n
n10 xaxaa    

               ).x(p  
 

R4  (;ksT; izfrykse): ]x[Rxaxaa)x(p n
n10    ds fy,] cgqin 

n
n10 xaxaa)x(p)x(q    ij fopkj dhft,] tgk¡ R  esa ia dk 

;ksT; izfrykse ia  gSA rc] 
n

nn1100 x)aa(x)aa()aa()x(q)x(p    

      n2 x0x0x00    
      .0  
 vr%] ))x(p)(x(q   gh )x(p  dk ;ksT; izfrykse gSA 
 

R5  (xq.ku lkgp;Z gS): eku yhft, fd ]x[R  esa ,xaxaa)x(p n
n10    

,xbxbb)x(q m
m10    rFkk .xdxdd)x(t r

r10    rc] 

 ,xcxcc)x(q)x(p s
s10    tgk¡ nms  rFkk 

.s,...,1,0kbababac k011k0kk     

 vr%]  
 ,xexee)x(t)}x(q)x(p{ t

t10    

 tgk¡ ,rnmrst  vkSj 

 k011k0kk dcdcdce     

      .dbad)baba(d)baba( k0011k001k0k00k     

 blh izdkj] vkidks tk¡p djuh pkfg, fd )}x(t)x(q{)x(p   esa kx  dk xq.kkad 
(fdlh Hkh 0k   ds fy,), gSA  

)dbdbdb(a)dbdb(adba k011k0k010011k00k                 

          ,ek  R  esa   vkSj · ds xq.kksa ds mi;ksx lsA 

vr%] )}.x(t)x(q{)x(p)x(t)}x(q)x(p{   
 

R6  (xq.ku ;ksx ij cafVr gS): eku yhft, fd ]x[R  esa 
,xaxaa)x(p n

n10   m
m10 xbxbb)x(q    vkSj 

.xdxdd)x(t r
r10    fdlh Hkh 0k   ds fy,] ))x(t)x(q()x(p  esa 

kx  dk xq.kkad  )db(a)db(a)db(ac kk0111k00kk     gSA 

lkFk gh] )x(t)x(p)x(q)x(p   esa kx  dk xq.kkad gS 
)dadada()bababa( k011k0kk011k0k     

)db(a)db(a)db(a kk0111k00k     

.ck  

 vr%] ).x(t)x(p)x(q)x(p)}x(t)x(q{)x(p   

blh izdkj] vki fl) dj ldrs gSa fd 
).x(p)x(t)x(p)x(q)x(p)}x(t)x(q{   

bl izdkj] ]x[R  ,d oy; gSA 
 
izes; 1 geas crkrk gS fd cgqin oy;ksa ds ftu mnkgj.kksa ds lkFk vki igys dk;Z dj 
pqds gSa] muds vykok ]x[],x)[(],x)[3(],x][1,0[C n   Hkh oy; gh gSaA  
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lkFk gh] /;ku nhft, fd D;ksafd )],x[R(   vkcsyh gS] rFkk E6 dk mi;ksx djrs gq,] 
ge ikrs gSa fd n

n10 xaxaa    dks ,axaxaxa 01
1n

1n
n

n  
   ;k 

 
 xaxaaxa 1

1n
1n0

n
n  fy[k ldrs gSaA 

vr%] mnkgj.kkFkZ] ]x[x5x5 3   vkSj ,x5x5 3  ;k ,x5x5 3   cjkcj 
gSaA 
 
vkb, ]x[R  ds ,d foLr`r mnkgj.k ij fopkj djsaA 
 

 1: D;k ]x[6  ifjfer gS? D;ksa? 

 
: 6  esa 6  vo;o gSaA 

}.}0{n,n,,1,0iaxaxaa{]x[ 6i
n

n106     

vr%] 0a  dksbZ Hkh eku] ,5,4,3,2,1,0  ys ldrk gSA 

blh izdkj] izR;sd ia  bu 6  ekuksa esa ls dksbZ Hkh ,d eku ys ldrk gSA 

vr%] 0  'kwU; cgqin gS] rFkk ;gk¡ 5  vpj cgqin gSaA vc] ?kkr 1 okys 3056   

cgqin gSa] D;ksafd 0a  }kjk 6  eku fy, tk ldrs gSa] ijarq 0a1   (D;kasfd ge 0  igys 
gh fxu pqds gSa), ftlls 1a  5  eku ys ldrk gSA 

blh izdkj] 6  ij ?kkr 2 okys 566   cgqin gSa] bR;kfnA 

D;ksafd n  vifjfer eku ys ldrk gS] blfy, 6  ij vuarr% vusd cgqin gSaA  

*** 
 
vkxs c<+us ls igys] vkb, cgqinksa ls lacaf/kr dqN lkekU;r% mi;ksx fd, tkus okys 
'kCnksa dks ifjHkkf’kr djsaA gks ldrk gS vki vius fiNys v/;;uksa ls bu 'kCnksa ls 
igys ls gh ifjfpr gksaA 
 

: i) ?kkr 1 okyk cgqin ,d (linear) dgykrk gSA 
 
ii) ?kkr 2  okyk cgqin ,d  (quadratic) dgykrk gSA 
 
iii) ?kkr 3  okyk cgqin ,d (cubic) dgykrk gSA 
 
iv) ?kkr 4  okyk cgqin ,d  (bi-quadratic, ;k quartic)  dgykrk 

gSA 
 
v) vxzx xq.kkad 1 okyk cgqin (monic)  dgykrk gSA 
 

vr%] mnkgj.kkFkZ ]x[x53 3   ,d f=?kkr cgqin gS] rFkk ,x
5
3 3   ij ,d 

f=?kkr ,dxq.kkadh cgqin gSA 
 
vc dqN iz'uksa dks gy djus dk iz;kl dhft,A 
 
 
E7) fuEufyf[kr esa ls dkSu-ls dFku lR; gaS? vius mÙkjksa ds fy, dkj.k nhft,A 

 i) ]x[R  eas nks jSf[kd cgqinksa dk xq.kuQy ,d jSf[kd cgqin gks ldrk gS] 
tgk¡ R  ,d oy; gSA  

 ii) ]x[  esa nks f}?kkr cgqinksa dk xq.kuQy ,d prq?kkZr cgqin gksrk gSA 
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 iii) ]x[  esa nks f}?kkr cgqinksa dk ;ksx ,d f}?kkr cgqin gksrk gSA
  

 iv)  ;fn ]x[R  esa )x(p  ,d ,dxq.kkadh cgqin gS] tgk¡ R  ,d rRledh 
oy; gS] rks ].x[R)x(q)x(q)x(p   gSdxq.kkadh ,  

 
E8) iqf’V djrs gq,] ]x)[(2   eas /kukRed ?kkr ds nks vyx-vyx vo;o nhft,A 
 
E9) tk¡p dhft, fd R   

 i) ]x[R  dk ,d mioy; gS ;k ugha]  

 ii) ]x[R  dh ,d xq.ktkoyh gS ;k ughaA  
 
E10) ]x[4  esa lHkh f}?kkr inksa dh lwph cukb,A  
 
E11) eku yhft, fd R  ,d oy; gS] rFkk n  ds fy,] 

}.0{}n)x(fdeg]x[R)x(f{n   tk¡p dhft, fd ,n  ]x[R  dk 

mioy; gS ;k ughaA  
 
E12) eku yhft, fd R  ,d oy; gS rFkk 

.i0a]x[RxaA i

n

0i

i
i 











 


 gSkefo"fn;  

 D;k ,A ]x[R  dk  mioy; gS? D;kas] ;k D;ksa ugha? 
 
 
/;ku nhft, fd bl Hkkx esa geus ftu ifjHkk’kkvksa vkSj izes;ksa dh ppkZ dh gS] os 

ds fy, lR; gSaA ijarq] ftl fLFkfr esa ge okLro esa :fp j[krs gSa] 
og gS  ,d izk¡r R dhA vxys Hkkx esa] gekjh ppkZ blh fLFkfr dh vksj vkxs c<+sxhA 
 

15.3  
 
fiNys Hkkx dk v/;;u djrs le; vkidks ]x[R  ds dqN xq.kksa dk vuqeku gks x;k 
gksxkA tSls fd mnkgj.k 1 ls 'kk;n vkidks vanktk gks x;k gksxk fd ;fn R  ,d 
ifjfer vrqPN oy; gS rks ]x[R  vifjfer oy; gksrk gSA D;k vkius oy; R  ij 
lafØ;kvksa rFkk ]x[R  ij lafØ;kvksa ds chp fudV fj'rs ds ckjs esa Hkh lkspk gS? 

fuLlansg] izes; 1 dks fl) djrs le; vki bl fj'rs dks ns[k pqds gSaA vc] vki R  
ij xq.ku rFkk ]x[R  ij xq.ku ds chp laca/k ds vkSj izek.k ns[ksaxsA 
 

 2: eku yhft, R  ,d rRledh Øefofues; oy; gSA rc ]x[R  Hkh ,d 
rRledh Øefofues; oy; gSA 
 

: igys ge n'kkZ,axs fd ]x[R  Øefofues; gSA  

eku yhft, fd oy; ]x[R  esa n
n10 xaxaa)x(p    vkSj  

.xbxbb)x(q m
m10     

rc] ,xcxcc)x(q)x(p s
s10    tgk¡ ,nms   rFkk  

k011k0kk bababac     

    ,abababab k01k111k0k     D;ksafd R esa ;ksx vkSj xq.ku nksuksa 
Øefofues; gSaA 
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      )x(p)x(q   esa kx  dk xq.kkadA  

bl izdkj] izR;sd 0i   ds fy,] )x(q)x(p   esa ix  dk xq.kkad )x(p)x(q   esa ix ds 
xq.kkad ds cjkcj gSA  
vr%] ),x(p)x(q)x(q)x(p   vFkkZr~] ]x[R  Øefofues; gSA 
 
vkxs] ge tkurs gSa R dk rRled 1 gSA ge fl) djsasxs fd  vpj cgqin ,1 ]x[R  dk 
rRled gSA 

]x[Rxaxaa)x(p n
n10    yhft,A 

rc] n
n10 xcxcc)x(p1    (D;ksafd ),01deg   

tgk¡ .a0a0a0a1ac k02k1kkk     

bl izdkj] ).x(p)x(p1   

vr%] ]x[R  dk  rRled 1 gSA  
 

izes; 2 ls ge tkurs gS fd ]x[  ,d rRledh Øefofues; oy; gSA blh rjg] 
fdlh Hkh {ks= F  ds fy,] ]x[F  ,d rRledh Øefofues; oy; gSA 
 
izes; 2 ds foykse ds ckjs esa vkidk D;k [+;ky gS? blh ckr ls fuEufyf[kr iz'u tqM+s 
gSaA  
 
 
E13) ;fn R  ,d ,slk oy; gS fd ]x[R  rRledh Øefofues; oy; gS] rks  

 i) D;k R dks Øefofues; gksuk gh gksxk? 

ii) D;k R dks rRledh gksuk gh gksxk? 
vius mÙkjksa ds fy,] dkj.k nhft,A 

 
E14) eku yhft, fd R  ,d rRledh Øefofues; oy; gSA n'kkZb, fd 

).R(U])x[R(U   
 
 

vc] vkb, ns[ksa fd D;k R vkSj ]x[R  'kwU; ds Hkktdksa ds laca/k esa ,d gh izdkj dk 
O;ogkj djrs gSaA blds fy,] igys ge og ifj.kke fl) djsaxs ftldk ft+Ø geus 
rc fd;k Fkk tc geus cgqinksa ds xq.ku dks ifjHkkf’kr fd;k FkkA vkius bldk  
E7(ii) dks gy djrs le; Hkh vLi’V :i ls mi;ksx fd;k FkkA 
 

 3: eku yhft, R  ,d oy; gS rFkk )x(f  vkSj ),x(g  ]x[R  ds nks 'kwU;srj 
vo;o gSaA rc]  

.)x(gdeg)x(fdeg))x(g)x(f(deg   

vkxs] ;g ,d lerk gS ;fn vkSj dsoy ;fn R  fcuk 'kwU; ds Hkktdksa dk gSA 
 

: eku yhft, ,0a,xaxaa)x(f n
n

n10    

rFkk .0b,xbxbb)x(g m
m

m10    

rc] .m)x(gdeg,n)x(fdeg     

vr%] ,xcxcc)x(g)x(f nm
nm10


  tgk¡ 

.nm,,1,0k,bababac k011k0kk     

D;ksafd mn2n1n a,,a,a    rFkk nm2m1m b,,b,b    lHkh 'kwU; gSa] blfy, 
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.bac mnnm   

bl izdkj] ).x(gdeg)x(fdegmn))x(g)x(f(deg   
 
vc] ;fn R  fcuk 'kwU; ds Hkktdksa dk gS] rks ,0ba mn   D;ksafd 0a n   vkSj .0bm   

bl izdkj] bl fLFkfr esa] 
).x(gdeg)x(fdeg))x(g)x(f(deg   

 
foykser%] eku yhft, fd 

}.0{\]x[R)x(g),x(f)x(gdeg)x(fdeg))x(g)x(f(deg    

ge varfoZjks/k }kjk fl) djsaxs fd R fcuk 'kwU; ds Hkktdksa dk gSA eku yhft, fd] 
blds foijhr] R  esa 'kwU; ds Hkktd gSa vkSj eku yhft, ,0ab   tgk¡ R esa 

.0b,0a    

eku yhft, ]x[R  esa axa)x(f 0   vkSj .bxb)x(g 0     

rc] .x)baab(baabxx)baab(ba)x(g)x(f 0000
2

0000    

bl fLFkfr esa] ),x(gdeg)x(fdeg21))x(g)x(f(deg   rFkk ge ,d 
varfoZjks/k ij igq¡prs gSaA 
bl izdkj] R  fcuk 'kwU; ds Hkktdksa dk gSA 
 
izes; 2 vkSj 3 geas fuEufyf[kr egRoiw.kZ ifj.kke ij ys tkrk gSaA 
 

 4: ]x[R  ,d iw.kkZadh; izk¡r gS R  ,d iw.kkZadh; izk¡r gSA 
 

: izes; 2 vkSj E13 ls vki tkurs gSa fd R  ,d rRledh Øefofues; oy; gS 
;fn vkSj dsoy ;fn ]x[R  ,d rRledh Øefofues; oy; gSA bl izdkj] bl izes; 
dks fl) djus ds fy,] gesa ;g fl) djus dh vko'drk gS fd R  fcuk 'kwU; ds 
Hkktdksa dk gS ;fn vkSj dsoy ;fn ]x[R  fcuk 'kwU; ds Hkktdksa dk gSA 

 
vr%] vkb, igys eku ysaa fd R  fcuk 'kwU; ds Hkktdksa dk gSA 
eku yhft, fd ]x[R  esa )x(p  vkSj )x(q  Øe'k% ?kkrksa n  vkSj m  ds gSaA  

rc] izes; 3 ls vki tkurs gSa fd .0nm))x(q)x(p(deg   

bl izdkj] .0)x(q)x(p   

bl izdkj] ]x[R  fcuk 'kwU; ds Hkktdksa dk gSA 
 
foykser%] vkb, eku ysa fd ]x[R  fcuk 'kwU; ds Hkktdksa dk gSA D;ksafd ]x[R  dk R  

,d mioy; gS] blfy, R  Hkh fcuk 'kwU; ds Hkktdksa dk gSA  
vr%] geus izes; dks fl) dj fy;k gSA 
 
bl Hkkx esa vHkh rd vkius ns[kk fd oy; R  ds vusd xq.k ]x[R  ds fy, Hkh lR; 
gSa] rFkk bldk foykse Hkh lR; gSA bl izdkj] ;fn F  ,d {ks= gS] rks vki 'kk;n 
vis{kk djsa fd ]x[F  Hkh ,d {ks= gksxkA vkb, ns[ksa fd D;k ,slk gSA 
 

2: eku yhft, F  ,d {ks= gSA n'kkZb, fd ]x[F  ,d {ks= ugha gSA 

: D;ksafd F  ,d {ks= gS] blfy, ;g ,d iw.kkZadh; izk¡r gSA vr%] izes; 4 }kjk] 
]x[F  ,d iw.kkZadh; izk¡r gSA  

eku yhft, fd ]x[F  ,d {ks= gSA rc] .]x[F])x[F(U    

ijarq] E14  ls vki tkurs gSa fd .]x[FF)F(U])x[F(U   

vr%] ge ,d varfoZjks/k ij igqq¡prs gSaA 
blfy,] ]x[F  ,d {ks= ugha gSA 

*** 
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vc vki fuEufyf[kr iz'uksa dks D;ksa ugha gy dj ysrs? ,slk djus ls vkidks dqN 
oy;ksa R ds fy,] ]x[R  dh le> csgrj cusxhA 
 
 
E15) fuEufyf[kr esa ls dkSu-ls cgqin oy; fcuk 'kwU; ds Hkktdksa ds gSa? 

 i) ]x[R , tgk¡ },b,a5ba{R   

 ii) ],x[7  

 iii) ],x)[(2   

 iv) ],x[R tgk¡ ],1,0[CR   

 v) ],x)[X(  tgk¡ X  de ls de nks vo;oksa okyk leqPp; gSA 
 
E16) ;fn I  fdlh oy; R  dh xq.ktkoyh gS] rks n'kkZb, fd ]x[R  dh 













 


}0{,n,Iaxa]x[I i

n

0i

i
i   ,d xq.ktkoyh gSA blds vkxs] n'kkZb, 

fd   .]x[I
]x[R~]x[I

R   

 
E17) n'kkZb, fd ]x[R  dh  x  ,d mfpr xq.ktkoyh gS] tgk¡ R  ,d vrqPN 

Øefofues; oy; gSA blh ls n'kkZb, fd ]x[R  dh izR;sd xq.ktkoyh ]x[I  ds 
:i dh  gksrh gS] tgk¡ R  dh I  ,d xq.ktkoyh gSA  

 
E18) eku yhft, R  ,d izk¡r gSA n'kkZb, fd ].x[RcharRchar    
 
E19) eku yhft, SR:f   ,d oy; lekdkfjrk gSA n'kkZb, fd 
 n

n10
n

n10 x)a(fx)a(f)a(f)xaxaa(:]x[S]x[R:    ,d 
oy; lekdkfjrk gSA 

 blds vkxs] ;fn f  ,d rqY;kdkfjrk gS] rks D;k   Hkh ,d rqY;kdkfjrk gksxh? 

D;ksa] ;k D;ksa ugha? 
 
E20) eku yhft, R  vkSj S  oy; gSaA 


















  

 

n

0i

n

0i

i
i

i
i

n

0i

i
ii xb,xax)b,a(:]x[S]x[R]x)[SR(:  ifjHkkf’kr 

dhft,A tk¡p dhft, fd   ,d oy; lekdkfjrk gS ;k ughaA D;k   

vkPNknd gS? D;k  ,dSdh gS? 
 
 
vki ns[k pqds gSa fd ;fn R  ,d izk¡r gS] rks ]x[R  Hkh ,d izk¡r gksrk gS( ijarq ;fn F  

,d {ks= gS] rks ]x[F  ,d {ks= ugha gksrk gSA vr%] iz'u mBrk gS fd D;k {ks= F  rFkk 
]x[F  ds foHkkx {ks= esa dksbZ laca/k gSA bldk mÙkj nsus ds fy,] vkb, igys 

fuEufyf[kr ifjHkk’kk ij fopkj djsaA 
 

: fdlh vfu/kkZ;Z x  esa ,d {ks= F ij ,d  (rational 

function) foHkkx )x(q)x(p  gS] tgk¡ .0)x(q],x[F)x(q),x(p    

F ij x  esa ifjes; Qyuksa ds leqPp; dks F(x)  }kjk O;Dr fd;k tkrk gSA (;gk¡] xksy 
dks’Bdksa ds mi;ksx ij /;ku nhft,A) 

).x(F]x[F   bu vyx 
oy;ksa dks n'kkZus ds fy, 
vxy izdkj ds dks’Bdksa ds 
mi;ksx ij /;ku nhft,A 
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mnkgj.kkFkZ] }.0)x(g],x[)x(g),x(f)x(g)x(f{)x(    

 
vkb, vc ml iz'u ds mÙkj dh vksj c<+as] tks geus Åij mBk;k gSA 
 

 5: eku yhft, F  ,d {ks= gSA rc] ),x(F  ]x[F  dk foHkkx {ks= gSA 
 

: bdkbZ 14 ls vki tkurs gSa fd iw.kkZadh; izk¡r ]x[F  dk foHkkx {ks= gS 

),x(F}0)x(q],x[F)x(q),x(p)]x(q)[x(p{ 1   ifjHkk’kk }kjkA 

 
bl izdkj]  F   F(x)  rFkk ;g F ij ,d 
vfu/kkZ;Z esa (field of rational functions) dgykrk gSA 
 
mnkgj.kkFkZ]   ij x  esa  ifjes; Qyuksa dk {ks= )x(  gSA  
 
vc] ,d izk¡r R yhft,A vki tkurs gSa fd ]x[R  ,d izk¡r gSA ;fn R  dk  foHkkx 
{ks= F gS] rks D;k ]x[R  dk  foHkkx {ks= )x(F  gksxk?  vkb, ,d mnkgj.k ds ek/;e 
ls bldk mÙkj <wa<saA 
 

 3: fuEufyf[kr ds foHkkx {ks= Kkr dhft,%  

i)  ],x[  ii)  ].x[  
 

: i)  izes; 5 }kjk, ]x[  dk )x(  foHkkx {ks= gSA 
 
ii) vki tkurs gSa fd fdlh izk¡r dk foHkkx {ks= mldks vkfo’V djus okyk y?kqre 

{ks= gksrk gSA vki ;g Hkh tkurs gSa fd   dk foHkkx {ks=   gSA ge bu rF;ksa 
dk mi;ksx F  Kkr djus ds fy, djsaxs] tgk¡ ,F ]x[  dk foHkkx {ks= gSA 

 D;ksafd ,F ]x[  dks vkfo’V djus okyk  ,d {ks= gS] blfy, ;g dks vkfo’V 
djrk gSA 

 vr%] .F   

 lkFk gh] fdlh Hkh ],x[xs
r

xs
r

s
r

)x(f n

n

n

1

1

0

0   ].x[)x(fsss n10   

bl izdkj] fdlh Hkh   m]x[)x(f  fy,ds  s.t. ].x[)x(mf   

 vc] eku yhft, ),x()x(g
)x(f   tgk¡ ],x[)x(g),x(f   .0)x(g    

 ;fn ,0)x(f   rks .F
)x(g

)x(f
   

 ;fn ,0)x(f   rks fdUgha n,m  ds fy,] tgk¡ ,0n,m   ]x[  esa )x(mf  

vkSj )x(ng  gSaA  

 vr%] ,F
)x(ng
)x(mf

m
n

)x(g
)x(f )(   D;ksafd F  rFkk ]x[  dk F  foHkkx 

{ks= gSA  
 vr%] .F)x(   

 lkFk gh] fdlh Hkh ).x(]x[)x(p]x[)x(p   ] fy,ds  

 vc ),x( ]x[  dks vkfo’V djus okyk  ,d {ks= gS] rFkk ;g F  eas vkfo’V gS] 
vkSj ,F ]x[ dk foHkkx {ks= gSA blfy, .F)x(   

 bl izdkj] ]x[  dk foHkkx {ks= ogh gS tks ]x[  dk foHkkx {ks= gSA ;gk¡ /;ku 
nhft, fd geus bl rF; dk mi;ksx fd;k gS fd ,   dk  foHkkx {ks= gSA  
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*** 
 
mijksDr mnkgj.k  dh izfØ;k dks viukrs gq,] vkb, mnkgj.k 3 ls igys mBk, x, 
iz'u dk mÙkj nsaA 
 

 6: eku yhft, D  ,d iw.kkZadh; izk¡r gS ftldk foHkkx {ks= F  gSA rc] ]x[D  

dk foHkkx {ks= )x(F  gS] tks F ij ifjes; Qyuksa dk {ks= gSA 
 

: igys rks] ).x(FFD   vr%] ).x(F]x[F]x[D   

lkFk gh] ]x[F  dks vkfo’V djus okyk )x(F  y?kqre {ks= gSA 

eku yhft, ]x[D  dks vkfo’V djus okyk K dksbZ {ks= gSA 

rc] ,DK   rFkk blh fy, .FK    

lkFk gh] ]x[F   esa dksbZ Hkh cgqin n

n

n

1

1

0

0 x
b
a

x
b
a

b
a

)x(f    ds :i  dk gS] 

tgk¡ ,0b,Db,a jji   n,,1j,i   ds fy,A 

rc] mnkgj.k 3(ii) dh gh rjg]  Dd  s.t. ].x[D)x(df    

 ,)x(f K  esa  gS] D;ksafd ]x[D  dk izR;sd cgqin K  esa gSA 

bl izdkj] ].x[FK   

vr%] ).x(FK   

bl izdkj] ]x[D  dks vkfo’V djus okyk  y?kqre {ks= )x(F  gS] vFkkZr~ ;g ]x[D  dk 
foHkkx {ks= gSA 
 
vc] vki dqN lacaf/kr iz'uksa dks D;ksa ugha gy djrs? 
 
 
E21) fuEufyf[kr izk¡rksa ds foHkkx {ks= Kkr dhft,% 

 i)   ],x][i[   ii)   ],x[]11[          iii)   ],x[p  tgk¡ P  vHkkT; la[;k 

gSA 
 
E22) iqf’V djrs gq,] ]x[  ds foHkkx {ks= ds nks vyx vrqPN nhft,A 
 
E23) izR;sd vHkkT; la[;k p  ds fy,] vfHky{kf.kd p okyk ,d vifjfer {ks= Kkr 

dhft,A 
 
 
bl Hkkx esa vkius vusd xq.k ns[ks tks R  vkSj ]x[R  nksuksa ds fy, lR; gSaA vki dqN 
,sls Hkh xq.k ns[ks] tks nksuksa ds fy, vyx gSa & mnkgj.kkFkZ] F  ,d {ks= gS] ijarq ]x[F  

{ks= ugha gSA ijarq] ]x[F  Lo;a esa ,d vfr jkspd chth; oLrq gSA blesa vusd jkspd 
xq.k gSa tks   ds xq.kksa dh rjg gh gSaA vxys Hkkx esa ge ,sls gh dqN xq.kksa dh ppkZ 
djsaxs tks foHkkT;rk ls lacaf/kr gSaA 
 

15.4  
 
bdkbZ 1 esa vkius   esa foHkkT;rk ds fofHkUu xq.kksa dk v/;;u fd;k FkkA fof'k’V :i 
esa] vkius iw.kkZadksa ds fy, foHkktu ,sYxksfjn~e dk v/;;u fd;k FkkA vc ge ,d {ks= 
F  ij cgqinksa ds fy, foHkkT;rk] rFkk foHkktu ,sYxksfjn~e] dh ppkZ djsaxsA vkxs c<+us 
ls igys vki bdkbZ 1 ds izes; 4 rFkk lacaf/kr mnkgj.kksa ij nksckjk ,d ut+j ekj 
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yhft,A  blls vkidks iw.kkZadksa }kjk larq’V gksus okys xq.kksa rFkk F ij cgqinksa }kjk 
larq’V gksus okys xq.kksa esa lekurk ns[ksus esa lgk;rk fey ldrh gSA 
 
vkb, ]x[  esa ,d mnkgj.k ls izkjaHk djsaA vkb, ;g Kkr djus ds fy, fd 

4x3 3  dks xx2 2  ls Hkkx nsus ij D;k feyrk gS Hkkx dh yach izfØ;k dk mi;ksx 
djsaA  

4x
4
3

x
4
3x

2
3

4x
2
3

x2
3x3

4x3xx2

4
3x

2
3

2

2

23

32













 

 
vr%] Åij ds foHkktu esa geus D;k fd;k gS?  ge )xx2( 2  ds vyx xq.ktksa dks rc 

rd ?kVkrs jgs tc rd fd ge 0  ;k )xx2(deg 2  ls de ?kkr okys cgqin rd 

ugha igq¡psA ;g cgqin] vFkkZr~  ,4x
4
3   gh 'ks’kQy gSA )xx2( 2  ds xq.ktksa dk ;ksx] 

vFkkZr~  
4
3x

2
3   HkkxQy gSA okLro esa ;g ogh izfØ;k gS tks foHkktu ,sYxksfjn~e esa 

dh tkrh gS] tSlk fd vc vki ns[ksaxsA 
 

7 ( ): eku yhft, F ,d {ks= gSA eku yhft, ]x[F  esa  

)x(f  vkSj )x(g  cgqin gSa] tgk¡ .0)x(g   rc  

i) ]x[F  esa ,sls cgqin )x(q  vkSj )x(r  gSa ftuls fd 

 ),x(r)x(g)x(q)x(f   tgk¡ 0)x(r   ;k  ),x(gdeg)x(rdeg   rFkk 
 
ii) )x(q  vkSj )x(r  vf}rh; gksrs gSaA 
 

: i) ;fn ),x(gdeg)x(fdeg   rks ge 0)x(q  pqu ldrs gSaA 

rc] ),x(f)x(g0)x(f   tgk¡ ).x(gdeg)x(fdeg   

vr%] bl fLFkfr esa] )x(f)x(r   vkSj .0)x(q   
 
vc] vkb, eku ysa fd ).x(gdeg)x(fdeg   

eku yhft, ,0a,xaxaa)x(f n
n

n10    rFkk       

,0b,xbxbb)x(g m
m

m10    tgk¡ .mn    

ge ,)x(fdeg vFkkZr~ n  ij xf.krh; vkxeu fu;e ds 'kfDr'kkyh :i dk 
vuqiz;ksx djasxs (bdkbZ 1 nsf[k,)A  
;fn ,0n   rks ,0m   D;ksafd .0)x(g    

vr%] 0a)x(f   vkSj ,b)x(g 0  F  esa gSaA 

blfy,] ),x(r)x(g)x(q0b)ba()x(f 0
1

00    tgk¡ 1
00ba)x(q   rFkk 

.0)x(r   

vr%] ;g ,sYxksfjn~e lR; gS tc .0n   

HkkxQy 

'ks’kQy 
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vkb, eku ysa fd ;g ,sYxksfjn~e n  ls NksVh ?kkrksa ds lHkh cgqinkas ds fy, 
lR; gS] rFkk fQj ns[ksa fd D;k ;g )x(f ds fy, lR; gSA 

fuEufyf[kr cgqin ij fopkj dhft,%  
)x(gxba)x(f)x(f mn1

mn1
  

         ).xbbaxbbaxbba()xaxaa( n
m

1
mn

1mn
1

1
mn

mn
0

1
mn

n
n10

    

 geus )x(f1  esa nx  ds xq.kkad dks 'kwU; cukus ds fy,] )x(g  ls xq.kk djus ds fy, 
mn1

mn xba   dks pquk gSA  

 vr%] .1n)x(fdeg 1   

 vkxeu ifjdYiuk }kjk] ]x[F  esa ,sls )x(q1  vkSj )x(r  gSa ftuls fd 
),x(r)x(g)x(q)x(f 11   tgk¡ 0)x(r   ;k ).x(gdeg)x(rdeg   

 )x(f1  ds eku dks izfrLFkkfir djus ij] ge izkIr djrs gSa% 
),x(r)x(g)x(q)x(gxba)x(f 1

mn1
mn    

 vFkkZr~] )x(r)x(g)}x(qxba{)x(f 1
mn1

mn    

                   ),x(r)x(g)x(q  tgk¡ )x(qxba)x(q 1
mn1

mn    rFkk  
        0)x(r   ;k ).x(gdeg)x(rdeg   

 vr%] )x(f  ds fy, (i) lR; gSA  

 blfy,] vkxeu fu;e }kjk] ]x[F  esa lHkh cgqinksa ds fy,  (i)  lR; gSA 
 
ii) vkb, vc n'kkZ,a fd )x(q  vkSj )x(r  vf}rh; :i ls fu/kkZfjr gksrs gSaA  

 eku yhft, fd .0)x(g],x[F)x(g),x(f    

 ;fn laHko gS] rks eku yhft, fd ]x[F  esa )x(r),x(r),x(q),x(q 2121  ,sls gSa fd  

 ),x(r)x(g)x(q)x(f 11   tgk¡ 0)x(r1   ;k ),x(gdeg)x(rdeg 1   rFkk  
 ),x(r)x(g)x(q)x(f 22   tgk¡ 0)x(r2   ;k ).x(gdeg)x(rdeg 2    

 rc]  
 ),x(r)x(g)x(q)x(r)x(g)x(q 2211   ftlls 
 )x(r)x(r)x(g)}x(q)x(q{ 1221  izkIr gksrk gSA  …(1) 

 ;fn ),x(r)x(r 21   rks (1) ls] ),x(q)x(q 21   D;ksafd .0)x(g   

 vr%] eku yhft, fd .0)x(r)x(r 21   rc] ).x(q)x(q 21    

 vr%] ,0)}x(q)x(q{deg 21   rFkk blh fy,  

 ).x(gdeg)]x(g)}x(q)x(q[{deg 21     …(2) 

 nwljh vksj]  
 ),x(gdeg)}x(r)x(r{deg 12      …(3) 

 D;ksafd ,0)x(r)x(r 21   rFkk blh fy,] 0)x(r1   ;k .0)x(r2   

 (2) vkSj (3) ls] gesa (1) dk varfoZjks/k izkIr gksrk gSA  

 vr%] (1) dsoy rHkh ekU; gksxk tc .0)x(r)x(r 12   vkSj fQj]  

.0)x(q)x(q 21   

 vFkkZr~] )x(q)x(q 21   vkSj ).x(r)x(r 21   

 bl rjg] geus O;atd )x(r)x(g)x(q)x(f   eas )x(q  vkSj )x(r  dh 
vf}rh;rk dks fl) dj fy;k gSA  

 
izes; 7  ds ,sYxksfjn~e ds fy,] gesa dqN 'kCnksa dks ifjHkkf’kr djus dh vko';drk gS] 
tSls   ds fy, fd;k FkkA  
 

: i) izes; 7 esa )x(r  dks )x(q  ls Hkkx nsus ij izkIr cgqin )x(g  

dgykrk gS rFkk )x(f  dgykrk gSA  
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ii) ;fn ,0)x(r   rks ).x(q)x(g)x(f   bl fLFkfr esa ge dgrs gSa fd )x(f  dks 

)x(g   (divides), ;k ;g fd )x(f  dk )x(g  ,d 
(factor) gS] ;k ;g fd )x(g  }kjk )x(f  foHkkT; (divisible) gSA 

ge ‘ )x(f dks )x(g  foHkkftr djrk gS’ n'kkZus ds fy, f(x) g(x)  fy[krs gSa] rFkk 
‘ )x(f  dks )x(g  foHkkftr ugha djrk gS’  ds fy, g(x)  f(x)  fy[krs gSaA 

 
vkb, vc foHkktu ,sYxksfjn~e dk dqN fLFkfr;ksa eas vuqiz;ksx djsaA 
 

 4: ]x[  esa xx5xx 234   dks )1xx( 2   }kjk Hkkx nsus ij izkIr 
HkkxQy vkSj 'ks’kQy Kkr dhft,A  
 

: ge bl iz'u dks gy djus ds fy, cgqinksa ds fy, foHkktu dh yach izfØ;k 
dk mi;ksx djasxsA ;gk¡ xx5xx)x(f 234   vkSj .1xx)x(g 2   

xx5xx)1xx(

q(x)4x
2342

2


 HkkxQy

  

   
))x(gx)x(f(

)x(gx

xx4

xxx
2

2

2

234







 

                 
4g(x))g(x)x)x(f(

)x(g4

4x5

4x4x4
2

2







 

  

vc] D;ksafd ),1xx(deg1)4x5(deg 2  ge izfØ;k dks jksd ysrs gSaA  
vr%] 'ks’kQy .4x5)x(r   vr%] ge izkIr djrs gSa 

).4x5()4x()1xx(xx5xx 22234   

;gk¡] HkkxQy 4x2  gS rFkk 'ks’kQy )4x5(   gSA 

*** 
 

5: tk¡p dhft, fd ]x[  esa )2x2x3( 24   dks )2x( 2   foHkkftr 
djrk gS ;k ugha] rFkk dks ]x[5  esa )2x2x3( 24  )2x( 2   foHkkftr djrk gS 
;k ughaA  
 

: vkb, igys ]x[ esa Hkkx djsaA  

10

8x4

2x4

x6x3

2x2x3)2x(
4x3

2

2

24

242

2









 

bl izdkj] ]x[  esa .10)4x3)(2x(2x2x3 2224    …(4) 

D;ksafd 'ks’kQy 'kwU; ugha gS] blfy, ]x[  esa )2x( 2    .)2x2x3( 24    
 
vkb,] vc ]x[5  ds iz'u ij n`f’V MkysaA /;ku nhft, fd cgqin ogh gSa tks ]x[  

ds loky esa FksA lkFk gh] /;ku nhft, fd ]x[  esa Hkh (4) lR; gSA vr%] ;fn ge 
(4) dks ]x[5  esa  ns[ksa] rks ge izkIr djrs gSa%  
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),1x3)(2x(2x2x3 2224   D;ksafd 5  esa 14   rFkk .010    

vr%] ]x[5  esa .)2x2x3()2x( 242   

*** 
 
vc] D;ksa ugh vki dqN fLFkfr;ksa esa foHkktu ,sYxksfjn~e dk mi;ksx dj ysrs? 
 
 
E24) fuEufyf[kr esa ls izR;sd fLFkfr esa )x(f  dks )x(r)x(q)x(g   ds :i esa O;Dr 

dhft,] tgk¡ 0)x(r   ;k ).x(gdeg)x(rdeg   

i) ]x[  esa ,x
7
1)x(g,1x)x(f 34    

ii) ]x[3  esa ,1x2)x(g,1xx2x)x(f 23   

iii) ]x[  esa .3x)x(g,33x)x(f 3    

bu fLFkfr;ksa esa ls fdu esa )x(f dks )x(g  foHkkftr djrk gS?  
 
 
vc] vkb, ]x[F  eas laca/k ‘foHkkftr djrk gS’ ds dqN xq.kksa dks fl) djsaA (budk 
v/;;u djrs le;   ds lkFk lekurk dks uksV djrs tk,¡A ,slk djrs le;] vki 
iw.kkZadksa dh fLFkfr esa ‘?kkr’ ds LFkku ij ‘fujis{k eku’ dks ys ldrs gSaA) 
 

 8: eku yhft, F  ,d {ks= gS rFkk  ds lkFk] ,]x[F)x(h),x(g),x(f   tgk¡ 
.0)x(f   

i) ;fn ),x(g)x(f  tgk¡ ,0)x(g   rks ).x(gdeg)x(fdeg   
 
ii) ).x(f)x(f  
 

iii) ;fn )x(g)x(f  rFkk ,Fa   rks ).x(ag)x(af  
 
iv) ;fn 0)x(g   s.t. )x(g)x(f  vkSj ),x(h)x(g  rks ).x(h)x(f  
 

v) ;fn 0)x(g   s.t. )x(g)x(f  vkSj ),x(f)x(g  rks fdlh Fa  ds fy, 
.)x(ag)x(f   

 
vi) ;fn )x(g)x(f  vkSj ),x(h)x(f  rks )).x(h)x(g()x(f   
 
vii) ;fn ),x(g)x(f  rks ).x(h)x(g)x(f  
 

: ge ;gk¡ (i) vkSj (v)  dks fl) djsaxs] rFkk 'ks’k vH;kl ds fy, vkidks fl) 
djus ds fy, NksM+ nsaxs (E25) nsf[k,A 
 
i) ;fn ),x(g)x(f  rks ]x[F)x(q   s.t. ).x(g)x(q)x(f   

 vr%] ).x(gdeg)x(qdeg)x(fdeg   

 D;ksafd .0)x(q,0)x(g    

 vr%] .0)x(qdeg    

 blfy,] ).x(gdeg)x(fdeg   
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v) eku yhft, )x(g)x(q)x(f   vkSj )x(f)x(r)x(g   fdUgha ]x[F)x(r),x(q   

ds fy,] tgk¡ .0)x(r,0)x(q   

 rc] ).x(g)x(q)x(r)x(g    

 vr%] ,1)x(q)x(r   D;ksafd ]x[F  esa fujlu fu;e ykxw gksrk gSA 

 bl izdkj] ,F)F(U])x[F(U)x(r   tSlk vkius E14 esa fl) fd;k gSA 

 vr%] .Fr)x(r 0
  

 bl izdkj] .Fr),x(gr)x(f 00
  

 
mijksDr izes; dh miifÙk rc iwjh gksxh] tc vki fuEufyf[kr iz'u dks gy dj 
ysaxsA 
 
 
E25) (i) vkSj (v) dks NksM+ dj izes; 8 dks fl) dhft,A 
  
 
vkb, vc ns[ksa fd D;k ge izes; 8 ds vk/kkj ij] bdkbZ 1 ds mnkgj.k 3 ds vuq:i 
fdlh rqY;rk laca/k dks ifjHkkf’kr dj ldrs gSaA 
 

 6: eku yhft, F  ,d {ks= gS rFkk .0)x(h],x[F)x(h   laca/k 
),x(h))x(g),x(f{(R 

]}x[F)x(g),x(f)]x(g)x(f[   tgk¡ gS] djrk foHkkftrdks ij fopkj dhft,A 
tk¡p dhft, fd ]x[F  ij R  ,d rqY;rk laca/k gS ;k ughaA ;fn gS] rks 0 ds 
rqY;rk oxZ esa nks vyx-vyx vo;o Kkr dhft,A ;fn ;g ugha gS] rks ]x[f  ij 
,d rqY;;k laca/k ifjHkkf’kr dhft,A 
 

: /;ku nhft, fd R laca/k ~ gS tks ‘ ]x[F esa )x(g~)x(f  iff )]x(g)x(f[)x(h  ’ 

 }kjk fn;k tkrk gSA  

R  : fdlh Hkh ),x(f~)x(f]x[F)x(f ] fy,ds  D;ksafd .0)x(h   

R  : eku yhft, ).x(g~)x(f  rc ]x[F)x(r   s.t. 

).x(r)x(h)x(g)x(f   

vr%] )],x(r)[x(h)x(f)x(g   rFkk ].x[F)x(r    

blfy,] ).x(f~)x(g  

R  : eku yhft, ]x[F  esa )x(g~)x(f  rFkk ).x(s~)x(g  

rc] )]x(g)x(f[)x(h   rFkk )].x(s)x(g[)x(h   

bl izdkj] izes; 8(vi) }kjk] )],x(s)x(g)x(g)x(f[)x(h   vFkkZr~] 
)].x(s)x(f[)x(h    

vr%] ).x(s~)x(f  
 
bl izdkj] geus fl) dj fy;k gS fd R ,d rqY;rk laca/k gSA vr%] ]x[F  dks R  

rqY;rk oxksZa esa foHkkftr dj nsrk gS] tSlk fd vki bdkbZ 1, Hkkx 1.3, ls tkurs gSaA 
),x(h]x[F)x(f{]0[   ]0)x(f[   dks foHkkftr djrk gS ,)x(h]x[F)x(f{}   

)}x(f dks foHkkftr djrk gS      
     ]}x[F)x(g)x(g)x(h{   

     .)x(h   

bl izdkj] ]0[   ds nks vo;o )x(h  vkSj )x(xh  gSa] mnkgj.k ds rkSj ij ;s vyx-

vyx gSa D;ksafd budh ?kkrsa vyx-vyx gSaA 

*** 
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vc] vki D;ksa ugha ]x[F  esa foHkkT;rk dh viuh le> dh tk¡p dj ysrs? 
 
 
E26) izes; 8 esa ;fn ]x[F  dks ]x[R  }kjk izfrLFkkfir dj fn;k tk,] tgk¡ R  ,d 

iw.kkZadh; izk¡r gS] rks dkSu-ls dFku lR; jg tkrs gSa] vkSj D;ksa? 
 
E27) n'kkZb, fd ;fn tgk¡ R  ,d izk¡r gS vkSj ]x[R)x(g),x(f   ,sls ,dxq.kkadh 

cgqin gSa fd )x(g)x(f  rFkk ),x(f)x(g  rks ).x(g)x(f    
 

E28) eku yhft, fd F  ,d {ks= gSA tk¡p dhft, fd )x(g~)x(f'  iff )'x(g)x(f  

}kjk fn;k tkus okyk ]x[F  esa laca/k ~ ,d rqY;rk laca/k gS ;k ughaA 
 
E29) eku yhft, fd F  ,d {ks= gS rFkk eku yhft, fd ]x[F)x(h),x(g),x(f   

s.t. 0)x(f   rFkk ),x(g)x(f ).x(h)x(f  n'kkZb, fd 

)],x(s)x(h)x(r)x(g[)x(f   fdlh Hkh ]x[F)x(s),x(r   ds fy,A 
  
 
vkb, vc   ds ,d vU; xq.k dh ckr djsa] rFkk ns[ksa fd D;k ;g ]x[F  ds fy, 
lR; gSA bdkbZ 1 esa vki ns[k pqds gSa fd fdUgha nks 'kwU;srj iw.kkZadksa a  vkSj b  dk ,d 
egÙke lekiorZd d  gksrk gS] rFkk   esa fdUgha m,n  ds fy, .bmand   D;k 
ge blh izdkj ls ]x[F  esa nks 'kwU;srj cgqinksa ds fy, g.c.d. dks ifjHkkf’kr dj 
ldrs gSa? D;k ]x[F  esa ‘lkis{kr% vHkkT;’ dh ladYiuk ds ckjs esa Hkh lkspk tk ldrk 
gS? vkb, ns[ksaA 
 

]x[  esa dksbZ Hkh nks cgqinksa] eku yhft, x3x2  rFkk 27x3  dks yhft,A vc] 
)3x(xx3x2   rFkk ).9x3x)(3x(27x 23   

vr%] 3x2   rFkk 27x3   nksuksa dks 3x   foHkkftr djrk gSA bl izdkj] uhps nh 
ifjHkk’kkvksa ds vuqlkj] 3x   bu nksuksa cgqinksa dk lkoZHkktd  gSA 
 

: eku yhft, fd F  ,d {ks= gS rFkk ]x[F  ds )x(g),x(f  'kwU;srj vo;o 
gSaA  

i) )x(f  vkSj )x(g  dk ]x[F)x(h   ,d ¼;k ½ dgykrk 
gS] ;fn )x(f)x(h  vkSj ).x(g)x(h  

 
ii) )x(f  vkSj )x(g  dk ]x[F)x(d    (laf{kIr esa] g.c.d) 

dgykrk gS] rFkk g(x))(f(x),  }kjk O;Dr fd;k tkrk gS] ;fn  

 )1D  )x(f  vkSj )x(g  dk )x(d  ,d lkoZHkktd gS(  
 )2D  tc Hkh )x(f  vkSj )x(g dk )x(h ,d lkoZHkktd gS] rc );x(d)x(h  

 )3D  )x(d  ,d xq.kkadh cgqin gSA 
 
iii) )x(f  vkSj )x(g   (;k ) dgykrs gSa] ;fn 

.1))x(g),x(f(   
 

mnkgj.kkFkZ] ]x[  esa ,)3x()27x,x3x( 32   buds xq.ku[kaMksa dks ns[krs gq,A 
 
 
g.c.d. dh vf}rh;rk ds ckjs esa fuEufyf[kr fVIi.kh ij fopkj dhft,A 
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2: eku yhft, fd ]x[F  esa )x(f  vkSj )x(g ds )x(d  vkSj )x(d nks g.c.d  gSa] 
tgk¡ F  ,d {ks= gSA rc] 2D ls )x(d)x(d   vkSj ).x(d)x(d'  

vr%] izes; 8 }kjk] fdlh Fa  ds fy,] ).x(da)x(d   vr%] ;fn ge )x(d  dks 
vf}rh; pkgrs gSa] rks gesa 1a   dh vko';drk gSA ;g  E27 ls lqfuf'pr gks tkrk 
gS ;fn izfrca/k 3D  larq’V gks tk,A vr%] g.c.d ds vf}rh; gksus ds fy,] 3D  ,d 
vko';d izfrca/k gSA 
 
vc]   dh fLFkfr esa vki tkurs gSa fd fdUgha nks 'kwU;srj iw.kkZadksa dk g.c.d  gksrk gSA 
D;k ]x[F  esa fdUgha nks 'kwU;srj cgqinksa dk g.c.d gksrk gSa? vkb, ns[ksaA 
 

 9: eku yhft, F  ,d {ks= gSA F  ij fdUgha nks 'kwU;srj cgqinksa dk g.c.d  gksrk 
gSA blds vkxs] }0{\]x[F)x(g),x(f   ds fy,] 

),x(s)x(g)x(r)x(f))x(g),x(f(   fdUgha ]x[F)x(s),x(r   ds fy,A 
 

: eku yhft, fd ]x[F  esa )x(g),x(f  nks 'kwU;srj cgqin gSaA eku yhft, fd 
,S ]x[F  esa mu lHkh cgqinksa dk  leqPp; gS tks )x(s)x(g)x(r)x(f   ds 

:i ds gSa] fdUgha ]x[F)x(s),x(r   ds fy,A  

eku yhft, fd )x(f  dk  vxzx xq.kkad na gSA  

rc )x(fa 1
n
  ,dxq.kkadh gS] rFkk .S)x(g0)x(fa)x(fa 1

n
1

n    

bl izdkj] .S   
vc] }0{n{A    )x(hdegn  fdlh S)x(h   ds fy,}.  

rc] A  D;ksafd S  vr%] lqØe.k fl)kar }kjk] ftldk v/;;u vkius bdkbZ 
1 esa fd;k Fkk] A  dk ,d y?kqre vo;o] eku yhft,] m  gSA 
eku yhft, S)x(d   s.t.   

D;ksafd )x(d,S)x(d   ,d ,dxq.kkadh cgqin gS rFkk  ]x[F)x(),x(   s.t. 

.)x()x(g)x()x(f)x(d      …(5) 

vc] )x(f  vkSj )x(d ij foHkktu ,sYxksfjn~e ykxw djus ls] ]x[F  esa ,sls )x(q  vkSj 
)x(r  gSa fd 

),x(r)x(q)x(d)x(f       …(6) 

tgk¡ 0)x(r   ;k ).x(ddeg)x(rdeg   

vc] eku yhft, 0)x(r   rc  

),x(q)x(d)x(f)x(r   (6) lsA 

       ),x(q)]x()x(g)x()x(f[)x(f   (5) lsA 

       )].x(q)x()[x(g)]x(q)x(1)[x(f   

Ekku yhft, fd )x(r  dk vxzx xq.kkad a  gSA rc] 
)].x(q)x(a)[x(g)]x(q)x(aa)[x(f)x(ra 1111    

bl izdkj] S)x(ra 1   rFkk ).x(ddeg)x(rdeg)x(radeg 1   

;g )x(d  ds pquus dh fof/k dk varfoZjks/k djrk gSA  

vr%] gekjh ifjdYiuk fd 0)x(r   x+yr gksxhA 

bl izdkj] .0)x(r    

vr%] (6) ls] ).x(f)x(d  

blh izdkj] vki n'kkZ ldrs gSa fd ).x(g)x(d  

bl izdkj] g.c.d dh ifjHkk’kk ds 1D  vkSj 3D dks )x(d  larq’V djrk gSA 
 
vc] eku yhft, fd )x(f  vkSj )x(g  dk )x(h  ,d lkoZHkktd gSA rc] E29 }kjk] 

).x(d)x(h  vr%] )x(d  ifjHkk’kk ds 2D  dks Hkh larq’V djrk gSA 

vr%] )).x(g),x(f()x(d   
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bl izdkj] (5) }kjk] fdUgha ]x[F)x(),x(   ds fy,]  
).x()x(g)x()x(f))x(g),x(f(    

 
bl lanHkZ esa] fuEufyf[kr fVIi.kh ij fopkj dhft,A 
 

 3: izes; 9 crkrk gS fd ,))x(g),x(f( ]x[F  esa )x(f  vkSj )x(g  dk og 
 (linear combination)  gS tks ,dxq.kkadh gS rFkk ,sls lHkh lap;ksa esa 

lcls de ?kkr okyk gSA  
/;ku nhft, fd )x(f  vkSj )x(g  dk izR;sd ,d?kkr lap; ))x(g),x(f(  ugha gksrkA 
mnkgj.kkFkZ] ]x[  esa )1x( 3  vkSj )2x( 2  yhft,A foHkktu ,sYxksfjn~e }kjk] 

).1x2(x)2x(1x 23   

vr%] ),2x(x)1x(1x2 23   tks ]x[  esa )1x( 3  vkSj )2x( 2  dk ,d 

,d?kkr lap; gSA ijarq ]x[  esa 1x2   u rks )1x( 3 dk Hkktd gS vkSj u gh 

)2x( 2  dkA  
 
  dh fLFkfr dh gh rjg] ;fn )x(f  vkSj )x(g  lkis{kr% vHkkT; gSa] rks geas izes; 9 

dk fuEufyf[kr miizes; izkIr gksrk gSA 
 

 2: eku yhft, F  ,d {ks= gS rFkk }.0{\]x[F)x(g),x(f   rc] )x(f  vkSj 

)x(g  lkis{kr% vHkkT; gSa ,)x(s)x(g)x(r)x(f1   fdUgha 
]x[F)x(s),x(r   ds fy,A 

 
: ge miifÙk vkids fy, NksM+ jgs gSa (nsf[k, E30)A 

 
izes; 9 geas crkrk gS fd fdUgha nks 'kwU;srj cgqinksa dk ,d g.c.d  gksrk gSA 
 
vkb, ,d mnkgj.k ij fopkj djsaA 
 

 7: ]x[  esa )1x2,5x(  Kkr dhft,A  
 

: D;ksafd ,11)1x2()5x(2   blfy, 

).1x2(
11
1)5x(

11
)2(

1 


  

vr%] miizes; 2 }kjk] .1)1x2,5x(   

bl izdkj] ]x[ esa )5x(   vkSj )1x2(   lkis{kr% vHkkT; gSaA  

*** 
 
/;ku nhft, fd  g.c.d  dh mijksDr ifjHkk’kk dk n  cgqinksa ds fy, fuEufyf[kr 
rjhd+s ls O;kidhdj.k fd;k tk ldrk gSA 
 

: eku yhft, F  ,d {ks= gS rFkk ]x[F  ds )x(f,),x(f),x(f n21   'kwU;srj 
vo;o gSaA cgqin ],x[F)x(g   )x(f,),x(f n1   dk 
dgykrk gS] ;fn  

i)  ,n,,1i)x(f)x(g i   rFkk  

ii)  tc Hkh ,n,,1i)x(f)x(h i   rks ).x(g)x(h  
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vkxs] tSlk fd izes; 9 esa fn;k x;k gS] (x)f,(x),f n1    g.c.d dk vfLrRo gS] rFkk 

;g 


n

1i
ii (x)(x)hf  ds :i dk gksrk gS] fdUgha .n,,1i]x[F)x(h i  ] fy,ds    

mnkgj.kkFkZ] 33x,6)232(xx2 32   vkSj 

]x[x35x5x37x7 234   dk g.c.d  cgqin 3x   gS] D;ksafd 3x   

budk ,d lkoZHkktd gS tks ,dxq.kkadh gS] rFkk vU; lkoZHkktd dsoy   ds 
vo;o gSaA 
 
vc] tSlk fd   dh fLFkfr esa gS] lkis{kr% vHkkT; cgqinksa ds vfr mi;ksxh xq.k gksrs 
gSaA vkb, ge dqN dks fl) djsaA 
 

 10: eku yhft, F  ,d {ks= gS] rFkk .0)x(f],x[F)x(f   ;fn 

]x[F)x(h),x(g   lkis{kr% vHkkT; gSa] rFkk nksuksa )x(f  ds Hkktd gSa] rks )x(f  dks 
)x(h)x(g  foHkkftr djrk gSA  

 
:ge tkurs gSa fd fdUgha ]x[F)x(),x(  ds fy,] 

).x()x(h)x()x(g1    

vr%] ).x()x(h)x(f)x()x(g)x(f)x(f     …(7) 

D;ksafd ),x(f)x(g  vkSj )x(r)x(g)x(f),x(f)x(h   vkSj ,)x(s)x(h)x(f   fdUgha 
]x[F)x(s),x(r   ds fy,A 

bl izdkj] )x(f  ds bu ekuksa dks (7) esa izfrLFkkfir djus ij] ge izkIr djrs gSa% 
)x()x(h)x(r)x(g)x()x(g)x(s)x(h)x(f   

       )].x()x(r)x()x(s)[x(h)x(g   

vr%] )x(f)x(h)x(g  in ].x[F  
 
vc] vki dqN lacaf/kr xq.kksa dks fl) D;ksa ugha dj ysrs? 
 
 
E30) miizes;  2  dks fl) dhft,A 
 
E31) fl) dhft, fd ;fn F  ,d {ks= gS rFkk ba,Fb,a   ds lkFk] rks ]x[F  

esa ax   vkSj bx   vlgHkkT; gSaA  
 
E32) iqf’V djrs gq,] ]x[13  esa ,d ,sls f=?kkr cgqin vkSj prqFkZ?kkr cgqin dk 

mnkgj.k nhft, tks vlgHkkT; gSaA 
 
E33) eku yhft, F  ,d {ks= gS rFkk .]x[F)x(h),x(g),x(f   fl) dhft, fd  

 i) ;fn )x(f  vkSj )x(g  lkis{kr% vHkkT; gSa] rFkk )x(f  vkSj )x(h  lkis{kr% 
vHkkT; gSa] rks )x(f  vkSj )x(h)x(g  lkis{kr% vHkkT; gksrs gSaA 

 ii) ;fn )x(h)x(g)x(f,0)x(f   rFkk ,1))x(g),x(f(   rks ).x(h)x(f  

  (;g bdkbZ 1 ds izes; 6 esa   ds fy, fn, xq.k ds vuq:i gSA) 
   
 

vc] ;fn vkidks ]x[  esa )
5
7xx5x

3
1x3( 245   vkSj )1x3x

7
2( 23   dk g.c.d 

Kkr djus dks dgk tk,] rks vki ,slk djus ds fy, D;k djsaxs? vki lkoZHkktdksa  
dks <wa<us dk iz;kl dj ldrs gSa] tks vklku dke ugha gksxkA ijarq D;k vkidks 
bdkbZ 1 dk   ds fy, ;wfDyMh; ,sYxksfjn~e ;kn gS? ,slk gh ,d ,sYxksfjn~e ]x[F  
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ds fy, Hkh gS] tks foHkktu ,sYxksfjn~e ds ckj-ckj vuqiz;ksx djus ij vk/kkfjr gSA 
vkb, ,d ljy mnkgj.k ds ek/;e ls ns[ksa fd ;g D;k gSA blls bl fof/k ds ckjs 
eas vkidh dqN le> cu tk,xhA 
 

 8: ]x[  esa )1x( 3  vkSj )xx( 2  dk g.c.d  Kkr dhft,A  
 

: igys ge )1x( 3  vkSj )xx( 2  ij foHkktu ,sYxksfjn~e ykxw djrs gSaA ge izkIr 
djrs gSa% 

.)1x()1x)(xx(1x 23      …(8) 

vc] ge )xx( 2  vkSj (8) ds 'ks’kQy] ;kuh ),1x(   ij foHkktu ,sYxksfjn~e dk 
vuqiz;ksx djrs gSaA ge izkIr djrs gSa%  

.0x)1x(xx2       …(9) 

ge ,d ,sls pj.k ij igq¡p x, gSa] tc 'ks’kQy 'kwU; gSA vr%] bl pj.k ij izkIr 
Hkktd cgqin] ;kuh ),1x(   gh  g.c.d  gSA /;ku nhft, fd ;g cgqin ,dxq.kkadh 
gSA 

*** 
 
/;ku nhft, fd ;fn mnkgj.k 8 ds vafre pj.k ij Hkktd cgqin ,dxq.kkadh ugha 
gksrk] rks ge mls ,dxq.kkadh cukus ds fy, mlds vxzx xq.kkad ds izfrykse ls xq.kk 
dj ysrs] vkSj fQj ;g cgqin g.c.d gksrkA 
 
vc] fuEufyf[kr ,sYxksfjn~e dks /;ku ls nsf[k,A ,ssls djrs gq, Åij ds mnkgj.k 
dks fnekx+ esa jf[k,A ge bl ikB~;Øe esa bl ,sYxksfjn~e dks fl) ugha djsaxsA 
 

(Euclidean Algorithum): eku yhft, fd F  ,d {ks= gS] 
rFkk ]x[F  ds )x(f  vkSj )x(g  nks 'kwU;srj vo;o gSaA ]x[F  esa )x(f  vkSj )x(g ij 
foHkktu ,sYxksfjn~e dk vuqiz;ksx dhft,] fQj )x(g  vkSj )x(r1  ij dhft, vkSj fQj 

)x(r1  vkSj )x(r2  ij dfj,] bR;kfn] tc rd fd 'ks’kQy 'kwU; u vk tk,] tSlk 
uhps fn;k x;k gS% 

),x(r)x(q)x(g)x(f 11  tgk¡ )x(gdeg)x(rdeg 1  ( 

),x(r)x(q)x(r)x(g 221  tgk¡ )x(rdeg)x(rdeg 12  ( 

),x(r)x(q)x(r)x(r 3321  tgk¡ )x(rdeg)x(rdeg 23  ( 

   

),x(r)x(q)x(r)x(r nn1n2n    tgk¡ )x(rdeg)x(rdeg 1nn  ( 

).x(q)x(r)x(r 1nn1n    

rc] )x(f  vkSj )x(g  dk g.c.d,  )x(ra n
1 gS] tgk¡ )x(rn  dk vxzx xq.kkad a  gSA 

 
vc vkidh ;wfDyMh; ,sYxksfjn~e dh dqN le> cu xbZ gksxhA vkb, blds 
vuqiz;ksx ds dqN vkSj mnkgj.k ns[ksaA 
 

 9: ))x(g),x(f(  Kkr dhft,] tgk¡ ]x[3  esa 2xx2x)x(f 34   vkSj 

.1x2)x(g 2   
 

: igys] .0)2xx2)(1x2(2xx2x 2234   

igys gh pj.k eas gesa 'ks’kQy 0  izkIr gks x;k gS] rFkk HkkxQy gS .1x2 2    vr%] 
]x[3  esa g.c.d  gS .)1x2(2 21    



 

26

D;ksafd ,22 1   blfy, g.c.d  gS ),1x2(2 2   vFkkZr~] .2x2  

*** 
 

 10: ]x[  esa 1x3x2)x(f 5   vkSj 1x2)x(g 3  dk g.c.d  Kkr 
dhft,A  
 

: ge )x(f  vkSj )x(g  ij foHkktu ,sYxksfjn~e dk vuqiz;ksx djrs gSa] rFkk izkIr 
djrs gSa% 

).1x3x()x)(1x2(1x3x2 2235   

vkxs] ge 1x2 3   vkSj )1x3)x( 2   ij foHkktu ,sYxksfjn~e ykxw djrs gSaA ge 
izkIr djrs gSa %  

.)7x20()6x2)(1x3x(1x2 23   

blh rjg ge foHkktu ,sYxksfjn~e ykxw djrs tkrs gSa] tSls uhps fn;k x;k gSA 

,
400
771

400
53x

20
1)7x20(1x3x2 






   

.
771

2800x
771

8000
400
7717x20 






   

 g.c.d gS ,
400
771

400
771

1














  D;ksafd bls ,dxq.kkadh gksuk pkfg,A 

vFkkZr~] .1))x(g),x(f(   
*** 

 
vc vki dqN fLFkfr;ksa esa Lo;a gh g.c.d D;ksa ugha Kkr dj ysrs? 
 
 
E34) ]x[  esa 2345678910 x8x13x19x11x11x11x3x3x   3x9   

vkSj 2x5x5x9x3x3x 23456   dk g.c.d  Kkr dhft,A 
  

E35) ]x[5  esa 2x4x2x4 24   vkSj 1x2x2 2   dk g.c.d  Kkr dhft,A 

   
  
vkb, vc   ds ,d xq.k ls feyrs-tqyrs ]x[F  ds ,d vkSj xq.k dh ppkZ djsaA  
 

15.5  
 
vkb, vc ]x[F  esa xq.ktkofy;ksa dh chth; lajpuk dh ppkZ djsa] tgk¡ F  ,d {ks= 
gSA vki tkurs gSa fd   esa dksbZ Hkh xq.ktkoyh ,d eq[; xq.ktkoyh gksrh gSA vki 
;g Hkh tkurs gSa fd ;g fdlh Hkh {ks= ds fy, lR; gSA D;k ;g ]x[F  ds fy, Hkh 
lR; gS] tgk¡ F  ,d {ks= gS? bldk mÙkj gk¡ gS] tSlk fd vc vki ns[ksaxsA 
 

 11: ]x[F  dh izR;sd xq.ktkoyh ,d eq[; xq.ktkoyh gksrh gS] tgk¡ F  ,d {ks= 
gSA 
 

: eku yhft, ]x[F  dh I  ,d xq.ktkoyh gSA ;fn },0{I   rc ,0I   
tks ,d  eq[; xq.ktkoyh gSA  
vr%] eku yhft, fd }.0{I   

eku yhft,  }0{n{S    fdlh I)x(f  ds fy, }.n)x(fdeg   



 

27

D;ksafd },0{I   blfy, S  vr%] lqØe.k fl)kar }kjk] S  dk ,d y?kqre 
vo;o] eku yhft,] mgksxk] rFkk fdlh I)x(g   ds fy, .m)x(gdeg     

vr%] .I)x(g    
 
ge n'kkZ,¡xs fd .)x(gI    

blds fy,] eku yhft, .I)x(f   rc] foHkktu ,sYxksfjn~e }kjk ]x[F)x(r),x(q   

s.t. ),x(r)x(q)x(g)x(f   tgk¡ 0)x(r   ;k ).x(gdeg)x(rdeg   

Ekku yhft, ;fn laHko gS rks] fd .0)x(r   rc]  
,I)x(q)x(g)x(f)x(r   D;ksafd .I)x(g),x(f    

ijarq ),x(gdeg)x(rdeg   tks ml fof/k dk varfoZjks/k djrk gS ftlls )x(g  dks 
pquk x;k gSA 
vr%] 0)x(r   laHko ugha gSA  

bl izdkj] .0)x(r   

vr%] ,)x(g)x(f   vFkkZr~] .)x(gI   
 
bl izdkj] .)x(gI   
 
izes; 11 ds lanHkZ esa] vkidks blesa nh xbZ egRoiw.kZ ckr ij /;ku nsuk pkfg,A 
 

 4: ]x[F  esa dksbZ Hkh xq.ktkoyh I  mlds esa U;wure ?kkr okys fdlh cgqin 
}kjk tfur gksrh gSA 
 
vkb, vc ]x[F  esa xq.ktkofy;ksa ds dqN mnkgj.kksa ij fopkj djsaA  
 

 11: eku yhft,   ij 'kwU; vpj in okys cgqinksa dk leqPp; S  gSA 
tk¡p dhft, fd ]x[  dh S  ,d mfPp’B xq.ktkoyh gS ;k ughaA 
 

: igys vkidks bldh tk¡p djuh pkfg, fd .S    
vkxs] vkidks tk¡p djuh pkfg, fd ]x[  dk S  ,d mioy; gSA ;gk¡] /;ku 
nhft, fd fdlh Hkh ] fy,dsS)x(f   

).xaxaa(xxaxaxa)x(f 1n
n21

n
n

2
21

    bl izdkj] 
.x)x(f   

.xS   
 
 
vc] fdlh Hkh S)x(f   vkSj ]x[)x(g   ds fy, 

)x(g)xaxaa(x)x(g)x(f 1n
n21

   esa dksbZ vpj in ugha gSA 

vr%] .S)x(g)x(f   

bl izdkj] ]x[  dh S  ,d xq.ktkoyh gSA  

lkFk gh] ,Sx  ftlls fd .Sx   

bl izdkj] .xS   

vkxs] 0

n

0i

i
i axa:]x[: 








 



  ifjHkkf’kr dhft,A 

rc] vkidks tk¡p djuh pkfg, fd   ,d lqifjHkkf’kr oy; lekdkfjrk gS] 
Im  rFkk .xKer   

bl izdkj] lekdkfjrk ds ewy izes; }kjk] ,~
x

]x[    tks ,d {ks= gSA 
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vr%] bdkbZ 14 ds izes; 14 ls] ]x[  dh  x  ,d mfPp’B xq.ktkoyh gS] vFkkZr~ 
]x[  dh S  ,d mfPp’B xq.ktkoyh gSA  

*** 
 

 12: iqf’V djrs gq,] ]x[F  (tgk¡ F  ,d {ks= gS) esa ,d xq.ktkoyh dk 
mnkgj.k nhft,] tks  

i) ,d vHkkT; xq.ktkoyh gS ijarq mfPp’B xq.ktkoyh ugha gS( 

ii) vHkkT; xq.ktkoyh ugha gSA 
 

: i)  D;k  0  bl izfrca/k dks larq’V djrk gS?  bldk mÙkj nsus ds fy,] tk¡p 
dhft, fd  0]x[F  ,d izk¡r vkSj@;k ,d {ks= gS ;k ughaA ;gk¡] bdkbZ 
13 ls ;kn dhft, fd fdlh Hkh oy; R  ds fy,] .R~0R    

 
ii)  )1x(xI  yhft,A 

 eku yhft, .Ix  rc] fdlh ]x[F)x(f   ds fy,] .)x(f)1x(xx    

 vr%] fujlu fu;e }kjk] .1)x(f)1x(    

 nksuksa i{kksa esa ?kkrksa dh rqyuk djus ij] ge ikrs gSa 
 .0)x(fdeg1    

 ijarqq] .0)x(fdeg   vr%] ge ,d varfoZjks/k ij igq¡prs gSaA vr%] .Ix   

 blh izdkj] vkidks n'kkZuk pkfg, fd .I1x    
 bl izdkj] I)1x(x   ijarq .I1x,Ix    

 vr%] ]x[F  dh I  ,d vHkkT; xq.ktkoyh ugha gSA 

***  
 
vc 'kk;n vki lksp jgs gksaxs fd D;k izes; 11 {ks=ksa ds vykok fdlh Hkh ij cgqinksa 
ds oy; ds fy, Hkh lR; gSA ,d mnkgj.k ij fopkj dhft,A 
 

 13: n'kkZb, fd ]x[  esa xq.ktkoyh  2,x  ,d eq[; xq.ktkoyh ugha gSA 
 

: vki tkurs gSa fd ]x[  ,d izk¡r gS] D;ksafd   ,d izkar gSA ge varfoZjks/k }kjk 
n'kkZ,¡xs fd fdlh ]x[)x(f   ds fy,] .)x(fx,2    

vr%] eku yhft,] ;fn laHko gks rks] ]x[)x(f  s.t. .)x(fx,2    

D;ksafd .0)x(f,)x(f2    

lkFk gh] ]x[)x(h),x(g  s.t.  
)x(g)x(f2   vkSj ).x(h)x(fx   

bl izdkj] ,02deg)x(gdeg)x(fdeg  rFkk   …(10) 

.1xdeg)x(hdeg)x(fdeg      …(11) 

(10) ls iznf'kZr gksrk gS fd ,0)x(fdeg   vFkkZr~] ,)x(f   eku yhft, .n)x(f   

rc] (11) ls iznf'kZr gksrk gS fd .1)x(hdeg   eku yhft, .bax)x(h   
.0ab,a  ] fy,ds   

rc] ).bax(n)x(h)x(fx   

lehdj.k ds nksuksa i{kksa esa xq.kkadksa dh rqyuk djus ij ge ns[krs gSa fd 
1na   rFkk .0nb    

bl izdkj]   esa n  ,d ek=d gS] vFkkZr~ .1n   
vr%] .2,x)x(f1   bl izdkj]  

),xbxbb(2)xaxaa(x1 s
s10

r
r10    tgk¡ 

r,,1,0ib,a ji   vkSj .s,,1,0j   

]x[ dh izR;sd xq.ktkoyh 
eq[; xq.ktkoyh ugha gSA 
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vc] nksuksa i{kksa esa vpj inksa dh rqyuk djus ij ge ns[krs gSa fd .b21 0  ;g laHko 
ugha gS] D;ksafd   esa 2  O;qRØe.kh; ugha gSA vr%] ge ,d varfoZjks/k ij igq¡prs gSaA 
bl izdkj]  2,x  ,d eq[; xq.ktkoyh ugha gSA 
 

*** 
 
vc] vkb, ,d vU; xq.k ij fopkj djsa tks   vkSj ]x[F  nksuksa esa gSA ;g izes; 11 

ls lacaf/kr gSA 
 

 12: eku yhft, F  ,d {ks= gS rFkk ]x[F  ds )x(g),x(f  'kwU;srj vo;o gSaA 
rc] ,)x(d)x(g),x(f   tgk¡ )).x(g),x(f()x(d   
 

: izes; 11 }kjk] vki tkurs gSa fd fdlh ]x[F)x(h   ds fy,] 
.)x(h)x(g),x(f   vr%]  )x(h)x(f  vkSj ,)x(h)x(g   

vFkkZr~] )x(f)x(h  vkSj ).x(g)x(h  

).x(d)x(h      …(12) 

lkFk gh] D;ksafd )x(f)x(d  vkSj )x(g)x(d  gS] blfy,  )x(g),x(f  ds izR;sd 
vo;o dks )x(d  foHkkftr djrk gS] E29 }kjkA 

).x(h)x(d      …(13) 

(12) vkSj (13) }kjk] ),x(ah)x(d   tgk¡ ,Fa   izes; 8 ds vuqiz;ksx lsA 

.)x(d)x(da)x(g),x(f 1    
 
izes; 12 cgqr mi;ksxh gSA tSls fd] blls vkSj mnkgj.k 8 ls vki tkurs gSa fd 

]x[  eas .1xxx,1x 23    

blh izdkj] mnkgj.k 9 ls vki tkurs gSa fd  ]x[3  esa 

.2x1x2,2xx2x 2234    
 
vc vkidks dqN iz'u gy djus pkfg,A 
 
 
E36) tk¡p dhft, fd ]x[  dh  1x2  ,d mfPp’B xq.ktkoyh gS ;k ughaA  
 

E37) ]x[  esa  1xx
2
1,2xx3 532  dk ,d tud Kkr dhft,A D;k ;g 

xq.ktkoyh ]x[  dh ,d vHkkT; xq.ktkoyh gS? D;ksa] ;k D;ksa ugha? 
 

E38) n'kkZb, fd ],x[F1x,x,,x,x,x n1n32    tgk¡ 2n   rFkk  F ,d 
{ks= gSA 

 
E39) ]x[11  esa ,sls )x(f  vkSj )x(g  Kkr dhft, tgk¡ izR;sd dh ?kkr 2 vkSj  

].x[)x(g),x(f 11  
 
 
blds lkFk gh ge cgqin oy;ksa ij viuh ifjp;kRed ppkZ ds var ij igq¡p x, 
gSaA vxyh bdkbZ esa vki bl fo’k; ij dqN vkSj xgjkbZ esa tk,¡xsA vki ,d {ks= ij 
cgqinkas ds ewyksa vkSj xq.ku[kaMksa ds ckjs esa v/;;u djsaxsA 
 
vkb, vc ns[ksa fd bl bdkbZ esa geus fdu fcanqvksa ij ppkZ dh gSA 
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15.6  
 
bl bdkbZ esa vkius fuEufyf[kr fcanqvksa dk v/;;u fd;k gSA 
 
1) oy; ij cgqin dh ifjHkk’kk] vkSj mnkgj.kA 
 
2) oy; R ij cgqinksa dk leqPp;] ]x[R  dh oy; lajpukA  
 
3) R  ,d rRledh Øefofues; oy; gS ;fn vksj dsoy ;fn ]x[R  ,d rRledh 

Øefofues; oy; gSA 
 
4) R ,d iw.kkZadh; izk¡r gS ;fn vkSj dsoy ;fn ]x[R  ,d iw.kkZadh; izk¡r gSA 
 
5) eku yhft, F  ,d {ks= gSA rc]  

 i) ]x[F  ,d {ks= ugha gS] 

 ii) ]x[F  dk foHkkx {ks= )x(F  gSA 
 
6) eku yhft, D  ,d izk¡r gS] ftldk foHkkx {ks= F  gSA rc ]x[D  dk foHkkx 

{ks= )x(F  gS] tks F  ij ifjes; Qyuksa dk {ks= gSA 
 
7) ]x[F  esa foHkktu ,sYxksfjn~e] tgk¡ F  ,d {ks= gSA ;g dgrk gS fd ;fn 

],x[F)x(g),x(f   ,0)x(g   rks  vf}rh; ]x[F)x(r),x(q  dk vfLrRo gS] 
ftlls fd ,)x(r)x(g)x(q)x(f  tgk¡ 0)x(r   ;k ).x(gdeg)x(rdeg   

 
8) ]x[F  esa ,d cgqin )x(g  dks ,d cgqin )x(f  foHkkftr djrk gS iff 

)x(g)x(h)x(f   fdlh ]x[F)x(h   ds fy,A 
 
9) eku yhft, fd F  ,d {ks= gSA F  ij fdUgha nks cgqinksa dk ,d vf}rh; g.c.d 

gksrk gSA  lkFk gh] }0{\]x[F)x(g),x(f   ds fy,] 
.)x(s)x(g)x(r)x(f))x(g),x(f(   fdUgha ,]x[F)x(s),x(r   ds fy,A 

 
10) ]x[F  esa nks 'kwU;srj cgqinksa dk g.c.d  Kkr djus ds fy, ;wfDyMh; ,sYxksfjn~e] 

tgk¡ F ,d {ks= gSA 
 
11) ]x[F  esa izR;sd xq.ktkoyh ,d eq[; xq.ktkoyh gksrh gS] tgk¡ F  ,d {ks= gSA 

;g ]x[D  ds fy, lR; ugha gS] tgk¡ D  ,d izk¡r gS] ijarq {ks= ugha gSA 
 
12) eku yhft, F  ,d {ks= gS] rFkk ]x[F  ds )x(g),x(f  'kwU;srj vo;o gSaA rc] 

,)x(d)x(g),x(f   tgk¡ )).x(g),x(f()x(d   
 

15.7  /  
 
E1) (i), (iii), (iv), (vi) vkSj (viii) cgqin gSaA 
 (ii) vkSj (v) cgqin ugha gSa] D;ksafd buesa x  +ds _.kkRed vkSj fHkUukRed ?kkr 

'kkfey gSa( (vii) ,d cgqin ugha gS] D;ksafd blesa vuarr% vusd 'kwU;srj in gSaA 
  (i), (vi) vkSj (viii), ]x[  esa gSaA 
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E2) .b0b,3b,5b,
2
1a 41320   

 
E3) ?kkr Øe'k% 3,4,3,1  vkSj vifjHkkf’kr gSaA  

 izFke pkj ds vxzx xq.kkad Øe'k% 
7
1,1,7,2   gSaA  

 0 dk dksbZ vxzx xq.kkad ugha gSA  
 
E4) vki ns[k pqds gSa fd ]x[R  esa ;ksx lqifjHkkf’kr gSA vkxs] ;fn 

 
 


n

0i

m

0i

i
i

i
i ,xb)x(g,xa)x(f  rks ,x)ba()x(g)x(f

)m,n(axm

0i

i
ii



  

 ,d ifjfer ;ksxA 

D;ksafd ).m,nmax(,,1,0iRba,Rb,a iiii   

 ].x[R)x(g)x(f   
 
 tSlk ;ksx ds fy, fd;k Fkk] ;fn ]x[R  esa )x(f)x(f   vkSj ),x(g)x(g    

rks n'kkZb, fd )x(g)x(f)x(g)x(f   D;ksa gS] vFkkZr~ D;ksa xq.ku lqifjHkkf’kr 
gSA 

 
 rc] Li’V dhft, fd ;fn ,]x[R)x(g,)x(f  rks D;ksa ].x[R)x(g)x(f   
 
E5) i) .x5x3x52x)14(x3x52 3232   
 

 ii) 3232 x5x2x2x5x2x2)16(  , D;ksafd .07   

                                                        ,x5x2x5 32  D;ksafd .52   
 
 iii) .xx3x31x)102111(x)1121()11( 322   
 

 iv) ,x1 3  D;ksafd .03   
 
 v) .xxx7x5x10 5432   
 

E6) izR;sd in i
ixa  ,d ifjfer ;ksx gS] rFkk .Ra i  bl izdkj] ].x[Rxa i

i   
 

E7) i) lR;( mnkgj.kkFkZ] ]x[6  esa .x2x2x0)1x3)(x2( 2    

 

 ii) lR;( eku yhft, fd ]x[  esa 2cxbxa)x(f   vkSj 
2rxqxp)x(g   gSa] tgk¡ .0r,0c   D;ksafd   ,d {ks= gS] 

blfy, .0cr   

  lkFk gh] mPpre ?kkr okyk in 4crx  gSA 
  bl izdkj] )x(g)x(f  ,d prqFkZ?kkr cgqin gSA 
 
 iii) vlR;( mnkgj.kkFkZ] ;fn ],x[cxbxa)x(f 2  rks 

,0))x(f()x(f  tks ,d f}?kkr cgqin ugha gSA 
 

 iv) vlR;( mnkgj.kkFkZ] ;fn ]x[  esa x)x(p   vkSj ,x2)x(q 2  rks )x(p  

,d ,dxq.kkadh cgqin gS] ijarq )x(q)x(p   dk vxzx xq.kkad 2  gSA 
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E8) ,sls vuarr% vusd ;qXe gSaA ,d )(2   ij x
00

01
)x(f 








  vkSj 

x
43

21
)x(g 








  gSA 

 D;ksafd )x(f  vkSj )x(g  nksuksa jSf[kd gSa] rFkk buds vyx-vyx vxzx xq.kkad gSa] 
blfy, ;s vyx-vyx gaSA 

 
E9) i) R  dks ]x[R  esa vpj cgqinksa vkSj 0  dk leqPp; ekuk tk ldrk gSA 

vr%] ].x[RR    

  lkFk gh] R  vkSj ]x[R  nksuksa leku lafØ;kvksa ds lkis{k oy; gSaA  

  bl izdkj] ]x[R  dk R  ,d mioy; gSA  
 
 ii) ;g lR; ugha gSA 
  mnkgj.kkFkZ] eku yhft, ,R   rFkk ]x[x   yhft,A 

  rc] fdlh Hkh r ds fy,] .rx    
  vr%] ]x[  dh   ,d xq.ktkoyh ugha gSA  
 
E10) }.3,2,1,0{4   

 4  ij dksbZ Hkh f}?kkr cgqin 2
210 xaxaa  ds :i dk gksrk gS] tgk¡ 

.a,a,a 4210   

 bl izdkj] ;gk¡ 48344   laHkkouk,¡ gSaA 
 ,sls cgqinksa ds lkFk dk;Z djus ds vH;kl ds fy,] vkidks bu lHkh dh lwph 

cukuh pkfg,A 
 
E11) ughaA mnkgj.kkFkZ] eku yhft, R  vkSj .1n   

 rc] ,x1 1 ijarq .)x1( 1
2   vr%] 1  ,d oy; ugha gS] rFkk blh fy, 

;g ]x[  dk mioy; ugha gSA 
 

E12) /;ku nhft, fd ;fn ,A)x(f  rks 
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0i

i2
i ,xa)x(f D;ksafd 1i2x   dk xq.kkad 

0  gS .i   

 lkFk gh] .A)x(fA)x(f   (D;ksa?) 

 vc] eku yhft, fd  
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i

i2
i .xb)x(g,xa)x(f  

 rc] vkidks tk¡p djuh pkfg, fd )x(g)x(f   rFkk )x(g)x(f  ds fo’ke ?kkr 
okys xq.kkad Hkh 'kwU; gksaxsA 

 vr%] A)x(g)x(f   vkSj .A)x(g)x(f   

 bl izdkj] ]x[R  dk A  ,d mioy; gSA  
 
E13) i) ]x[R  dk R  ,d mioy; gSA vr%] R esa xq.ku Hkh Øefofues; gSA 
 
 ii) ]x[R  dk rRled R  dk vo;o gS] rFkk blh fy, ;g R dk rRled 

gSA 
 
E14) eku yhft, ]x[R)x(f   ,d ek=d gSA  
 rc] ]x[R)x(g   s.t. .1)x(g)x(f   vr%] 

.01deg)x(gdeg)x(fdeg   
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 D;ksafd ,0)x(gdeg,0)x(fdeg  blfy, ge 0)x(gdeg,0)x(fdeg   

izkIr djrs gSaA 
 vr%] ,R)x(f   rFkk ;g ,d ek=d gSA bl izdkj] ).R(U])x[R(U    

 vc] D;ksafd ]x[R  dk R ,d mioy; gS] blfy, ]).x[R(U)R(U    

 bl izdkj] ]).x[R(U)R(U   
 

E15) (i) vkSj (ii), D;ksafd ]5[   vkSj 7  izk¡r gSaA 

 bdkbZ 14 esa vki ns[k pqds gSa fd ]1,0[C),(2   vkSj )X(  esa 'kwU; ds 
Hkktd gksrs gSaA vr% (iii), (iv) vkSj (v) esa 'kwU; ds Hkktd gSaA 

 

E16) eku yhft,  
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 vr%] ],x[I  ]x[R  dh xq.ktkoyh gSA  
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i
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 rc] mn   rFkk .n,,1,0iba ii   

 vr%] .n,,0iba ii   
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i
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   : eku yhft, fd  
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n,,0iIa]x[Rxa i
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            ].x[I  

 vc] ifj.kke izkIr djus ds fy, FTH dk vuqiz;ksx dhft,A 
 
E17) eku yhft, fd .Rr   eku yhft,] ;fn laHko gS] fd .xr   rc] 

)x(xfr   fdlh ,]x[R)x(f  ds fy,A 

 ,1)x(fdegxdegrdeg0   tks ,d varfoZjks/k gSA  
 vr%] ].x[Rx   
 
 Ekku yhft,] ;fn laHko gS] fd R  dh  fdlh mfpr xq.ktkoyh I  ds fy,] 

].x[Ix     

 eku yhft, .I\Ra  rc] ],x[Ixax   tks ,d varfoZjks/k gSA 

 bl izdkj] ].x[Ix   

E18) eku yhft, nRchar  . bdkbZ 14 ds izes; 3 ls] vki tkurs gSa fd n  lcls 
NksVk /kukRed iw.kkZad gS ftlls fd .01n   D;ksafd ,1 ]x[R  dk  Hkh rRled 
gS] blfy, bdkbZ 14 ds ogh izes; vkidks crkrk gS fd 

.Rcharn]x[Rchar   
 
E19) eku yhft,  

].x[Rxbxbb)x(q,xaxaa)x(p m
m10
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 n'kkZb, fd },0{]x[)fKer(Ker   D;ksafd f  ,dSdh gSA 
 bl izdkj]   ,d rqY;kdkfjrk gSA 
 
E20) igys] n'kkZb, fd   lqifjHkkf’kr gSA 

 vkxs] ;fn ]x[)SR(   esa 
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 vkxs] eku yhft, fd ],x[S]x[R))x(g),x(f(   tgk¡ n)x(fdeg   rFkk 
.m)x(gdeg   Suppose .nm    

rc]  
 


m

0i

m

0i

i
i

i
i ,xb)x(g,xa)x(f  tgk¡ ni   ds fy, .0a i    

 rc )).x(g),x(f(x)b,a(
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 bl izdkj]   vkPNknd gSA 
 

 








 


n,,0ib0a]x[)SR(x)b,a(Ker ii
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           }.0{  
 
 bl izdkj]   ,d rqY;kdkfjrk gSA 

 ].x[S]x[R~]x[)SR(   
 

E21) i) ]i[  dk foHkkx {ks= 









 0idc,d,c,b,a

idc
iba   gSA 

  vc ,iqp
dc

)idc)(iba(
idc
iba

22 





  fdUgha q,p  ds fy,A 

  bl izdkj] ]i[  dk foHkkx {ks= ]i[  gSA 

   ]x[]i[  dk foHkkx {ks= )x(]i[  gSA 
 

 ii) ]11[  ,d {ks= gS] tSlk fd vki bdkbZ 14 esa n'kkZ pqds gSaA 

  )x(]11[ gh ok¡fNr {ks= gSA 
 
 iii) ).x(p  

 
E22) ]x[  dk dksbZ Hkh vo;o )x(  esa Hkh gSA bu vo;oksa ds vykok ;gk¡  

 ,)xbxbb()xaxaa( 1m
m10

n
n10

   tgk¡ 



m

0i

i
i ,0xb   

m,,1j;n,1ib,a ji    ds :i ds lHkh vo;o gSaA 

 buesa ls dksbZ nks pqfu,] vkSj n'kkZb, fd os vyx-vyx D;ksa gSaA  
 
E23) E18 esa vki fl) dj pqds gSa fd .pchar]x[char pp     

 vc] )x(p  ij fopkj dhft,A bldk rRled ,1  tgk¡ .01p   

 bl izdkj] .p)x(char p   

 lkFk gh] )x(p  vifjfer gS] D;ksafd ]x[p  vifjfer gSA 
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   ge ;gk¡ :d tkrs gSa] D;ksafd .
7
1xdeg1x

7
1deg 3 






 






   

   vr%] .1x
7
1)x(g)x()x(f 






   

   ;gk¡ x)x(q   vkSj .1x
7
1)x(r   

 

 ii) 
1x2

1xx2x1x2

2

23


  

            
1x

x2x 23




  

          
0

1x2 
  

  bl izdkj] ).x(g)1x2()x(f 2   

  ).x(f)x(g  
  

 iii) ).x(g)3x3x()x(f 2   

  ).x(f)x(g  
 
E25) ii) D;ksafd )x(f1)x(f   rFkk ).x(f)x(f],x[F1  blfy,  
 
 iii) ]x[F)x(p)x(g)x(f   s.t. )x(p)x(f)x(g   

                 ),x(p)x(af)x(ag   fdlh Hkh Fa  ds fy,A       

                 ).x(ag)x(af  
 
 iv) )x(p)x(f)x(g   and ),x(q)x(g)x(h   fdUgha ]x[F)x(q),x(p   ds 

fy,A 
  ),x(q)x(p)x(f)x(h  rFkk ].x[F)x(q)x(p   

  vFkkZr~] ).x(h)x(f  
 
 vi) fdUgha ]x[F)x(q),x(p   ds fy,] )x(p)x(f)x(g   vkSj 

.)x(q)x(f)x(h     

  vr%] )),x(q)x(p()x(f)x(h)x(g   rFkk ].x[F)x(q)x(p   

  )).x(h)x(g()x(f   
 
 vii) fdlh ]x[F)x(p   ds fy,] .)x(p)x(f)x(g     

  ),x(h)x(p)x(f)x(h)x(g   rFkk ].x[F)x(h)x(p   

  ).x(h)x(g)x(f  
 
E26) ]x[F  vkSj ]x[R  ds chp varj buds ek=dksa eas gSA ijarq miifÙk;ksa esa] )v(  dks 

NksM+ dj] dgha Hkh geus bl rF; dk mi;ksx ugha fd;k gS] fd F  dk izR;sd 
vo;o ,d ek=d gSA )v(  dh fLFkfr esa bls bl izdkj fy[kk tk ldrk gS% 

 ‘;fn )x(g  ,slk gS fd ,0)x(g  )x(g)x(f  vkSj ),x(f)x(g  rks fdlh 
)R(Ua ds fy,] .)x(ag)x(f  ’ 

 
E27) E26 ls] fdlh )R(Ua  ds fy,] .)x(ag)x(f     

 bl izdkj] ).x(gdeg)x(fdeg   

(D;ksafd ;gk¡ 14  ) 

(D;ksafd ;gk¡ 21  ) 
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 D;ksafd )x(f  vkSj )x(g  nksuksa ds vxzx xq.kkad 1 gSa] blfy, .1a   

 bl izdkj] ).x(g)x(f   
 

E28) ~ lefer ugha gSA mnkgj.kkFkZ] ]x[  esa ,)4x()2x( 2  ijarq )4x( 2   

).2x(   (D;ksa?) 
 
 
E29) bls fl) djus ds fy,] izes; 8 ds (vi) vkSj (vii) dk mi;ksx dhft,A 
 
E30) ;fn )x(f  vkSj )x(g  lkis{kr% vHkkT; gSa] rks .1))x(g),x(f(   vr%] fdUgha 

]x[F)x(s),x(r   ds fy, .)x(s)x(g)x(r)x(f1     
 
 foykser%] ge tkurs gSa fd ,1  )x(f vkSj )x(g  dk ,d?kkr lap; gSA  eku 

yhft, )).x(g),x(f()x(d   

 D;ksafd )x(f)x(d  vkSj ),x(g)x(d  blfy, 

 )),x(s)x(g)x(r)x(f()x(d   vFkkZr~] ,1)x(d  E29 }kjkA 

 .0)x(ddeg   

 lkFk gh] )x(d  ,dxq.kkadh gSA 

 vr%] .1)x(d   
 

E31) ).bx(
)ba(

1
)ax(

)ba(

1
1 





  vr%] miizes; 2 }kjk] ;s vlgHkkT; gSaA 

 

E32) mnkgj.kkFkZ] .1x)x(g,x)x(f 43   D;ksafd  

 .1))x(g),x(f(,1)x(g)x(f)x(   blfy,   

 ,sls vusd mnkgj.k gks ldrs gSaA dqN vkSj mnkgj.kksa dks <waf<,A 
 
E33) i) )x(s)x(g)x(r)x(f1      …(14) 

  )x(q)x(h)x(p)x(f1     …(15) 

  fdUgha ]x[F)x(q),x(p),x(s),x(r   ds fy,A 

  (15) ls] ge izkIr djrs gSa%  
  ).x(q)x(h)x(g)x(p)x(g)x(f)x(g   

  vr%] bls (14) esa j[kus ij] ge izkIr djrs gSaA  
  )x(s)x(q)x(h)x(g)]x(s)x(p)x(g)x(r)[x(f1   

  .1))x(h)x(g),x(f(   
 
 ii) )x(s)x(g)x(r)x(f1      …(16) 

  fdUgha ]x[F)x(s),x(r   ds fy,A 

  lkFk gh] )x(p)x(f)x(h)x(g     …(17) 

  fdlh ]x[F)x(p   ds fy,A 

  vc] (16) ls ge izkIr djrs gSa%  
  )x(s)x(h)x(g)x(r)x(h)x(f)x(h   

          ),x(s)x(p)x(f)x(r)x(h)x(f  (17) lsA 

          ),x()x(f   tgk¡ ].x[F)x(s)x(p)x(r)x(h)x(   

  ).x(h)x(f  
 
E34) 3x9x8x13x19x11x11x11x3x3x 2345678910   

 .)3x5x2x3x()x2x()2x5x5x9x3x3x( 234423456   
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 rc] 2x5x5x9x3x3x 23456   

 .)59x118x59()19x6x()3x5x2x3x( 32234   

 vkxs] .
59
3x

59
1)59x118x59(3x5x2x3x 3234 






   

  ok¡fNr g.c.d )59x118x59(
59
1 3   gS] D;ksafd g.c.d dks ,dxq.kkadh 

gksuk pkfg,A 

 bl izdkj] g.c.d )1x2x( 3  gSA 
 

E35) ,4x2x2)x(g,2xx2x4)x(f 224   D;ksafd .41   

 ,)3x()4x3x2()4x2x2(2xx2x4 2224   

 ,1)1x2()3x(4x2x2 2   

 ).3x(1)3x(   

 .1))x(g),x(f(   
 

E36) ]x[  esa .)ix()ix(1x2    

 vr%] 
/

],x[ix1x2   D;ksafd .ix1   

 eku yhft,] ;fn laHko gS] fd .1xix 2    

 rc ,)x(f)1x()ix( 2   fdlh ]x[)x(f  ds fy,A 

 vr%] ,2)x(fdeg)1x(deg)ix(deg1 2   tks ,d varfoZjks/k gSA 

 bl izdkj] .1xix 2   

 .ix1x 2   

 
//

].x[ix1x2   

 ,1x2   ]x[  mfPp’B xq.ktkoyh ugha gSA  

E37) vkidks fn[kkuk pkfg, fd 2x3x2   vkSj 1x
2
1x 35   vlgHkkT; gSA 

 ].x[11xx
2
1,2xx3 532   

 bl izdkj] nh gqbZ xq.ktkoyh ,d mfpr xq.ktkoyh ugha gSA vr%] ;g ,d 
vHkkT; xq.ktkoyh ugha gSA 

 
E38) 1n2 x,,x,x  dk g.c.d x gSA 

  1x,x,,x,x n1n2   dk g.c.d ogha gS tks 1x,x n   dk g.c.d gS( vkSj ;g 1 

gS (D;ksafd ).1)1x(xx n1n    

 ].x[F11x,x,,x,x n1n2    
 

E39) ;gk¡ vusd mÙkj gks ldrs gSaA gekjk gS ,10x2   vkSj .x2  

 ;gk¡ ).x10x()10(1 221    

 vr%] 10x2   vkSj 2x  vlgHkkT; gSA 

 ].x[1x,10x 11
22   
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   16                                                        

 

      
 
16.1 izLrkouk  

mís'; 

16.2 ewy 
16.3 v[kaMuh; cgqin 
16.4 ,  vkSj   ij v[kaMuh;rk 

  vkSj   ij v[kaMuh;rk 
  ij v[kaMuh;rk 

16.5 vf}rh; xq.ku[kaMu 
16.6 lkjka'k 
16.7 gy / mÙkj            
 

16.1  
 
fiNyh bdkbZ esa vkius fofHkUu oy;ksa ij cgqinksa ds lkFk dk;Z fd;k gSA vkius 

]x[F  esa foHkktu ,sYxksfjn~e dk Hkh v/;;u fd;k gS] tgk¡ F  ,d {ks= gSA bl lanHkZ 
esa vkius HkkxQyksa] 'ks’kQyksa rFkk ,d cgqin dks nwljs cgqin ls Hkkx nsus dh /kkj.kk 
ds lkFk Hkh dke fd;k gSA bl bdkbZ esa ge bl le> dks vkxs c<+kus esa vkidh 
lgk;rk djsaxsA /;ku nhft, fd 

 
 
Hkkx 16.2 esa vki v/;;u djsaxs lh[ksaxs fd cgqin dk ewy  D;k gksrk gS] rFkk ;g 
fdl izdkj cgqin ds xq.ku[kaM ls tqM+k gSA vki ;g Hkh ns[ksaxs fd ,d cgqin dh 
?kkr fdl izdkj mlds ewyksa dh la[;k ls lacaf/kr gSA ;g laca/k 'ks’kQy izes; ls 
izkIr gksrk gS] tSlk fd vki ns[ksaxsA  
 
vxys Hkkx] Hkkx 16.3 esa ge vkidks fdlh {ks= ij [kaMuh; vkSj v[kaMuh;  cgqinksa 
dh /kkj.kk ls ifjfpr djk,saxsA ;gk¡] vki ns[ksaxs fd ]x[F  esa ,d v[kaMuh; cgqin 

]x[F  dh ,d mfPp’B xq.ktkoyh tfur djrk gSA vki ;g Hkh ns[ksaxs fd ]x[F  ds 
v[kaMuh; vo;o ogh gSa tks ]x[F  ds vHkkT; vo;o gSaA 
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 vkxs] Hkkx 16.4 esa vki ]x[F  ij cgqin ds v[kaMuh; gksus ds fy, fud’kksa dk 
v/;;u djsaxs] tc F {ks= ,  ;k   gSA mnkgj.kkFkZ] vki ik,axs fd   ij 
v[kaMuh; cgqin fdlh Hkh ?kkr dk gks ldrk gS] tcfd   ij ,sls cgqin dsoy ?kkr 
1 dk gks ldrk gSA 
 
bdkbZ 15 esa vki ns[k pqds gSa fd iw.kkZadksa ds xq.kksa esa rFkk fdlh {ks= ij cgqinksa ds 
xq.kksa esa cgqr lekurk gSA Hkkx 16.5 esa ge ,d vkSj ,slh gh lekurk] vFkkZr~ 
vf}rh; xq.ku[kaMu ij fopkj djsaxsA vki ik,axs fd {ks= ij v[kaMuh; cgqin ogh 
Hkwfedk vnk djrs gSa tks   esa vHkkT; la[;k,¡ vnk djrh gSaA blh Hkkx esa vki 

]x[F  esa vf}rh; xq.ku[kaMu ds dqN fu’d’kksZa dk Hkh v/;;u djsaxsA 
 
bl bdkbZ dks fuEufyf[kr lh[kus dh vis{kkvksaa dks /;ku esa j[krs gq, cuk;k x;k gSA 
d`i;k bls /;kuiwoZd i<+sa] rFkk tc Hkh vki fdlh iz'u ij igqaps] mls mlh le; 
gy djsaA 
 

 

bl bdkbZ dh i<+kbZ ds ckn] vki fuEufyf[kr djus esa leFkZ gks tk,axs%  

 oy; R ij cgqin ds ewy (;k 'kwU;d) dks ifjHkkf’kr djuk] rFkk mlds 
mnkgj.k nsuk( 

 'ks’kQy izes; dk dFku nsuk] mls fl) djuk rFkk mldk vuqiz;ksx djuk( 

 cgqin ds fdlh Hkh ewy ds laxr mlds xq.ku[kaM dks ifjHkkf’kr djuk] rFkk 
mlds mnkgj.k nsuk( 

 ]x[F  ds v[kaMuh; vo;oksa rFkk vHkkT; vo;oksa dks ifjHkkf’kr djuk] rFkk 
muds mnkgj.k nsuk] tgk¡ F  ,d {ks= gS( 

 ;g lqfuf'pr djus ds fy, fd ,  ;k   ij ,d fn;k gqvk cgqin 
v[kaMuh; gS ;k ugha fofHkUu fud’kksa dk vuqiz;ksx djuk(  

 ]x[F  ds fy, vf}rh; xq.ku[kaMu izes; dk dFku nsuk] mls fl) djuk rFkk 
mldk  vuqiz;ksx djuk] tgk¡ F  ,d {ks= gSA  

 

16.2   
 
‘dyu’ esa] rFkk Ldwyh xf.kr esa] vki cgqinksa ds ewy Kkr djrs jgs gSaA mnkgj.kkFkZ] 
vki tkurs gsa fd ;fn ,01x  rks .1x   vr%] )1(  cgqin 1x   dk ,d ewy gSA 
blh izdkj] vki tkurs gSa fd ;fn   ij cbxax2   ,d f}?kkr cgqin gS] rks 

blds ewy f}?kkr lw= 
a2

ac4bb 2 
 }kjk fn, tkrs gSaA bl ladYiuk dks 

O;kidhd`r djus ds fy,] vkb, vkSipkfjd :i ls ,d in ifjHkkf’kr djsa ml 
izfØ;k ds fy, ftldk mi;ksx vki igys vusd ckj dj pqds gSaA  
 

: eku yhft, R ,d oy; gS rFkk ].x[Rxaxaa)x(f n
n10    

rc] fdlh Hkh Rr  ds fy,] ge dgrs gSa fd ,Rraraa)r(f n
n10   f(x)  

 x   r    
 
bl izdkj] ;fn ],x[xx1)x(f 2   rks ,7421)2(f   rFkk 

.1001)0(f   
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 vkb,] vc ,d ewy dks] O;kid :i esa] ifjHkkf’kr djsaA 
 

: eku yhft, R  ,d oy; gSA R dk vo;o r  cgqin ]x[R)x(f   dk ,d 
(root) (;k ,d (zero)) dgykrk gS ;fn .0)r(f   

 
mnkgj.kkFkZ] ;fn ]x[2  esa ,x2x212)x(f 2  rks .08412)2(f    

vr%] 2  esa 2x2x212   dk ,d ewy 2  gSA  

lkFk gh] D;ksafd ,08412)2(f   blfy, 2 esa 2x2x212   dk )2(  ,d 
ewy ugha gSA  
 
,d vU; mnkgj.k ds :i esa] ;fn ],x[5x)5(x)21(x2)x(f 23   

rks .0)(f   vr%]   esa , )x(f  dk  ,d 'kwU;d gSA  
 
fdlh {ks= F  ij cgqinksa ds fy,] ewy dh ladYiuk ]x[F  esa foHkktu ,sYxksfjn~e ls 
fudV :i ls tqM+k gqvk gSA bls le>us ds fy,] fuEufyf[kr egRoiw.kZ izes; ij 
fopkj dhft,] tks okLro esa bdkbZ 15 esa fn, x, foHkktu ,sYxksfjn~e dk miizes; 
gSA 
 

 1 ( ): eku yhft, F  ,d {ks= gSA ;fn ]x[F)x(f   vkSj ,Fb  

rks ,d ,slk vf}rh; cgqin ]x[F)x(q   ftlls fd ).b(f)x(q)bx()x(f 
     
 

: eku yhft, .bx)x(g   rc] )x(f  vkSj )x(g  ij foHkktu ,sYxksfjn~e dk 
vuqiz;ksx djus ls] ]x[F  esa ,sls vf}rh; )x(q  vkSj )x(r  gSa ftuls fd 

)x(r)x(g)x(q)x(f   

       ),x(r)bx)(x(q   tgk¡ 0)x(r   ;k .1)x(gdeg)x(rdeg   

vr%] ;k rks ,0)x(r  ;k ),x(r  F  dk ,d vo;o gSA  

bl izdkj] fdlh Fa  ds fy,] .a)x(r     

vr%] .a)x(q)bx()x(f   

x  ds fy, b  izfrLFkkfir djus ij ge izkIr djrs gSa% 
.aa)b(q0a)b(q)bb()b(f   

bl izdkj] ).b(fa   

vr%] ).b(f)x(q)bx()x(f   

bl izdkj] 'ks’kQy x  ds fy, b  izfrLFkkfir djus ij izkIr )x(f  dk eku gSA  
 
/;ku nhft, fd izes; 1 eas ).x(qdeg1)x(qdeg)bx(deg)x(fdeg   

vr%] .1)x(fdeg)x(qdeg   
 
izes; 1 ls ,d ifj.kke rqjar fudyrk gS] tks fuEufyf[kr gSA 
 

 1: eku yhft, F  ,d {ks= gS rFkk ],x[F)x(f   tgk¡ .1)x(fdeg   rc] 
)x(f  dk Fa  ,d ewy gS  iff ).x(f)ax(   

 
: ge miifÙk vkids fy, vH;kl ds rkSj ij NksM+ jgs gSa (nsf[k, E1)A 

 
vkb, ns[ksa fd miizes; 1 fdl izdkj mi;ksxh gSA mnkgj.kkFkZ] vc vki tkurs gSa fd 

]x[)1x(x   ds ewy dsoy 0  vkSj 1 gSa] D;ksafd dsoy x  vkSj 1x   blds jSf[kd 
xq.ku[kaM gSaA 
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 ,d vU; mnkgj.k ds :i esa ]x[1xx6)x(f 2   ij fopkj dhft,A f}?kkr 

lw= }kjk vki tkurs gSa fd blds ewy 
2
1  vkSj 

3
1  gSaaA bl izdkj] miizes; 1 }kjk] 

)
2
1x(   vkSj ),

3
1x(  )x(f  ds xq.ku[kaM gSaA  

vc] D;ksafd   esa 2  ,d ek=d gS] blfy, ).2
1x(2)2()2

1x( 1    vr%] )
2
1x(2   

Hkh )x(f  dk ,d xq.ku[kaM gS] vFkkZr~ ),1x2(   )x(f dk ,d xq.ku[kaM gSA  

blh izdkj] ),1x3(  )x(f dk ,d xq.ku[kaM gSA  

D;k vkius bl vksj /;ku fn;k fd )x(f  ds ;s nksuksa xq.ku[kaM ]x[  esa gSa? 
 

vc ]x[)2x()1x( 2   ij fopkj dhft,A ;gk¡ )1x(   ,d nksgjk xq.ku[kaM gSA 
vr%] 1 nks ckj bl cgqin dk ewy gSA ;g ,d mnkgj.k gS ml vo/kkj.kk dh ftls 
vc ge ifjHkkf’kr djus tk jgs gSaA 
 

: eku yhft, R  ,d oy; gS rFkk ].x[R)x(f   m  ds fy,] ge dgrs 
gSa fd ,Ra )x(f  dk   (multiplicity) m  ;fn 

),x(f)ax( m  ijarq 1m)ax(    ).x(f  
 

mnkgj.kkFkZ] cgqin ]x[)2x()3x( 2   dk 3  cgqdrk 2  okyk ewy gS] rFkk blh 
cgqin dk )2(  cgqdrk 1 okyk ewy gSA 
 
vc] vkidks dqN iz'uksa dks gy djuk pkfg,A 
 
 
E1) miizes; 1 dks fl) dhft,A 
 
E2) fuEufyf[kr cgqinksa ds] ewy mudh cgqdrkvksa ds lkFk] Kkr dhft,A 

i) ],x[3x
2
5x

2
1 2   

ii) ],x[1xx 3
2   

iii) ],x[1x2x2x 5
34   

iv) ].x[)i31ix()x42()3x5( 1132   
 
E3) 11  ij ,sls cgqin dk mnkgj.k nhft,] ftlds dsoy nks vyx-vyx ewy 

Øe'k% cgqdrk 3  vkSj 2  okys] gSaA vius mnkgj.k dh iqf’V Hkh dhft,A 
 

E4) eku yhft, F  ,d {ks= gS rFkk .Fa  Qyu 
)a(f))x(f(:F]x[F:  ifjHkkf’kr dhft,A (;g Qyu a

 gS] tSlk fd bdkbZ 13 ls tkurs gSaA) 
 n'kkZb, fd 

i)   ,d vkPNknd oy; lekdkfjrk gS] 

ii) ,Fbb)b(   

iii) ,Ker  ]x[F  esa mu lHkh cgqinksa dk leqPp; gS ftudk ,d 'kwU;d a  
gSA lkFk gh] Ker  dk ,d tud Kkr dhft,A 
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 bl fLFkfr esa] lekdkfjrk dk ewy izes; D;k dgrk gSA 
 
E5) eku yhft, F  ,d {ks= gSA fl) dhft, fd 

.Fax
]x[F~

ax
]x[F   

 

E6) eku yhft, F  ,d {ks= gS rFkk ]x[Fxaxaa n
n10    dk Fa  ,d 

ewy gSA n'kkZb, fd ]x[Fxaxaa n
01nn     dk 1a  ,d ewy gSA D;k ;g 

rc Hkh lR; gksxk ;fn F  ds cnys ,d ,slk izk¡r D  ysa tks {ks= ugha gS? D;ksa? 
 
 
vkb, vc ns[kas fd ge ]x[F  esa fn, ,d cgqin ds lHkh ewyksa dks fdl izdkj izkIr 
dj ldrs gSaA tSlk fd vki tkurs gSa] ;g ,d jSf[kd ;k f}?kkr cgqin ds fy, 
laHko gSA mPprj ?kkrksa ds cgqinksa ds fy,] ge dqN ewyksa dks iz;kl- vkSj -Hkwy fof/k 
(trial-and-error method) }kjk izkIr dj ldrs gSa] tSls vkius E2(iii) esa fd;k FkkA  
,d vU; mnkgj.k ds :i esa] ]x[1x2x)x(f 5   ij fopkj dhft,A ge x  ds 
fy, 1 j[kdj iz;kl djrs gSa] rFkk 0)1(f   Kkr djrs gSaA bl izdkj] ge ikrs gSa 
fd )x(f  dk 1 ,d 'kwU;d gSA ijarq bl fof/k ls gesa   esa )x(f  ds lHkh ewy 'kk;n 
u fey ik,aA  
 
lkFk gh] /;ku nhft, fd gks ldrk gS ]x[F  esa fdlh cgqin dk F  esa dksbZ Hkh 'kwU;d 
u gksA (mnkgj.kkFkZ] ]x[1x2   dk   esa dksbZ 'kwU;d ugha gS] D;ksafd blds 'kwU;d 

i  vkSj i gSa] tks nksuksa  \  esa gSaA) 
ijarq ge ]x[F  esa fdlh Hkh cgqin ds F  esa ds fy, ,d mifj lhek 
ns ldrs gSaA 
 

 2: {ks= F  ij ?kkr n  okys ,d 'kwU;srj cgqin ds F  esa vf/kdre n  ewy gksrs gSaA  
 

: ;fn ,0n   rks ?kkr 0  okyk dksbZ Hkh cgqin ,d 'kwU;srj vpj cgqin gksrk 
gSA bl izdkj] blds dksbZ ewy ugha gSa] rFkk blh fy, blds F  esa vf/kdr )n(0   

ewy gSaA  
vr%] vkb, eku ysaa fd .1n   ge n  ij vkxeu fu;e dk mi;ksx djsaxsA  

n  ds fy,] eku yhft, fd )n(P  fo/ks;] ‘;fn ]x[F)x(f   dh ?kkr n  gS] rks F  

esa )x(f  ds vf/kdre n  ewy gksrs gSa’ gSA  

ge igys tk¡p djsaxs fd dFku )1(P  lR; gS ;k ughaA  

;fn ]x[F)x(f   s.t. ,1)x(fdeg   rks ,xaa)x(f 10   tgk¡ ,Fa,a 10   rFkk 
.0a1   

vr%] )x(f  dk ,d ewy] vFkkZr~ F)aa( 0
1

1    gS D;k blds vkSj ewy gks ldrs gSa? 

miizes; 1 ls vki tkurs gSa fd blds vkSj ewy ugha gks ldrs] D;ksafd 
).aax(deg1)x(fdeg 0

1
1
  

vr%] 1n  ds fy,] )x(f  dk Bhd 1 ewy gS] rFkk ;g F  esa gSA 

bl izdkj] )1(P  lR; gSA 
 
vc] eku yhft, fd fdlh m  ds fy,] )m(P  lR; gSA  

ge n'kkZ,¡xs fd )1m(P   lR; gSA 

eku yhft, ]x[F)x(f   s.t. .1m)x(fdeg   ge n'kkZ,¡xs fd F  esa )x(f  ds ewyksa 
dh la[;k vf/kdre 1m   gSA 
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 vc] ;gk¡ nks laHkkouk,¡ gSa & ;k rks )x(f  dk F  esa dksbZ 'kwU;d ugha gS] ;k F  esa )x(f  
dk 'kwU;d gSA  
;fn F  esa )x(f  dk dksbZ ewy ugha gS] rks F  esa )x(f  ds ewyksa dh la[;k 1m0   gSA 

bl izdkj] rqPN :i ls] F  esa )x(f  ds vf/kdre 1m   ewy gSaA  
 
vkxs] eku yhft, )x(f  dk ,d ewy Fa  gSA 

rc] ),x(g)ax()x(f   tgk¡ ,m1)1m()x(gdeg   vkSj ].x[F)x(g   

vr%] vkxeu ifjdYiuk }kjk] F  esa )x(g  ds vf/kdre m  ewy gSaA eku yhft, fd F 
esa )x(g  ds fHkUu-fHkUu ewy s1 a,,a   gSa] tgk¡ .ms    

vc] ,a i  )x(g dk ,d ewy gS  
0)a(g i   

0)a(g)aa()a(f iii   

ia  esa )x(f  dk,d ewy gS] .s...,,1iF   

bl izdkj] )x(g  dk izR;sd ewy )x(f  dk ,d ewy gSA 

bl izdkj] F esa )x(f  ds de ls de 1s   ewy s1 a,,a,a   gSaa] tgk¡ .m1s   

D;k )x(f  esa F  ds dksbZ vkSj ewy gSa?  vkb, ns[ksaA 

vc] )x(f  dk Fb  ,d ewy gS  
0)b(f   

0)b(g)ab(   

0ab   ;k ,0)b(g   D;ksafd F  ,d iw.kkZadh; izk¡r gSA  

bl izdkj] )x(f  dk b  ,d ewy gS 
ab   ;k )x(g  dk b  ,d ewy gS 

.a,,a,ab s1   

vr%] )x(f  ds ewy dsoy a vkSj s1 a,...,a  gSaA 

bl izdkj] F esa )x(f  ds vf/kdre 1m   ewy gSaA  

)1m(P   ,d lR; dFku gSA 
 
vr%]  n  ds fy, )n(P lR; gSA vFkkZr~] lHkh 1n   ds fy, izes; lR; gSA 
 
;gk¡] izes; 2 ds ckjs eas ,d egRoiw.kZ fcanq ij fopkj dhft,A 
 

 1: izes; 2 ds mi;ksx ls] vki tkurs gSa fd ]x[1x3   ds   eas 3ls 
vf/kd ewy ugha gks ldrs gSaA ijarq] bldk   esa dsoy ,d gh ewy gS] ;kuh .1  vU; 

ewy 
2

3i1
  rFkk 2  gSa tks  \  esa gSaA bl izdkj] izes; 2 ds dFku esa 

‘vf/kdre’  'kCn egRoiw.kZ gSA 
  
izes; 2 eas geus ewyksa dh cgqdrk dh ckr ugha dh gSA ;gh ckr izes; 2 dh 
fuEufyf[kr miizes; esa dh xbZ gSA 
 

 2: ;fn F[x]f(x)  dh ?kkr n gS] rks F  esa f(x)  ds vf/kdre n vyx-vyx 
ewy gksrs gSa] tgk¡ F  ,d {ks= gSA 
 
ge miizes; 2 dk mi;ksx fuEufyf[kr egRoiw.kZ izes; dks fl) djus ds fy, djsaxsA 
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  3: eku yhft, )x(f  vkSj )x(g  ,d {ks= F  ij ?kkr n  okys 'kwU;srj cgqin gSaA 
;fn F  esa 1n   ,sls fHkUu-fHkUu vo;o 1n1 a,,a   gS ftuls fd 

,1n,...,1i)a(g)a(f ii   rks ).x(g)x(f   
 

: cgqin )x(g)x(f)x(h  ij fopkj dhft,A 

rc ,n)x(hdeg   ijarq F  esa )x(h  ds 1n   fHkUu-fHkUu ewy 1n1 a,...,a   gSaA (D;ksa?) 

miizes; 2 }kjk] ;g vlaHko gS] tc rd fd )x(h  'kwU; cgqin u gks] vFkkZr~ 
).x(g)x(f   

 
/;ku nhft, fd izes; 3 lR; ugha gksxk ;fn lHkh ia  fHkUu-fHkUu ugha gSaA mnkgj.kkFkZ] 

]x[  esa )3x()2x()x(f 2   vkSj 2)3x)(2x()x(g   dks yhft,A ;s nksuksa 
?kkr 3 ds gSa] ijarq   esa ,sls 4  vo;o 3,3,2,2  gSa ftu ij )x(f  vkSj )x(g  ds 
leku eku] 0  gSaA 
lkFk gh] ).x(g)x(f   
 
vc] izes; 2 }kjk vki tkurs gSa fd ;fn vkidks   ij ?kkr 25  okyk (eku yhft,) 
cgqin fn;k tk,] rks vki   esa bl cgqin ds vf/kdre 25  'kwU;d Kkr dj ldrs 
gSaA D;k ;g] eku yhft,]   ds fy, Hkh lR; gS? ;k ,sls oy; ds fy, lR; gS tks  
izk¡r ugha gS? vkb, ,d mnkgj.k dks ns[ksaA 
 

 1: fl) dhft, fd ]x[x5x 6
3   ds 3 ls vf/kd 'kwU;d gSaA 

 
: D;ksafd 6  ifjfer gS] blfy, ge blds lHkh vo;oksa dks ,d-,d djds tk¡p 

dj ldrs gSa fd buesa ls dkSu ls x5x)x(f 3  ds ewy gSaA 

vr%] izfrLFkkiu }kjk] ge izkIr djrs gSa fd 

).5(f)4(f)3(f)2(f)1(f0)0(f   

oLrqr%] 6  dk izR;sd vo;o )x(f  dk ,d 'kwU;d gSA vr% )x(f  ds  6  'kwU;d gSa] 
tcfd .3)x(fdeg   bl izdkj] ]x[6  ds fy, izes; 2 (rFkk blh fy, izes; 3) lR; 
ugha gSA  

*** 
 
mnkgj.k 1 ls vki ns[k ldrs gSa fd ,d oy; ds fy,] tks izk¡r ugha gS] izes; 2 vkSj 
3 lR; ugha gSA ijarq ;s izes; ,d izk¡r ds fy, lR; gSa] tSlk fd vc vki ns[ksaxsA 
 

 4: ]x[D  esa ?kkr n  okys 'kwU;srj cgqinds D  eas vf/kdre n  ewy gksrs gSa] tgk¡ 
D  ,d iw.kkZadh; izk¡r gSA  
 

: eku yhft, ]x[D)x(f   dh ?kkr n  gSA eku yhft, fd D  dk foHkkx {ks= 

F  gSA rc] ].x[F)x(f   vr%] F  esa )x(f  ds vf/kdre n  ewy gSa] izes; 2 }kjkA lkFk 
gh] D  esa )x(f  dk dksbZ Hkh ewy F  esa Hkh ,d ewy gksxkA bl izdkj] D  esa )x(f  ds n  

ls vf/kd ewy ugha gks ldrsA  
 
vc] fuEufyf[kr iz'uksa dks gy djus dk iz;kl dhft,A 
 
 
 
E7) miizes; 2 dks fl) dhft,A 
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 E8) {ks= F dks ,d iw.kkZadh; izk¡r D  ls izfrLFkkfir djrs gq,] izes; 3 ds vuq:i 
,d dFku nhft,] rFkk mls fl) dhft,A  

 
E9) eku yhft, F  ,d {ks= gS rFkk }.0{\]x[F)x(f   n'kkZb, fd ]x[F  esa  )x(f  

ds vf/kdre n  jSf[kd xq.ku[kaM gks ldrs gSaA  
 

E10) eku yhft, p  ,d vHkkT; la[;k gSA ]x[1x p
1p   ij fopkj dhft,A ;g 

n'kkZus ds fy, fd p  dk izR;sd 'kwU;srj vo;o 1x 1p   dk ,d ewy gS] bl 

rF; dk mi;ksx dhft, fd p  dksfV p  okyk ,d lewg gSA bl izdkj] 

n'kkZb, fd  

 i) ),1px()2x()1x(1x 1p    rFkk  

 ii) ).p(mod1)!2p(   
 
E11) ]x[5  esa cgqin 4x4  dks jSf[kd xq.ku[kaMksa esa xq.ku[kafMr fd;k tk ldrk 

gSA bl xq.ku[kaMu dks Kkr dhft,A 
 

E12) ]x[1xn   ds lHkh 'kwU;dksa dks Kkr dhft,] tgk¡ .n    
 
 
E12 esa vkius 'kk;n /;ku fn;k gksxk fd ]x[  ij cgqin ds lHkh 'kwU;d   esa fLFkr 
gksrs gSaA tSlk fd vki tkurs gSa] vU; {ks=ksa F ds fy,] bldk ]x[F  esa cgqinksa ds 
fy, lR; gksuk vko';d ugha gSA mnkgj.kkFkZ] ;g F  ds fy, lR; ugha gSA  
 
vkb, vc ]x[F  ds mu vo;oksa ij fopkj djsa ftuds F  esa ewy ugha gSaA ;s cgqin 
dqN gn rd    esa vHkkT; la[;kvksa ds vuq:i gSaA 
 

16.3  
 
bdkbZ 1 ls vki tkurs gSa fd vHkkT; la[;k   dk ,slk 1 ds vfrfjDr 'kwU;srj vo;o 
gS tks ek=d ugha gS vkSj ftldk 1 vkSj Lo;a ds vfrfjDr dksbZ xq.ku[kaM ugha gSA 
vki ;g Hkh tkurs gSa fd ;fn   esa p  ,d vHkkT; la[;k gS] rks   dh p  ,d 
mfPp’B xq.ktkoyh gSA vr%] D;k bl xq.k dks ]x[F  ds vHkkT; vo;o Hkh larq’V 
djrs gSa] tgk¡ F  ,d {ks= gS? bdkbZ 14, izes; 13, ls ge tkurs gSa fd ,d vHkkT; 
vo;o ,d vHkkT; xq.ktkoyh t+:j tfur djrk gSA ;g xq.ktkoyh ]x[F  esa 
mfPp’B gks ldrh gS] vkSj ugha HkhA bl Hkkx esa vki lh[ksaxs fd ;s vHkkT; vo;o 
D;k gSaA vki ;g Hkh lh[ksaxss fd ;s ]x[F  esa mfPp’B xq.ktkofy;k¡ tfur djrs gSaA 
 

igys rks bdkbZ 15 ls ;kn dhft, fd ]x[F  ds ek=d F  ds vo;o gSaA bl izdkj] 
F[x]   F[x]  vr%] ]x[F  dk 'kwU;srj vo;o] 
tks ek=d ugha gS] ?kkr 1  okyk cgqin gSA 
 
vkxs] ;fn ]x[F  esa ),x(g)x(f  rks ).x(gdeg)x(fdeg   vr%] ;fn )x(g  dk ek=d 

vkSj Lo;a ds vfrfjDr dksbZ xq.ku[kaM ugha gSa] rks ),x(af)x(g   fdlh Fa  ds 
fy,A 
bldk vFkZ gS fd ).x(gdeg)x(fdeg   
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 mnkgj.kkFkZ] 5x3)x(g   dk /kukRed ?kkr okyk dksbZ xq.ku[kaM ugha gS] D;ksafd 

.1)x(gdeg   lkFk gh] ]x[  esa ]x[1x2   dk dksbZ jSf[kd xq.ku[kaM ugha gS] 

miizes; 1 }kjkA ijarq] 1x2  ds ]x[  esa xq.ku[kaM )1x(   vkSj )1x(   gSa] iqu% 
miizes; 1 }kjkA bl i’̀BHkwfe ds lkFk] vkb, ]x[F  esa ,d ,slh ladYiuk dks 
ifjHkkf’kr djsa ftlesa cgqr dqN oSls gh xq.k gksrs gSa tks   esa ,d vHkkT; la[;k ds 
gksrs gSaA 
 

: eku yhft, F ,d {ks= gSA rc 'kwU;srj cgqin ],x[F)x(p   tks ,d 
ek=d ugha gS]  

i) ]x[F  esa (irreducible) dgykrk gS ;fn tc Hkh ]x[F  esa 
,)x(g)x(f)x(p   rks 0)x(fdeg   ;k .0)x(gdeg   

ii) ]x[F  esa (reducible) dgykrk gS ;fn ;g ]x[F  esa 
 

 

mnkgj.kkFkZ] ]x[  esa rFkk ]x[  esa )1x( 2  [kaMuh; gS] D;ksafd )1x)(1x(1x2   

rFkk ).1x(deg1)1x(deg    
 
vkb, v[kaMuh; cgqinksa ds ,d mnkgj.k ij foLrkj ls fopkj djsaA ;g okLro esa 
mnkgj.kksa dk ,d oxZ gSA 
 

 2: eku yhft, F  ,d {ks= gSA n'kkZb, fd ]x[F  esa dksbZ Hkh jSf[kd cgqin 

]x[F  esa v[kaMuh; gksrk gSA 
 

: eku yhft, .0a],x[Fbax)x(f   eku yhft, ]x[F  esa] 
),x(h)x(g)x(f    

rc] .0)x(hdeg)x(gdeg)x(fdeg1    

;g rHkh laHko gS] tc ;k rks 0)x(gdeg   gks ;k ,0)x(hdeg   vFkkZr~ ;k rks 

,F)x(g   ;k .F)x(h   

bl izdkj] ifjHkk’kk }kjk] ]x[F  esa )x(f  v[kaMuh; gSA  

*** 
  
vr%] F   ij ,d jSf[kd cgqin v[kaMuh; gksrk gSA ]x[F  esa vjSf[kd cgqinksa ds ckjs 

esa D;k dgk tk ldrk gS? vki ns[k pqds gSa fd   ij 1x2  [kaMuh; gSA 
fuEufyf[kr mnkgj.k ij fopkj dhft,A 
 

 3: tk¡p dhft, fd ]x[1x2   v[kaMuh; gS ;k ughaA 
 

: eku yhft, ]x[  esa .)x(g)x(f1x2   rc] .2)x(fdeg    

eku yhft,;fn laHko gS rks] fd .1)x(fdeg    

D;ksafd ),1x()x(f 2  blfy, miizes; 1 }kjk ge ikrs gSa fd   esa 1x2  dk ,d 
ewy gSA ;g ,d varfoZjks/k gSA  
vr%] .1)x(fdeg   

0)x(fdeg   ;k .2)x(fdeg    

;fn .0)x(gdeg,2)x(fdeg   rks   

vr%] )1x( 2  v[kaMuh; gSA 
*** 
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fuEufyf[kr izes; esa vki vjSf[kd cgqinksa dh v[kaMuh;rk vkSj ewyksa ds chp ds laca/k 
dks ns[k ldrs gSaA 
 

5: eku yhft, F  ,d {ks= gS rFkk ],x[F)x(p  tgk¡ .2)x(pdeg   ;fn 
]x[F  esa )x(p  v[kaMuh; gS] rks F  esa )x(p  ds dksbZ ewy ugha gSaA  

 
: ge fl) fd, tkus okys dFku ds izfr/kukRed (contrapositive), vFkkZr~] 

‘;fn F esa )x(p  dk ,d ewy gS] rks )x(p  [kaMuh; gS’, dks fl) djsaxsA  
 
eku yhft, fd )x(p  dk ,d ewy Fa  gSA rc] miizes; 1 }kjk] ).x(p)ax(   

vr%] ]x[F  esa ),x(g)ax()x(p   tgk¡ .11)x(pdeg)x(gdeg   

bl izdkj] ]x[F  esa )x(p  [kaMuh; gSA  

vr%] izes; fl) gks tkrk gSA 
 
vc] D;k izes; 5 dk foykse lR; gS? vFkkZr~] ;fn )x(p  dh ?kkr 2  gS rFkk F  eas 
bldk dksbZ ewy ugha gS] rks D;k ]x[F  esa )x(p  v[kaMuh; gksxk gh? vkb, ns[ksaA 

]x[1x2x)x(f 24   ij fopkj dhft,A ;g [kaMuh; gS] D;ksafd ]x[  esa] 

,)1x)(1x()x(f 22   rFkk .02)1x(deg 2   ijarq   esa )x(f  ds dksbZ ewy ugha 

gSa] D;ksafd blds ewy gSa .\1   
bl izdkj] izes; 5 dk foykse lR; ugha gSA 
 
mijksDr izfrmnkgj.k  esa /;ku nhft, fd .4)x(fdeg   vr%] vc iz'u gS  — D;k 
izes; 5 dk foykse lR; gS ;fn 2)x(fdeg   ;k ?3  blh loky dk mÙkj 
fuEufyf[kr izes; nsrk gSA 
 

 6: eku yhft, F  ,d {ks= gS] rFkk F  ij )x(p  ,d f}?kkr ;k f=?kkr cgqin 
gSA ;fn F  eas )x(p  ds dksbZ ewy ugha gSa] rks ]x[F  esa )x(p  v[kaMuh; gSA  
 

: ge fl) fd, tkus okys dFku dk izfr/kukRed fl) djsaxsA bl izdkj] 
gekjk mís'; ;g fl) djuk gS fd ;fn ]x[F  esa )x(p  [kaMuh; gS] rks F  esa )x(p  dk 
,d gSA   
vr%] eku yhft, ]x[F  esa )x(g)x(f)x(p   tgk¡ 1)x(gdeg,1)x(fdeg   gSA 
vc] ),x(gdeg)x(fdeg)x(pdeg   rFkk 2)x(pdeg   ;k .3  vr%] 1)x(fdeg   

;k .1)x(gdeg   

eku yhft, )x(f  jSf[kd gS] vkSj .0a,bax)x(f   tgk¡  

rc] .0)ba(f 1    vr%] .0)ba(p 1    bl izdkj] ,Fba 1   )x(p  dk  ,d ewy gSA  
 
blh izdkj] ;fn )x(g  jSf[kd gS] rks F  esa )x(p  dk ,d ewy gksxkA  
 
bl izdkj] geus fl) dj fy;k gS fd ;fn )x(p  [kaMuh; gS] rks bldk F  esa ewy gS( 
tks dFku ‘;fn F esa )x(p  dk dksbZ ewy ugha gS] rks F  ij )x(p  v[kaMuh; gS’ ds 
rqY; gSA  
 
vc] D;ksa ugha vki dqN iz'u gy dj ysrs? 
 
 
E13) fuEufyf[kr esa ls dkSu-ls cgqin v[kaMuh; gSa? vius mÙkjksa ds dkj.k nhft,A 
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  i) ],x[1x2x2   

 ii) ],x[1xx2   

 iii) ],x[2ix   

 iv) ,]x[2x3x 24   

 v) .a]x[ax 22    
 

E14) tk¡p dhft, fd ]x[5  esa 2x3x 23   v[kaMuh; gS ;k ughaA  

 
E15) ;fn F  esa ]x[F)x(f   dk tgk¡ ewy gS ,3)x(fdeg  rks ]x[F  eas )x(f  

[kaMuh; gSA lR;] ;k vlR;? D;ksa?  
 
E16) nks ,slh vHkkT; la[;k,¡ p  Kkr dhft, ftuls fd ]x[p  esa 

.)1xxxx()2x( 234    
 

E17) fdu n  ds fy,]  ]x[1xn   v[kaMuh; gS] rFkk D;ksa? 
 
 
vHkh rd vkius ]x[F  esa )x(f  ds v[kaMuh; gksus] rFkk F  esa )x(f  ds ewyksa] ds chp ds 
laca/k ds ckjs esa v/;;u fd;k gSA vkb, vc ml ckr ij okil vk tk,¡ ftldk 
geus bl Hkkx ds 'kq: esa ft+Ø fd;k Fkk] vFkkZr~   esa vHkkT; vo;o ds vuq:i 

]x[F  esa ladYiukA bdkbZ 14 esa vkius ns[kk Fkk fd ;fn p  ,d vHkkT; la[;k gS] rks 
  dh p  ,d mfPp’B xq.ktkoyh gSA vc vki ns[ksaxs fd ;fn F  ,d {ks= gS] rks 

]x[F  ds v[kaMuh; vo;oksa esa ;gh xq.k gksrk gSA 
 

 7: eku yhft, F  ,d {ks= gS rFkk ,]x[F)x(f   ]x[F  esa v[kaMuh; gSA ]x[F  
dh xq.ktkoyh  )x(f  ,d mfPp’B xq.ktkoyh gSA  
 

: eku yhft, ]x[F  dh I  ,d ,slh xq.ktkoyh gS fd ].x[FI)x(f   

Hkkx 15.5, bdkbZ 15 ls vki tkurs gSa fd ]x[F  esa izR;sd xq.ktkoyh ,d eq[; 
xq.ktkoyh gksrh gSA 

,)x(gI   fdlh ]x[F)x(g   ds fy,A 

rc] ]x[F)x(h)x(g)x(f   s.t. ).x(h)x(g)x(f   

D;ksafd )x(f  v[kaMuh; gS] blfy, ;k rks F)x(g  ;k .F)x(h   

;fn ,F)x(g   eku yhft, ,c)x(g   rks ].x[Fc)x(g    

;fn ,F)x(h   eku yhft, ,a)x(h   rks ,)x(f)x(fa)x(g 1    ftlls 
 )x(f)x(g izkIr gksrk gSA 

vr%] ]x[F  dh  )x(f  ,d mfPp’B xq.ktkoyh gSA  
 
izes; 7  ls rqjar fudyus okys nks miizes; fuEufyf[kr gSaA 
 

 3: ;fn ]x[F)x(f   v[kaMuh; gS] rks  )x(f]x[F  ,d {ks= gSA 
 

: D;ksafd ]x[F  dh  )x(f  ,d mfPp’B xq.ktkoyh gS] blfy, 
 )x(f]x[F  ,d {ks= gS] bdkbZ 14 ds izes; 14 }kjkA 

 
 4: ;fn ]x[F)x(f   v[kaMuh; gS] rks ]x[F  dk )x(f  ,d vHkkT; vo;o gSA  
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: D;ksafd  )x(f  ,d mfPp’B xq.ktkoyh gS] blfy, ;g ]x[F  dh ,d 

vHkkT; xq.ktkoyh gSA vr%] ]x[F  dk )x(f  ,d vHkkT; vo;o gS] bdkbZ 14 ds izes; 
13 }kjkA 
 
vkb, izes; 7 ds mi;ksx ds ,d mnkgj.k ij fopkj djsaA 
 

 4: eku yhft, fd p  ,d vHkkT; la[;k gSA D;k  px]x[ 3 ,d {ks= 
gS? D;ksa] ;k D;ksa ugha? 
 

: izes; 7 ls vki tkurs gSa fd fdlh Hkh {ks= F  ds fy,] ;fn ]x[F  esa )x(f  

v[kaMuh; gS] rks ]x[F  dh  )x(f  ,d mfPp’B xq.ktkoyh gSA  

vc] px3  ds ewy 23/13/13/1 pp,p  vkSj  gSa] tgk¡   ,d dk   esa ,d ?kuewy 
gSA lkFk gh] .\p 3/1   bl izdkj] px3  dk dksbZ Hkh ewy   esa ugha gSA vr%] 
izes; 6 }kjk] px3  v[kaMuh; gSA   

blfy,] ]x[  dh  px3  ,d mfPp’B xq.ktkoyh gSA  

bl izdkj]  px]x[ 3  ,d {ks= gSA 

*** 
 
vc] vkb, miizes; 4 ij okil tk,¡A bl miizes; esa vkius ns[kk Fkk fd ]x[F  dk 
izR;sd v[kaMuh; vo;o ,d vHkkT; vo;o gksrk gSA D;k bldk foykse Hkh lR; gS? 
vkb, ns[ksaA 
 

 8: eku yhft, F  ,d {ks= gS rFkk ]x[F)x(f   ,d vHkkT; vo;o gSA rc] 
]x[F  esa )x(f  v[kaMuh; gSA  

 
: eku yhft, ]x[F  esa .)x(h)x(g)x(f   rc] ).x(h)x(g)x(f   

vr%] vHkkT; vo;o dh ifjHkk’kk ls] )x(g)x(f  ;k ).x(h)x(f   

eku yhft, ).x(g)x(f   

D;ksafd ),x(h)x(g)x(f   blfy, ge ns[krs gSa fd )x(f)x(g  Hkh gSA 

vr%] bdkbZ 15, izes;  8 }kjk] fdlh Fa  ds fy,] .)x(ag)x(f    
bl izdkj] ).x(h)x(g)x(ag    

vr%] fujlu fu;e }kjk] ,a)x(h   vFkkZr~] .0)x(hdeg    

blh izdkj] ;fn ),x(h)x(f  rks .0)x(gdeg   

bl izdkj] )x(f  v[kaMuh; gSA  
 
izes; 8 vkSj miizes; 4  vkidks D;k crkrs gSa? D;k ;s ugha dgrs fd [x]F(x)f 

 iff ? 
 
vc] D;ksa ugha vki dqN lacaf/kr iz'uksa dks gy dj ysrs? 
 
 
E18) eku yhft, F  ,d {ks= gS rFkk ]x[F  esa )x(p  v[kaMuh; gSA ;fn 

),x(f)x(f)x(f)x(p n21   rks n'kkZb, fd fdlh n,,1i   ds fy,] 
,)x(f)x(p i  tgk¡ .n,,1j]x[F)x(f j   

 
E19) fuEufyf[kr esa ls dkSu-ls dFku lR; gSa? vius mÙkjksa ds fy, dkj.k nhft,A 
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  i) ;fn 1F  vkSj 2F  {ks= gSa s.t. ,FF 21   rFkk 1F  ij ]x[F)x(f 1  v[kaMuh; 
gS] rks 2F  ij )x(f  v[kaMuh; gSA  

 ii) ]x[5  esa 2x2x 23   ,d vHkkT; vo;o gksxkA  

 iii) ;fn ]x[F  dk )x(p  ,d vHkkT; vo;o gS] rks ]x[F  dh fdlh Hkh 

xq.ktkoyh I  ds fy,] ,)x(p  ]x[F  dk ,d vHkkT; vo;o gS] tgk¡ F  

,d {ks= gSA 
 
 
vc rd vkius {ks= ij v[kaMuh;rk ds /kkj.kk dh dkQ+h le> cu yh gksxhA vkb, 
bl ladYiuk dks lfEeJ] okLrfod vkSj ifjes; {ks=ksa ij cgqinksa dh fof'k’V fLFkfr;ksa 
esa vf/kd xgjkbZ ls ns[ksaA 
 

16.4 ,      
 
vHkh rd vkius fdlh Hkh {ks= F  ij v[kaMuh;rk dk v/;;u fd;k gSA vc ge] 
fof'k’V :i ls ,  ;k   ij v[kaMuh;rk dh ckr djsaxsA 
 

16.4.1       

vki ns[k pqds gSa fd fdlh Hkh {ks= F  ds fy,] ]x[F  esa jSf[kd cgqin v[kaMuh; gksrs 
gSaA vr%]   ij Hkh jSf[kd cgqin v[kaMuh; gksrs gSaA ijarq   ds fy, gesa ,d vkSj 
vf/kd 'kfDr'kkyh ifj.kke feyrk gS] tks okLro eas chtxf.kr ds fy, ekSfyd gSA 
 

9 ( ): ]x[  esa ?kkr 1n   okys cgqin ds lHkh n  ewy 

  esa gksrs gSa] tgk¡ iqujkorhZ okys ewyksa dh fxurh mudh cgqdrkvksa ds lkFk gksrh gSA 
 
;g izes; ljy izrhr gksrk gS] ijarq cgqr xgjk gSA ge bl ikB~;Øe esa bls fl) 
ugha djsaxs] D;ksafd miifÙk esa lfEeJ fo'ys’k.k dh dqN le> dh vko';drk gSA 
ijarq] vkb, ns[ksa fd bl izes; ls rqjar D;k fu’d’kZ fudyrk gSA 
 

 5:   ij ?kkr 1n   okys izR;sd cgqin dks [x]  esa n  jSf[kd cgqinksa ds 
xq.kuQy ds :i esa fy[kk tk ldrk gSA  
  
nwljs 'kCnksa esa] miizes; 5 dgrk gS fd [x]  

 
 
bl izdkj] ]x[  esa )1x( 2  v[kaMuh; ugha gS] tcfd ]x[  esa ;g v[kaMuh; gS] tSlk 
fd vki igys ns[k pqds gSaA  
 
chtxf.kr ds ewy izes; }kjk vki vc tkurs gSa fd] mnkgj.kkFkZ] 

ixx)5i5(x)i32( 5710   ds   esa 10  ewy gSaA fuLlansg] bu ewyksa dk 
fHkUu-fHkUu gksuk t+:jh ugha gSA 
 
vkxs] vkb, ]x[  esa v[kaMuh; cgqinksa ij n`f’V MkysaA ge ;g dSls tkusaa fd ]x[  

esa ?kkr 2  okyk dksbZ cgqin v[kaMuh; gS ;k ugha? oSls] izes; 5 vkSj izes; 6 }kjk 
vki tkurs gSa fd ;fn cgqin ?kkr 2 ;k 3  dk gS] rks ;g v[kaMuh; gS ;fn vkSj 
dsoy ;fn  bldk   esa dksbZ ewy ugha gSA ijarq] blds ckjs esa gesa ,d vf/kd ifj'kq) 
ifj.kke gS] tks okLro esa izes; 9 ls fudyrk gSA 
 

1799 esa egku xf.krK 
xkml us chtxf.kr ds 
ewy izes; (The 
fundamental Therorm 
of Algebra) dks fl) 
fd;k FkkA 
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  10: ;fn ]x[)x(p   v[kaMuh; gS] rks )x(p  ;k rks ,d jSf[kd cgqin gS] ;k 
,d f}?kkr cgqin gSA 
 

: eku yhft, .n)x(pdeg   D;ksafd ]x[  esa )x(p  va[kMuh; gS] blfy, 
blds dksbZ okLrfod ewy ugha gSaA 
;fn ,1n   rks )x(p  jSf[kd gS] rFkk blh fy, v[kaMuh; gSA  

eku yhft, .2n   /;ku nhft, fd ].x[]x[)x(p     

vr%] izes; 9 }kjk] ),zx()zx)(zx(a)x(p n21n    tgk¡ na  rFkk 
.n,...,1izi   

lkFk gh] .n,,0ia,xaxaa)x(p i
n

n10     

vc] ;fn fdlh z  ds fy,] ,0)z(p   rks   esa .0zazaa n
n10      

vr%]   esa ,0)z(pzazaa)z(p n
n10    tgk¡   esa ,z z  dk  la;qXeh gSA 

/;ku nhft, fd ,aa ii   D;ksafd .n,,1,0ia i    

vr%] ;fn )x(p  dk )zx(   ,d xq.ku[kaM gS] rks   esa )x(p  dk )zx(   Hkh ,d 
xq.ku[kaM gksuk pkfg,] vFkkZr~ ;fn   esa ,z )x(p  dk ,d ewy gS] rks z  Hkh ,d ewy 
gksxkA /;ku nhft, fd ,zz   D;ksafd .z    

bl izdkj] )x(p    

vr%] ;fn ]x[)x(p   dk ,d vokLrfod lfEeJ ewy gS] rks blds de ls de nks 
,sls ewy gksus pkfg,A  
blh izdkj] ;fn )x(p  ds 3  vokLrfod lfEeJ ewy gSa] rks blds U;wure pkj ,sls 
ewy gksaxs] bR;kfnA 
 
vc nks fLFkfr;k¡ mBrh gSa% )x(pdeg  fo’ke gS] ;k )x(pdeg  le gSA  

;fn )x(pdeg  fo’ke gS] rks )x(p  dk de ls de ,d okLrfod ewy gksuk pkfg,] 
D;ksafd  \  esa dksbZ Hkh ewy ;qXeksa esa izdV gksrs gSaA bl izdkj] bl fLFkfr esa]   ij 

)x(p  [kaMuh; gSA  
 
vkxs] nwljh fLFkfr yhft,] vFkkZr~ )x(pdeg  le gS] eku yhft, 

,m,m2)x(pdeg   vFkkZr~ ;gk¡ .m2n    

)x(p  ds izR;sd vokLrfod lfEeJ ewyksa ds ;qXe iba   vkSj iba   ds fy,] 
].x[)ba(ax2x)]iba(x)][iba(x[ 222    …(1)  

vr%] vokLrfod lfEeJ ewyksa ds izR;sd ;qXe ds fy,] vkidks )x(p  dk ?kkr 2  okyk 
,d xq.ku[kaM izkIr gksrk gSA D;ksafd )x(p  dk dksbZ okLrfod ewy ugha gS] rFkk  

)x(p  ds vokLrfod ewy ;qXeksa esa izdV gksrs gSa] blfy,  \  esa )x(p  ds ewyksa ds 
m  ;qXe gSaA vr%] )x(p  ds ]x[  esa (1)  esa n'kkZ, :i ds m  xq.ku[kaM gksaxsA  

vr%] bl fLFkfr esa] )x(p  rHkh v[kaMuh; gks ldrk gS tc 1m   gks] vFkkZr~ 
deg .2)x(p   
 
bl izdkj] geus fl) dj fn;k gS fd ;fn ]x[)x(p   v[kaMuh; gS] rks 

1)x(pdeg   ;k .2)x(pdeg   

vc] vki D;ksa ugha dqN iz'uksa dks gy dj ysrs? 
 
 
E20) ;fn ]x[  esa )x(p  ,d jSf[kd cgqin ;k f}?kkr cgqin gS] rks ;g v[kaMuh; 

gksrk gSA lR;] ;k vlR;? D;ksa? 
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 E21) ;fn ]x[)x(p   dh ?kkr 6  gS] rks ]x[  esa blds fdrus jSf[kd xq.ku[kaM 
gksaxs? vkSj] ]x[  eas )x(p  ds fdrus v[kaMuh; xq.ku[kaM gks ldrs gSa?  

 
 
vr%] vkius ns[kk fd   ;k   ij v[kaMuh;rk cgqinksa dh ?kkrksa ls lkQ+ lkQ+ tqM+k 
gSA vkb, ns[ksa fd D;k ;gh fLFkfr ]x[ esa gSA 
 

16.4.2    
vkb, vc   ij v[kaMuh; cgqinksa ij fopkj djsaA vk'p;Z dh ckr ;g gSa fd ;fn 

]x[)x(p   v[kaMuh; gS] rks ge bldh ?kkr ds ckjs esa dqN ugha dj ldrs gSa tSls 
vki vkxs ns[ksaxsA bldk dkj.k le>us ds fy,] gesa igys ]x[  esa v[kaMuh;rk dks 
ifjHkkf’kr djus dh vko';drk gSA  
 

: eku yhft, .1,1,0)x(f],x[)x(f   [x]   (x)f  

dgykrk gS ;fn tc Hkh ]x[ esa ,)x(h)x(g)x(f  rc 1)x(g   ;k .1)x(h   
 
mnkgj.kkFkZ] ]x[  esa 9x   v[kaMuh; gS] ijarq 9x3   [kaMuh; gS D;ksafd 

),3x(39x3   rFkk ;s nksuksa xq.ku[kaM ]x[  esa ek=d ugha gSaA 
 
blls tqM+h fuEufyf[kr fVIi.kh nsf[k,A 

 1: /;ku nhft, fd ,d cgqin tks ]x[  esa [kaMuh; gS] ]x[ esa v[kaMuh; gks 
ldrk gS (mnkgj.kkFkZ] )9x3  A 
 

vc]   ij dksbZ cgqin] eku yhft, 
3
1x3x

5
1x

2
3)x(f 23   yhft,A ;fn ge 

blesa lHkh gjksa dk] vFkkZr~] 1,5,2  vkSj 3  dk l.c.m  ysa] tks 30  gS] rFkk )x(f  dks 

mlls xq.kk djsa] rks gesa D;k izkIr gksrk gS? gesa 10x90x6x45)x(f30 23   izkIr 
gksrk gS] rFkk ;g ]x[ esa gSA 

blh izfØ;k dk mi;ksx djrs gq, ge fdlh Hkh ]x[)x(f   dks ,d mi;qDr iw.kkZad 

d  ls xq.kk dj ldrs gSa] ftlls ]x[)x(df  gks tk,A oLrqr%] vki bdkbZ 15 ds 
izes; 6 dks fl) djus ds fy, bl izfØ;k dk mi;ksx dj pqds gSaA blh izfØ;k ds 
mi;ksx ls ge fuEufyf[kr izes; dks fl) djsaxsA 
 

 11: ;fn ]x[  esa ]x[)x(f   v[kaMuh; gS] rks ;g ]x[  esa Hkh v[kaMuh; 
gksrk gSA 
 
ge bl izes; dks ;gk¡ fl) ugha djsaxs] D;ksafd blds fy, dqN vkSj ladYiukvks ls 
vkSj xkmlh; izesf;dk (Gauss’ Lemma) ls vkidk ifjp; djkuk gksxkA (;fn vki 
blds ckjs esa lh[kuk pkgrs gSa] rks ‘ikB~;Øe ds ifjp;’ esa nh xbZ iqLrdksa es ls 
fdlh Hkh iqLrd esa bl izesf;dk ds ckjs esa i<+ ysaA) ijarq] vkb, ns[ksa fd ;g izes; 
egRoiw.kZ D;ksa gSA ;g crkrk gS fd ]x[  esa cgqin dh v[kaMuh;rk dh tk¡p djus 
ds fy,] ]x[  esa bldh tk¡p djuk dkQ+h gSA rFkk] ]x[  esa bldh tk¡p djus ds 
fy, gekjs ikl ,d cf<+;k ijh{k.k gS] ftls teZu xf.krK fFk;ksMksj jkvueku 
(Theodor Schönemann) (1812-1868) us :i fn;k Fkk] vkSj ckn esa teZu xf.krK 
vkbluLVkbu us 1850 esa fl) fd;k FkkA ;g vkbluLVkbu ds uke ls yksdfiz; gS] 
rFkk jkvueku dk uke Nqi lk x;k gSA ge bldk ;gk¡ dFku nsaxs] ijarq bl 
ikB~;Øe esa bls fl) ugha djsaxsA 
 

vkidks ;kn gksxk fd 

}.1,1{)(U])x[(U  
 

 

 

 

1: 

(Ferdinand Gotthold Max 
Eisenstein) (1823 -1852)  
xkml ds f'k’; FksA 
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  12 ( ): eku yhft, ,]x[xaxaa)x(f n
n10    

vkSj fdlh vHkkT; la[;k p  ds fy,] 

i) p  ,an  

ii) ,ap,,ap,ap 1n10  rFkk  

iii) 2p  .a0  

rc ]x[  esa )x(f  v[kaMuh; gksrk gS  (rFkk blh fy, ]x[ esa v[kaMuh; gksrk gS)A 
 
vc] izes;ksa 11 vkSj 12 dks lkFk j[kus ij] vki ns[k ldrs gSa fd vkbluLVkbu fud’k 
gesa crkrk gS fd dc ]x[  dk cgqin ]x[  esa v[kaMuh; gksrk gSA vkb, bl fud’k 
ds mi;ksx dks ns[ksaA 
 

5: D;k ]x[  esa 12x3x6x3x2 3457   v[kaMuh; gS? 
 

: ]x[  esa fn;k gqvk cgqin ?kkr 7  dk gSA blds xq.kkad gSa% 
.2a,0a,3a,6a,3a,a0a,12a 76543210    

xq.kkadksa dks ns[kus ij] ge ikrs gSa fd vHkkT; la[;k 3  vkbluLVkbu fud’k esa fn, 
izfrca/kksa dks larq’V djrh gS%   

i) 3  ,2  

ii) ),6(3,33,03,123   rFkk  

iii) 23  .12  

vr%] fn;k gqvk cgqin ]x[  esa v[kaMuh; gS] rFkk blh fy, ]x[  esa v[kaMuh; gSA 

*** 
 
vc] vkb, ns[ksa fd ge dSls vizR;{k :i ls izes; 12 dk mi;ksx djrs gq, ,d 
cgqin dh v[kaMuh;rk dh tk¡p dj ldrs gSaA 
 

 6: eku yhft, p  ,d vHkkT; la[;k gSA n'kkZb, fd ]x[  esa 
1xxx)x(f 2p1p     v[kaMuh; gSA ( )x(f dks p (pth 

cyclotomic polynomial) dgrs gSaA) 
 

: lcls igys /;ku nhft, fd ]x[ esa )x(h)x(g)x(f   iff ]x[  esa 
.)1x(h)1x(g)1x(f    

bl izdkj] ]x[  esa )x(f  v[kaMuh; gS iff ]x[  essa )1x(f   v[kaMuh; gSA  

vc] .1x)x(f)1x( p  

,1)1x()1x(f]1)1x[( p  

vFkkZr~] 11xCxCx)1x(xf 1p
p1p

1
pp  

   (f}in izes; }kjk) 

                     )pxCxCpxx(x 2p
p3p

2
p2p1p  

   

,pxCxCpxx)1x(f 2p
p3p

2
p2p1p  

   fujlu }kjk] D;ksafd .0x   

vc] vHkkT; la[;k p  dks ysrs gq,] vkbluLVkbu fud’k dks ykxw dhft,A rc 

vki ns[k ldrs gSa fd ]x[  esa )1x(f   v[kaMuh; gSA  

vr%] ]x[  esa ‘rFkk blh fy, ]x[  esa’ )x(f  v[kaMuh; gSA 

*** 
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vc] vkidks fuEufyf[kr iz'uksa dks gy djuk pkfg,A 
 
 
E22) fdlh Hkh n  vkSj vHkkT; la[;k p  ds fy,] n'kkZb, fd ]x[  esa pxn   

v[kaMuh; gSA  
 

E23) ;fn ]x[  esa ]x[xaxaa n
n10    v[kaMuh; gS] rks D;k vki ges'kk 

,d ,slk vHkkT; p  izkIr dj ldrs gSa] tks izes; 12 ds izfrca/kksa (i), (ii) vkSj (iii) 

dks larq’V djs? D;ksa] ;k D;ksa ugha? 
 
E24) ]x[  ds fuEufyf[kr vo;oksa eas ls dkSu-ls vo;o   ij v[kaMuh; gSa? 

 i)   ,12x2      ii)   ,24x9x6x8 23       iii)   ,1x5       iv)    .5x5 2    
 

E25) n'kkZb, fd fdlh Hkh pa   ds fy,] ]x[ax p
p   v[kaMuh; ugha gSA  

  
E26) tk¡p dhft, fd 2n  ]x[ esa ]x[1xxx 2n1n     v[kaMuh; gS 

;k ughaA 
 
E27) ;fn   ij ]x[)x(f   v[kaMuh; gS] rks ;g   ij v[kaMuh; gksrk gSA lR;] 

;k vlR;? D;ksa? 
 
E28) D;k ]x[  ds fy, izes; 7 lR; gS? D;ksa? 
 
 
;g ges'kk djuk ekywe vklku ugha gksrk fd ]x[  esa dksbZ fn;k gqvk cgqin 
v[kaMuh; gS ;k ughaA fuLlansg] vkbluLVkbu fud’k dqN fLFkfr;ksa esa gekjh lgk;rk 
djrk gSA ijarq E23 ls vki tkurs gSa fd ]x[  esa ,sls v[kaMuh; cgqin gSa tks bl 
fud’k dks larq’V ugha djrsA ijarq] dqN vkSj ,sls izes; gaS] tks blesa gekjh lgk;rk 
dj ldrs gSaA vkb, vc budh ppkZ djsaA 
 

 13 ( ): eku yhft, ],x[xaxaa)x(f n
n10    tgk¡ 

.0an   ;fn )x(f  dk q
p

 ,d ewy gS] tgk¡ ,1)q,p(  rks 0ap  vkSj .aq n  

 

: D;ksafd .0
q

p
aq

p
aa,0)q

p
(f

n

n

n10   blfy,   

vr%] .0paqpapqaqa n
n

1n
1n

1n
1

n
0  


    

vc] .)qpaqa(q 1n
1n

n
0


  

vr%] ).pa(q n
n   

bl izdkj] ,aq n  D;ksafd .1)q,p(   

blh izdkj] D;ksafd ,)paqpapqa(p n
n

2n2
2

1n
1     blfy, .ap 0  

vr%] ifj.kke izkIr gks tkrk gSA 
 
/;ku nhft, fd ;fn   esa ]x[)x(f   dk dksbZ ewy ugha gS] rks Hkh ;g v[kaMuh; 
gks ldrk gS (tSls fd 1x  )A vr%] fdlh ?kkr 4  okys cgqin dh v[kaMuh;rk dh 
tk¡p djus ds fy,] izes; 13  dh Hkwfedk cgqr gh lhfer gSA 
 

]x[  esa fdlh Hkh ?kkr 
ds v[kaMuh; cgqin gksrs 
gSA 
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 vkb, izes; 13 ds vuqiz;ksx ds ,d mnkgj.k ij fopkj djsaA 
 

 7: tk¡p dhft, fd ]x[  esa 2x5x9x8)x(f 23   v[kaMuh; gS ;k 
ughaA  
 

: bl fLFkfr esa ,slh dksbZ vHkkT; la[;k ugha gS ftlds iz;ksx ls ge 
vkbluLVkbu fud’k dks ykxw dj ldrs gSaA rks vkb, ns[ksa fd D;k )x(f  dk dksbZ 
ifjes; ewy gSA  

;fn 1)q,p(   ds lkFk q
p

 ,d ewy gS] rks izes; 13 }kjk] )2(p   vkSj .18q   

vr%] p  vkSj q  ds fy, laHkkouk,¡ gSa% ,2,1p   vkSj 

.18,9,6,3,2,1q    

vxyk pj.k gS fd iz;kl-vkSj-Hkwy fof/k dk mi;ksx fd;k tk,A okg! gesa 

0
3
1f 





  feyrk gSA vr%] ]x[  esa )x(f  dk  ,d xq.ku[kaM 






 

3
1x  gSA  

  ij )x(f  v[kaMuh; ugha gSA  

*** 
 
tSlk fd vki mijksDr mnkgj.k ls ns[k ldrs gSa] ifjes; ewy izes; dks ykxw djuk 

bruk ljy ugha gSA bldk dkj.k ;g gS fd q
p

 dbZ lkjh laHkkoukvksa esa ls ,d gks 

ldrh gS] rFkk buesa ls izR;sd dh tk¡p djuk gksxk] tc rd fd vki ,d ewy izkIr 
dj ysrs gSa & ;k ugha dj ikrs! 
vkxs] ;fn fdlh cgqin dh ?kkr 4  gS] rks gks ldrk gS fd   esa bldk dksbZ Hkh ewy 
u gks vkSj fQj Hkh [kaMuh; gks] tSlk fd vki ns[k pqds gSaA vr%] ;g izes; okLro esa 
dsoy rc lgk;d gS] tc ?kkr 2  ;k 3  dh fLFkfr gks ;k tc xq.kkadksa na  vkSj 0a  ds 
xq.ku[kaMksa dh la[;k NksVh gksA 
 
vc] vkb,   ij v[kaMuh;rk dh ,d vU; fud’k ij ppkZ djsaA izes; 12 dh rjg] 
;g Hkh izes; 11 ij vk/kkfjr gSA 
 

14 ( pMod ): eku yhft, 
.]x[xaxaa)x(f n

n10    ;fn  dksbZ vHkkT; la[;k p gS s.t. p  na  vkSj s.t. 

]x[p  esa n
n10 xaxaa)x(f    v[kaMuh; gS] rks ]x[  esa )x(f  v[kaMuh; gSA  

 
: ge bls varfoZjks/k }kjk fl) djsaxsA eku yhft,] ;fn laHko gks rks] fd   

ij )x(f  [kaMuh; gSA rc izes; 11 }kjk]   ij )x(f  [kaMuh; gSA  

vr%]  ,)x(h)x(g)x(f   tgk¡ .1)x(h,1)x(g],x[)x(h),x(g   

blfy,] ]x[p  esa] gesa )x(h)x(g)x(f   izkIr gksrk gSA 

;gk¡ ,)x(fdeg)x(gdeg)x(gdeg   rFkk .)x(fdeg)x(hdeg   

;g gekjh ifjdYiuk] fd p  ij )x(f  v[kaMuh; gS] dk varfoZjks/k djrk gSA  

blfy,] ]x[  esa )x(f  v[kaMuh; gSA  
 
vkb, izes; 14 ds ,d vuqiz;ksx ij fopkj djsaA 
 

 8: D;k ]x[  esa 2x8x7x6 23   v[kaMuh; gS? vius mÙkj ds fy, 
dkj.k nhft,A 
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: ;gk¡ dksbZ vHkkT; la[;k ugha gS ftlls fd ge vkbluLVkbu fud’k ykxw dj 

ldsaA vr%] vkb, izes; 14 ls djsaA 

eku yhft, .2x8x7x6)x(f 23   

ge 7p   ysdj ns[krs gSa] D;ksafd 7  .6  blfy,] ge ]x[7  esa )x(f  dks ns[ksaxsA  

ge 2xx6)x(f 3   ikrs gSaA 

izes; 6 }kjk] ;g [kaMuh; gS iff 7  esa )x(f  dk dksbZ ewy gSA  

vc 6,,1,0x   izfrLFkkfir djus ij] vki ns[k ldrs gSa fd buesa ls dksbZ Hkh 

0)x(f   ugha nsrkA 

vr%] ]x[7  esa )x(f  v[kaMuh; gSA 

bl izdkj] izes; 14 }kjk] ]x[  esa )x(f  v[kaMuh; gSA  
 
fn[kkb, fd bl mnkgj.k esa vki 5p   Hkh ys ldrs gSaA D;ksa? vki ;gk¡ Hkh ik,axs 

]x[5  esa )x(f  v[kaMuh; gSA 

*** 
 
vkb, ?kkr 3  okys cgqin ds ,d mnkgj.k ij Hkh fopkj djsaA 
 

 9: eku yhft, ].x[
5
3x

35
9x

7
2x

7
3)x(f 24   tk¡p dhft, fd   

ij )x(f  v[kaMuh; gS ;k ughaA  
 

: /;ku nhft, fd ].x[21x9x10x15)x(f35)x(g 24   lkFk gh]   ij 
)x(f v[kaMuh; gksxk ;fn vkSj dsoy ;fn   ij )x(g  v[kaMuh; gksxkA 

vc izes; 14 esa 2p   yhft,A ge ]x[1xx)x(g 2
4   izkIr djrs gSaaA  

vc] 2  esa )x(g  dk dksbZ ewy ugha gSA  

vkb, ns[ksa fd D;k blds dksbZ f}?kkr xq.ku[kaM gSaA  

,sls dksbZ Hkh xq.ku[kaM 1x2   ;k 1xx2   gksxkA 

D;ksafd 2  esa 1x2   dk ,d 'kwU;d gS] blfy, ;g  )x(g  dk ,d xq.ku[kaM ugha 
gks ldrkA lkFk gh] ]x[2  esa )1xx( 2    .)1xx( 4   (D;ksa?).  

vr%] ]x[2  esa )x(g  v[kaMuh; gSA  

bl izdkj] izes; 14 ls]  ]x[  esa )x(g  v[kaMuh; gSA 

vr%] ]x[  esa )x(f  v[kaMuh; gSA  

 *** 
 
vkbluLVkbu fud’k rFkk izes;ksa 13 vkSj 14 ds gksrs gq, Hkh gekjs ikl   ij 
v[kaMuh;rk dh tk¡p djus ds fy, i;kZIr lk/ku ugha gSaA mnkgj.kkFkZ] dksbZ ,slk Hkh 
cgqin gks ldrk gS ftldk   esa dksbZ ewy ugha gksA ;k] dksbZ ,slk Hkh cgqin gks 
ldrk gS ftlds fy,] izes; 14 dks ykxw djus ds fy, dksbZ Li’V p  miyC/k ugha gksA 
rc] ge dqN fLFkfr;ksa esa fujh{k.k dh viuh iqjkuh fof/k pyk ldrs gSaA mnkgj.kkFkZ] 
;fn vki 2x4x 24   dks ns[krs gSa] rks vki bldks ns[k dj dg ldrs gSa fd ;g 

22 )2x(  gS] rFkk blh fy, ;g   ij [kaMuh; gSA 

lkFk gh] dEI;wVj chtxf.kr (Computer Algebra) esa ifjfer {ks=kaas ij ;k   ij 
tk¡p djus ds fy,] vusd xq.ku[kaMu ,sYxksfjn~e miyC/k gSaA vki buesa ls dqN dk 
v/;;u mPprj i<+kbZ esa dj ldrs gSaA 
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 vc] vki D;ksa ugha dqN iz'uksa dks gy dj ysrs? 
 
 
E29) fuEufyf[kr esa ls dkSu-ls dFku lR; gSa? vius mÙkjksa dh iqf’V dhft,A  

 i) 
 14x7x

]x[
67

  

 ii) 
 14x7x

]x[
67

  

 iii) 
 9x2x3x21

]x[Q
23  

 
E30) iqf’V djrs gq,] ?kkr 10  okys ,d ,sls cgqin dk mnkgj.k nhft, tks   ij 

v[kaMuh; gS] ijarq ]x[11  esa mls ysus ij og [kaMuh; gSA 
 
E31) tk¡p dhft, fd fuEufyf[kr cgqin   ij v[kaMuh; gSa ;k ughaA  

 i) ,2x6x3x2 23   

 ii) ,9xx6 3   

 iii) ,4x2x5   

 iv) 1x6x8 3   (vki ;gk¡ mnkgj.k 6 esa mi;ksx dh xbZ fof/k dks ykxw dj 
ldrs gSa)A 

 
 
vkb, vc ns[ksa fd ]x[F  esa v[kaMuh; cgqin D;ksa egRoiw.kZ gSaA  
 

16.5  
 
bdkbZ 1 esa vkius vadxf.kr ds ewy izes; dk v/;;u fd;k. FkkA tSlk fd vki 
tkurs gSa] blh izes; ds vk/kkj ij ge dgrs gSa fd vHkkT; la[;k,¡ os ijek.kq gSa tks 
fdlh Hkh iw.kkZad dks cukrs gSaA lkFk gh] vki vHkkT; la[;kvksa rFkk ]x[F  esa 
va[kMuh; cgqinksa ds chp vusd igyqvksa esa ,d lekarjrk dks ns[k pqds gSaA vkb, 
ns[ksa fd] vadxf.kr ds ewy izes; ds lekarj D;k ge ]x[F  esa fdlh Hkh cgqin dks 
cukus ds fy, v[kaMuh; cgqinksa dks jpuk [kaMksa ds :i esa] lksp ldrs gSaA 
 
vc] chtxf.kr ds ewy izes; ls vki tkurs gSa fd ;fn ]x[)x(f   s.t. 

,1n)x(fdeg   rks ),x(p)x(p)x(p)x(f n21   tgk¡ ]x[  esa )x(pi  ,d jSf[kd 
cgqin gS .n,,1i   bl izdkj] ]x[   esa )x(f  v[kaMuh; cgqinksa ds ,d 
xq.kuQy ds :i esa iwjh rjg xq.ku[kafMr gks tkrk gSA mnkgj.kkFkZ] 

),x)(x)(1x(1x 23   tgk¡ ,  1 dk ,d vokLrfod ?kuewy gSA 
 
vc] vki ns[k pqds gSa fd ]x[  esa v[kaMuh; cgqin ?kkr 1 ;k ?kkr 2  ds gksrs gSaA 
D;k ge ]x[  esa fdlh cgqin dks v[kaMuh; cgqinksa ds xq.kuQy ds :i esa iwjh 
rjg xq.ku[kafMr dj ldrs gSa? fuEufyf[kr izes; gesa crkrk gS fd ge ,slk] cfYd 
blls vf/kd Hkh] dj ldrs gSa! 
 

 15 ( ): eku yhft, F  ,d {ks= gS] rFkk 
.1n)x(fdeg.t.s]x[F)x(f   

 

,d {ks= gSA 

,d {ks= gSA 

,d {ks= ugha gSA 
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 i) ]x[F  esa ,sls v[kaMuh; cgqin )x(p,),x(p),x(p m21   gSa ftuls fd 
).x(p)x(p)x(p)x(f m21   

 

ii)  ;fn )x(q)x(q)x(q)x(f r21   Hkh gS] tgk¡ ]x[F)x(q i   v[kaMuh; gS 
r,,1i   ds fy,] rks rm   rFkk izR;sd ,qcp jii   fdUgha m,,1j   vkSj 

Fci  ds fy,A  

izes; 15 dks miizes; 4 dk mi;ksx djds] rFkk fQj m  ij vkxeu dk vuqiz;ksx 
djds] fl) fd;k tk ldrk gSA ijarq] bl ikB~;Øe esa ge bls fl) ugha djsaxs] 
ysfdu vusd fLFkfr;ksa esa bldk vuqiz;ksx djsaxsA vkb, ,d mnkgj.k ij fopkj djsaA 
 

 10: ]x[  rFkk ]x[  esa x4x)x(f 5  dks v[kaMuh; cgqinksa ds xq.kuQy 
ds :i esa O;Dr dhft,A  
 

: vc] )2x)(2x(x)4x(xx4x)x(f 2245         

                     .)2x)(2x)(2x(x 2    …(2) 

D;ksafd 2x2   ds dksbZ okLrfod ewy ugha gSa] blfy, ]x[  esa 

)2x)(2x)(2x(x)x(f 2  ,d ok¡fNr xq.ku[kaMu gSA 

ijarq] ).2ix)(2ix(2x]x[ 2 esa  

vr%] (2) ls gesa ]x[  esa v[kaMuh; xq.ku[kaMksa ds xq.kuQy ds :i esa 

)2ix)(2ix)(2x)(2x(x)x(f   izkIr gksrk gSA  

*** 
 
vc] vkidks fuEufyf[kr iz'uksa dks gy djuk pkfg,A 
 

 

E32) n'kkZb, fd ]x[3x4x3 5
2   ds )4x)(2x3(   rFkk ),3x2)(1x4(   

nks xq.ku[kaMu gSaA D;k ;g izes; 15(ii) dk varfoZjks/k djrk gS? vius mÙkj ds 
fy, dkj.k nhft,A 

 

E33) ]x[  esa 2xx4xx2 234   dks v[kaMuh; cgqinksa ds xq.kuQy ds :i esa 
fyf[k,A  

 

E34) ]x[  esa 6x9x8x3x2 234   dks v[kaMuh; cgqinksa ds xq.kuQy ds :i esa 
fyf[k,A  

 
E35) ;fn ]x[)x(f   ,slk gS fd ,5)x(fdeg   rks )x(f  ds fdrus okLrfod ewy 

gks ldrs gSa? vius mÙkj dh iqf’V ds fy, mnkgj.k nhft,A 
 

E36) n'kkZb, fd ]x[8  esa izes; 15 esa fn;k x;k xq.ku[kaMu dk vf}rh; gksuk] de 
ds vykok] vko';d ugha gSA /;ku nhft, fd 8  ,d {ks= ugha gSA 

 (bl izdkj] ;fn F  ,d {ks= ugha gS] rks izes; 15 dk lR; gksuk vko';d ugha 
gSA) 

 

 
blds lkFk gh ge  ,d {ks= Fds fy,] ]x[F  esa xq.ku[kaMu rFkk v[kaMuh;rk dh 
viuh ppkZ lekIr djrs gSaA vkb, mls laf{kIr esa ns[ksa fd geus bl bdkbZ esa D;k 
ppkZ dh gSA 
 



 

116

 

 
16.6  
 
bl bdkbZ esa vkius fuEufyf[kr fcanqvksa ij v/;;u fd;k gSA 
 
1. oy; R  ij ,d cgqin ds ewy (;k 'kwU;d) dh ifjHkk’kk] rFkk fdlh ewy dh 

cgqdrk dh ifjHkk’kkA  
 
2. ( ): eku yhft, F  ,d {ks= gSA ;fn ]x[F)x(f   vkSj ,Fb  rks 

,d vf}rh; cgqin ]x[F)x(q   dk vfLrRo gS rkfd 
).b(f)x(q)bx()x(f   

3. eku yhft, F  ,d {ks= gS rFkk ,]x[F)x(f  tgk¡ .1)x(fdeg   rc] 
,Fa )x(f  dk ,d ewy gS iff ).x(f)ax(   

4. fdlh Hkh {ks= F  ij ?kkr n  okys 'kwU;srj cgqin ds F  esa vf/kdre n  ewy gksrs 
gSaA  

 
5. ]x[D  esa ?kkr n  okys 'kwU;srj cgqin ds D  esa vf/kdre n  ewy gksrs gSa] tgk¡ 

D  ,d iw.kkZadh; izk¡r gSA 
 
6. eku yhft, fd fdlh {ks= F (Øe'k%] izk¡r D ) ij )x(f  vkSj )x(g  ?kkr n  okys 

'kwU;srj cgqin gSaA ;fn F (Øe'k% D ) esa 1n   fHkUu-fHkUu vo;o 1n1 a,,a   gSa 
rkfd ,1n,...,1i)a(g)a(f ii   rks ).x(g)x(f   

 
7. ,d {ks= F  ij] rFkk   ij] v[kaMuh; cgqin dh ifjHkk’kk] rFkk mlds 

mnkgj.kA 
 
8. eku yhft, F  ,d {ks= gS rFkk ],x[F)x(p   tgk¡ .2)x(pdeg   ;fn ]x[F  

esa )x(p  v[kaMuh; gS] rks F  esa )x(p  ds dksbZ ewy ugha gSaA  
 
9. eku yhft, F  ,d {ks= gS rFkk F  ij )x(p  ,d f}?kkr ;k f=?kkr cgqin gSaA 

;fn F  esa )x(p  ds dksbZ ewy ugha gSa] rks ]x[F  esa )x(p  v[kaMuh; gSA  
 
10. : ]x[  esa ?kkr 1n   okys cgqin ds lHkh ewy] 

mudh cgqdrk ds lkFk mUgsa fxurs gq,]   esa gksrs gSaA 
 
11. ;fn ]x[)x(p   v[kaMuh; gS] rks )x(p  ,d jSf[kd ;k ,d f}?kkr cgqin 

gksrk gSA 
 
12. ;fn ]x[  esa ]x[)x(f   v[kaMuh; gS] rks ;g ]x[  esa v[kaMuh; gksrk gSA 
 

13. - : eku yhft, ].x[xaxaa)x(f n
n10    ;fn 

fdlh vHkkT; la[;k p  ds fy,] 

i)  p  ,an  

ii) ,ap,,ap,ap 1n10   rFkk  

iii) 2p  ,a 0  

rc] ]x[  esa )x(f  v[kaMuh; gksrk gS  (vkSj blfy, ]x[  esa Hkh v[kaMuh; 
gksrk gS)A 
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 14. eku yhft, F  ,d {ks= gS rFkk ]x[F)x(f   v[kaMuh; gSA rc] ]x[F  esa 
 )x(f  ,d mfPp’B xq.ktkoyh gksxhA  

 
15. eku yhft, F  ,d {ks= gS rFkk ]x[F)x(f   ,d vHkkT; vo;o gSA rc] ]x[F  

esa )x(f  v[kaMuh; gksrk gSA  
 

16. : eku yhft, .0a],x[xaxaa)x(f n
n

n10    

;fn )x(f  dk q
p

 ,d ewy gS] tgk¡ ,1)q,p(  rc] 0ap  rFkk .aq n  

 
17. ( pMod ): eku yhft, 

].x[xaxaa)x(f n
n10    ;fn dksbZ vHkkT; la[;k p  gS s.t. p  na  

rFkk  s.t. ]x[p  esa n
n10 xaxaa)x(f    v[kaMuh; gS] rks ]x[  esa 

)x(f  v[kaMuh; gksrk gSA  
 
18. : eku yhft, F  ,d {ks= gS rFkk ],x[F)x(f   

.1n)x(fdeg   

  i) ]x[F  esa ,sls v[kaMuh; cgqin )x(p,),x(p),x(p m21  gSa rkfd 

).x(p)x(p)x(p)x(f m21   

  ii) ;fn )x(q)x(q)x(q)x(f r21  Hkh gS] tgk¡ ]x[F)x(q i   v[kaMuh; gS 
r,,1i   ds fy,] rks rm   rFkk izR;sd ,qcp jii  fdlh 

m,,1j   vkSj Fci  dss fy,A  
 

16.7  /  
 
E1) ]x[F)x(f   dk Fa  ,d ewy gSA  

iff 0)a(f    

iff  fdlh ]x[F)x(q   ds fy,] ),x(q)ax()x(f   izes; 1 }kjkA 

 iff ),x(f)ax(   ifjHkk’kk }kjkA 
 
E2) i) f}?kkr lw= }kjk] ewy 3 vkSj 2 gSa] ftuesa ls izR;sd dh cgqdrk 1 gSA bl 

izdkj] fn;k gqvk cgqin ]x[)2x)(3x(
2
1   gh gSA vkidks bldh 

tk¡p djuh pkfg,A 
 
 ii) 22 )1x(1xx  , D;ksafd 3  esa .12    

  bl izdkj] dsoy 1  gh 'kwU;d gSA bldh cgqdrk 2  gS D;ksafd 2)1x(   

fn, gq, cgqin dk xq.ku[kaM gS] rFkk 3)1x(   bldk xq.ku[kaM ugha gSA 
 
 iii) iz;kl-vkSj-Hkwy fof/k }kjk] ,d 'kwU;d 1  gSA vc] yacs foHkktu fof/k ge 

)1x3x3x)(1x(1x2x2x 2334   ikrs gSaA 

  iqu%] iz;kl-vkSj-Hkwy fof/k }kjk] ge ikrs gSaa fd 1x3x3x 23   dk 
1x   ,d xq.ku[kaM gSA  

  yacs foHkktu fof/k ls] ge ns[krs gSa fd .)1x(1x3x3x 323   

  bl izdkj] .)1x)(1x(1x2x2x 334    
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   blls iznf'kZr gksrk gS fd 1  cgqdrk 1 okyk ,d ewy gS rFkk )4(1   

cgqdrk 3  okyk ,d ewy gSA 
 

 iv) /;ku nhft, fd )
22

1x)(4(x42),
5
3x(53x5   rFkk 

)].i3(x[i)3i1ix(    

  vr%] 
22

1,
5
3  vkSj )i3(   gh fn, gq, cgqin ds ewy gSaA  

  D;ksafd cgqin bu jSf[kd cgqinksa ds xq.kuQy ds :i esa fn;k gS] 
blfy, vki ns[k ldrs gSa fd budh cgqdrk,¡ Øe'k% 3,2  vkSj 11 gSaA 

 

E3) mnkgj.kkFkZ] ].x[)10x(x 11
23   

 ;gk¡ 0  dh cgqdrk 3  gS] rFkk 10  dh cgqdrk 2  gS] vkSj dsoy ;s gh ewy gSaA 
,sls gh vusd mnkgj.k gks ldrs gSaA 

 
E4) i) bls mlh izdkj fl) dhft, tSls vkius bdkbZ 13  esa fd;k FkkA 
 

 ii) D;ksafd b  ,d vpj cgqin gS] blfy, x  ds fy, a  j[kus ij blds 
eku esa dksbZ ifjorZu ugha vk,xkA  

 

 iii) Ker)x(f  iff 0))x(f(   iff 0)a(f   iff )x(f  dk a  ,d 'kwU;d gSA  

  vc] miizes; 1 }kjk] .Ker)x(f   

  iff )x(f)ax(    

  iff .ax)x(f   

  bl izdkj] .axKer   

 lekdkfjrk dk ewy izes; dgrk gS fd F~)ax]x[F(  . 
 

E5) E4 ls] F~
ax

]x[F   rFkk .F~
x

]x[F   vr%] ifj.kke izkIr gks tkrk gSA 

 

E6) eku yhft, .xaxaa)x(f n
n10    

 rc] ,0aaaaa n
n10    D;ksafd ,Fa   )x(f  dk ,d ewy gSA  

 vr%] .0)aaaaa(a n
)1n(

1
n

0
n     

 D;ksafd 0an   rFkk F  ,d izk¡r gS] blfy, 

,0)a(a)a(aaaa n1
0

1n1
1

1
1nn  
   ;g /;ku esa j[krs gq, fd 

.m)a(a m1m    

 ,a 1 ]x[Fxaxaxaa n
0

1n
11nn  

   dk  ,d ewy gSA  
 

 ugha] D;skafd gks ldrk gS fd ,a 1  D  esa ugha gksA mnkgj.kkFkZ] ]x[4x2   
dk  ,d ewy 2  gSA ijarq   esa ]x[1x4 2   dk dksbZ ewy ugha gSA  

 
E7) izes; 2 }kjk] F  esa )x(f  ds vf/kdre n  ewy gSaA vr%]F eas )x(f  ds vf/kdre 

n  fHkUu-fHkUu ewy gSaA  
 
E8) : eku yhft, ,d iw.kkZadh; izk¡r D  ij )x(f  vkSj )x(g  ?kkr n  okys nks 

'kwU;srj cgqin gSaA ;fn D esa ,sls 1n   fHkUu-fHkUu vo;o 1n1 a,,a   gSa fd 

,1n,...,1i)a(g)a(f ii   rks ).x(g)x(f   
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  : izes; 3 dh miifÙk ds rdZ vuqlkj] rFkk izes; 4 vkSj E7 ds vuqiz;ksx 
ls] ifj.kke izkIr dhft,A 

 
E9) n'kkZb, fd ;g fu’d’kZ fdl izdkj miizes; 1 vkSj izes; 2 ls izkIr gksrk gSA 
 

E10) i) vki tkurs gSa fd ),( *
p   ,d lewg gS] rFkk .1p)(o *

p   

  bl izdkj] bdkbZ 4 ls] vki tkurs gSa fd ,x1x *
p

1p   

  vFkkZr~] *
p  ds 1p   vo;oksa esa ls izR;sd 1x 1p   dk ,d ewy gSA 

  vr%] )1x()1px(....)1x( 1p   . 

  D;ksafd p  esa 1x 1p   ds vf/kdre 1p   ewy gks ldrs gSa  (izes; 2 

}kjk), blfy, ge ikrs gSa fd dsoy *
p  ds )1p(   vo;o gh 1x 1p   

ewy gSaA 

  vc] 1x 1p   vkSj 





1p

1i

)ix(  ds vxzx xq.kkadksa rFkk ?kkrksa dh rqyuk 

djus ij] ge ns[krs gSa fd ).1px()2x)(1x(1x 1p    
 

 ii) (i) esa x  ds fy, 0  izfrLFkkfir djus ij] ge ,)!1p()1(1 1p     

izkIr djrs gSa vFkkZr~] )!1p()1(1p 1p    izkIr djrs gSa] D;ksafd p  

esa .11p    

  vFkkZr~] ).p(mod1)!2p()1( 1p     

  vc] izR;sd vHkkT; la[;k p  ds fy,] .)p(mod1)1( 1p    (D;ksa?) 

  vr%] gesa ifj.kke izkIr gks tkrk gSA 
 
E11) ]x[5  esa cgqin 4x4  vkSj 1x4  leku gSa] D;ksafd 14  .  

 vr%] E10 ds ifj.kke dk vuqiz;ksx djus ij] ge 

 )4x)(3x)(2x)(1x(4x4   izkIr djrs gSaA 
 
E12) lewg fl)kar ds v/;;u ls vkidks ,d ds nosa ewyksa dk lewg )n(U  ;kn 

gksxkA ,d dk izR;sd nok¡ ewy   esa 1xn   dk ,d 'kwU;d gSA lkFk gh]   esa 
1xn  ds vf/kdre n  'kwU;d gSaA vr%]  esa )n(U  ds vo;o gh 1xn   ds 

'kwU;d gSaA   
 

E13) i) ugha] D;ksafd ).1x)(1x(1x2x2   

  ii) ugha] D;ksafd ),x)(x(1xx 22   tgk¡   ,d dk vokLrfod 
?kuewy gSA 

 iii) gk¡] mnkgj.k 2 }kjkA 

 iv) ugha] D;ksafd ).2x)(1x(2x3x 2224   

 v) ugha] izes; 6 }kjkA 
 
E14) eku yhft, .2x3x)x(f 23   vc] D;ksafd )x(f  ,d f=?kkr cgqin gS] 

blfy, izes; 6 }kjk vkidks ;g ns[kus dh vko';drk gS fd fdlh Hkh 5a   

ds fy,] D;k .0)a(f   vki ik,axs fd .a0)a(f 5   

 bl izdkj] 5  ij )x(f  v[kaMuh; gSA  
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E15) vlR;A mnkgj.kkFkZ] F  ij ,d jSf[kd cgqin v[kaMuh; gksrk gS rFkk bldk 

ewy F  esa gSA ijarq] izes; 5 }kjk] ;g vU; fLFkfr;ksa ds fy, lR; gSA 
 
E16) eku yhft, ]x[  esa .1xxxx)x(f 234    

 rc] .15124816)2(f   

 bl izdkj] ]x[p  esa 3p   ;k 5p   ds fy,] .0)2(f    

 ]x[p  esa ,)x(f)2x(   ;fn 3p   ;k .5p   

 
E17) .2n)1xxx)(1x(1x 2n1nn      

 bl izdkj] 1xn   [kaMuh; gS .2n    

 ijarq] 1n   ds fy,] mnkgj.k 2 }kjk 1x   v[kaMuh; gSA 
 
E18) D;ksafd F  ij )x(p  v[kaMuh; gS] blfy, miizes; 4 }kjk] ;g ]x[F  esa vHkkT; 

gSA vkidks ;g fl) djus dh vko';drk gS fd ,n  )n(P  lR; gS tgk¡  
 :)n(P  ;fn ),x(f)x(f)x(p n1  rks ,)x(f)x(p i  fdlh n,,1i  ds fy,A 

 )1(P  rqPN :i ls lR; gSA (D;ksa?) 

 eku yhft, fd fdlh m  ds fy,] dFku )m(P  lR; gSA  

 vkidks fl) djuk pkfg, fd )1m(P   lR; gSA (vki 
)x(f)]x(f)x(f[)x(f)x(f 1mm11m1     fy[k ldrs gSa] rFkk vHkkT; vo;o 

dh ifjHkk’kk dk mi;ksx dj ldrs gSaA) 
 vr%] ,n   )n(P lR; gSA  
 

E19) i) mnkgj.kkFkZ] ]x[  esa] vkSj ]x[  esa] 5x3  yhft,A ;g dFku D;ksa 
vlR; gS n'kkZus ds fy,] mnkgj.k 4 vkSj izes; 6 dk mi;ksx dhft,A 

 ii) ;g vlR; gSA D;ksafd 5 esa 1  ,d 'kwU;d gS] blfy, fn;k gqvk cgqin 

[kaMuh; gS] rFkk blh fy,] ]x[5  esa ;g vHkkT; ugha gSA 

 iii) lR; ugha gS( mnkgj.kkFkZ] ]x[F  dk x  ,d vHkkT; vo;o gS] ijarq ,x  
 x]x[F  esa 'kwU; gS] rFkk blh fy, ;g vHkkT; vo;o ugha gSA 

 
E20) ;fn )x(p  jSf[kd gS] rks ;g v[kaMuh; gSA ijarq] ;fn ;g f}?kkr gS] rks bldk 

v[kaMuh; gksuk vko';d ugha gSA mnkgj.kkFkZ] ]x[  esa 1x2  f}?kkr gS rFkk 
[kaMuh; gSA  

 
E21) izes; 9 }kjk] ]x[  esa )x(p  ds 6  jSf[kd xq.ku[kaM gSa] ftudk fHkUu-fHkUu gksuk 

vko';d ugha gSA 
 
 ]x[)x(p   ds fy,] gesa fuEufyf[kr fLFkfr;k¡ izkIr gSa% 

 i) )x(p  ds lHkh ewy  esa gSaA rc] ]x[  esa )x(p  ds 6  v[kaMuh; (jSf[kd) 

xq.ku[kaM gSaA  

 ii) )x(p  ds 4  ewy   esa gSa rFkk 2  ewy  \  esa gSaA rc] )x(p  ds ]x[  esa 
5  v[kaMuh; xq.ku[kaM gSa ftuesa ls 4  jSf[kd vkSj 1 f}?kkr gSa tSlk fd 
izes; 10 esa FkkA 

 iii) )x(p ds ]x[ esa 2  ewy gSa vkSj  \  esa 4  ewy gSaA rc] )x(p  ds   esa 
4  v[kaMuh; xq.ku[kaM gSa] ftuesa 2  jSf[kd vkSj 2  f}?kkr gSaA 
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  iv) )x(p  ds dksbZ okLrfod ewy ugha gSa rFkk 6  ewy  \  esa gSaA rc] )x(p  

ds ]x[  esa 3  v[kaMuh; xq.ku[kaM gSa] rFkk ;s lHkh f}?kkr gSaA 
 
E22) pxn   esa xq.kkad pa,a0a,1a 011nn    gSaA 

 ,ap i  1n,,1,0i    ds fy,] p na  rFkk 2p  .a0  

 vr%] vkbluLVkbu-fud’k }kjk] ]x[  esa] rFkk blh fy, ]x[  esa] pxn   

v[kaMuh; gSA  
 

E23) ,slk ugha gS( )1x( 2   ,d izfrmnkgj.k gSA (D;ksa?) 
 
E24) i) ;g v[kaMuh; gS] D;ksafd blds ewy   esa ugha gSa (;k bls 3p  ysdj] 

vkbluLVkbu-fud’k dk mi;ksx djrs gq,] n'kkZb,)A 

 ii) ;g v[kaMuh; gS] 3p   ysdj] vkbluLVkbu-fud’k ds mi;ksx lsA  

 iii) ;g v[kaMuh; gS] D;ksafd ;g ,d jSf[kd cgqin gSA 

 iv) /;ku nhft, fd ;g   ij v[kaMuh; gS D;ksafd ;g )1x(5 2   gSA ;g 

  ij v[kaMuh; gS D;ksafd   esa bldk dksbZ ewy ugha gSA  
 

E25) D;ksafd ),( p   dksfV 1p   dk lewg gS] blfy, 

 .a1a p
1p     

 .aaa p
p    

 lkFk gh] .00p   

 .aaa p
p   

 vr%] .a0paapaap p

p   

 bl izdkj] axp   dk p esa ap   ,d 'kwU;d gSA 

 p  ij axp   [kaMuh; gSA  

 
E26) mnkgj.k 6 ls vki tkurs gSa fd ;fn n ,d vHkkT; la[;k gS] rks ;g ]x[  esa 

v[kaMuh; gSA 

 ijarq] ;fn vki ,d fo’ke HkkT; iw.kkZad] eku yhft, 9n   ysa] rks 


9

0i

ix dk 

,d ewy )1(  gksrk gSA 

  ;g ]x[  esa [kaMuh; gSA  
 
E27) vlR;A mnkgj.kkFkZ]   ij )5x(3   v[kaMuh; gS] ijarq   ij ugha gSA 
 

E28)   ij x  v[kaMuh; gSA ijarq] ,~
x

]x[    tks ,d {ks= ugha gSA vr%] 

]x[  esa  x  mfPp’B ugha gSA  
 
E29) i) vkbluLVkbu-fud’k }kjk n'kkZb, fd ]x[ ij 14x7x 67   v[kaMuh; 

gS] rFkk blh fy, ]x[  ij Hkh v[kaMuh; gSA 

  ]x[  esa  14x7x 67  mfPp’B gSA  

  blfy,] fn;k gqvk foHkkx oy; ,d {ks= gSA 
 



 

122

 

  ii) izes; 10 }kjk] ]x[ esa 14x7x 67   [kaMuh; gSA  

  vr%] ]x[ esa  14x7x 67  mfPp’B ugha gSA  

  blfy, fn;k gqvk foHkkx oy; ,d {ks= ugha gSA 
 
 iii) vlR;A ;g n'kkZus ds fy, fd   ij 9x2x3x21 23   v[kaMuh; 

gS] pMod  v[kaMuh;rk ijh{k.k dk] 2p   ysdj] mi;ksx dhft,A  
 

E30) mnkgj.kkFkZ] 11x10  yhft,A Li’V dhft, fd ;g mnkgj.k D;ksa ;gk¡ py 
tkrk gSA 

 
E31) i) ;gk¡ vkbluLVkbu-fud’k dk vuqiz;ksx ugha fd;k tk ldrk gSA vkb, 

3p   ds fy,] izes; 14 dk vuqiz;ksx djsaA gesa x[3  ij cgqin 2x2 3  

izkIr gksrk gSA  

  ijarq bldk ,d ewy 2  gSA 
  vr%] 3p   ysus ij dksbZ lgk;rk ugha feyrh gSA 

  vkb, 5p   ysdj iz;kl djsaA rc] gesa cgqin 

]x[2xx3x2 5
23   izkIr gksrk gSA 

  vkidks bldh tk¡p djuh pkfg, fd 5  esa bldk dksbZ 'kwU;d ugha gSA 
bl izdkj] 5 ij ;g v[kaMuh; gSA 

  vr%] izes; 14 }kjk] ]x[  ij 2x6x3x2 23  v[kaMuh; gSA  
 
 ii) blh izdkj] ;gk¡ Hkh 5p   ysdj izes; 14 dk vuqiz;ksx dhft,A 
 
 iii) ;gk¡ 3p   ysdj izes; 14 dk vuqiz;ksx dhft,A bl rjg bl ij 

igqafp, fd ]x[3  esa bldk dksbZ jSf[kd xq.ku[kaM ugha gSA rc] f}?kkr 
xq.ku[kaMksa ds fy, tk¡p dhft,A  

  eku yhft, ,slk ,d xq.ku[kaM ]x[bxax 3
2   gSA  

  rc] bldk 3  esa dksbZ 'kwU;d ugha gksuk pkfg,A vr%] ,sls xq.ku[kaMksa ds 

fy, dsoy laHkkouk,¡ 2xx,1x 22   vkSj 2x2x2   gSaA 

  yacs foHkktu fof/k }kjk vkidks tk¡p djuh pkfg, fd buesa ls dksbZ Hkh 
]x[3  esa 1x2x5   dks foHkkftr ugha djrk gSA  

  ]x[3  esa 1x2x5   v[kaMuh; gSA  

  vr%] fn;k gqvk cgqin   ij v[kaMuh; gSA 
 

 iv) ;fn ,1x6x8)x(p 3   rks vki )1x(p   ij vkbluLVkbu-fud’k ds 
mi;ksx ls n'kkZ ldrs gSa fd ;g   ij v[kaMuh; gSA vki bls 5p   

ysdj] izes; 14 dk mi;ksx djds Hkh fl) dj ldrs gSaA 
 
E32) vkidks bldh tk¡p djuh pkfg, fd   

 ).3x2)(1x4(3x4x3)4x)(2x3( 2   

 lkFk gh] /;ku nhft, fd )1x4(44x   rFkk ),3x2(42x3  tgk¡ 
.4 5

  

 vr%] ;g izes; 15(ii) dk mnkgj.k gS( ;g bldk varfoZjks/k ugha djrk gSA 
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 E33) ;gk¡ fujh{k.k ls dke gks tkrk gSA vkidks bldh tk¡p djuh pkfg, fd fn;k 
gqvk cgqin   ij v[kaMuh; cgqinksa ds xq.kuQy ds :i esa 

)1x)(2xx2( 22   gSA 
 
E34) iz;kl-vkSj-Hkwy fof/k }kjk] rFkk izes; 13 dh lgk;rk ls] gesa ,d jSf[kd 

xq.ku[kaM )2x(   izkIr gksrk gSA 

 rc] yacs foHkktu fof/k }kjk] vki izes; 13 ds iqu% vuqiz;ksx ls] ;k fujh{k.k 
}kjk] izkIr djsaxs% )3x6xx2)(2x(6x9x8x3x2 23234     

                                            ).3x)(3x)(1x2)(2x(    

 ;gh ok¡fNr xq.ku[kaMu gSA 
 

E35) lHkh ik¡p ewy okLrfod gks ldrs gSa] tSls fd 



5

1i
ii .a)ax(  tgk¡esa]  

 blds 3  okLrfod vkSj 2  vokLrfod ewy gks ldrs gSa] tSlk fd 
32 )1x)(1x(   esa] ;k bldk dsoy 1 okLrfod ewy gks ldrk gS] tSlk fd 

)1x()1x( 22   esaA 
 
E36) mnkgj.kkFkZ] ).1x2(3)1x4)(3x2(   

 vr%] 8  esa 3  ,d ek=d gS] D;ksafd .1)8,3(   

 vr%] LHS nks v[kaMuh; cgqinksa dk xq.kuQy gS] tcfd RHS esa dsoy ,d gh 
v[kaMuh; cgqin gSA 



 

130 

;g 'kCnkoyh fiNys [kaMksa esa nh gqbZ 'kCnkofy;ksa ls vkxs c<+rh gSA blfy,] bl [kaM 
dh i<+kbZ djrs le; vki mu 'kCnkofy;ksa dks Hkh /;ku esa jf[k,A 

Bi-quadratic/quartic polynomial   

Characteristic    

Coefficient      

Constant term    

Cubic polynomial    

Cyclotomic polynomial    

Degree      

Division ring      

Eisenstein’s criterion   

Embedded     

Field       

Idempotent      

Indeterminate     

Integral domain     

Inverse (invertible)    ( ) 

Irreducible      

Leading coefficient      

Linear combination     

Linear polynomial     

Maximal ideal     

Monic polynomial    

Monomial       

Multiplicity       

Multiplicity      

Polynomial      

Prime ideal      

Primitive      

Quadratic Polynomial    

Quotient field (field of fractions)   

Quotient      

Rational function     

Root       

Skew field      
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Term (of a polynomial)    ( )

Unit       

Upper bound      

Zero (of a polynomial)   ( ) 

Zero divisor      

Zero Polynominal    
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fiNys [kaMksa dh rjg] uhps fn, gq, dqN mnkgj.k vkSj iz'u bl [kaM esa vkids }kjk 
v/;;u dh xbZ ladYiukvksa rFkk izfØ;kvksa ij vk/kkfjr gSaA bu mnkgj.kksa ds 
v/;;u ls rFkk bu iz'uksa dks gy djus ls] vkidks lacaf/kr ladYiukvksa ds ckjs esa 
csgrj le> izkIr gksxhA blls vkidks bl izdkj ds lokyksa dks gy djus dk vf/kd 
vH;kl Hkh izkIr gksxkA 

 1: 16  dh lHkh vHkkT; xq.ktkofy;k¡ rFkk mfPp’B xq.ktkofy;k¡ Kkr 
dhft,A 
 

: 16  dh xq.ktkofy;k¡ 16m  ds :i dh gksrh gS] tgk¡ .16m  

vr%] 8,4,2,1m   vkSj 16 gSA 

bl izdkj] mfpr xq.ktkofy;k¡  4,2},0{  vkSj  8  gSA 

D;ksafd 16  ,d vHkkT; la[;k ugha gS] blfy, 16  ,d izk¡r ughas gSA vr%] }0{  ,d 
vHkkT; xq.ktkoyh ugha gSA 

vkxs] rqY;kdkfjrk izes;ksa }kjk] 2
16 ~

2
   gS] tks ,d {ks= gSA 

vr%] 16  dh  2  ,d mfPp’B xq.ktkoyh gS] rFkk blhfy, ;g 16 dh ,d 
vHkkt; xq.ktkoyh gSA 

vc] vkb,  4  ij fopkj djsaA D;ksafd  44  gS s.t. 016)4( 2   gS vkSj 

04   gS] blfy, 16  dh  4  ,d vHkkT; xq.ktkoyh ugha gSA  

blh izdkj] n'kkZb, fd 16  dh  8  ,d vHkkT; xq.ktkoyh D;ksa ugha gSA  

bl izdkj] 16  dh dsoy vHkkT; xq.ktkoyh  2  gS] rFkk ;gh bldh dsoy 
mfPp’B xq.ktkoyh gSA 

*** 
 

 2: fl) dhft, fd n  dh vHkkT; xq.ktkofy;k¡  n  dks varfoZ’V djus 
okyh   dh vHkkT; xq.ktkofy;ksa ds laxr gSa] tgk¡ .n   
 

: gesa izkÑfrd vkPNknd lekdkfjrk mnm)m(:: n    izkIr gSa 
;gk¡] .nKer    

bdkbZ 14  ds E47(iii) }kjk] vc vkidks ifj.kke izkIr gks tkrk gSA 

*** 
 

 3: ;fn R vkSj S  nks oy; gSa rFkk SR:f   ,d lekdkfjrk rks R dh 
izR;sd mfPp’B xq.ktkoyh M  ds fy,] S  dh )M(f  ,d mfPp’B xq.ktkoyh gksrh 
gSA lR; ;k vlR;? D;ksa? 
 

: izkÑfrd map 
 6:   ij fopkj dhft,A 

vc]   esa 5   mfPp’B gS] ijarq 
 6)5(   gS] D;ksafd .1)6,5(    

vr%] )5(   ,d mfpr xq.ktkoyh ugha gSA bl izdkj] ;g  6  dh ,d mfPp’B 
xq.ktkoyh ugha gSA vr%] fn;k gqvk dFku vlR; gSA 

*** 
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 4: ;fn R  ,d rRledh Øefofue; oy; gS] rks D;k ]x[R  ,d {ks= gks 
ldrk gS? D;ksa ;k D;ksa ugha? 
 

: eku yhft, fd ]x[R  ,d {ks= gSA rc] ]x[Rx 1   eku yhft, 
].x[R)x(fx 1   

vr%] .1)x(xf         …(1) 

lkFk gh] D;ksafd ]x[R  fcuk 'kwU; ds Hkktdksa dk gS] blfy, R fcuk 'kwU; ds Hkktdks 
dk gSA 
bl izdkj] (1) }kjk] 0)x(fdeg1   gS] tks ,d varfoZjks/k gSA 

vr%] ]x[R  ,d {ks= ugha gSA 

*** 
 

 5: fl) dhft, fd ;fn fdlh oy; dk vfHky{kf.kd 'kwU; gS] rks mls  
vifjfer gksuk pkfg,A 
 

: eku yhft, fd R  ,d oy; gS] ftldk vfHky{kf.kd 'kwU; gSA 

;fn dksbZ Ra  gS s.t. )a(o  vifjfer gS] rks R  dk }nna{   ,d vifjfer 

mileqPp; gSA bl izdkj] R  dks vifjfer gksuk pkfg,A 
 
vc] ml fLFkfr ij fopkj dhft, fd R  ds izR;sd vo;o dh ifjfer dksfV gSA eku 
yhft, fd] ;fn laHko gS rks] eku yhft, }a,,a,a{R n21  gSA 

eku yhft, fd n,,1im)a(o ii   gSA 

rc] n,,1i0mammmm in21   ] fy,ds  gSA 

vr%] Rchar  ifjfer gS] tks gekjh ifjdYiuk dk ,d varfoZjks/k gSA 

blfy,] R  dks vifjfer gksuk pkfg,A 

*** 
 

 6: 2  ij ,d mi;qDr v[kaMuh; cgqin dk mi;ksx djrs gq,] 8  vo;oksa 
ds ,d {ks= dh jpuk pkfg,A  
 

: ge 32  vo;oksa okys ,d {ks= dh [kkst dj jgs gSaA blfy,] ge bdkbZ 16 dh 
izes; 6 vkSj miizes; 3 dk mi;ksx djrs gSa] rFkk 2  ij ,d v[kaMuh; 
cgqin dh [kkst djus dk iz;kl djrs gSaA  

vkb, 1xx)x(f 3   ij fopkj djsaA 

vkidks bldh tk¡p djuh pkfg, fd 2  ij )x(f  v[kaMuh; gSA  

vr%] }c,b,a1xxcbxax{
1xx

]x[
2

32
3

2  


,d {ks= gSaA  

D;ksafd c,b,a  nks 2  ekuksa dks xzg.k dj ldrs gSa] blfy, bl {ks= esa vo;oksa dh 
la[;k 8 gSA 
vr%] ;gh ok¡fNr {ks= gSA 

*** 
 

 7: eku yhft, fd F  ,d {ks= gS rFkk  x)x(f  gSA eku yhft, fd 

}0)(fF{K   gSA D;k F vkSj K dk ,d mioy; gS? vius mÙkj ds fy, 

dkj.k nhft,A 
 

: ]x[)1x(x)x(f   ij fopkj dhft,A ;gk¡] }1,0{K   vr%   dk K  

,d mioy; ugha gSA  

/;ku nhft, fd 
mnkgj.k 6 ds {ks= esa rp  

vo;o gSa] tgk¡ 2p   

vkSj .3r   
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*** 

 

 

E1)  ;fn R  vkSj S  rRledh oy; gSa rFkk SR:f   ,d ,dSd lekdkfjrk gS] rks 
n'kkZb, fd ScharRchar   gSA 

 
E2) eku yhft, fd F  ,d {ks= gS rFkk R  ,d oy; gS s.t. RF:f   ,d oy; 

lekdkfjrk gSA n'kkZb, fd f  'kwU; map gS ;k f  ,dSdh gSA 
 
E3) eku yhft, fd R  ,d izk¡r gSA n'kkZb, fd Rs,r)s(o)r(o   gS] tgk¡ 

)x(o  lewg ),R(   ds ,d vo;o x  dh dksfV dks O;Dr djrk gSA  
 
E4) eku yhft, fd R  ,d Øefofue; oy; gS s.t. ),R(   dh dksfV 10gSA D;k 

R  ,d iw.kkZadh; izk¡r gks ldrk gS? D;ksa ;k D;ksa ugha? 
 
E5) eku yhft, fd R  ,d iw.kkZadh; izk¡r Gsa ;fn 0Rchar   gS] rks n'kkZb, fd 

izR;sd 'kwU;srj vo;o dh dksfV vifjfer gSA ;fn pRchar   gS] rks n'kkZb, 
fd izR;sd 'kwU;srj vo;o dh dksfV p  gSA 

 
E6) D;k ]x[  ij 20x10x20x15x3 345   v[kaMuh; gS? D;k ;g ]x[  ij 

v[kaMuh; gS?  vius mÙkjkasa ds dkj.k nhft,A 
 
E7) eku yhft, fd F  ,d {ks= gS] ]x[F)x(f   rFkk .Fa,0a   

 i) ;fn F ij )x(af  v[kaMuh; gS] rks fl) dhft, fd F ij )x(f  

v[kaMuh; gSA 

 ii) ;fn F ij )ax(f  v[kaMuh; gS] rks fl) dhft, fd F ij )x(f  

v[kaMuh; gSA 

 iii) ;fn F ij )ax(f   v[kaMuh; gS] rks fl) dhft, fd F ij )x(f  
v[kaMuh; gSA 

 
E8) 25  vo;oksa okys ,d {ks= dh jpuk dhft,A 
 
E9) tk¡p dhft, fd fuEufyf[kr cgqin v[kaMuh; gS ;k ugha% 

 i)   ij 
10
3x

7
6x

5
3x

4
15x

4
9x

2
5 2345    

 ii) 11  ij 4xx2     

 iii) 11  ij 1x4     

 iv)   ij 7x15x 34     

 v)  ij ,)1n5(x)1m5(x3   tgk¡ .n,m   
 
E10) eku yhft, fd ]x[F)x(f   gS] tcfd F  ,d {ks= gSA n'kkZb, fd fdlh 

Fa   ds fy,] )].a(f)x(f[)ax(   
 
E11) eku yhft, fd ]x[)x(f    ,d ,dxq.kkadh cgqin gSA eku yhft, fd 

  s.t. 0)(f   gSA n'kkZb, fd .  
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E12) eku yhft, fd F  ,d ifjfer {ks= gSA F  ij ,d ,slk cgqin Kkr dhft,] 

ftldk F esa dksbZ ewy ugha gSA 
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 /  
 
E1) eku yhft, fd SR:f   ,d ,dSd lekdkfjrk gS] rFkk ;g Hkh eku yhft, 

fd .nSchar,mRchar   

 vc] m  U;wure /kukRed iw.kkaZd gS s.t. 
 R esa 01m   gSA      …(2) 
 lkFk gh] S  esa )1(f  rRled gSA vr%] ifjHkk’kk }kjk n  U;wure (y?kqre) 

/kukRed iw.kkZad gS s.t. 
 S  esa 0)1(fn   gSA      …(3) 

 S  esa (2) gesa 0)0(f)1(fm   iznku djrk gSA   …(4) 

 (3) vkSj (4) ls] ge nm   izkIr djrs gSaA 
 blh izdkj] vkidks ns[kuk pkfg, fd mn   D;ksa gSA 
 bl izdkj] .nm   
 
E2) eku yhft, fd 0f  gSA D;ksafd Fdh fKer  ,d xq.ktkoyh gS rFkk 

FfKer   gS] blfy, ge }0{fKer  izkIr djrs gSaA bl izdkj] f  ,dSdh 
 1-1  gSA 

 
E3) eku yhft, fd m)r(o  vkSj n)s(o   gSA 

 rc] 0ns,0mr   rFkk m  vkSj n  ,sls U;wure /kukRed iw.kkZad gSaA 

 vc] 0s)mr(0mr   

                     0)ms(r   

                     ,0ms   D;kasfd 0r   gSA 

 .mn         …(5) 

 blh izdkj] vkidks n'kkZuk pkfg, fd nm  gSA   …(6) 

 (5) vkSj (6) ls] gesa ,nm   izkIr gksrk gSA vFkkZr~ )s(o)r(o   gSA 
 
E4) D;ksafd 10  dks foHkkftr djus okyh vHkkT; la[;k,¡ 2  vkSj 5  gSa] blfy, 

ifjfer vkcsyh lewgksa ds fy, dkS'kh izes; }kjk (bdkbZ 7 dks nsf[k,)] Rb,a   

s.t. 2)a(o   vkSj 5)b(o   izkIr djrs gSaA 

 vc .0aa52)a(o   

 lkFk gh] .0b25)b(o   

 ijarq] 0ab10)b2)(a5(   gS] D;ksafd .10)R(o   

 bl izdkj] R esa a5  vkSj b2  'kwU; ds Hkktd gSaA  
 vr%] R  ,d iw.kkZadh; izk¡r ugha gSA 
 

E5) E3 }kjk] *Rr)1(o)r(o  gSA     …(7) 

 ;fn ,0Rchar  rks )1(o  vifjfer gSA 

 vr%] (7)  }kjk] ,Rr  )r(o  vifjfer gSA  
 

 ;fn ,pRchar   rks (7) }kjk] *Rr)r(op)1(o   gSA 
 

E6) eku yhft, fd 20x10x20x15x3)x(p 345   gSA 

 vc]] 1234 x,x,x,x   vkSj 2x  esa ls izR;sd ds xq.kkad 10,0,20,15   vkSj 20  
dks 5  foHkkftr djrk gSA  

 lkFk gh] ,35  tks vxzx xq.kkad gS rFkk ,2052  tks vpj in gSA 
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 vr%] vkbUlVkbu-fud’k }kjk]   ij )x(p  v[kaMuh; gSA  
 
 D;ksafd 2)x(pdeg   gS] blfy, ;g   ij [kaMuh; gSA 
 
E7) i) blds foijhr eku yhft, fd F  ij )x(f  [kaMuh; gSA  

  rc] ]x[F  esa] )x(h)x(g)x(f   gS] tgk¡ 1)x(gdeg   vkSj 
1)x(hdeg   gSA 

  ),x(h)]x(ag[)x(af   tcfd 1)x(agdeg   gS vkSj 
1)x(hdeg  gSA 

  bl izdkj] ]x[F  esa )x(af  [kaMuh; gS] tks ,d varfoZjks/k gSA 
 
  vki (i) dh rjg dh izfØ;k viuk dj (ii) vkSj (iii) dks gy dj ldrs gSaA  
 

E8) /;ku nhft, fd 2525   gSA vr%] dksfV 25  ds ,d {ks= dh jpuk ds fy,] 
ge  5  ij ,d v[kaMuh; f}?kkr cgqin dh [kkst djus dk iz;kl dj ldrs 
gSaA vki gy dks iwjk djus ds fy, mnkgj.k 6 dks ns[k ldrs gSaA 

 
E9) i) eku yhft, fd )x(f  fn;k gqvk cgqin gS rFkk )x(f140)x(g   gSA  

  rc] 42x120x84x525x315x350)x(g 2345   gSA 

  vc] 3p  ysdj rFkk vkbUlVkbu-fud’k ds vuqiz;ksx ls vkidks ;g 
fu’d’kZ fudkyus esa leFkZ gks tkuk pkfg, fd   ij )x(g  v[kaMuh; 
gSA  

  vr%]   ij )x(f  v[kaMuh; gS  (E7(i) ds mi;ksx ls)A 
 
 ii) vkidks bldh tk¡p djuh pkfg, fd 11  dk dksbZ Hkh vo;o fn, gq, 

cgqin dk ewy ugha gSA vr%] ;g v[kaMuh; gSA 
 
 iii) iqu%] (ii) dh gh rjg] n'kkZb, fd ;g v[kaMuh; gSA 
 
 iv) 3p   ds fy,] pmod  VsLV dk mi;ksx djrs gq,] vkidks n'kkZuk pkfg, 

fd ;g v[kaMuh; gSA 
 
 v) 5p   ds fy, pmod  VsLV dk mi;ksx dhft, rFkk bls fl) dhft,A 
 
E10) eku yhft, fd ]x[F)a(f)x(f)x(g   gSA rc] 0)a(g   gSA vFkkZr~] )x(g  

dk a  ,d ewy gSA vr%] )x(g)ax(   gSA blls ifj.kke izkIr gks tkrk gSA 

 

E11) eku yhft, fd ]x[axaxax)x(f 01
1n

1n
n  

   gS rFkk eku 

yhft, fd 1)q,p(   ds lkFk] q
p

  gSA  

 rc] 0qapqaqpap n
0

1n
1

1n
1n

n  
   gSA 

 ;fn ,1q   rks   gSA 

 eku yhft, fd 1q   gS rFkk q  dks foHkkftr djus okyh vHkkT; la[;k 1r  

gSA rc] n1n
0

2n
1

1n
1n p)]qapqapa(q[  
   dks 1r  foHkkftr djrk 

gSA  

 vr%] pr1  gS (nsf[k, bdkbZ 1)A 

 ge ,d varfoZjks/k ij igq¡p tkrs gSa] D;ksafd 1)q,p(   gSA 
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 vr%] q  ds dksbZ vHkkT; xq.ku[kaM ugha gSaA 

 blfy,] 1q   gSA vFkkZr~]   gSA 

E12) eku yhft, fd }a,,a,a{F n21   gSA rc]  

 



n

1i
i ]x[F)ax(1)x(f  gSA 

 lkFk gh] n,,1i1)a(f i   gSA 

 bl izdkj] F  dk dksbZ Hkh vo;o )x(f  dk ,d ewy ugha gSA 

 vr%] )x(f  fn, gq, izfrca/kksa (vojks/kksa) dks larq’V djrk gSA 
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